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1. Introduction

In paper [1], we considered families of singular PDEs of the next type

Q(32)y(t,z,e) = Q1(92)y(t,z,€)Q2(32)y(t, z,€) + GJDkt‘SD(kH)afDRD(az)y(t,z,e)

1
—0—2?;11 eAltdlaf’Rl(az)y(t,z,e) + f(t,z€) @)

where D,k > 1, A, d}, 6;,0p > 0 are integers, Q(X), Q1(X), Q2(X),Rp(X),Ry(X),1 <1 <D — 1
are polynomials with complex coefficients, and the forcing term f(t,z,€) represents a bounded
holomorphic function regarding the time ¢, the parameter € in the vicinity of the origin in C and
relatively to z on a horizontal strip Hg = {z € C/|Im(z)| < B} of width > 0. Under the
assumption that

N >dy—6, d > 51(k+1)

for1 <[ < D —1, these equations can be rewritten in the next manner

Q@:)y(tz €) = Q1(0:2)y(t,z,€)Qa(3:)y(t, z,€) + (eF19;:)PRp (32 )y (t, 2, €)

+P(t, €, t5119;,0, )y(t,z,€) + f(t,z,€) @)

where P(t,€,V1,V3) is polynomial in its arguments Vi, V, with holomorphic coefficients in t,e.
These equations can be expressed solely in terms of the basic singularly perturbed differential operator
of irregular type e¥t**19; with so-called rank k acting on time.
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We have shown that these equations possess families of holomorphic solutions y,(f, z, €) that can
be expressed through Laplace transforms of order k and Fourier inverse integrals

k +oo uNk\ . du
P

along halflines L,, = [0, —l—oo)eﬁ%’ enclosed in a suitable unbounded sector S;, with bisecting
direction d), € R, where w), stands for a holomorphic function near the origin and with exponential
growth regarding u on S;,, continuous regarding m on R suffering exponential decay and relying
analytically on the perturbation parameter € on a punctured disc D(0, €p) \ {0}. These functions y,
are bounded holomorphic on domains 7 x Hg x &}, for some proper chosen bounded sector 7 with
vertex at 0 and £ = {&p }o<p<,—1 a set of bounded sectors whose union covers a full neighborhood
of 0in C* called a good covering (see Definition 4). Furthermore, they share a common asymptotic
expansion §(t,z,€) = Y=o Vk(t,z)e" that turns out to be of Gevrey order 1/k with respect to the
perturbation parameter €, meaning that two constants Cp, K, > 0 can be found with

n—1

n
sup [yp(t,z,€) — ) ye(t,2)e| < Cp(Kp)"T(1+ 2)lel”
teT zeHp k=0

foralln > 1, provided that € € &).
In this work, we depart from Equation (2) in the special case k = 1. We unfold the operator et?9;

into a family of singular operators
Deo(9r) = (et* — )9y ®)

depending on a parameter & > 3, assumed to be an odd natural number, which are now Fuchsian at

the points t = +e'7 . Notice that these singular points merge to 0 as € borders the origin. In other
words, we focus on equations of the next form

Q(9z)u(t,z,e) = Q1(0z)u(t,z,€)Qa(9z)u(t, z,€) + (,De,zx(at))&DRD(az)”(t/Zfe)

FP(Lz,e, Den(31),0)y(t,2,€) + f(t 2, €) @

where P is analytic in f,z,€ and polynomial in the operators D 4(0;),0; and f is a forcing term as
above. The coefficients of P and the forcing term f represent bounded analytic functions in z and €
and, as a new feature, involve a well-chosen logarithmic function in time variable (described in (21))
that is adapted to our problem. They belong to a class of functions that is more restrictive than the one
considered in our previous Equation (2). However, notice that according to Lemma 9 and 10, these
functions are good approximations of general bounded analytic functions of the form h(et, z,€) on
appropriate domains in time £, for z € Hg, provided that € is close enough to 0.

It is worthwhile noting that PDEs with Fuchsian singularities and logarithmic coefficients appear
in several recent works by different authors. Specifically, in papers [2,3], Jose Ernie C. Lope investigates
existence and uniqueness properties of solutions to linear Fuchsian equations with the shape

(890)"u(t,x) = G (%, (1(H)2)* (19 u(t, )0 e, )

where G(t, x, (iq j) (a j)e1,,) Stands for a linear form in u, ;, holomorphic in x on a bounded domain
of C" and continuous in t on [0, T|, T > 0 and where the so-called weight function y(t) may involve
functions like 1/ (— log(t))**! provided that k > 0. In paper [4], Hidetoshi Tahara and Hideshi Yamane
solve nonlinear equations of the form

(890" u(t,x) = H (£, ((90)5u(t, %)) ey,
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of Fuchsian type at t = 0, where H represents a bounded holomorphic function whose coefficients
includes powers of log(t). In the study [5], Hideshi Yamane constructs solutions to nonlinear wave
equations that blow up along prescribed noncharacteristic hypersurfaces using the so-called Fuchsian
reduction method introduced by S. Kichenassamy which transforms the initial problem into a Fuchsian
PDE which, in general, contains logarithmic terms, see the excellent textbook [6] for a reference.

The idea of considering such special types of confluence (3) stems from a work by M. Klimes,
see [7], where nonlinear differential systems with irregular singularity at x = 0

K2y (x) = My(x) + f(x,y(x))

with invertible matrix M of dimension n > 1 and unknown vector function

y(x) = (1 (x),-- yn(x))

where f stands for an analytic function near the origin in C"*1, are unfolded into a deformed complex
parameter depending differential system

(x? — €)oxy(x,€) = M(e)y(x,€) + f(x,€,y(x))

with Fuchsian singularities at x = +e!/2

be seen as a continuation of the contribution by B. Sternin and V. Shatalov [8] who focused on linear
scalar ODEs with holomorphic coefficients of the form

that coalesce to the origin as € tends to 0. This paper [7] can

H(x, x(x+ €)1 )y(x) =0

for a small complex parameter €.

Further important recent works on confluence of singularities that are somehow related to our
study need to be mentioned. In paper [9], Reinhard Schéfke expounds the confluence of so-called
hypergeometric systems of Okubo type to Birkhoff normal forms. This result has been extended to
general linear systems of ODEs in two seminal papers [10,11] by Alexey Glutsyuk that describe the
convergence of monodromy data of well-chosen fundamental solutions to the Stokes matrices in the
confluence process. More recently in [12], Tsvetana Stoyanova has studied particular cases of [10,11]
and obtained explicit formulas for the solutions of an unfolding of a third order linear scalar ODE
with irregular singularity at the origin. Confluence under the additional constraint of isomonodromic
deformation has been investigated for linear systems of ODEs for Fuchsian singularities by Andrey
Bolibrukh, ref. [13] and later extended to the case of irregular singularities by Yulia Bibilo in [14].
Confluence of Fuchsian singularities for linear scalar ODEs has also been undertaken from the point of
view of the so-called index of rigidity by Toshio Oshima in [15] and extensions to Pfaffian systems of
PDEs are investigated using the middle convolution procedure in [16]. In the series of papers [17-20],
the authors classify and provide normal forms for generic unfolding of nonresonant linear systems of
ODEs with irregular singularity at the origin. In [21], confluent non-autonomous Hamiltonian systems
are studied and applications to the degeneration processes for the famous Painlevé sixth equation
are discussed. We mention also the novel work [22] by Jorge Mozo-Ferndndez and Reinhard Schéfke
where confluence of Fuchsian and more general singularities can be unified in a general theory through
the concept of summability regarding an analytic germ.

From a wider standpoint, our study falls in the asymptotic theory of singularly perturbed
problems. For a far-reaching introduction and foundation of this active domain of research we
may refer to the monograph [23] by S.A. Lomov. For other recent textbooks providing useful examples
we can suggest [24-27].
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In this paper, our aim is the study of the effect of the small perturbation €* in the singular operators
De,«(9¢) on the asymptotic properties of (well-chosen) holomorphic solutions to our problem (4) in
comparison to the ones of the departing problem (2).

One first major change in our new setting is the fact that the holomorphic solutions we build up
for (4) (see Theorems 1 and 2) are no longer defined on a full sector 7 centered at 0 in time ¢. Instead,
we manufacture two specific families of analytic functions. The elements of the first one, we call the
outer solutions, ugut(t, z,€),0 < p <1 —1, are defined in time t on a fixed sectorial annulus A (see (65))
that does not rely on € and is confined apart of the origin. The second family is comprised by so-called
inner solutions, ui’;‘(t, z,€),0 < p < —1 that are built up on a domain in time 7¢ (see (81)) that hinges

on €, stays close to the Fuchsian singularities +¢“T and borders the origin as € comes close to 0.

