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Abstract: In this article, some high-order time discrete schemes with an H!-Galerkin mixed
finite element (MFE) method are studied to numerically solve a nonlinear distributed-order
sub-diffusion model. Among the considered techniques, the interpolation approximation combined
with second-order ¢ schemes in time is used to approximate the distributed order derivative.
The stability and convergence of the scheme are discussed. Some numerical examples are provided
to indicate the feasibility and efficiency of our schemes.
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1. Introduction

Fractional differential equations (FDEs) have been greatly developed, and in fact they can be
found in many scientific and engineering fields, and include some practical models, such as fractional
diffusion or advection models [1-17], fractional water wave models [18,19], fractional telegraph
models [20], fractional Cable models [21,22], and fractional control models [23]. It is very important to
find the solution of FDEs. However, the analytical solutions for a large number of FDEs are hard to
look for, so we have to develop efficient numerical algorithms to find numerical solutions for these
model equations. Recently, distributed-order DEs, which are yielded by FDEs, are considered by more
and more people.

In [24], Mainardi et al. developed a continuous distribution of fractional time derivatives.
In 2009, Diethelm and Ford in [25] presented some numerical analysis for distributed-order
differential equations and gave a convergence theory. In [26], Ford et al. looked for the numerical
solution of a distributed-order diffusion model using an implicit finite difference approximation.
In [27], Ye et al. solved a distributed-order time-fractional diffusion-wave equation by a compact
difference algorithm. In [28], Meerschaert et al. studied distributed-order fractional diffusions. In [29],
Luchko discussed some boundary value problems for the distributed-order time-fractional diffusion
problem. Gao et al. in [30] studied the time multi-term and distributed-order fractional sub-diffusion
equations. In [31], Lorenzo and Hartley studied variable order and distributed-order fractional
operators. Li et al. [32] developed a novel finite volume method for a space distributed-order diffusion
model. Recently, based on the approximation methods [30,33], Li et al. [34] considered the H 1_Galerkin
MEFE schemes to a linear distributed-order fractional diffusion problem. In [35], Abbaszadeh and
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Dehghan solved a 2D distributed-order diffusion-wave model with a time-fractional derivative by
using an improved meshless method.
In this paper, we will consider the following nonlinear distributed-order sub-diffusion equation

w ?p  Pp
pt+Dt p(x/t) - ﬁ - ox20t +m(p) :f(x/t)/(x/t) €Qx ]/

p(0,t) =p(1,t) =0,t €], (1)
p(x,0) = g(x),x € Q,

where Q) = (0,1), ] = (0,T], and the nonlinear reaction term m(p) satisfies |m(p)| < C|p| with
Im'(p)| < C, where C is a positive constant.
Define

1
Di'p(x,t) = [ w@§Dfp(x, e, @

where

I S LR
SDYp(x,t) = r(1_a)./0(t ¢) ag(x,é)df:,ostxq, o

pe(x, t),a =1,

where w(a) >0, fol w(a)da = cg > 0. Here, we develop the H!-Galerkin mixed finite element (GMFE)
method [18,36-42] to solve the initial-boundary problem (1)—(3) of the nonlinear time distributed-order
model. Compared with the standard finite element method, the H!-GMFE method can simultaneously
obtain the numerical solution for both unknown scalar function p and its derivative u = py.
Here, motivated by the works [21,22,30], some second-order ¢ schemes combined with the higher
accurate interpolation approximation were developed to discretize the distributed-order derivative.
Meanwhile, the temporal integer derivative %—’t‘ at any point t,_1.,(Vo € [3,1]) is approximated
by some second-order ¢ formulas which are proposed in [21]. The second-order ¢ formulas are
called second-order 6 schemes in [21]. Some terms including the first derivative and the nonlinear term
can be discretized by the corresponding second-order approximation formulas, which can be found
in Lemmas 8-10 in this article. Here, the ¢ can be selected according to the method in [30]; see also
Lemmas 2-3 in our current article. The stability and optimal a priori error estimates for both p and u are
derived, and some numerical tests on three parameters are implemented to verify our theoretical results.

The article is organized as follows. In Section 2, we give some lemmas. In Section 3, we analyze
the stability for the H'-Galerkin mixed finite element scheme. In Section 4, we demonstrate the error
analysis in L?-norm. In Section 5, some numerical experiments are presented to confirm the theoretical
analysis. Throughout the paper, we denote C > 0 as a positive constant.

