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Abstract: For v > 0 and a > 0, we introduce the class B (¢) of Gamma-Bazilevi¢ functions defined
/ 1 / Y ! 1=y
forz € Dby Re 2f (2) + 2f7(2) +(a—1) 2 (2) -1 @) > 0. We shown
fR)lmez o f1(2) f(2) fz)tmezt
that B} («) is a subset of By («), the class of By («) Bazilevi¢ functions, and is therefore univalent in ID.
Various coefficient problems for functions in B («) are also given.
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1. Introduction and Definitions

Denote by A the class of normalized analytic functions f, defined in the unit disk ID, and given by

flz)=z+ i anz", 1)
n=2

and by S, the subclass of A consisting of functions which are univalent in D.

A function f € § is said to be convex if f maps D onto a convex set, and starlike if f maps I onto
a set star-shaped with respect to the origin. Let C and S* denote the classes of convex and starlike
functions in S respectively. Then f € C if and only if Re (1+ (zf"(z)/f'(z))) > 0 for z € D. Similarly,
f € S*ifand only if Re (zf'(z)/f(z)) > 0 forz € D.

For a € R, the class M, of a-convex functions defined by,

ele () roo () >
f(z)

forz € D and — f'(z) # 01is well known. Introduced by Miller, Mocanu and Reade [1], many

interesting properties for functions in M, have been found (See e.g., [2,3]).
Denote by M7 the analogue of M, in term of powers, defined for 7 € R by

(1o FEY ()Y

f'(2) f(z)

for z € D. The class M?" was introduced in [4], and many interesting properties of functions in M”

have been found. It was shown in [4] that M7 is a subset of S*. Further, sharp bounds for |a;|and|as|

were obtained, together with the sharp Fekete-Szeg6 theorem. Other result can be found in [5,6].
The purpose of this paper is to introduce an analogue of M7 for Bazilevi¢ functions. We first

recall the Bazilevi¢ functions B1 («) introduced by Singh in 1973, which form a natural subset of S as
follows [7].
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Definition 1. Let f € A. Then fora > 0, f € By () if, and only if, for z € D,
. a—1

We next introduce the Gamma-Bazilevi¢ functions as follows, noting that we restrict our definition
v > 0 merely for convenience.

Re > 0.

Definition 2. Let f € A, with f(z) # 0and f'(z) # 0. For v > 0and « > 0, a function f € A is said to be
Gamma—Bazilevic if, for z € D,

w5k it e (-] ] ) o

We denote this class by B] («).

Clearly B () = By (a), and B (0) = M?7. We also note that when « = 1 and 7y = 0, we obtain
the class R of functions whose derivative has a positive real part, and that when « = 0 and v = 0 we
obtain the starlike functions, and when & = 0 and y = 1 we obtain the convex functions.

We also note that when y = 1, we obtain the following new class 5] (1), which forms a subset
of R.

Re {f’(z) + ZJ]:,/;S) } > 0.

2. Preliminaries

We begin by stating two Lemmas which we will use in what follows.

Lemma 1 (Nunokawa, [8]). Let p be analytic in D, with p(z) # 0and p(0) = 1. If there exists zg € D, such
i X
that |arg p(zo)| < Tfor |z| < |zo]|, and |arg p(zo)| = Tfor some o > 0, then

/
200 (20) _ ey,
p(20)
where . .
T
> = = ==
k_2<a—|—a> when —arg p(zo) s
and . .
T
<= - - —a=
k< 2<a+a> when  arg p(zop) X

and where p'/*(zy) = =+ia fora > 0.

Let P be the class of function & satisfying Re h(z) > 0 for z € ), with expansion

h(z) =14 ) cu2". (2)
n=1
We shall use the following results concerning the coefficients c, of i € P, which can be found in [9].
Lemma 2. Ifh € P and be given by (2), then |c,| < 2 forn > 1, and

2 0<pu<2,

]/l 4
’62— EC%‘ <max{2, 2|y —1|} = { 2lu—1|, elsewhere.
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3. Gamma-Bazilevi¢ Functions

We first show B (a) C By («), so that functions in B] () are univalent in D.

Theorem 1. Let f € A. Then for vy > Oand a > 0,

Re {[fo’(Z) L@ Ly (zf'<z>_1>]7[ 2f'(2) }”}M

()22 f(2) f(z) f(z)t—zt

implies

forz € D. Thus B (x) C By(«).

