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Abstract: This paper presents an adaptive filtering-based maximum likelihood multi-innovation
extended stochastic gradient algorithm to identify multivariable equation-error systems with colored
noises. The data filtering and model decomposition techniques are used to simplify the structure
of the considered system, in which a predefined filter is utilized to filter the observed data, and the
multivariable system is turned into several subsystems whose parameters appear in the vectors.
By introducing the multi-innovation identification theory to the stochastic gradient method, this study
produces improved performances. The simulation numerical results indicate that the proposed
algorithm can generate more accurate parameter estimates than the filtering-based maximum
likelihood recursive extended stochastic gradient algorithm.

Keywords: adaptive filtering; maximum likelihood; multi-innovation identification theory;
multivariable system

1. Introduction

System identification is the theory and methods of establishing the mathematical models of
dynamical systems [1-5] and some identification approaches have been proposed for scalar systems
and multivariable systems [6-11]. Multivariable systems exist more widely in modern large-scale
industrial processes, multivariable systems can more accurately describe the characteristics of dynamic
processes, and have extensive application prospects to study the identification methods of multivariable
systems [12-14]. The identification methods of multivariable systems can be regarded as an extension
of those of scalar systems [15,16]. Therefore, how to identify the multivariable systems by extending
the identification methods of scalar systems has attracted much attention. This paper focuses on
the identification issues of multivariable systems with complex structures and many parameters.
For decades, many parameter estimation methods have been developed for multivariable systems,
such as the stochastic gradient methods [17], the iterative methods [18], the recursive least-squares
methods [19,20] and the blind identification methods [21]. The maximum likelihood algorithm has
good statistical properties and can deal with colored noises directly [22-24]. The present study aims
to investigate a more efficient algorithm based on the maximum likelihood principle, the negative
gradient search, the data filtering, and the multi-innovation identification theory.

The complex structures and high dimensions in the parameter matrices of the multivariable
systems lead to the increase in computational complexity [25-27]. Inspired by the hierarchical
control based on the decomposition-coordination principle for large-scale systems, the hierarchical
identification can be served as the solution to reduce the computational intensity by decomposing
the identification model into several subsystems with smaller dimension and fewer variables [28].
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Differing from the hierarchical identification [29], the model decomposition technique, which is
based on the matrix row and column multiplication expansion, is an effective method to reduce the
computational burden. Recently, the model decomposition technique are used in [30,31] to reduce
the computational complexity by transforming the multivariable system into several small-scale
subsystems with only the parameter vectors to be determined. By changing the noise model structure
of the subsystem to whiten the colored noise, an adaptive filter is designed to filter the observed data,
then the subsystem identification model is further simplified and the parameter estimation accuracy
is improved [32-34]. For ARX models with unmeasurable outputs, a modified Kalman filter was
designed and a new multi-step-length formulation was derived to improve the performance of the
gradient iterative algorithm [35].

The advantage of the stochastic gradient methods is that they need less computational effort
compared to existing identification methods [36,37]. Due to their zigzagging behavior, the stochastic
gradient methods have slow convergence rates [38,39]. The focus of this paper is to investigate a
new method with computational efficiency by introducing the multi-innovation identification theory
into the stochastic gradient method. The innovation is the useful information that can improve the
accuracy of parameter estimation or state estimation. From the viewpoint of innovation modification,
the multi-innovation identification theory improves the convergence rate and parameter estimation
accuracy from the following two aspects [40,41]. Firstly, the multi-innovation method uses not only the
current data but also the past data in each recursive calculation step, which is the reason to improve
the convergence rate. Secondly, the multi-innovation method repeatedly utilizes the available data in
the neighboring two recursions, which is the reason to improve the parameter estimation accuracy.
In this aspect, multi-innovation methods have been developed in [42,43]. It is well known that an
increasing innovation length leads to better parameter estimation accuracy, but the price paid is a large
computational effort [44,45]. The difficulty arises as to how to choose the innovation length.

In summary, although a filtering and maximum likelihood-based recursive least-squares algorithm
is available for multivariable systems with complex structures and colored noises [32], there remains a
need for enhancing the parameter estimation accuracy with computational efficiency. Motivated by
these considerations, this paper has the following contributions:

e  The data filtering and model decomposition techniques are used to reduce the computational
complexity of the multivariable systems contaminated by uncertain disturbances.

e A filtering-based multivariable maximum likelihood multi-innovation extended stochastic
gradient (F-M-ML-MIESG) algorithm is proposed for improved parameter estimation accuracy
while retaining desired computational performance.

e  The noise model parameters are dealt with directly using the maximum likelihood principle.