2. Some Lemmas

We insert the nodes o; = iAw, i = 0,1,2---,2] in the interval [0, 1], where Ax = % and 0 = ag <
g <y < o0 < gy = 1AL = % is the step size, t, = nAt(n = 0,1,2,---,N),and 0 = ty <
tp < tp < --- < ty = T, where N is a positive integer, and for a smooth function ¢ on [0, T],
we define " = (t,).

In order to give the numerical approximation of (1), we need to introduce some lemmas.

Lemma 1. Set s(a) € C2[0, 1], then we have the following composite Trapezoid formula:

21

1 AaZ
/ s(a)da = Aa Z crs(ag) — —s(z)(’y),'y €(0,1), 4)
0 k=0 12
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where

3 k=021,
C =
1, otherwise

Following Reference [30], to obtain the higher accurate interpolation approximation of
distributed-order fractional derivative with the convergence result O(Aa? + At?), we need to consider
Lemmas 2—4.

Lemma 2. Denote

Q(0) 22@&—%[ (1—5)]&2 % o >0,

where {; = Aacjw(w;), a = 3, b = 1. Then, the equation Q(v) = 0 has a unique positive root o € [a, b].

Lemma 3. For 2I > 1, the Newton iteration sequence {0y } 2, generated by

Uk+1 = Uk - ((22/((?;))/]{ = 011/2/' Tty

0o =b,
is monotonically decreasing and convergent to o*.

In the next analysis, to simplify the markup, we denote ¢ = ¢*, that is to say ¢ € [%, 1], such that

Qo) =0.

Remark 1. It is easy to know from Lemmas 23 that o is how to be selected in the current algorithm. One can
also see from Lemma 2 that the value of o depends on two step size parameters An and At, and in fact this
relation can also be verified by the computed data of Tables 1-3 in Section 5.

Based on the chosen ¢ by using Lemmas 2-3, we will give a numerical differentiation formula at
the point t = t,_14, = (n — 1 4 o)At and reveal its numerical accuracy.

Lemma 4. (See [30]) Suppose q € C3([to, tn]), then we have

Dq(tp—1+0) Zgz Dt q(tn-140)

21 n—1

= Z Iﬁ( Z /tk q'(8)(tn—140 —5) " %ds

i=0 k=1 "tk
n—1+c Y
+/ / thi11o —8) a’ds)/
by

and
Dy(t _y & N L. t ~tig
q(tn-140) ng(k; [k—l 2,k(5)( n-lto —S) 5

th1to —
[ ) b e — ) s,

]
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where Ly ,(s) is a linear polynomial on [t,_1, t,| satisfying
Ll,n(tn—l) = ‘J(tn—l)/ Ll,n(tn) = Q(tn)/
and Ly ,,(s) is a quadratic polynomial on [t;_1, ty 1] satisfying

Lox(tk—1) = q(tx—1), Lox(tx) = q(tx), Lox(tri1) = q(txs1)-

Then, we can get

Dq(ty-140) — Dq(th-1+¢)| < max |q"(s)] i i . (1 — % + g>07mAt3—m.
n—1+40 n—1+40 tg<s<ty = 1“(2 — “i) 12 6

Based on Lemma 1 and Lemma 5, we easily prove that the following error result holds.

Lemma 5. The numerical differentiation formula Dq(t,_1.) can be rewritten as

D n 1+t7 2 Kk q(tnfkfl))/ (5)

where
Z glAti n (n,07)
For a € [0,1], denote

W gl g = (o) = (= 140) %> 1,

g
b = zia[<i+0>“ TP [0 (- 1 0) i >
Whenn =1,
) _ (o)
Whenn > 2,
o+l k=0,
i = a1 W<k <n—2,

( ) _ p®)
ap’ — bk Jk=n—1.
According to [30], we can get the following two properties of the coefficients {&} }.

Lemma 6. Fora; €[0,1],i =0,1,---,21, we have

A% 1 — g
Ry >&y > >R, 1>2 gl ) Zal(n—lJra)*“i. (6)
Lemma 7. Fora; €[0,1],i =0,1,---,21, IAty > 0, such that
(20 — V)& — ok > 0,At < Atg,n > 2, @)