The second substantial difference dwells on the parametric asymptotic expansions of these
solutions. Specifically, provided that t is kept (at least) at some fixed distance of the origin in A,
the outer solutions ug“t( t,z,€) have similar asymptotic expansions in € as the one observed for the
analytic solutions y,(t,z,€) of (2) (in the case k = 1), indeed they are (at most) of Gevrey order 1.
On the other hand, when ¢t is next to the Fuchsian singularities +e'T on Tz, the Gevrey order of the
asymptotic expansions relatively to € of the inner solutions uip“ (t,z,€) turns out to be sensitive on the
small perturbation € in (3) and becomes (at most) equal to thH’

We undertake the main problem (4) by following a closely related approach to the one used [7]
and which actually originates from [8]. Specifically, we exhibit a first family of bounded holomorphic
solutions to (4), we name outer solutions, in the form of special Laplace transforms and Fourier integrals

see Theorem 3.

1 +oo AT
(t2.6) = 1z €)= o [ [ Wi (@me e (atet ) & Tam @)
7!

defined on domains A x Hg x & ;,"“, where é’;’ut are bounded sectors that belong to a well-chosen good
covering £°*, see Theorem 1. We distinguish a second set of so-called inner solutions also expressed
in a similar manner as the outer functions, namely

1 dt

. +oo _ .
(tz) = uy'(t,z,€) = W/—oo /L W, (T, m, €) exp (Ta(et,e))e’zm?dm (6)
W

on domains 7¢ X Hg, provided that € € 5;“ for a collection of bounded sectors 5;“ which constitutes
a convenient good covering £, see Theorem 2. In both constructions, the function a(T, €) isproperly
selected in a way that the differential operator De ,(9;) acts on u‘;,ut/ in as a multiplication by T on the
Borel map Wgut/in(r, m, €), see (20).

Notice that in [7], bilateral Laplace transforms are introduced which operate on Borel maps that
are holomorphic on strips. The restricted class of admissible coefficients for our main Equation (4)
allows us to obtain Borel maps that are defined on unbounded sectors in the Borel plane. We can
merely use the classical single side Laplace transforms to construct our solutions (5), (6) and apply
similar constructions as in our previous study [1].

Our paper is organized as follows: In Section 2, we set forth the main problem of the work (11)
and we depict the strategy which leads to its resolution. Specifically, we search for a solution expressed
through special Laplace and Fourier transform (19). The main achievement of this section is the
statement of a convolution Equation (29) fulfilled by the Borel map W of the solution. In Section 3,
we solve the convolution problem (29) within Banach spaces of holomorphic and continuous functions
with exponential growth on unbounded sectors in the Borel plane and exponential decay in real
phase. In Section 4.1, we build up a family of outer solutions defined on a covering set of sectors in
the perturbation parameter € and on a fixed sectorial annulus in time (Theorem 1). In Section 4.2, a
collection of inner solutions is exhibited which are defined relatively to € on a good covering in C*
and regarding time on a domain that remains close to the moving Fuchsian singularities of the main
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problem. In the last Section 4.3, we analyze the asymptotic behavior of the latter two distinguished
families of outer/inner solutions, by means of the classical Ramis-Sibuya approach (Theorem 3).

2. Layout of the Main Problem and Related Auxiliary Equations

2.1. Short Review of Fourier transforms

We restate the definition of some family of Banach spaces mentioned in [1].

Definition 1. Let B, i € R. We set E(g ) as the vector space of continuous functions h : R — C such that
1)l gy = sup (14 ] )" exp(Bm] ) [ ()
me

is finite. The space Eg ) endowed with the norm [|.|| (g ,,) becomes a Banach space.

We remind the reader the definition of the inverse Fourier transform acting on the latter Banach
spaces and some of its handy formulas relative to derivation and convolution product as stated in [1].

Definition 2. Let f € Eg ) with p > 0, u > 1. The inverse Fourier transform of f is given by

1 +

F A () = @iz | oof(m)exp(z’xm)dm

for all x € R. The function F~1(f) extends to an analytic bounded function on the strips
Hg = {z € C/[Im(z)| < B'}. )

forall given 0 < B/ < B.
(a) Define the function m — ¢(m) = imf (m) which belongs to the space E(g 1. Then, the next identity

0:F 1 (f)z) = FH(P)(2) ®)
occurs on Hg for 0 < ' < B.
(b) Take g € E(g,,) and set
1 +oo
p(m) = 20172 ) f(m —my)g(my)dmy

as the convolution product of f and g. Then,  belongs to E(g ) and moreover,
FHHDF R =F ' ()(2) ©)
forall z € Hg, for 0 < p' < B.

2.2. Statement of the Main Problem

Let D > 1,0p > 2 be natural numbers, &« > 3 be an odd natural number, ¢; , € C* a non-vanishing
complex number and € € C* a complex parameter. Let §; > 0 be non-negative integers with

0y <0111
forall 0 <! < D — 1. We define the differential operator

Dm(at) = (et2 — e"‘)at
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and for any integer [ > 1 we denote (De 4 (9¢))! the iteration of order I of the operator De 4 (0¢).

7

We set Q(X), Q1(X), Q2(X),Rp(X),R;(X),0 <1 < D —1 as polynomials such that

deg(Q) > deg(Rp) > deg(R;), deg(Rp) > max(deg(Q1),deg(Q2)),

. . 10
Q(im) #0, Rp(im) #0 (19

for all m € R. We state the main initial value problem of our study
Q3 )u(t,z ) = c1pQ1(02)u(t, z,€)Q2(0z)u(t, z,€) + (Deu(9r))°PRp (02)u(t, z, €) 1)

+ ZF;& c,(a(et,e),z,e)(Dera(at))‘isl(az)u(t, z,€) + f(a(et,€),z,¢€)

for given vanishing initial data u(0,z, €) = 0. The precise shape of the function a(et, €) is displayed
later in the work at (21) and will be justified by the approach we undertake in this work.

The coefficients ¢; and the forcing term f are described as follows. Foreach0 <[ < D —1,
we consider a sequence of functions m +— Cj , (m,e), forn > 0, i.e., part of the Banach space E( B.i) for
some parameter B, it > 0 (see Definition 1) and depends in an analytic way on € on a disc D(0, p) and
for which two constants C;; > 0, C;, > 0 can be found with

sup |[Cpu(m, €|y < Cia(Cr2)" (12)
eeD(0,e9)

for any n > 0. We set the sequence of functions ¢; ,,(z, €) defined as the Fourier transform of C; ,(m, €),

1 oo

cin(z€) = W . Cl,n(m,e)eizmdm (13)

whenever 0 < < D — 1 and n > 0. We define the coefficient ¢; as the function

ci(a(et,e),z,€) =ci(z,€) + Z cin(z,€)(a(ete)™ (14)
n>0

We consider a family of functions m — ¢, (m, €), for n > 1 that belong to the Banach space E g
and rely analytically on € in the disc D(0, €p) and for which constants D; > 0, D, > 0 can be singled
out with

sup |[ipn(m, €)[|(p,) < D1(D2)" (15)
e€D(0,¢9)

for all n > 1. We set the functions dy(z, €) as the Fourier transform of ¢, (m, €),

1 +oo ,
du(z,€) = W/—oo Py (m, e)e“ dm (16)

provided that n > 1. We define the forcing term f(a(et, €), z, €) as the sum

fla(ete),z,€) = ) du(z,€)(alet,e))™" (17)

n>1

The domains where these functions (14) and (17) are well defined and holomorphic will be
specified later in the paper in Theorems 1 and 2.
Throughout this work, we are searching for time rescaled solutions of (11) with the shape

u(t,z,e) = U(et, z,€)
In fact, if we define the next differential operator

'Der,x(aT) = (Tz — €“+1)8T
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the expression U(T,z,e¢), by means of the change of variable T = €t, is required to solve the next
singular problem

Q(aZ)U(T, z, e) = C1,2Q1(az)u(T/Z/G)Q2(az)u(T/Z/€) + (De,tx(aT))(sDRD(az)u(T/Z/ 6)

+ DZ_‘} cl(a(T,e),z,e)(De,,x(aT))‘SlRl(az)U(T,z, €)+ f(a(T,e),z,e) (18)
1=0

We need to set forth the definition of Banach spaces that have already been introduced in [1].