Briefly, this paper is recognized as follows. Section 2 describes the multivariable system with
unmeasurable disturbances, derives the subsystem identification model, and forms the identification
problems. Section 3 develops a filtering-based multivariable maximum likelihood recursive extended
stochastic gradient (F-M-ML-RESG) algorithm. Section 4 introduces the multi-innovation identification
theory to the F-M-ML-RESG algorithm to derive an F-M-ML-MIESG algorithm. Section 5 gives a
numerical example to verify the proposed algorithms. Finally, Section 6 summarizes the study.

2. The System Description and Identification Model

Symbols Meaning

0: The zero matrix of appropriate sizes.

1,: An n-dimensional column vector whose entries are all 1.
Ior I,: The identity matrix of appropriate sizes or n X n.

X" The transpose of the vector or matrix X.

I1X|]: The norm of the vector or matrix X.

A =:X: Xisdefined by A.
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X := A: Xis defined by A.

k: The time variable.
0 The estimate of 0 at time k.
po: A large positive constant, e.g., po = 10°.

Consider the following multivariable controlled autoregressive autoregressive moving average
(M-CARARMA) model:

A(Q)ye = Q(q)m + [C)((Z)) vk, 1

where y; € R™ and u € R” are the output and input vectors, respectively, v, € R™ denotes random
white noise vector with zero mean and variance o2. The polynomials A(q), Q(g), C(g), and D(q) are
expressed as

A(‘?) = Im + Alq_l + A2q_2 +- 4+ Ai’laq_na’ Al - [afj] € Rmxm’ ]: = 1/2/ s, N,
Q1) :=Quq "+ Qa7 2+ Quqg ™, B =[bj] € R™, 1=1,2,--,m,
C("]) = 1 + Clqil + C2’772 +ee C"cqin’:/ Cl € R, 1 = 1/2/ s, N,
D(q):=1+dig " +dag >+ +dy,q . deR =12 ,n,

Assume that y(k) = 0, u(k) = 0, and v(k) = 0 for k < 0, the orders n,, ny, n,, and n; are
known. Differing from the work in [32], the focus of this paper is to derive a new method to identify
the polynomial coefficients A;, Qj, c;, and d;. Referring to the work in [32], in order to reduce
the computational complexity, Equation (1) is decomposed into several subsystems. Then, the ith
subsystem can be represented as

Vif = [C)((Z)) Z_ZaoAliyk—l - 1:21 Quittg—
C .
— 5B A~ Qi) =12 m. @

Define

a; = [Ali/ A2i/ e /An,;i]T S IRmna/ bi = [Qli/ QZi/ Tty ani]T S Ianb/

c:= [Cl/CZ/ te /CTIC]T e Rnc/ d = [dlleI Tt /di’ld]T e Rnd!
Yk =C(@)yr, wix:= C(q)ug,
Pak a;
Qik:= | @pr |, 0i1:= | b;i | € R, ng:=mn,+rny +ny,
Pidk d
P T T T T mn
ok = "Y1 —Yif—2 " —Yign,) €R™,
o— T T T T m
Prje = W1, W o, W gy, " € R,
Pick = [_wi,kfl/ —Wik—2,""" _wi,kfnc]T € R,
@id k= [Vik—1,Vik—2, ", Vik—n,] € R™,
. T T T T T T T mng+rn
Piok = [~Ye-1 ~Yk2 “Yi—ng Wk—1- W2, ’uk—nb] € R™hTy,
a
Q.= 1 c Rmnﬂﬂnb'

From (2), it follows that

&Ww=@@w+§£m.
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Multiplying both sides of the above equation by C(g) gives

Ai(9)C(q@)yr = Qi(q)C(q)ux + D(9)v; k-

That is,
Ai(@y1x = Qi(q)urx + D(q)vj k-

Then, the subsystem identification model can be expressed as

Yink = lei — Ai(q)]y1x + Qi(q)u1 x + D(q)v;
= a[@uk + 0@y + @i rd + ik

=01 @iLk + Vi 3)
Define an intermediate variable
Wi 1= D(q)vikr 4
o Clg)
or
wik = [1 = C(q)]wix + D(q)vix-
From (4), it follows that
wix = [1—C(q)|wir + [D(q) — Lvix + vix
= @i+ @i d + ik
=Yik — lei — Ai(q)]yx — Qi(q)mk
=Yik — Ojp@iox-
Define
Wi g = Wik — Pigd,
or

Wik = @i i€+ Vig- 5)

3. The F-M-ML-RESG Algorithm

This section derives an F-M-ML-RESG algorithm to identify 6;; in (3) and ¢ in (5) by applying
the negative gradient search and maximum likelihood principle based on the observed data {u, y :
k=1,23---}.