~Nn ~Nn
hence & > &7

For discretizing the time direction, we need to introduce the following results.
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Lemma 8. (See [5,21,43]) With w(t) € C3[0,T], Vo € [},1], at time t,, 1, we can get

ow O [w" 1] + O(At?),n > 2,
ﬁ(tnflﬂf) = wl— w0 (8)
- +O(At),n =1,
where
Byl 1+0] & (1+20)w" — dow" 1 + (20 — 1)w" 2
2At '
Lemma 9. (See [21,22]) With w(t) € C2[0,T], Vo € [3,1], at time t, 1.4, we can get
fltiato) = of "+ (1=0)f"" 1+ O(AF) £ f17117 4 O(AF), ©)
and
m(w(ty-14¢)) = (1 +0)m(w"™") —om(w"2) + O(A?) £ m[w" 7] + O(AF). (10)
Lemma 10. (See [21]) With u(t) € C2[0,T], Vo € [},1], at time t, 1., we can get
ou ou” ou"1 5
g(tnflﬂr) =0 ox +(1-0) ox + O(At) an
uh—1+o 9
= 5 +0(Ar)
and
u(ty_110) = ou" + (1 —o)u" "1+ O(A) £ w117 L O(AF). (12)
Lemma 11. (See [21,43]) For series {x" } (n > 2), the following inequality holds
1
@ LX) = 5 G = G, (13)
where
Glx"l = 1 +20) |x"|? = Qo = DIIx" P+ 1+ 0) 20 = D" —x" 7 (14)
and
GIX" = lIx" 1> (15)

3. Numerical Approximation and Analysis of Stability

By introducing u = g—fz, the nonlinear distributed-order fractional sub-diffusion Equation (1) can
be rewritten as 3
(a)sE —u,
ox
2 (16)
(6) = pe = DEp(x,1) + 32 + 32— m(p) = ~f(x,1)
PRI o T oot o

We formulate the weak formulation for system (16) at t = t,,_14,: Find a pair: {p,u} : [0, T] —
H& x H' such that

d 0 py
(a)(£(tn71+0)/ 72) = (u(tnflﬂr)/ %),VU € Hé,
(0) (110, 0) F (DFult110),0) + (o (ty-110), 00 ) )
92 0 d 9
+ (ga o) 5y ) = (mp(teree)) 50 ) = = (Flumreo), 51 ) Vo € HY
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where H} = {w € H(Q) : w(0) = w(1) = 0}.
Using Lemma 1, we discretize the integral term in Equation (17) (b). Supposing s(a) € C?[0,1]
and setting s(«) = w(a)§ D}, we have

Dwu—Aach $DYu— Ry, (18)
i=0

where R; = O(Aa?) and is defined in Lemma 1.

Based on Lemmas 2-10 and formula (18), Equation (17) can be changed as follows:

Whenn =1,
D2 (02 (o e
(5) @1l ) + (R = 10) ) + (22, 22 ¢ (o, 2], 29) (19)

(). 22) = (728) 4 (555, 2) v 1.

Whenn > 2,
(a)<apna;+a,g%> _ (un—l+alg%) + (Rg—l+a+Rg—1+alg%>,vv c H(%/
o (E o) (25 022

_ (m[pn—l—&-(r],%) — _(fn—1+f7 ) (il{” I+ —) Yw € HY,
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where

Ry~ 7= Aw ZC w(ai)g D Uty-140) = DPu(tn-110) = O(A&?),
i=0

= A Z ciw(a;)§ D u(ty) — D u(ty) = O(Aw),

Ry = 9y [u" 1] — %(tn—lw) =0(AP),
ul —u%  9u u
a _ f— —_— f—
R = ) 2 ayul] - D (h) = O(a),

Rg—lﬂr = fr- 1+0 — Ftprso) = O(Atz),Rg = f7 _fl = O(At),

Ry = m(p(ty-140)) — m[p" 177 = O(A#), R] = m(p”) — m(p®) = O(At),
_ ou"1t  Ju ou’  ou (21)
Rgl l+o = T _ g(tn_l_A'_g) = O(At2), Rg = g - a(tg) = O(At),
—140 2 1 2
nelio u” B 0“u B 2 po u 0“u _
Re " = af{ % } axat(t”*”") = O(AF), R =21 [ 5] = 5.5 (1) = O(a),
Ry = Z i (u —u(ty_g-1)) — Da ZC w(a;)§ DY u(ty—140) = O(AP™),

RS = R3(u(1) - u(t0)) - & L cw(w)§ DY ) = OB,
i=0
P} n—1+4c ) o 9
nl+c _ 9P °P _ 2y po 97 9P,
Ry = Ty~ ax (Inm110) = O(AF), Rg = - — 5 () = O(At),

R79171+c7 _ u(tn71+a) gl O(Atz),Rg = u(ta) —y’ = O(At).