Definition 3. Let S; be an unbounded sector centered at 0 with bisecting direction d € R and D(0, p) the open
disc centered at 0 with radius p > 0. We fix v, B > 0 and y > 1 some positive real numbers. We set E?v,ﬁ,y) as
the vector space of continuous functions (T,m) — h(t,m) on (S;UD(0,p)) x R, holomorphic relatively to T
on S;UD(0, p) for which the norm

1+ |7
Iremllpn = s (0 e 2EE exp( vl el i, )
T€S,;UD(0,0),me
is finite. The space E‘(iv 6.1) equipped with the norm ||.||(, g ,,) is a Banach space.

At a first stage, we undertake a similar strategy as in [7,8] and seek for solutions to (18) in the
form of special Laplace and Fourier transforms

1 Foo 2 AT
Uy (T, z,€) = e /_oo /L7 W(t,m,e)exp(ta(T, e))e’zm?dm (19)

where L, = R, eV~17 stands for a halfline with direction v € R, with L, C S;U {0}, where S;
represents a sector as described in Definition 3 and a(T, €) stands for a well selected analytic function.
Within this section, we assume that the map (7, m) — W(t,m, €) belongs to the Banach space E‘(jv B0

given in Definition 3 provided that e € D(0, €).

2.3. Statement of a Convolution Problem Satisfied by the Expression W(t,m, €)

Our principal intention is to find a related tractable problem fulfilled by the function W. In this
respect, the function a(T, €) is properly singled out in a way that the next identity formally holds

1 Foo iz AT
Den(01)Uy(T,z,€) = W/ /L TW(t,m,e)exp(ta(T, e))e’zm7dm (20)
o JL,

Specifically, the function a(T, €) can be chosen as any primitive of the rational function 1/ (s —
€**1). Among them, we pick up the simplest one

a+1
1 T—ez2

a(T,€) = — 7 log T (21)
2€ 2 TH+e 2

For later need, the next lemma is also easily checked. The proof follows from the application of
Definition 2 (b) and the use of Fubini theorem.

d

Lemma 1. (1) Let (t,m) — Hy(t,m,€) be a function that belongs to EG, By

) whenever € € D(0,€p). We set

1 Foo o AT
Vi (T, z€) = W/A’O /Ly Hi(t,m,¢€) exp(Ta(T,e))e’Zm7dm
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Then, the next identity holds

Viq(T,z,e)U,(T,z€)
— #/“o/ Hi(t,m,e)s"W(t,m,e)exp(ta(T e))eizmdldm (22)
= (27_()1/2 oo L,y 1 7 7 *T 7 4 p 7 T
where
. Foo ds
Hy(t,m,e)"W(t, m,€) 1/2/ / Hi(t —s,m—mq,e)W(s, my, )(T—s)sdml
(2) Let m — Hy(m, €) be an element of E 4 ,,) for any given € € D(0, o). We put
1 +oo 4
Vo(z,€) = @2 /7 Hy(m,€)e*™dm
The following identity
Va(z,e)Uy(T,z,€) = #/Jroo/ Ho(m, €) %y W(T, m,€) exp(ta(T e))eizmdldm (23)
2 7 Y 7~y - (27_[)1/2 oo L,y 2 7 m 7 7 p 7 T
holds with . oo
Hy(m,€) sy W(T,m,€) = a2 Hy(m — mq, €)W(t,mq,€)dmy

Moreover, we observe that for any natural number /1 > 1, the building block (a(T,€))™" can
be easily expressed as special Laplace transforms that involve the function a(T, €) described in (21).
Indeed, a direct computation shows that

_1\h
(u(T,e))h:(r(% / Thexp(Ta(T,e))d% (24)

Ly

for any integer 1 > 1 provided that the integral makes sense for a properly chosen path L.,. As a result,
we can express the coefficients ¢;, for 0 </ < D — 1 and forcing term f as special Laplace and Fourier
transforms. Specifically, according to the integral representations (13) and (16) and the expansions (14)
and (17), we obtain

1
c;(a(T,e),z,€) = W ” Clo(m €)e e dm

1 +oo izm dt @)
+W e fL,, Ci(t,m,e)exp(ta(T, €))e* Ldm
where
(t,m,€) chnme((T)) (26)
n>1
and . oo s
f(a(T,e),z,€) = W /700 /L7 P(t,m,e)exp(ta(T, e))elzm7dm (27)
where
(T,m,€) lenme(()) (28)
n>1
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We are now ready to state the main convolution problem satisfied by the map (t,m) — W(t,m,€)
provided that U, given by (19) solves (18). Specifically,

Q(im)W(t,m,e) = c1,Qq(im)W (T, m,e)imQa(im)W(t,m,€) + TP Rp (im)W (T, m, €)
+ ZF:?)l {(Cro(m, €) % TR (im)W (T, m,€)) + (C;(t,m, €)% R (im)W(t,m,€)) } (29)
+y(t,m,€)

3. Resolution of the Convolution Problem in Analytic and Continuous Function Spaces

3.1. Bounds for Convolution Operators Acting on Banach Spaces with Exponential Growth and Decay

We keep the notations of the previous sections and subsections. Throughout this subsection,
we establish a list of technical lemmas that are essential in the resolution of the problem (29) within the
Banach spaces presented in Definition 3 from Section 2.2. Although the proofs of the statements are
close to the ones given in [1], they will be given in full details for the sake of clarity and readability of
the paper.

In a first lemma, we observe that the functions C; and ¢ defined in (26) and (28) belong to the
d
Banach space E B
Lemma 2. Forall0 <1 < D —1,all e € D(0,€g), the functions (t,m) — C;(t,m,€) and (t,m) —
Y(t, m, €) belong to the Banach spaces E‘(iv B0 for any unbounded sector Sy, any disc D(0, p), for the parameters
B, u fixed in Section 2.2 and for any v > max(C; o, Do) for all 0 <1 < D — 1. Moreover, there exist constants
Ci3 > 0 (relying on C; 5 and v) with

sup |[|Ci(T,m, €| < Ci1Ci3 (30)
eeD(0,e9)

forall0 <1 < D — 1 and one can select a constant D3 > 0 (which depends on D, and v) for which

sup |[y(T,m,€)|[w,pu) < D1Ds3 (31)
eeD(0,e9)

holds.

Proof. According to the assumption (12), for any given C 12 > Cjo, one can find a constant C;3 > 0
such that

_ _ Cralt|)" _ _
il me)] < Coae (14 ) 3 (AT — 1y (14 ) e exp(Cralel)
n>1 :
_ _ T ~
< C1CpCrae P14 |m|) 7 7 exp(Cia|T|)

1+ |72

forall T € S;UD(0,p), allm € Rand all e € D(0,¢p). This yields the first bounds (30). Similar
estimates can be obtained for ¢(7,m, €) owing to the conditions (15) which give rise to the second
bounds (31). O

In the next lemma, we check the continuity property for the operator of multiplication by a
bounded function. Its proof is straightforward.
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Lemma 3. Let (T,m) — a(t, m) be a bounded continuous function on (S; U D(0,p)) x R, i.e., holomorphic
regarding T on Sy U D(0, p). Then,

[la (T, m)h(T,m)||(,p0) < ( sup ﬂ(TW)l) (T, m) | .00 (32)
T€S,;UD(0,0),meR

d
whenever h(t, m) € E(VM)

In the sequel, we need to fix some holomorphic function a5, (7) on S; U D(0, p), continuous on its
closure S; U D(0, p), with the bounds

1 2
- < <=
(i fepyen = oot G e =
forall T € S; UD(0,p).
In the next three lemmas, we analyze the continuity of convolutions operators acting on E¢ ()
Lemma 4. Assume the condition
p > max(deg(Q1) +1,deg(Q2) +1) (34)
holds. Then, we can find a constant Ky > 0 (which rests on Q1,Q2,Rp, ) with
Ity X {Qa (im)h(,m) 22 Qa(im)g (v, m)} o,y )
< Kl [h(t, m)|| 0,5, 18T, M)l (v, p,)
d
forall h(t,m),g(t,m) € E(Vﬁy)
Proof. Owing to Definition 3, the function h(t, m) suffers the bounds
- T
e, m] < 1m0 0+ D)+ P expoe 36

1+t

forall T € S;UD(0,p), all m € R. Correspondingly, the function g(t,m) is submitted to similar
estimates. We introduce a constant K > 0 defined by

_ 2y [* 1
K=sop0+2) | e ™ &

that has been computed in Corollary 4.9 of [28]. Then, the next estimates hold

1 +o0 T )
e ) T Qi =G5 m =)

) ds 1
X Qa(imy)g(s, ml)mdml < W |[h(T, m)] |(v,/S,y) l|g(T,m)] |(1/,/3,y)

|T|/ 1+ (|t - ))(1+h2)eXp(”(|T|‘h>)eXP(vh)dh

oo 1Qy (i(m —my))|[Qa(im)| gy | —
e le .B‘ml‘dm
“Rp( zm|/m (T+ [m = ma [)F (1 + [ma])F '
7|

1+ |7)?