Define the criterion function as

1 L
ll/ EZ

where

00 = g7 A Y1k~ Q)] ©

By minimizing ](8;,k), the maximum likelihood estimate 8;;(k) can be obtained [30,31].
Define the polynomial estimates of A;(7), Q;(9), and D(q) at time k as

Ai(k,q) =i + Aukq_l + Ay kq_z v Apikg "
Qz( ) le kq + QZz kq + -+ ani,kqinb/
D(k,q) =1+dyqg ' +dojqg >+ +dy g™



Mathematics 2020, 8, 2254 50f 19

Let 9;  represent the estimate of v; ; at time k. Computing the gradient of v; ; in (6) with respect to
Ayi, Qpi, and d; at point 0;; = éil,k,l yields

dv; . IR o
| =DE=L) g = g
li10;1 k1
dv; . IR g
30T L ~ =—[D(k-1,q)] Yy = —q Mgy,
Qli 011
dv; . 1 . o
S| =Dk =L))o =g o,
! éil,kfl

where ¢, 115k, and O are defined by

Referring to the work in [32], it follows that

¢
Gk =Yk + 3, Cop1Yk—1 — dip1916k-1 — doj—1916k—2 — - — An - 1916k—n,/
=1
ne . . "
g =t + Y Copo1tk—; — drj1fiage—1 — dog_1fgk—2 — -+ — Ay, k—1M1gk—n,/
=1
1y
Oigk =ik — Y_ d1 k105 1- (7)
=1
Define
A AT AT AT T mn
Paj = [7y1,k71/ “Yik—2 7yl,k7ng] € R™,
A AT AT AT T rm
Prjei= [0y, B pp B gy, ] €R™Y,
P N N T n
@iaj = [Oik—1,0ik—2, -, Dij—n,]" € R™,
qba,k
A L A n
Pirp:= | o | € R™.
Pidk

From (3), it follows that Uik = Yilk — elTl(I)il,k. Replacing Yil ks Pil ks and 0;; with itk Pi ks and éﬂ/k

yields the estimate of v; s as
Oik = Jirk — 01 k@i k- (8

Substituting (8) into (7) results in
Oigk = ik — d1x—10itk—1 — dok—10itk—2 — " — Ay, k—10if k—n,-
Hence, the filtered information vector @;;5 can be written as

A~ _ AT AT AT AT AT
Pirfk = [_ylf,k—lf “Yitk—2r" " T Yt k—nar Wit k-1 Wifk—2s """ s
AT A N A T n

Wt ks Oitk—1, Oigk—2, "+ Digk—n,)" € R

Rewrite the cost function in a recursive form:

1
(O k) = J(05,k = 1) + 302,
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Applying the negative gradient search and minimizing J(6;1, k) result in [15]

~ ~ 1
01 =011 — agrad[](eil,k—l/k)]/
1

%

2
ik =Tik—1 + ll@axl> rio=1
Define 3
Ui k
@ik = —grad[v; ]| =3
Oi1k—1 119, 4

Referring to the work in [18,42,43], grad[](6;; 1, k)] can be represented as

grad[](0i1—1,k)] = —@i1£k0ik-

Therefore, an F-M-ML-RESG method can be obtained:

A A Pilfk
Ok =011+ Vi ks
Tik
_ 2 _
Tig =Tig—1+ l@neel, rio=1.

6 of 19

From (5), the estimate of c at time k can be obtained by minimizing the following cost function

L

J(e) ==Y [wix— (Iﬁc,kc]z-

k=1

Since the unmeasured terms vj;_; in @, exist, to address this identification difficulty,
the unmeasured terms can be replaced with their corresponding estimates of vj¢r_;. Define the
innovation e;; x := fi1x — é}l 191k Therefore, the F-M-ML-RESG method can be summarized

as follows:

A A Pittk

Ok =011+ "€k
i1k

etk =Yk — Ok 1Pirks

|2

Titk = Titk—1 1 | ,

Pirf
A A AT A
Uik = Vi k — Ok Pir ks

~ 1 .
dp=—Y dy,
m !
i=1
A _ AT AT AT AT AT
Pilk= [—yl,k—lr “Yik—2 T Y L k—ng Y1 W k-2