Set V, and W}, as finite dimensional subspaces of H} and H', respectively, and have the following
approximation properties, where 1 < p < oo, k and r are positive integers.
(a) v,jnf {llo = oullre) + 1llo = vallwre gy} < CHF ollyeinn(qy, Yo € Hy N WEP(Q),
(22)
(0)  inf, e = wnlliro) + Hllw = willwir o)} < CH M wllyri1p (), Yoo € H NWP(Q),
h
where W"?(Q)),1 < p < oo s the classical Sobolev spaces and we denote it as W"? with norm || - {|;,p.
Find a pair {p}}, uj} € V}, x W), to derive

Whenn =1,
(252 - (5.2 v
(b)B¢[ul], wy) + (R (u), — ud), wy,) + (%, aa%) n (a {aalih] 3871;;1) (23)
— (), 2) = (57, %), v, € W
Whenn > 2,
(a)(apza_xlﬂf/aaixh> _ (uz_u-o, a%)m cv,
@i e+ (et - + (50 (0T 5 e

k=0

_ (m[p?,71+v]/aa%) _ 7<fn71+17 a;”h) Voo, € W,
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Next, we will give the analysis of stability for Schemes (23)—(24).
Theorem 1. For systems (23)—(24), the following stability holds:

- 1
lpn ™70+ Tl < CClPRI A+ il + max [LF])- (25)

Proof. Whenn > 2, we set wy, = uZ_H" in Equation (24) (b) to obtain

) n—1+4c o
(a [uz l+¢7] n— l+¢7 (Z nfkfl)’uzflﬂr) +H Uhax
(26)
ou"~ 1+0 ou~ 1+0 aun—l—l—(r aun—1+a
h h o n—1+4c0 h — _ (140 h
—1—(84 ox ]’ ox ) (m[ph b ox ) (f " ox )
From Lemma 11 and [34], we have
1
(a) (@s[uy L uy ™) > = (Glup] = Gl ),
aun—l—i-O' aun—l-‘r(f 1 du" aun—l
h h = h h

(b)(at[ dx ]’ ox )24At(g{ax] g[ ox D’ (27)

n—1
() ( X &Gy =), =) > z (=2 = ™11

k=0

Substitute formula (27) into Equation (26) to get

1 — au —1+0 2
(Gl =g Z (g1 =l 11%) + hf
4At ox

1 auh aMh n—1+c0 auzflﬂr (28)
*m(g[a}*g[ g |) = (), =)

aunflJra

< - (fnflﬂr, hax )

By multiplying 4At on both sides of inequality (28) and summing from2ton, n =2,3,--- ,Z
(Z < N), we can arrive at

a% n1+02

Gluf) + g[a—]mtzz (=412 = =12 +4AtZH*

n=2 k=

(29)

QJ

d n—1+c ou" 140

<Glup] +¢ {82,] +4At Z (mlpy 10, =) — 4at ;2 (promee, M),

By using Lemma 11 and Cauchy-Schwarz inequality as well as Young inequality, formula (29)
can be transformed into

i 1+0 >
I+ S+ 200 5, o417 o+ a3 | 2
n=2 k=0
aul u— 1+0
<Gluf] +G| 51| +cat 3 1pi-14 2 + ednt Z Hi LAY I (30)
n=0 n=1

0
1 Z
<Gl + g[29] 4 cat Y IR oot Y L
—= h ox - ph )
n= n=
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By a simple derivation, the third term on the left-hand side of inequality (30) can be written as

|

L= —k|2 —k—1
288 Y Y & (Il ™17 = [l ™%
n=2 k=0
L —k|2 k=12
=28ty ) Rl Mfz ZﬁkHH" I (31)
n=2k=0 n=2k=0
Z n-1 s Z n-2 o 120 7 Apw ,
=20t ) Y- Rl 7F P — 240y Y R TP - 20t Z Erl |
n=2k=0 n=2 k=0 n=1i=
Substitute formula (31) into inequality (30) to derive
ou’ aun 1+o
Ik 12+ | 5 H +2At2kk [uZ k\|2+4AtZ (R
(32
1 8111 n—1+02 |12 T At 2 )
gg[uh]w[ghcmzup H +CAtz||f 280 ) i o P
n=1i=
When n = 1, set w;, = uj in Equation (23) (b) to get
. oud ouf
@], uf) + (@ (), — ), uf) + (1 52
3 oujy ouy AN - oup (33)
) ge) - (o 5) = (.50
Noting that
1_,0 12 012
(”h —uh’ 0') _ ([, 1 = [l n 20.71““1 W02, (34)
At 2At 2Ar Th TR
we have
[l = llpl® 20 =1 1 9 1,1 ouj |2
JAF 2At oty — I + (&g (uj, — ), uf, +H
E)u,l1 2 81{2 3 5 3 5 (35)
ox ox 20—1 uh uh LA - oup
* 24t 2ot | H (e 52) == (7 52)