< n )Uzllh(f ) (0,0 18T, 1) 1,00 A () 7— =5 exp(v]z]) ~ (38)
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where

_ 1 oo |Qq(i(m —my))|| Qo (imy)| —Blm—my| ,—p|m|
A(m) B |RD m | / l+|m ml\) (1+|H’Z1|)ye € dml

Since Q1, Q2, Rp are polynomials withstanding (10), we can find constants 1, Qp, Rp > 0 with
|Qj(i(m — my))| < Q;(1+ |m — my )%, |Rp(im)| > Rp(1 + |m])des(Ro) (39)

for j =1,2,all m,m; € R. Bearing in mind the triangular inequality |m| < |mq| + |m — m;| whenever
m,my € R, we deduce that
A(m) < (1 |m]) e P Ay (40)

for

A = M

1
sup(1+ |m|)F~ deg( RD)/ dm
nepa D (1 T — g =35 C 1 4 =@

that turns out to be a finite positive number under the two conditions imposed above (10) and (34)
according to Lemma 4 of [29] or Lemma 2.2 of [30]. At last, gathering (38) and (40) yields the expected
bounds (35). O

Lemma 5. Take for granted that
u > deg(R;) +1 (41)

forall 0 <1 < D —1 holds. Then, there exists a constant Ky > 0 (relying on u,6;, R; for 0 <1 < D) with

a
IIR"E’me x {Cio(m, €) s TRy (im)h(T,m) } |[ (0,5,

(42)
< Kol [Cro(m, €] ) [1h (T, m)| [ (1,p.0)

for all h(t,m) € E¢

(v,60)" all e € D(0, €p).

Proof. By definition, the function h(7,m) is submitted to the above bounds (36). By construction,
C1o(m, €) satisfies
|Cro(m, €)| < [|Cro(m, €)l[ g (1+ |m|)~Fe—Plm]

forallm € R, e € D(0, €y). We deduce the following upper bounds

iy [« ot = s i < o 2
<1 lm, )l g 15,19 0 B 1= s explolel) - 63)
where e 1 [Ri(ima)| - pim—my| gl
500 = gty Lo T e e

Since R; are polynomials under the restriction (10), some constants $i; > 0 can be found such that
IRy (im)| < 9y (1 + |m| ) 28R
for 0 <1 < D — 1. Owing to the triangular inequality and the lower bounds for Rp in (39), we get that

B(m) < (1+ |m|)~Fe Plm B, (44)
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for

R —deg(R 1
By = —L sup(1 + |m]|)H—desl D)/ dm
' Rp me@%( ‘ |) -0 (1+ |m—m1|)V(l—|— |ml|)y7deg(R,) !
a finite positive real number under the conditions (10) and (41) in accordance with Lemma 4 of [29] or
Lemma 2.2 of [30]. The lemma finally follows from (43) with (44). O

Lemma 6. Under the condition (41), we can select a constant K3 > 0 (hinging on u,0;, R; for 0 <1 < D)
such that
as,(T)
I
Rp(im)
< Ksl|Ci (T, m, €) ||, p,0) 1R (T, m) [ 0,0

X {CZ(T/ mre)iTT(SIRl(im)h(T/ m)} H(V,ﬁ,y) (45)

d
forall h(t,m) € E(, V)"

Proof. From Lemma 2, we know that C;(t, m, €) belongs to E’Elv B1) and fulfills the bounds

_y T
it m,€)] < 11C1 (T, €)1+ ) e BT vy

1+ |7

forall T € S;UD(0,p), all m € R. Likewise, h(t,m) is subjected to the bounds (36). Taking into
account the definition of the constant K in (37), the next estimates follow

ds

(t—5s)s

2x%
< WHQ(T m, €|, g0l 1H(T, m)]|( V‘B;t)supﬁ

+oco
RD 1m 1/2 / / Cl —s,m— m1,€)55’R1(im1)h(s,m1) dml

i
<l [ _}1)2)(1 i (il — ) exp(uh)d

1 oo |Rl(iml)‘ —Blm—my| ,—
X - e 1 e ﬁ‘ml‘dm
mpm|/ (1 + [m — my [)F (1 + [mp )P !

20 e I B 7| 16
P T 0 [|Ci(T,m, )|, g0 11T )] (1, ,0) (m)1+|T|zeXP(V|T\) (46)

< K
2m)1/2 3] Sup

where B(m) is given in the proof of Lemma 5 and satisfies the bounds (44) under the constraints (10)
and (41). Lemma 6 follows. [

3.2. Construction of a Unique Solution to the Convolution Equation

The principal objective of this subsection consists of the construction of a unique solution of the
equation (29) within the Banach space described in Definition 3.

We first provide further analytic assumptions on the leading polynomials Q(X) and Rp(X) that
allows us to transform our problem (29) into a fixed-point equation which is stated later on, see (64).
Specifically, we impose the existence of an unbounded sectorial annulus

Agrp =1z € C/|z| > rqrp,arg(z) € (agrp, BoRp)}

for some inner radius ro g, > 0 and angles ag r,,, Bo,r, € Rwithagr, < Bgr, such that

Q(im)
Rp (1m) S AQ,RD 47)
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for all m € R. At this point, we follow a comparable protocol as the one initiated in our erstwhile
study [1]. We focus on the polynomial Py, (t) = Q(im) — %P Rp (im) for which we ask lower bounds
respectively to 7 in C and m in R. We factorize this polynomial as follows

op—1
Py(t) = =Rp(im) [ (t = q:(m)) (48)
I=0
where the roots can be computed explicitly as

im /op — im

We consider an unbounded sector S; centered at 0 with bisecting direction d € R and a small disc
D(0,p). We adjust the annulus Ag r, in a way that the next condition hold: a constant g > 0 can be
chosen with lower bounds

[T —qi(m)] = a(1+ |7]) (49)

forall0 <1 <ép—1,allm € R, whenever T € S; UD(0,p). Indeed, the feature (47) impose all the
roots q;(m), 0 <1 < §p — 1 to remain a part of the origin and satisfy |g;(m)| > 2p for a well-chosen
p > 0. Furthermore, provided that the aperture of Ag ,, is taken close enough to 0, all the roots
q;(m) stay inside a union & of unbounded sectors centered at 0 that do not cover a full neighborhood
of 0 in C*. We select the sector S; such that S; NU = @ holds. As a result, the quotient g;(m)/t
is kept at a distance of some disc centered at 1 in C whenever T € S;, m € Rand 0 <[ < Jp — 1.
Then, Ref. (49) follows.
Lower bounds for Py, (7) are given in the next lemma.

Lemma 7. When the sector S; and the disc D(0, p) are submitted to the constraints stated above, a constant
Cp > 0 (relying on ép and q) can be singled out with

1P (7)] > Cp|Rp (im)| (1 + [} (50)
forallT € S;UD(0,p), allm € R.
Proof. The factorization (48) together with (49) lead to

|Pu(T)| > q°P|Rp (im)|(1 + |7])°P

provided that T € S;UD(0,p) and m € R. [

In the next lemma, we discuss properties of a nonlinear map H. which acts on a small closed ball

centered at the origin in the Banach space Eflv )"

Lemma 8. Assume that the sector Sy and the disc D(0,p) fulfill the constraints stated above. Under the
additional conditions that

i > max(deg(Qq) +1,deg(Q2) +1), p > deg(R;)) +1 (51)
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for 0 <1 < D — 1 and provided that the constants c1 5, C;1, D1 for 0 <1 < D — 1, defined in Section 2.2 are
taken small enough, for all e € D(0, €g), the map set as

He(h(t, m)) = —22 x {Qy (im)h(x, ) Qa im)h(x, m)}

D-1 1 '
* l;] {Pm(T) X (CI,O(mze) *m T‘SIRl(lm)h(T,m))

< (Gl m e Riimhe, m) o+ L)

B (1) ©2)

is submitted to the next properties:
(i) There exists a radius 0 > 0 (which can be chosen independently of € in D (0, €g)) such that the next inclusions

He(B(0,0)) C B(0,@) (53)

hold, where B(0, @) stands for the closed ball of radius @ > 0 centered at 0 in the space E‘(iv B)°

(ii) The map H. is shrinking on B(0, @), namely

1
[1He(h1) = He(h2)llwpp) < 51111 = b2l (54)
is valid for all hy, hy inside the ball B(0, @).