>

T A £~ ~ T

WY f—nyr Vik—1,Vik—2, " /Ui,k—nd] ,

P _ AT AT AT AT AT

Pitfk = [*!llf,kqf “Yitk—2 " T Yifk—ng Bif k-1 Mg k-2 s

AT A A A T
Uit k—n,s Vitk—1,Vifk—2," " " Dik—ny]'s

ek =1k — Ae—1916k-1 — Dok—1F16k—2 — * — Anyk—116k—nys
g =k — dyg_1figk—1 — dok—1B1gk—2 —  — duy k1818 k—ny/
Digk = Oik — d1k—10igk—1 — dok—10itk—2 — = — Ay k—10if k—n,/

e
G =i+ Y Cli1c—1,
=1

¢
=+ Y Clp—1_1,
=1

. . Pick
Cik = Cij—1+ 7

€i2 ks
i2,k

)

(10)
(11)
(12)

(13)

(14)

(15)
(16)
(17)
(18)

(19)

(20)

(21)
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A AT 7 AT A
eink = Wik — @ig kk — Pic jCijk—1,
2
Tiok = Ti2 k— ’
~ _ A A i~ T
Pick = [_wi,k—lz —Wik—2,""" _wi,kfnc] ’

A N PN PN PN T
Piaj = [Oif—1,0if—2, " /Ui,kfnd] ’

A, AT
Wik = Yik — Oj ,Pio s
_ T T T T T T T
Piok=["Yie1, Y2 “Yk—ngr Yk—1 W2, ukfnb] ,
T T
zOk( ) ]

A

[T

l

zlk [ ks 1k1dAT}
=07, 05 5,0,

The steps of the F-M-ML-RESG method for computing 6;; , ¢ xand Oy are listed below:

(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)

1. Initialization: Let k = 1, and set the initial values é,l 0="1uy/Po,Cio=1n./po,r10=1r1000=1,

1, =0,11; =0,91¢j = 0,y j = 0, 0j5; = 0, W; ; = 1/po, and 0;; = 1/ po for j < 0, po = 10°.
Collect uy and yi, compute 7  and i x by (19) and (20), respectively.

Construct @;1 x and @;qx by (14) and (27), respectively, compute 9; ; by (12).

Compute Gy, 1, and O;¢x by (16)—(18), respectively, construct ;¢ by (15).

Compute ¢;;  and 71 ;. by (10) and (11), respectively.

Compute éil,k by (9), update éio,k by (28), compute dy by (13), update éil/k by (29).
Construct ;. x and @, by (24) and (25), respectively.

Compute ejp g, 7ip k, and W; ;. by (22), (23), and (26), respectively.

Update ¢;; by (21).

D N T

—_
o

obtain @, by (30).

If k < L,letk := k + 1 and go to Step 2; otherwise, terminate this computational procedure and

The flowchart of computing the estimates 0;; , ¢;x and Oy by the F-M-ML-RESG algorithm

in (9)—(30) is shown in Figure 1.
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( Stefrt )

Initialize: k = 1, give L
Collect uy and yy, k:=k+1
compute §;  and 7 i

}

Form @;1 x and @q x, compute 9,
D1e ks gk and Ok

!

Construct @;1¢x, compute €i1,k and i1,k

él‘l/k, update éio,k: compute dy

!

Update @il,k, form @, x and @;4 «

!

Compute ejp g, 7ip x and ; i

!

Update the parameter estimate ¢; ;

No

k>L?

Yes

Obtain the estimate Oy

C End D

Figure 1. The flowchart of computing the F-M-ML-RESG estimates éil/k, ¢ and 0.

4. The F-M-ML-MIESG Algorithm

In order to further enhance the parameter estimation accuracy of the F-M-ML-RESG method,
by introducing the multi-innovation identification theory, an F-M-ML-MIESG method is investigated.
Define the information matrix I}; (p, k), the filtered information matrix I;1¢(p, k), and the stacked output
vector Y; (p, k) as

>

(P, k) = [@ip Pirk-1, Pirkpi1] € RO,
ne(p, k) = [Pice Pirek—1, -+ Pitge—pi1] € R™OP,
n(p k) = Wik Jink—1 - Jink—pr1]” € RP,

where p is the innovation length. Define the stacked output vector W;(p, k), the information matrix
T:.(p, k), and the information matrix I};(p, k) as

>

ic(p k) = @ik Pick—1, " 1 Pick—pr1] € R™F,
La(p k) := @ik @idp—1, -+ Pidk—pi1] € RMP,
Wi(p, k) := [@jk, Dif_1, - JDik—pr1] €RP.
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Referring to the work in [18,42,43], Equation (10) becomes the following equation:
En(p, k) = Ya(p, k) — L3 (p, k)6 1.
Equation (22) can be reformulated into the following equation:
En(p,k) = Wi(p, k) — Ly (p, K)di (k) — L (p, K)éi .