By multiplying 2At on both sides of formula (35) and using Cauchy-Schwarz inequality with

Young inequality, we arrive at

12 4 25 20— 1 (ka2 2 — 2
+2AHRY (up — ud), uf) +2AtHauh
ouy ouy (36)
=28t (m(ph). ) + e hH”Ha*H -2 5)
<C (11 + 1 + Ha—;H )+ CAt(IFIP + 11F1P).
By using 2At(&) (u), — u)), u )Z% oUlup | = [[u]|?), we have
(1 + Ati} )H”h”2+H§H +( 20—1)(\|uh—uh||2+Hauh auh” )+ 2AtHa”h -

scup2|\2+<c+Atk5>||u2||2+cHa—;H +CAL(IFIP + I£12):
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Thus, we have

oul  oud
Db+ [ 2| 4 fuk — ) + J—J
h ax h h
(38)

<C([luhl+ lIpf12 + Ha—;(\ ) a2+ 112,

Noting that 20 — 1 > 0, we derive the first term on the right-hand side of formula (32) as follows:

glu}) + g[21]
~o+ 1) (1P + |2 | = (2= 1) (i + |2 )
+ ) -1 - o)+ 2k 2 )

<(20+1) (””h||2+H7H ) 1+0)(2¢7—1)(||uh_uh||2+Hauh auhH )

<C(llufl2+ lIpf)12 + Ha—;H )+ Cat(FIR+ I£12).

Substituting formula (39) into formula (32), we can get

n 1+0
A H +2At2kk Juf~ "||2+4At2H
u _
scnp2||2+cnu2u2+cHa7}lH FCAL Y IR Can Y e (40)
n=0 n=0
~121 -
At™*
oy e LR T
n=1i=
Notice that the following inequality holds:
— ,At* 2 2 2 02 4 |11
zAtzzr a2 < Cllad P < QIR + [p]17) + | ok H +CAH(IFIP PP, ()
n=1i=
Combine formula (40) with formula (41) to arrive at
n 1+o0
||uh\|2+H H +2Atz A k|\2+4AtZH
(42)
u _
scnp2u2+cnu2||2+CHT;H ALY 7P+ OOt [P
n=0 n=0
In Equation (24) (a), we take v, = p' '™ and use Poincaré inequality to arrive at
apnflﬂf 2
~1+40)2 h ~1+02
I~ )2 < | =H— | < Cllup=+ 2 (43)
Substitute formula (43) into formula (42) to obtain
n 1+0
||uh||2+H H +2At2 A k|\2+4AtZH
(44)

u _
SC||p2H2+cnu2||2+CHT;H +CALY 7P+ Ot Y [ P,
n=0 n=0
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Using Gronwall lemma, we have

n 140
| h||2+Ha—H +2At2kk||uz "|\2+4AtZH

(45)
<c (I + a2 + | 2P + 8¢ ¥ 171R).
> Pn h ox
n=0
Combining formula (43) with formula (45) and using Lemmas 67, we have
_ oub 2 Z
P12 < (PRI + 2+ || 2 |+ 2t X 1717). (46)
n=0

Using formula (45) and formula (46), we accomplish the proof.
4. A Priori Error Analysis

Following Reference [37], we introduce elliptic projections {py, #1,} : [0, T] — V}, x W), and get
the following results:

o¢ d
()R(E wy) 2 (5, %

\|¢||]+HatH < oW (full i + | o

acp avh
© (55 ov

@ioty+ 2], = 00t + |21, ) =00

)+/\(§wh)f0/\>0theWh,

r+1)/j =01

(47)
) =0,Yo, € Vp,

where{ =u — 1y, ¢ =p — pj.
To simplify the notations, denote

u—up = (u—1y)+ (0 —uy) =3 +71,

p—pn=(p—0n)+ Pn—rn)=0¢+¢

Theorem 2. Letting {p(t,),u(t,)} be the solution of systems (19)~(20) and {pj}, u}} be the solution of
systems (23)—(24), there exist constants C independent of h, At, and « such that

(a)[|u" — || < C(Aa® + A2 pminlHlr1=7)) = 0,1,

. 48
(b)Hpn—l-&-o _ pz—1+(r|l < C(A“Z —|—Af2 _|_hm1n(k+1,r+1))' (48)
Proof. When n > 2, the error equations are as follows:
apn—l-i-a apZ*1+ff ooy,
(a)( ox  ox 'W)
Jv Jdv
_(,n-1+0 _  n-14+0c 9% n—1+o n—1+c h
—<u uy, ,ax)+(R8 + Ry Sy )Vvhevh,
n—1
()@ )~ anlu ) + (L R ) = @ g ) ) g,
k=0
Jul—1+e auZ*1+f’ dwy, Juh—1+o auZ*lJrU dwy,
+( ox  ox ’W)—i_(at[ 0x }_at[ ox ]’W)