Proof. We concentrate on the first feature i). Let us take h(t,m) in the space E¢ B0 Keeping in mind
Lemma 3,4 together with (50) and the first condition of (51), we find a constant K; > 0 (depending on

Ql/ QZ/ RDr ]/[) with

I x {Qu (im)h (T, m) 3 Qa(im)h(T,m)} |[(y,p,)
Rp (im)

1
Pu(t)  Rp(im

1
Py (7T)
=

. X . K
) {Qu(im)h(t,m) 3 Qa(im)h(T,m)} [|(y,p) < éllh(Trm)llfv,ﬁ,y) (55)

According to Lemma 3,5 under the second requirement of (51) and assumption (12), we get a
constant K, > 0 (relying on y, é;, R; for 0 < I < D) with

155 % (Cuolm,€) s TR m)h(,m) ) 1,

Rp(im) y as, (7T)
Py (T)as,(t)  Rp(im)

K K
< éIICz,o(m/ g | Ih(Tm)|,p) < écl,l||h(Trm)||(v,ﬁ,y) (56)

1
Py (T)
=

% (Cyo(m, €) s TRy (im)(,m) ) 1,0

forall0 < I < D —1. Taking heed of Lemma 3,6 and (30) of Lemma 2, subjected to the second
constraint of (51), a constant K3 > 0 (relying on y, é;, R; for 0 < I < D) can be selected with the bounds

x (Cxm, e e Ry (im)(z,m) ) [l

RD(im) % Ll(;D (T)
Py (7)as,(t) = Rp(im)

K K
< F;||C1(T/ m, €)[| (v, g, 1T, M) || (1, p,0) < écl,lcl,3||h(Tfm)||(v,ﬁ,y) (57)

1
Py (7)
=

X (Cl(’l', m, e)i’fr‘S’Rl(im)h(T,m)) H(v,ﬁ,y)
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whenever 0 < [ < D — 1. Furthermore, from (31) and (50), we notice that
| p(z, m, )] ! sup —~ DD (58)
P (1) (b0 = Cp o B TR ()] 1"

Now, we choose a positive real number @ > 0 and select the constants |c; » |,Cl,1,D1 for0<I<
D — 1 close enough to 0 in a way that the next inequality holds:

K>C K3C11C 1
\612|—(D + 2{ 2l gy 29 l’3w}+cp sup DiD; < @ (59)

1
Cp Cp meRr [Rp(im)]

As a result, provided that 1i(7, m) is chosen such that ||h(t, m)||(, 4 ,,) < @ and by collecting the
list of bounds (55)—(58) under the constraint (59), the inclusion (53) holds.

In a second part of the proof, we discuss the second property ii). We pick up two elements
hi(t,m) and hy (7, m) inside the ball B(0, @) constructed in the first part i).

We first deal with the nonlinear part of H.. To provide upper bounds, we need first to rewrite
the next difference of convolutions into a sum of convolution terms that involve the difference
hq — hy, namely

Qi (im)hy (T, m)Qa(im)hy (T, m) — Qq(im)ha (T, m) 3 Qa(im)ha(t, m)
= Qq(im)hy(t,m)im (Qa(im)(hy (T, m) — ha(T, m)))
+ (Q1(im)(h1 (T, m) — ha(T,m))) Q2 (im)hy(T,m)  (60)

Then, under the first constraint of (51), Lemma 3, 4 with (50) ensure the existence of a constant
Kj > 0 (depending on Q1, Q2, Rp and y) such that

I x {Qq(im)hy(t,m) " Qy(im)hy (T, m)

= Qu(im)hy (T, m) 2 Qa(im)ha (T, m)} || (1, p,0)
Rp (im) X 1 X {Qq(im)hy (t,m)3"Qq(im)hy (T, m)
Pu(t) < Rp(im) 1 1(T,m)¥20Qs (T,

— Qu(im)hy (T, m) 2 Qo (im)ha (T, m)} ||y,

K
< & (llm(xm) )) i (xm) = ha(e,m) - (61)

Py (7T)

(v,B.m) + | |h2(T/ m)

In this second phase, we sort the constants |c; |, Cyq for 0 <1 < D — 1 small enough in order that
the next inequality is fulfilled

K3Cl,1 Ci3
Cp

2a;+ Z {KZC” } <1/2 (62)

Then, gathering the bounds (61) and the corresponding estimates for the linear part of H,
through (56), (57) overhead where h(t,m) has to be replaced by the difference hy(t,m) — hy(t, m),
we get the expected shrinking character of H, given by (54).

Finally, we select the constants @, |c1 2|, C; 1, D1 for 0 < 1 < D —1in order that both restrictions (59)
and (62) hold at the same time. This gives our lemma. [J

Now we reach the main result of this subsection.

Proposition 1. Take for granted that the hypotheses stated in Lemma 8 hold. Then, a proper choice of a real
number @ > 0 and provided that the constants |c1 |, Cj1, D1 for 0 <1 < D — 1, are selected close enough to 0,
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Equation (29) admits a unique solution (t,m) — W(T, m,€) that belongs to the space E?V P H),for the sector

Sq and disc D(0, p) chosen as above, with the boundedness property
| |W(T/ m, E) | |(1/,ﬁ,y) S (63)
for every € € D(0, €).

Proof. From Lemma 8, we observe that the map H. is contractive from the complete metric space
B(0, @) into itself for the distance d(x,y) = |[x — y|[(,,p,)- As a result, the classical fixed-point theorem
guarantees the existence of a unique function (t,m) — W(t,m,€) inside B(0, @) with

He(W(t,m,€)) = W(T,m,e€) (64)

for every € € D(0, eg). Moreover, this function W relies analytically on € in the disc D(0, €p).

Observe that if one puts the term 0 Rp (im)W(t,m, €) from the right to the left-hand side of
Equation (29) and divide the resulting equation by the polynomial P, (7) given by (48), (29) can be
exactly recast as the Equation (64) above. In conclusion, the unique fixed point of (64) precisely solves
the problem (29) with vanishing initial data W (0, m, €) = 0. The proposition follows. [

4. Construction of Analytic Solutions to the Main Problem and Their Parametric
Asymptotic Expansions

We build up two distinguished families of actual analytic solutions to our main problem (11).
The elements of the first family are called outer solutions and those of the second family are named
inner solutions in the context of so-called boundary layer expansions (see the textbook [31] for an
explanation of this terminology). Indeed, the domain of holomorphy in time  turns out to be a fixed
sectorial annulus independent of € that is kept apart of the origin for the outer family and a domain
that relies on the parameter € that comes close to the origin when € tends to 0 for the inner family. Both
sets of solutions lean on the next definition of so-called good covering in C*.

Definition 4. Let 1 > 2 be an integer. We consider a finite set £ = {Ep }o<p<,—1 Where £ stand for open
sectors with vertex at 0 such that £, C D(0, €q) which fulfills the next three assumptions:

@ &N 5p+1 # Q@ forall 0 < p <1 —1 (with the convention that £, = &).

(i) &y, N Ep, N Epy = D for any distinct integers 0 < p; <1—1,j=1,2,3.

(iii) The union of all the sectors £, covers a punctured disc centered at 0 in C.

Then, the set £ is called a good covering in C*.

4.1. Outer Solutions
We select a bounded sectorial annulus
A={teC/py < |t| < pa, p1 < arg(t) < B2} (65)
for given radii p1, 02 > 0 and angles 51 < Bs.
The next lemma presents bounds estimates for the function a(et, e) where a(T, €) is displayed

in (21) for € and t in suitable domains.

Lemma 9. For any given 6 > 0, one can find a small enough radius ey > 0 such that the next factorization

aet,€) = —é(l + aou(e, 1)) (66)
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holds, provided that e € D(0,€p) \ {0}, t € A, where aou(€,t) represents a holomorphic function on
D(0,€e9) x A such that

sup laout (€, t)| <6 (67)
eeD(0,e9),teA

Proof. Fort € Aand e € D(0,¢p) \ {0}, we can write

By classical Taylor expansions, we can expand
lo (1;2) = —2z + z¢(z) (68)
81+’ ~

for some holomorphic function &(z) near the origin such that lim,_, ¢(z) = 0. As a result, we can write

aet,€) = —éu - %s(e%l /8)

that gives rise to the factorization (66) with the bounds (67) whenever ¢ is taken close enough to 0. [

In the sequel, we define the notion of admissible set of sectors accordingly to a good covering.