Based on the F-M-ML-RESG method in (9)-(30), the F-M-ML-MIESG method can be obtained
as follows:

01 = 0ije—1 + MEH(PI k), 31)
i1k
Ei(p,k) = Ya(p, k) — L (p, k)i i1, (32)
rivk = ritg—1 + |@iexl®, (33)
ik = Jink — O xPin s (34)
.1
de= ; (35)
T (p. k) = @i Pitg—1, -+ Pitk—pr1)s (36)
f ((p. k) = @ucp Pinck—1,  Pirgk—pal, 37)
Y (p, k) = i Gink—1, - Pirk—ps1l's (38)
Pk =01 ~Vip2 " Tpny W1 W f 2

01 ey Oik—1,Oif—2, "+ 1 Oik—ny]"s (39)

@Pinek = [—Fiep—1 —Piek—2 " —Pek—ny Piep—1 Blgk—2 " s
¢ s Oitk—1, Digk—2, " ﬁif,kfnd]Tr (40)
D16k =1k — A1 1916k-1 — Dok—19165—2 =+ — Dy k1 916k—ny0 (41)
g =iy — dyg1fige—1 — dog1figk—a — - — dy k1015, (42)
Bitk = Oik — d1p—10if—1 — Ao k—1Ditk—2 — * ** — Anf—10if k—n,» (43)

e
G =i+ Y Cli1Tk—1, (44)
121
iy =ug + 121 Crk—10—1, (45)
Cix="Cix—1+ Li(p.b) En(p. k), (46)
ik

En(p, k) = Wi(P/ k) — ld(P,k) dix — L (p k) ek, (47)
Tink = 2, (43)
Tic(p k) = [(ch b Pick—1 " Pick—prils (49)
Tia(p. k) = [@iaf Piak—1, - Pidi—p+1ls (50)
Wi(p, k) = [@i, Dij—q, -, D; k—p+1]T/ (51)
Pick = [~Dik-1, ~Dik—2, -, ~Qixn]l" (52)
Piak = [0ik—1,0if—2," " Oif—nyl" (53)
Wik = Yik — Ol xPiokr (54)
Piok=[~Yk—1 ~Yk2 ", _ylz_na/”i—y”i—z/' o /ui—nb]T/ (55)
Biox = [ajy, B} Kl (56)

Oi1x = [a]y, bfy, di]", (57)
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O = [éﬁ,k/ 95,1«' y é;Tn,k]T- (58)

The F-M-ML-RESG method is a special case of the F-M-ML-MIESG method because, when p =1,
the F-M-ML-MIESG method degenerates into the F-M-ML-RESG method. The proposed approaches
in the paper can combine other estimation algorithms [46-50] to study the parameter identification
problems of linear and nonlinear systems with different disturbances [51-55], and can be applied
to other fields [56—60] such as signal processing and process control systems. The F-M-ML-MIESG
method consists of the following steps for computing éillk, ¢;x and O

1. Initialization: Let k = 1, and set the initial values éil’o =1,,/p0, €ip = 1u./po, ring =1, 720 =1,
§1j=0,11; = 0,91 = 0, yg; = 0, 0 j(j) = 0, ;; = 1/po, and 8;,; = 1/pg for j <0, po = 10°.
Collect u and yy, compute §; j and # x by (44) and (45), respectively.

Form @1 1, @0, and Y1 (p, k) by (39), (55), and (38), respectively.

Compute Gy, fi15x, and O;¢ i by (41)—(43), respectively.

Form @151, [;1(p, k), and Fi1¢(p, k) by (40), (36), and (37), respectively.

Compute Ej; (p, k), r;1 1, and ;1 by (32), (33), and (31), respectively.

Update éio,k/ dy, and éil,k by (56), (35), and (57), respectively.

Compute 9; , and @; . by (34) and (54), respectively.

XN LD

Form ;. and @4 x by (52) and (53), respectively.

Form I.(p, k), [;4(p, k), and W;(p, k) by (49), (50), and (51), respectively.