- 0 7 tie O
— (m[pn 1+¢7] _ {pz 1+U’],%) — (l_le;1 1+0[%),vwh c Wh~
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When n = 1, we can obtain the following error equations:

(- 5) = (0 52 + (- 1. 52) v

(0) (3s[u'] = B[] wop) + (R (! — w)) — (u” = u), wp)
S 0L ) “

- () =), ) = (L5, ) i, € .

Setting v;, = (p”_H‘T, wy, = 1" 17 in Equation (49) and using formula (47), we can write
Equation (49) as

n—1+o n—1+c

8@”’”") + (R 4 Ry agvax ),

ox

a(l) 2 _ n—1+c n—1+co
H = (C +7 ,

n—1

_ _ ~ _ d
(b)(at[ﬂn 1+r7],;7n 1+0) + ( Z KZ(U" k 1111 k— 1) 7711 1+a) + H Ui
n—1+o n—1+c n—1+c

k=0
877 877 o n—1+407 n—1+4oc 817
+(at{ ox }’ ox ) (m[p J = mlpy b ox ) (51)
+)L(17n71+¢7’ UnflJra) +/\(at[77n71+0],77n71+0)

n—1+oc 2

n 140

1 1 (= k k—1 1 1
— (at[gnf +¢7],17n7 +¢7) _ (kgok-lr:(gnf _ Cnf - ) n— +U) (ZRn +17 ax )
A(§n71+a+nn71+vlqn71+a> _i_/\(at[gnflﬂr} "‘at[ﬂn l+¢7},nn 1+(7)‘

Using a similar method to the one in [34] and Lemma 11, we have
n—=1401 n—1+0c 1 n n—1
(a)(0¢[y I )2 a; G =G,
817"_1'“7 817”_1+0
(b)(at{ 0x }' dx ) = 4At( { } {

(;Z nkl)’nlJrU)

)} 52)

Z ("% =l H12).

I\J\P—‘
,_\

Substitute formula (52) into Equation (51) (b) to get

1 ant— 1+0 2
(G0 =Gl z ("2 = =112 + | =5
+ L(g [ai] _ g[aﬁn 1]) _ (m[ n71+¢7] _ m{ n71+a] aﬂn71+a)
aAr\7 [ ox ax P P s (53)
<_ (9 n—1+c0y)  n—1+0\ = ~n(zn—k _ xn—k—1 n—1+c0 4 Rnflthr 877”71+0
<= @[e" L) = (L REETE =gy (LR =
k=0 I=1
A(é-n—1+0,17n—1+0) _*_A(at[ém—l-i-a]lqn—l-i-a).
Making use of a similar derivation as that in [34], we obtain
glAtl a; n—1 (na;) un—k _ un—k—l ﬁn—k _ uf\n—k—l ) rl
g _ < .
Z )I;]Kk ( v v ) < C(AP + h ) (54)
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Then, we have

= ~n(xn—k n—k—1 n—1+4+c0 4 RI'— 140 n +o
(B > <; o
o 2 (55)
< 71 2 n—1 4 4 2r+2 )

Substitute formula (55) into formula (53) to obtain

2

O =)+ (6 2] 025 ]) + 3 E st 2

140 140 1 = k—12 140 140 arlnilJrU
< _ n— n— - ~1||,,n—k— n— _ n
@I, g LRI () =m0, )

+/\(§n_1+01 17n—1+(7) +A(at[§n_l+g],ﬂn_l+a)

14 Gi ny2 n—1)2 4 4 | 12r42
+ 16 1o ot —agg (71 + 1)+ Cat o 8% 41842,

Using a simple derivation, we rewrite the second term on the right-hand side of formula (56) as

k1 2 _ S 2, ngt i p(@i) 11,112
= i— i

NI~

Substituting formula (57) into formula (56), we have

377" 140

g 990D + g (9[55] - 9[5=]) 5 e |

aﬂn 1+(7
< - (at [Cn—lﬁ-a],ﬂn—l-&-o) 4 (m[pn—l—l-(r] _ m[PZ_l-HTL T)

—I—)L((;m_l-HT n—1+(7) +A(at[gn—1+a] nn—l-&-a) (58)
o1y, n—k—12 L GATN @) 12
+5 ZKk 17 I+ 5 Zr )b Sl
+o i r (1P I P) + C(aa* + A 4 12742),
16 = TT (1 — a;)