Definition 5. We consider a good covering £ = {8;,"“} in C*, a set of unbounded sectors Sagut,

0<p<i—1
0 < p <1 —1, with bisecting direction 02‘“ € Rand a disc D(0, p) for some radius p > 0 that suffer the next
two conditions:

(1) A constant q > 0 can be taken with lower bounds (49)

[T —qi(m)| > a(1+ |7])

forall 0 <1 <ép—1,all0<p <i—1,all m € R, provided that T € Sagut U D(0,p).
(2) We can find a constant A" > 0 such that for all e € Eg*, all t € A, a direction 3" € R (that may rely
on e, t) with Lou = RyeV 17" ¢ Sagut U {0} can be singled out for which

cos(arg(t) — arg(e) — arg(t)) > A (69)

whenever T € ngut, €€ 51‘;‘“ andt € A, forall0 < p <i—1
Then, the family of sectors

5% = {{Sygu}o<p=i-1, D(0.0) }

is called admissible accordingly to the good covering £

In the next first principal statement of the paper, we construct a family of so-called outer
holomorphic solutions to our main Equation (11) defined on the sectors £ of a good covering
£°"%in C* relatively to the perturbation parameter €. The difference between neighboring solutions
are also estimated and gives rise to exponential flat bounds of order 1.

Theorem 1. Tuke for granted that all the above hypotheses (10), (12), (15), (21), (47), (51) hold. We select a good
covering £ = {€9"}o<p<, 1 in C* and an admissible set of sectors S = {{Sagut}ogpgl,l, D(0,p)}
accordingly to £°.

Then, if the constants €9 > 0 and |cy 3|, C;1,D1 for 0 <1 < D — 1 defined in Section 2.2 are close enough
to 0, for each 0 < p < 1 — 1, one can manufacture a solution (t,z,€) — ug‘“(t, z, €) of the main equation (11)
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that is bounded holomorphic on the domain A x Hg X Egut for any given 0 < B’ < B. This solution possesses
a representation as special Laplace transform and Fourier integral

1 400 .
ugut(f, z 6) - W /—oo . L,yout WgUt(T’ ", €) eXp(Tﬂ(€t,€))elzmd?Tdm (70)
p

. . pout
for a function (T, m) — Wgut(r, m, €) that appertains to the Banach space E(V”ﬂy) forall € € EQ, for the
sector Syout and the disc D(0, p) taken as in Definition 5.

In addition, neighboring solutions are subjected to the mnext bounds: there exist constants

Kgut, Mg“t > 0 with

out
sup |u2‘f1(t,z,e) - uzut(t,z, €)| < Kg“t exp | — P (71)
tcAzeH,

foralle € EXY5 N EPY, for 0 < p <1 — 1 (by convention up™* = ught).

Proof. Owing to the hypotheses listed above, Proposition 1 allows, foreach 0 < p < 1 — 1, the existence
of a solution (7, m) — Wp"(7,m,€) of the convolution Equation (29) on the domain (Sagut uD(0,p)) x

out
R in the space E (DV” B0 constricted to the bounds
sup |[WH (T, m, €)|](y,p,) < @ (72)
eeD(0,¢9)

for some real number (Dgut > 0. For each 0 < p <1 —1, let us introduce the function

oo ,
! / W;,’ut('r, m,€) exp(ta(T, e))elzmd%dm

US™(T,z,€) = ——
4 ( ) (27.[)1/2 o Lwout
4

along the halfline Lygue = RV~ 1" ¢ Sagut U {0} singled out in (69). With the help of (72) and
Lemma 9, the requirement (69) implies that for all € € Sgut, the map (T,z) — Ug“t(T, z,€) is bounded
holomorphic on the domain

(1 —0)Aout
et/te A}ND(0,~———=—) | x Hy (73)
({ O e R L
for some tiny 6 > 0, provided that the radius €y > 0 is chosen small enough, for any given 0 < g’ < B.

By following backwards the computations of Section 2.3 and departing from the convolution

problem (29), we notice that the application (T, z) + US"!(T,z, €) solves Equation (18) on the domain
(73), for e € E;“t. For 0 < p <1—1, we define

1 o _—
uzut(t/z, e) = u;])ut(et,zle) = W /_oo Lvom W;;Ut('f, m, 6) exp(m(et,e))e’zm%dm (74)
14

As a consequence of the above discussion, we check that the function (t,z,€) — u$"(t,z€)
represents a bounded holomorphic function and solves our main Equation (11) on the domain
A x Hg % El?ut under the requirement that the radius €y is chosen close enough to 0.

In the last part of the proof, we turn our attention to the bounds (71). Let 0 < p < 1 —1.
The partial maps 7 — W].O‘”(T, m,€) for j = p,p+ 1 are analytic continuations on the unbounded
sectors Sagut, Sazlfl of a common analytic function that we call T — W(7,m,€) on D(0,p), forallm € R,

all e € D(0,€p). Moreover, the map T — W(t,m,€)exp(ta(et,€))/T is bounded holomorphic on
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D(0, p) and by Cauchy’s theorem, its integral vanishes along the oriented path described as the union of

(a) the segment joining 0 and (p/2) exp(v/ —172‘}}1),
(b) the arc of circle with radius p/2 that links (p/2) exp(v/ —1725‘:1) and (p/2) exp(v'=179"),
(c) the segment connecting (0/2) exp(v/—1p") and 0.

As a result, we can recast the difference ug‘fl — ugut as a sum of three integrals

out (t z, 6) out(t z, 6)

Up+1
oo m AT
= 1/2/ / W°llt (t,m,€) exp(ta(et,€))e™ —dm
0122984 T
Foo dt
— WOut (T,m, €) exp(ta(et, €))e —dm
e / / ) exp(raet, )
/+oo/ W(t,m,e)exp(ta(et e))eizmd—rdm (75)
27T 1/2 p/Z'yo‘*‘t out ’ p ’ T
where
Losanout = [0/2, +00) exp(v/— 1Y), j=pp+1 (76)

are halflines and C p/2.791 o

(0/2) exp(v/—199") and (p/2) exp(v/—1 725‘:1).
We first control the quantity

out stands for the arc of circle with radius p/2 which attaches the two points

= i Wt (T, m, €) exp(Ta(et e))eizmdldm
L= 1/2 t €)exp ’ T
/2,),01,1

According to the condition (2) of Definition 5, bearing in mind the bounds (72) and the
factorization (66), provided that the constant 4 > 0 in (67) is taken close enough to 0, we obtain
the estimates

+oo
t
< 1/2/ / @ (1+ ) eI

d
X exp ( Tl 1+ aout(€, t)] cos(fyg‘f1 —arg(e) —arg(t) + arg(1l + aout (€, t)))) e‘mlm(Z)%dm

@y e oo 1— 5)Aout r
< Piﬂ/ ~(p—F)ml g (_ (A =0)A™ )d
@)1 mJn OP\ O vl ) 4

zwou’t +oo 5 zwout
p+ ot _ p+1 €| P
= 2026 p) | eXp<‘|e|>d“<zn>1/2<ﬂ BM‘*XP< 2|e|) @)

for some J, > 0 chosen under the condition that

(1 — 8)Acut

—veg > &y (78)
02

holds, forallz € Hy, allt € Aand € € 5;’“ N Er?fl
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In a similar manner, we can display upper bounds for the second integral piece

L = o /+oo/ WS (1, m, €) exp(ta(et e))eizmd—rdm
(27-[)1/2 - out F Y ’ T

namely
2@0111: ‘€| 5
L < P lef pd% 79
2= 2n)2(6— ) & e"P( z|e|> @)

for some 0, > 0 taken in a way that (78) holds, provided thatz € Hy, t € Aand e € E3%' N ENY,.
In the last step, we handle the integral part along the arc of circle

_ oo izded
I; = 1/2/ / W(t,m,e)exp(ta(et,e))e —dm

[J /2, ,y()ut out

By construction, under the condition (69) for the directions 72‘”, ')/;‘jrtl, we observe that the
next inequality
cos(0 — arg(e) — arg(t)) > A°™

must hold whenever 6 € [yp", 'yg‘fl] (f yp"t < 994 or 0 € ['y;‘j:l,'yg“t] (if 'y}‘;‘jrtl < ™) for all

p+1
€€ E;,"Jt né Ofl, t € A. Taking into account the bounds (72) and the factorization (66), if the constant