Proof. Let p(z) = f(?;/l(_za)za, then

L@ D @ (@
PO = fatem T ) T ”(f(z) 1>'

Now note that p(z) is analytic in D with p(z) # 0 and p(0) = 1. Suppose that there exists a point

zp € D, such that |arg p(zp)| < g for |z| < |zo| and |arg p(zp)| = g Then by Lemma 1,

where . .
s
> — — = —
k> 5 <a+ a) when argp(zp) 5

and

k<— (11—!— i) when argp(zp) = —g,

N —

and where p(zg) = +ia fora > 0.
There are two cases. -
Case 1. If arg p(zg) = 5 then

arg { (P(Zo) + w>7 P(Zo)17}

zop'(20)
p(zo)
= yarg(ia + ik) + (1 — 'y)g

— yarg [p<20) T ] (1 7)arg plzo)

7
:’Yz‘f'(l—’Y)
o

=5

NI

1 1
where p(zg) = ia and k > 3 (u + 11>'

Case 2. If arg p(zg) = — g, then
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o+ 2

— yarg | plao) + i !+ - argpta)
p(z0)
= yarg(—ia +ik) — (1 — 'y)g
U s

=15 -(-17
__r

2/

where p(z9) = —iaand k < —% <a + i) . Therefore, we have a contradiction. There is thus no point

zo € D such that |arg p(zo)| < gfor |z| < |zo|, and |arg p(zo)| = % O
4. Initial Coefficients

We first find expressions for a; and a3 in terms of the coefficients of i € P.
It follows from Definition 2 that we can write,

2f'(z) | zf"(2) 2f'(2) T ozfim) 17T
e g+ 00 (5 )| ) e ©

where h € P.
Equating coefficients in (3) gives

1
(
1 (0?9 —a?y+a? + 20y —day+a+92 -7y -2) , @)
2+a)(1+27) (” ) Cl)'

B 201+ a2)(1 + )2

We now extend coefficient results given in [6] for the coefficients of M7 and the results of Singh [7]
for By («), noting that the bounds for |a;| and |a3| hold for all v > 0 and « > 0.

Theorem 2. If f € B] («) and is given by (1), then

laz| < m/

2
a3| < —m————,
jas] < 2+ a)(1+279)

1 ~1+4y—-292 1 [9+129 — 492+ 1693
when0 <y < = (74+V57 ) anda > ————— + =
2( ) 2(1—y+192) 2 (1—v+12)7°

and when ¢ > — (7+ \ﬁ)
Also
2(3 4+ & + 9 + 8ay + 3a%y)
(1+a)2(2+a)(1+9)2(1+27)’

1 ~1+4y—-292 1 [9+129 — 492+ 1693
when0 <y < = (7457 ) and 0 < a < + =
2( ) 2(1—y+192) 2 (1—v+12)>°

lasz| <

all the inequalities are sharp.
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Proof. The first inequality in Theorem 2 follows at once from (4) since |¢1| < 2.
For |a3|, from (4) we use Lemma 2, and write

1 . _(az'yz—a27+a2+2a'yz—4a’y+¢x—|—’y2—77—2)C2
’ 2(1+a%)(1+7)? i

R D)

Then in Lemma 2, let

_ (@ -y +a®+ 209 —day+aty’ —7y-2)
' (1+a2)(1+7)? '

so that applying Lemma 2 gives the inequalities for |as]|.

The inequality for |a,| is sharp when ¢ = 2. The first inequality for |as| is sharp when ¢; = 0 and
¢ = 2, and the second inequality for |as| is sharp when ¢; = ¢; = 2, which completes the proof of
Theorem 2. [

5. Fekete-Szego Theorem

We next establish sharp Fekete-Szegd inequalities for B] («), which extends those given in [7] for
Bi(«), and in [4] for M?.

Theorem 3. Let f € B[ («). Then forv € R,
2302y +a(—4y(v—2) —2v+1) +7(9—8v) —4v + 3)
(1+a)>2+a)(1+7)*(1+27)

o< a2 (=7%) + a2y —a? —2ay? +4ay —a — Y + 7y +2
ifv ,
- 4oy + 20+ 8y +4
2z
(24 a)(1+42y)’
a3 —vaz| < iflxz (=7%) + a2y —a® =20y’ +day —a — ¥ + 7y +2 -y
4oy +20 + 8y +4 -
< 02?4+ 502 + a2 + 2ay? + 120y + 30 + 92 + 11y + 4
- 4oy + 200+ 8y +4 ’

23y +a(—4y(v—2) —2v+1) +7(9—8v) —4v +3)
- (14 a)2(2+a)(1+7)*(1+27)

w%9? + 502y 4+ a% 4+ 2ay? + 120y + 30 + 92 + 11y + 4

if v >
fvz 4oy + 20 + 8y + 4
All the inequalities are sharp.
Proof. From (4) we obtain
2
= —— = |, K2
vl = ATy ‘CZ 21

with

_ 2+ a+a% -7y —day — a?y + 92 +2a9? + a?9? + 4v + 2av + 8yv + dayv
E= (1+a)2(1+7)2 '
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Applying Lemma 2, u € [0,2] whenever

a? (=) +a?y —a® =20y +4ay —a — Y+ 7y +2 <y
4oy +200+8y+4 -
- a?y? + 502y + a? + 209 4+ 120y + 3 + 9> + 11y + 4
- 4oy +20 4+ 8y +4 ’

gives the second inequality.
When y outside [0, 2], Lemma 2 gives the first inequality when
L < 02 (=) +a?y —a? —2ay? +4ay —a — 2+ 7y+2
- 4oy +20+ 8y + 4 ’

and the third inequality when

v> a2y 4+ 502y + a2 4 2ay? + 12ay + 3a + 72 + 11y + 4
- 4oy + 200+ 8y +4 '