Multiplying both sides of Equation (58) by 4At and summing from2ton,n = 2,3,4,--- Z (Z < N),
we obtain

V4

Z Gl -Gl 1) +Z( [ } g[a']a ])+2Atz Zkan" "\|2+4AtZH

Z 1 1 1 1 877" 1+0
<-4ty @iy +”>+4At2(m[p"* = mlpy ), T )

811" 1+0 H

3
||
[N}

FANAL i(gn 1+¢7 n 1+U)+4)\Atz gn 1+0] 1171 1+¢7) (59)

n=2 n=2
n

L k12 —_ CzAt p@i) 112
+2at Y Y & I +2At22 7]

0 s B "‘1)

k=
At & & Gi 2 n1)2) L C(Agt 4+ AR 4 22
+ = 2 Y =" P+ 1" ) + Caa® + At + )-
L TR (1 — o)
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For formula (59), we have

B o' 1+0
Gly ]+g[ai}+2mzxk||nz k||2—|—4AtZH 1
z 1’! (7' 1’1 (% n— o n— a a ”—1""‘7
Z 1+ 1+ )+4At Z (m[}? 1+ ]_m[ph 1+ ], Wax )
- a —1 21 é’At o; (60)
+4/\AtZ(C"‘H",n”_”")Jrg[nl}+Q{ Ui }—!—ZAt Z Z i txi)H 1”2
n=2 n=1i=
+ T Z Z T r g 12+ = I) + O+ A 41272,
n=2i=
From [21], we can get
V4
( 2 n 1+(7 n 1+0 <C/ ||§t||2ds+CAt2 ||77 ||2
bAL Z(gn,lwn,lw) <c [ JelPas +car ¥ Iy R
0 n=1 (61)

n—1+
4Af 2( n—1+c0 7m[pz—1+a]’a77 R U)

877” 140

<Ct Z "4 + 9" ) + eart Z |75

n=

Substituting formula (61) into formula (60) and using Cauchy-Schwarz inequality as well as
Young inequality, we can get

n—1+o

gl Hg[ai] + 24t Z RZ||n? k||2+4AfZ HL

z
SC/ (IGell* + N1g11*)ds + Cat Z "1 + Cat Z‘,(IIfP”‘”"H2 + " %)
n=0

Z-120 7 Apa (62)
+6ly }+g[ai}+w22r( oI
n=1i
+fZZTa, —og 124 ) + o 4 A 4 4272),
When n = 1, setting w;, = 7 in Equation (50) (b), we arrive at
I 12
[ [/ ~1 12 ENEEY
w2 +H L
20 -1
+ a1 - 0”2 2At Hi_iH ( Ly >+A(’70"70)
63)
o’ 1_ 20 1_ 0 _ (
S(M(po)—m(pi),i)—(g " 7Y +2 (C Atg v 77 1) + A+ 177

1._ 1 21
+ 581+ g L gy (' + 1) >+c<m4+m4+h2f+2>.
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Multiply formula (63) by 2At and use Cauchy-Schwarz inequality and Young inequality to get

112 + aekdlt 2+ 288 2 P [ 227 4 2 — 1)t = 1R + 2o = 1| 2

o021 )i e 2

2At 2L Zi

12 0112 4 4 2r+2
o zim(l_w)um 2+ 101P) + C(aa 4 A 4 17742)

+ AtRg||n° | +

<"1+ 1012+ |22 [) + CAtI I + (At + A% 412542 4 7+2),
Thus, we have
Gly'1+G [%—i] < c(lg®2 + 112 + | % I7) + catln2 + clan + art 1 12 4 g2y,
Substituting formula (65) into formula (62) and using Lemma 11, we have

n1+02

||172H2+H8$7 I +2At2kk|\qz kHZHAtZH o

tz
SC/ (e + 1811)ds + Cat Z 17" [|* + CAt Z ("1 + Nl 112
n=0

(IR + 1P + | 22 | )+2Atzz S I

Z 21
P8 S g U+ IR a4,

By using a similar process as in [21,34], we have

2 7\ Z—k|2 o1t 2
i st +2At2 Z % +4At2Hi
<CIg"F-+ 1R + |55 ) + 80 1 3 i sl ot B g P
ox T ) n=0
+ C(Aat + At 172 4 1252,
Notice from Lemmas 6-7 that
Ko >R >&y > > & >Z &At " 1_”‘i(nf1+a)—ai>121 Gi
0 1 2 n—1 _lxl) 2 - 21:0 T"‘ir(l—a,)’

we can get

n—1+0 2

T e R e

<C(||€” 12+ 17017 + H Y H ) + CAt 2 9" 1|2 + C(Aa* + A + B¥H2 4 p2H2),
Take v;, = ¢" in Equation (49) (a) and use Poincaré inequality to arrive at

n—1+oc2 <C 3(P”_HU 2 <C n—1+02 n—1+c2
1% IF=C| =7 =cg 17+ [l 1)