6> 0in (67) is chosen small enough, we get
1 +oo Vp+1 _ p/2
o< @°Ut(1 i ﬁ\m\i vp/2
3= (2m)i2 /—oo /;F 0<T21X 1P (1+|ml)"Fe (p/2)2e

X exp ( | f |1 + aout(€, )| cos(0 — arg(e) — arg(t) + arg(1 + aout (€, t)))) e~ mim(z

1 e 1—g)Aout
i [ eIy | ma wp( <()—v|e|>2f|)

<
(2m) 0<p<i— |t]
maxo<p<,—1 @p" p
< —F

for a well-chosen d; > 0 submitted to (78), whenever z € Hg, t € Aand e € £9"' N 5;;}‘:1
In conclusion, gathering the bounds (77), (79) and (80) above, we obtain the expected estimates (71)
from the decomposition (75). O

4.2. Inner Solutions

We fix a bounded sectorial annulus
x={xeC/r <|x| <ryu <arg(x) <ay}
for some radii r1, 7, > 0 and angles &1 < &, and we define the next open sectorial domain
Te={e'Tx/x € x} (81)

foralle € C*.
We start this subsection with a lemma that provides bounds estimates for the function a(et, €)
where a(T, €) is given by (21) for € and t in appropriate domains.
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Lemma 10. For any fixed 6 > 0, we can find a large enough inner radius rq > 0 such that we can factorize

alet,€) = — o (1 + @i (x)) (82)

€2 X

provided that € € D(0,¢ep) \ {0}, t € Te, where ain(s) is a holomorphic function on x such that

sup ain(s)| < 6 (83)
sex
Proof. When t = 6%1 X, wWe can write
ai1 1 x—1 1 -1
a(et,e) =ale 2 x,¢€) = lo = lo X
(et,€) = a( ) P g(x+1) e g(1 %)

Then, owing to (68), we can write

1
a(et,e) = ———(1— 58(1/95))

from which (82) together with the bounds (83) follow. O

In the next definition, we introduce the notion of admissible set of sectors relatively to
a good covering.

Definition 6. We consider a good covering E™ = {EMYo<p<y—1 in C*, a set of unbounded sectors Sagx,

0 < p < — 1 with bisecting direction Dg‘ € Rand a disc D(0, p) for some radius p > 0 that fulfill the next
two of properties:
(1) A constant q can be chosen with lower bounds (49)

[T —qi(m)] = a(1+ 7))

forall0 <1<ép—1,all0<p<y—1almeR, whenever T € Sbgjn U D(0,p).
(2) There exists A™ > 0 such that for all € € 5;,“, all t € Te, one can choose a direction 'yip“ € R (that may
depend on €) with Ly = R eV 1 ¢ Sai,g‘ U {0} for which

cos(arg(T) — arg(e%) —arg(x)) > A" (84)
provided that T € L,Y}jn and t = e'T' x € Te, whenever 0 < p <py—1.
If the conditions above are both satisfied, the collection of sectors

S = {{Sypo<p<y-1,D(0,p)}
is called admissible relatively to the good covering E™.

In the next second main statement of the work, we exhibit a collection of actual holomorphic
solutions, called inner solutions, to our main Equation (11) defined on the sectors Eri,“ of a good
covering £ = {5},“}0997,1 in C* with respect to the perturbation parameter €. We control also the
difference between consecutive solutions on the intersection of sectors £," N £} ; where exponentially
flat bounds leaning on & are observed.
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Theorem 2. Assume that the list of constraints (10), (12), (15), (21), (47), (51) hold. We consider a good
covering EM = {Eén}ogpg,?,l in C* and an admissible set of sectors S™ = {{Sgg}ogpgq—LD(O,P)}
relatively to E™.

Then, taking for granted that the constants ey > 0 and |c12|,C;1,D1, for 0 <1 < D — 1, introduced in
the Section 2.2 are taken small enough, foreach0 < p <y —1,andall e € Sri,“, one can construct a solution
(t,z) = up\(t,z,€) of the main Equation (11) that is bounded holomorphic on the domain Te x Hgs for any
given 0 < B’ < B. This solution is represented as a special Laplace transform

up'(t,z,€) = (27:)1/2 ./_oo */Lvin W, (T, m, €) exp(Ta(et, e))elzmd%dm (85)
P

in
DP

where the function (T, m) — W;,n(T, m, €) belongs to the Banach space E (W)

foralle € 5;,“, for the sector
Sai,;‘ and the disc D(0, p) chosen according to Definition 6.
Furthermore, the functions

(x,z,€) — ug‘(e%x, z,€) (86)

are bounded holomorphic on the domain x x Hg X 8;,“ for any given 0 < B’ < Band 0 < p < — 1. These
functions are submitted to the next bounds: there exist constants Kip“, Mipn > 0 such that

in a1 ing .41 in M?
sup |uyy (€2 x,z,€) —uy'(e T x,z,€)| S Kjlexp | —— 5 (87)
xex,zeH, el =

foralle € g;ﬂl N Sli,“,for 0 < p <5 — 1 (where by convention u};"‘ = ug‘ .
Proof. Under the hypotheses of Theorem 2, for each 0 < p < 5 — 1, according to Proposition 1,
one can build up a solution (7, m) — W;H(T, m, €) of the convolution Equation (29) on the domain

Din
r ) contrived to the bounds

(Sai,? UD(0,p)) x R that belongs to the space E(V b

sup |[Wp (T, m, )] (y,5) < @ (88)
eeD(0,¢9)

for some real number c’o}g“ > 0. For each 0 < p < 51 — 1, we define a function

1 at

: +e0 . .
m T/ 7 == / / Wln 7 4 T’ i d
U, (T,z€) @72 ) i, (t,m,€) exp(a(T, €))e™" —dm

P

where the halfline L,yipn = R+eﬁﬁn C Sb%n U {0} is chosen as in (84). Owing to (88) and Lemma 10,
foralle € 5;,“, the condition (84) allows the map (T, z) — U;,“(T, z,€) to be well defined and bounded
holomorphic on the domain

<e7; N D(0, (1_‘5)1“1)) x Hg (89)
v

2

for some small 6 > 0 and A" appearing in (84), provided that the inner radius r; > 0 of x is taken
large enough, for any given 0 < ' < B.

By performing rearwards, the full record of computations of Section 2.3, we obtain that the
application (T,z) — U%,“(T, z,€) solves the Equation (18) on the domain (89) whenever € € 8;,“. At last,
forall0 <p <#n—1,weset

1 dt

: : +oo _ ,
up'(t,z,€) = Uy'(et, z,€) = i /_oo /ijn W, (t,m, €) exp(Ta(et, e))elz”‘7dm
r
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By the construction above, the function (t,z) — uipn(t, z,€) is bounded and holomorphic and
solves our main Equation (11) on the domain 7¢ x H Bl foralle € 5;,5‘, provided that the inner radius
r1 of x is taken large enough and the radius €y > 0 of the disc D(0, €g) containing all the sectors £ ;,“ is
strained to the bounds )

ol (1—-4)Am

€,° < (90)
0 (1/ + %)1’2

where 7, is the outer radius of .

In the second part of the proof, we focus on the bounds (87). For the discussion and the technical
content are very similar to the last part of the proof of Theorem 1 dealing with the estimates (71),
the main arguments are presented in a more elliptical manner. Take p € {0,...,57 — 1}. Since the
two applications T — W}“(T, m,€), for j = p,p + 1 are analytic continuations on the sectors Saipr\,

Sain of a joint analytic function we denote T — W(t, m, €) on the disc D(0, p), provided that m € R,

€ E D(O €0), we can express the difference u" g‘ into three integral pieces

p+1

erl(ezxze) p(ezxze
+oo 4
= 1/2 / / p+1 T,m,€) exp(tale %lx,e))elzmldm

in l
/2y p+1

+oo o d
1/2/ / Wm (t,m,e)exp(ta(e %x,e))elzmldm

T
p/277

e atl izde
1/2/ / W(t,m,e)exp(tale 2 x,€))e ?dm (91)

P/ZW e P

where L 0/2,4ins ] = P, P+ 1 represent halflines in directions fy}“ at a distance p/2 from the origin built
j
asin (76) and C 0/2,78 900 symbolizes an arc of circle with radius p/2 joining the above two halflines.
AP