The second inequality is sharp when c; = 0 and c; = 2. The first and third inequalities are sharp
when ¢; = ¢y = 2. This completes the proof of Theorem 3. O

6. Logarithmic Coefficients

The logarithmic coefficients g, of f are defined in D by

log @ =2 i:lgnz”. (5)

Differentiating (5) and equating coefficients gives

1
gl_z 2/

1 1
2= 5(a3 — Eﬁ%),
1 1
93 = E(a4 — araz + gag).

For f € B](«), we give sharp bounds for |g,| when n = 1,2, which extend those given in [10]
and [6].

Theorem 4. Let f € B («), then

1
< —— > >
g1] < A+ a)d+7) when v > 0and o > 0,

1 1+2y
<—— when0<y<3anda > —1 —_—,
|g2|_(2+zx)(1+2'y) =T= - +\/1—7+72

and when v > 3 and a > 0.
Further,

1+ (54 6a +3a2)y 1+2y
< ,when0< vy <3and0<a < —-14+4)/——.
82| < A+ a)22+a)(1+7)2(1+27) v 1—q 12
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All the inequalities are sharp.

1
Proof. We note first that since |c;| < 2, the inequality |g7| < (ETE=D] is trivial.

The result for |g»| follows at once from the above Fekete-Szego theorem in the case u = 1/2. For
the first inequality, we use the second inequality in Theorem 3, and for the second inequality we use
the first inequality in Theorem 3.

We note that the inequality for |g1| is sharp when c¢; = 2. The first inequality for |g»| is sharp
when c; = 2 and ¢; = 0, and the second inequality is sharp when choosing ¢; = ¢ = 2. This completes
the proof of Theorem 4. [

Remark 1. Finding sharp upper bounds for |g,| for all n > 3 when f € B] () remains an open problem. In
the case & = 0, sharp results for n = 1,2, 3 have been obtained in [6]. For v = 0, it was shown in [10] that

1
n+a’

1gn] <

forn=1,2,3.

7. Inverse Coefficients

For any univalent function f there exists an inverse function f~! defined on some disc |w| < 7o(f),
with Taylor expansion

FHw) = w+ Ay + Azw® + Ayt + ... (6)

Suppose that B] («) ! is the set of inverse functions f ! of B] («), given by (6). Then f(f~(w)) =
w, and equating coefficients gives

Ay = —ay,

A3 = 2{1% — as.

We prove the following, noting again that the inequalities for | A;| and |A3| hold for all y > 0 and
« > 0 thus extending results extend in [10] and [6].

Theorem 5. Let f € B (a) and £~ be given by (6), then

2
Ayl < ,
| 42| (1+a)(1+7)
2
|As] <

1— 4y — 2972 1

1 17 + 927y + 1242 + 1673
when 0 < ¢ < §<5+\/41) andoc>+\/ o2+ -+ 16y

(1457 +12)*

T2(1457+9%) 2

and when y > % (5+\/4ﬁ).

Further,
10 + 6 + 14y — 6a%y

(1+a)22+a)(1+7)2(1+27)
1—4y —292 1\/17+92’y+124')/2+16'y3

|Az| <

1
when0 <y < = (5+V41) and0 <o < —— L=
! 2( ) 2(1+5y+1%) 2 (1457 +12)°

All the inequalities are sharp.
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Proof. We again use the expressions for the coefficients given in (4).
Since (14 «)(1+ v)az = ¢1 and |c1| < 2, the first inequality is trivial.
Next we note that from (4)

1 ‘Qi (0?92 — a®y + a® + 20y? + 4ay + 5a + 9> + 9y +6)
(2+a)(1+27) 2(1+a)2(1+ )2

|A3| = C% .

Let
(a29% — a?y + a® + 2a9? + day + 50 + 4> + 97 + 6)
(14 a)2(1+7)2 ’

and applying Lemma 2 gives the required inequalities.

],[:

The inequality for |A,| is sharp when ¢; = 2. The first inequality for |A3| is sharp on choosing
c1 = 0 and ¢y = 2, and the second inequality is sharp when c; = ¢, = 2. This completes the proof of
Theorem 5. [

Remark 2. Clearly finding sharp bounds for |as| and |A4| appears to be far more difficult, and requires
significantly more analysis. We note that applying the often used lemmas in [9] fails to give sharp results.

We also note that even when vy = 1, the analysis for |ay| and | A4| is far from simple, and appears to require
methods deeper than those used or mentioned in this paper.
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