(64)

(65)

(66)

(67)

(68)

(69)

(70)
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Substitute formula (70) into formula (69) to get

zy2, |21 Z jopite 2
[l +HWH +4AtZHT

n=2 (71)

on® 12 Z

SC(”(POHZ + 17°117 + HWH ) +CAt Y 7" 14|12 4 C(Aat + At 4 RZH2 4 p2KH2),
n=0
Using formula (70) and Gronwall lemma, we can get
_ 8172 2 Z aﬂnflﬂr 2
12 + g? |2+ | S|+ ane Y | F—

P s £

02 o2, || |12 4 44 p2r+2 | p2k+2
<CIlg°12 + 112+ || SE||) + Caa + At 4 p2 2 4 je2),
Using triangle inequality, we finish the proof of the theorem.

5. Numerical Example

In this section, we consider a numerical example in space-time domain [0, 1] x [0, %] to verify the
theoretical results of the H'-Galerkin mixed finite element method. We choose w(a) = T'(5 — «) in this
numerical test. By choosing the nonlinear term m(p) = sin(p), and the exact solution p = tx?(x — 1),
u = t*(3x? — 2x), we obtain the source term

24t3(t—1) ,

flx,t) = 43%%(x — 1) + NORE (x —1) — t*(6x — 2) — 43 (6x — 2) +sin(t*x%(x — 1)).  (73)

Here, for showing the feasibility and validity of our numerical method, we consider a linear

element and provide the computing result by the Matlab procedure. In Table 1, with Ax = ﬁ,

h = E,lm and changed At = 11—0, %, %, the errors and approximating second-order convergence rates
in time are obtained, which are in agreement with the theoretical results. In Table 2, we obtain the
distributed-order convergence results under the case At? = h? = Aa*. In Table 3, we show the errors
and approximating second-order spatial convergence rates with At = =k, Aa = =I5 and changed
h= 11—0, 21—0, %, which tell one that the results are in agreement with the case based on the linear element.
Furthermore, the comparison between the numerical solution p;, and the exact solution p at time
t =0.2,0.3,0.4,0.5 with At = 11%, Ax = % and h = 11—5 is made in Figure 1. Similarly, in Figure 2,
the comparison between the exact solution # and the numerical solution u, is also shown based on the
same discrete parameters as shown in Figure 1.

Table 1. The errors and convergence rates in time with Ax = ﬁ and h = %.

At o llp — pull Rate || — | Rate  Time (s)

1/10 0.6720 159 x 10~° - 1.35 x 1073 - 146.4
1/20 0.6487 4.04 x107° 19491 341 x107% 19848 3255
1/40 0.6290 1.03x107° 19717 839 x 1075 20230 6859

Table 2. The errors and convergence rates in distributed-order with At?> ~ h? ~ Aa®.

Aw I llp — pxll Rate [l — uy | Rate  Time (s)

1/2 0.6856 3.21 x 1073 - 1.08 x 1072 - 04
1/4 06431 222 x10~% 3.8494 567 x10~* 4.2515 7.5
1/8 06125 148 x107° 3.9069 290 x 10™° 4.2892 132.0
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Table 3. The errors and convergence rates in space with Ax = ﬁ and At =

1

00 *
h o llp — pull Rate |2 — | Rate  Time (s)
1/10 05820 5.06 x 1074 - 3.11 x 10~* - 171.2
1/20 05820 141 x10~* 1.8435 7.79 x 1075 1.9972 337.0
1/40 05820 3.71x107° 19249 1.95x 1075 1.9982 673.7
0.05
= numerical solution
0.04 1 exact solution )
0.03 1
0.02 i
t=0.2
0.01 1
a-
2 0 N + —
[ q/
o
-0.01 1
-0.02 =05 04 t=03 ,
-0.03 i
-0.04 1
_005 Il Il Il Il Il Il Il Il Il

u and u,

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure 1. Comparison between p and pj, at time t = 0.2,0.3,0.4,0.5.

*  numerical solution
exact solution

0.05

-0.05

_015 Il Il Il Il Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Figure 2. Comparison between u and uy, at time t = 0.2,0.3,0.4,0.5.
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