We evaluate the first integral block

o0 '
h = 1/2/ / p+1 (t,m,e)exp(tale %X,G))e’zmd%dm

p/Zw

According to the condition (2) of Definition 6, bearing in mind the bounds (88) and the
factorization (82), provided that the constant 6 > 0 in (83) is selected close enough to 0, we reach the
next estimates

teo Blm| vr
< 1/2/ / p+1 (1+ |m|) " Fe™ l—l—re

@in +o00 , +o0 _ in .
ptl / e (B=FIml g exp (—((1 AT _ v|e|%1) d ) dr
T

(2m)1/2 ) p/2 x| le|*T
20in +oo Sor 20" le|“F
< it [ exp(— i = exp(-—2 ) (@2)
@28 ) Jorz 8 T T T @ 2(p—p) 6 TP g
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for some &, > 0 chosen under the requirement that

1—5)An ol
& —0>¢€) v (93)
r2
holds, forallz € Hy, allx € yand e € M NEN,.
Likewise, we can exhibit upper bounds for the second integral component

+oo 4
J» = 1/2 / / Wln (t,m,e)exp(ta(e %x,e))e’zmd%dm
namely
Za)i“ |€| a+1 (52‘0
< £ exp(— 94
R P g o
for some J, > 0 taken in a way that (93) holds, provided thatz € H g, X EX and € € 5 in A 5’1311
Lastly, we discuss the integral part along the arc of circle
—+o00 « .
J5 = 1/2 / / W(t,m,e) exp(m(e%lx,e))elzmd%dm

/2771

Under the condition (84) for the directions ')f " and 'yp ', 1, we check that the next inequality

cos(f — arg(e%) —arg(x)) > A

must hold whenever § € [’y‘;‘, 'y'g‘ﬂ] (if 'yip“ < 7‘;‘“) orf e [’yg‘ﬂ,n | (if 'Vp+1 < 'yp M) fore € Em N E;ﬂl
and all x € x. Taking into account the bounds (88) and the factorization (82), if the Constant 6>0

in (83) is chosen small enough, we get

1 e
Js = Gyim /.

X exp ( " 6{12 |1+ a;,(x)| cos (9 - arg(e%rl) —arg(x) +arg(1+ am(x)))>

x|

.’Yi”n“ in — P/2 /2
max (D 14+ |m Fe plm| — e
/y;,“ 0<p<ny-1 ( )~ 1+ (P/Z)z

+00 , : i
Xefmlm z d@’ dm < (21)1/2/ (15 B )‘mldmp|7p+l ,)/;)n max @y

0<p<n—-1 P
_ in N
cexp (- (U250 —vje ) 2
|x] 2]e|"2
MmaXo<p<p-1 a);’n 2 0 n in 92
S (27_[)1/2 ‘B_‘B/§|r)/p+1 _r)/p ‘exp _2|€|L‘{1 (95)

for a well-chosen &, > 0 submitted to (93) whenever z € Hg, x € x and € € Eri,n N E;jjrl.
In conclusion, we take a radius €g > 0 that satisfies both (90) and (93). Gathering the bounds (92),
(94) and (95), we obtain the expected estimates (87) from the decomposition (91). O

4.3. Parametric Asymptotic Expansions

In the third central result of the paper, we show that the actual holomorphic outer (resp. inner)
solutions to (11) obtained in Theorem 1 (resp. Theorem 2) share a common asymptotic expansion
relatively to € on the sectors 5;,’“ (resp. 5;,“) that turns out to be of Gevrey type.
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Theorem 3. (1) Take for granted that the aforementioned requirements recorded in Theorem 1 hold. We set
Op(A x Hg) as the Banach space of C—valued bounded holomorphic functions on A x Hg equipped with
the sup norm.

Then, the bounded holomorphic solutions of (11), presented in (70), considered to be maps from 5;,"“ into
Op(A x Hg), own a formal power series

- k): Ore* € Oy(A x Hg)|[e]]
>0

as Gevrey asymptotic expansion of order 1. Specifically, for all 0 < p <1 —1, two constants AOut Bout >0
can be singled out with

sup |uy™(t,z€) Z Oye* < ASH(BYM)"T(1 + n) (96)
tEA,ZEHﬁ/

foralln > 1, provided that € € 8;,’“. Furthermore, in the case that one sector 5;,’5“, for0 < pg <1—1, can
be takefz slightly larger than 7t, the map € — ((t,z) — uf(t,z,€)) becomes the 1—sum of the formal power
series O(e) on Eg, meaning that it is the unique Oy (A x Hg ) —valued holomorphic function that suffers the
bounds (96) on Egit.
(2) Assume that the foregoing constraints listed in Theorem 2 hold. Let us denote Oy(x x Hpgr) the Banach space
of C—valued bounded holomorphic functions on x x Hg endowed with the sup norm.

Then, for all 0 < p < 5 — 1, the holomorphic and bounded functions € — ((x,z) — ui];‘(csaz;1 X,z,€))
built up in (86) and viewed as maps from E,i,“ into Op(x x Hgr), admit a formal power series

€) = kz Ike" € Oy(x x Hg)][e]]
>0

as Gevrey asymptotic expansion of order -%+. This means that for all 0 < p < n — 1, one can find constants
A‘;‘, B;,“ > 0 such that

n—1
e o 2
sup  |ul(e'T x,z€) — Y Kek| < AM(BI'T(1+ ——n) (97)
xEx,zEHy =0 a+1

forall n > 1, whenever € € é'in Moreover, if the opening of one sector 8;,% forasingle 0 < pg < u —1can be

chosen a little larger than 2 atq, then the map € — ((x,z) — ui;g (e% x,z,€)) is elected as the “FL —sum of the
formal series I(€) on E“& in the sense that it is the unique Oy (x x Hg)—valued holomorphzc function that

fulfills the inequality (97) on 6’;}(}

Proof. The proof of both parts 1) and 2) lean on a cohomological criterion for the existence of Gevrey
asymptotic expansions of order 1/k, for real numbers k > 1/2, for suitable families of sectorial
holomorphic functions known as Ramis-Sibuya theorem in the literature, see ([32], p. 121) or [33],
Lemma XI-2-6. Here we need a Banach valued version of this result that can be stated as follows.

Theorem 4 (Ramis-Sibuya). We set (I, ||.||r) as a Banach space over C and consider a good covering
{€p}o<p<i1in C*. Forall0 < p < 1 —1, Gy stands for a holomorphic function from &, into the Banach
space (IF, ||.||r) and let the cocycle ®,(€) = Gy 1(€) — Gp(€) be a holomorphic function from the sector Z,, =
Epr1N &y into F (under the convention that £, = &y and G, = Go). We ask for the following requirements.
(1) The functions Gy (e) are bounded on &y, forall 0 < p <1 —1.



Mathematics 2020, 8, 189 26 of 28

(2) The functions @, (e€) suffer exponential flatness of order k on Zy, for all 0 < p < 1 — 1. Specifically, there
exist constants Cp, Ap > 0 such that
1©p(e)l[e < Cpe~ /1"
foralle € Zp,all0 <p <:—1
Then, for all 0 < p < 1 — 1, the functions Gy, () share a common formal power series G(€) = ¥ y~q Hye

where the coefficients Hy belong to IF, as Gevrey asymptotic expansion of order 1/k on £,. In other words,
constants Ap, B, > 0 can be selected with

n—1 n
||Gp(€) - 2 Hk€k||IF < Ap(Bp)nr(l + %)Mn (98)
k=0

foralln > 1, provided that € € &).

Furthermore, if one assumes that the opening of one sector &y, is slightly larger than 7t /k, the function
Gy, (€) is promoted as a k—sum of G(e) on Epo which means that Gy, (e€) is then the unique holomorphic
function defined on &, with the feature (98).

Regarding the first point (1), the Ramis-Sibuya theorem can be called in to the family of functions
Gy(e) := (t,2) = up"(t,z,€)

for 0 < p < 1 —1, which are bounded holomorphic functions from S;}ut into the Banach space
F = Oy(A x Hg) endowed with the sup norm over A x Hy. Specifically, the estimates (71) show
that the cocycle @, (¢) = G,11(€) — Gy(€) must be restrained to the bounds (2) above for k = 1. The
existence of a formal series O(e€) that conforms the statement of Theorem 3 follows.
For the second point (2), we apply the above theorem to the set of functions
Gp(e) := (x,2) = uip“(e%lx,z, €)

for 0 < p < 5 — 1, which represent holomorphic and bounded functions from E;,“ into the Banach
space F = Oy(x x Hp) equipped with the sup norm over x x Hg. Indeed, the bounds (87) allow
the cocycle @,(e) = Gpy1(€) — Gp(e) to fulfill the constraint (2) overhead for k = a1 As a result,
we deduce the existence of a formal power series [(€) that match the statement of Theorem 3. [
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