Compute Ej(p, k) and rj . by (47) and (48), respectively.

Update ¢; by (46).

Ifk < L, letk:=k+1and go to Step 2; otherwise, terminate this computational procedure and
obtain @ by (58).

[ S S Y
LN = o

The flowchart of computing the estimates éilrk, ¢ix and O, by the F-M-ML-MIESG algorithm
in (31)—(58) is shown in Figure 2.

The model decomposition technique is applied to solve the coupling relationship between the
input and output variables of the multivariable system. Thus, the complexity of system identification
algorithms is reduced. The data filtering technique is used to filter the observed data. Hence,
the subsystem identification model is simplified. The proposed method is based on the data
filtering technique, the coupling identification concept, the multi-innovation identification theory,
and the negative gradient search for improved parameter estimation and computational performance.
The maximum likelihood principle is utilized to estimate the parameters of the noise model directly.
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C

Start

I

Initialize: k = 1, give L

!

Collect u; and yj, compute #; ; and # j,
Form ¢;1 x, @iox, and Yi1 (p, k)

k:=k+1

I

Compute §1¢x, 15k, and D,
construct @k, [ (p, k), and F¢(p, k)

!

Compute E;; (p, k), 7i1 x, and éil,k,
Update éiO,k/ dk! and éil,k

!

Compute 9; i, @; r, form @;. x and @

I

Form I;.(p, k), [;4(p, k), and W;(p, k)

J

Compute Ej>(p, k) and rj, i, update ¢&;

k>L?

No

Yes

Obtain the estimate Oy

!

C

End )

Figure 2. The flowchart of computing the F-M-ML-MIESG estimates 9i1,k, ¢ and 0.

5. Examples

Example 1. Consider the following M-CARARMA model

A(9)ye = Q(q)u +

Y1,k
Y2k

AlQ)=I1+Ag ' =1+

Q@)=Qig ' =

N

D(q)
Ok,
C(g)

0.34 021 Yike1 | 243 —0.59
—047 0.19 Yor1 | | —252 027
a1 a12 -1
az1 a2 1 I
1+40.34g71 0.21g7!
—047¢71 14019971 |’

b1 by

by b | 1 243¢71 —0.5997!
| —252g71 027971

C(q)=1+c19 " +cg 2 =1+0.1877"+0.10 72,
D(q) =1+4dig ' +dog 2 =1+007g"" +0.12972,

Uk—1
Uz k-1

|

+

D(q)

C(q)

01,k
U2k

|

11 of 19
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a11,a12, b11, b, €1, €2, dq, da)
0.34,0.21,2.43, —0.59,0.18,0.10, 0.07, 0.12],

—0.47,0.19,—2.52,0.27,0.18,0.10,0.07,0.12],

a11,a12, 421,422, b11, b1o, bo1, b, €1, €2, d1, da)
0.34,0.21,—-0.47,0.19,2.43, —-0.59, —2.52,0.27,0.18,0.10, 0.07, 0.12],

01=]|

=

02 = [a21, a2, by1, by, c1, 2, d1, do]
[

0'=|

=

where {uy .} and {uy  } are persistent excitation signal sequences with zero mean and unit variance, {v y }
and {vyx } are white noise sequences with zero mean and different variances. Taking the data length L = 3000
and the noise variances 0> = oz = 0.10? with p = 9, applying the F-M-ML-MIESG method in (31)(58) to the
example model, the parameter estimates and their errors § := |0y — 0||/ 0| are shown in Table 1, the parameter
estimates é1,k and éz,k versus k are shown in Figure 3. When (712 = 02 = 0.10%, the F-M-ML-MIESG
parameter estimation errors versus k with different innovation lengths p are shown in Figure 4. When p =9,
the F-M-ML-MIESG parameter estimation errors versus k with different noise variances are shown in Figure 5.

T T T T T
25 A ]
5 bi1k
2 - .
3
‘(-U' 15 I T
£
@
& 1
T
©
£ . R
g o5f a1tk 12 k 1k ]
o
0 = = =
dl,k C2.k dzyk
_05} le,k .
1 1 1 1 1
0 500 1000 1500 2000 2500 3000
k
O 5 T |A T T T ]
) b227k d22,k él,k
0 = = =
dyk Co.k da,k
Q21 1
-0.5 !’L‘\w =
(2=
1 i
~15F i
ol i
le,k
-251 B
1 1 1 1 1
0 500 1000 1500 2000 2500 3000
k

Figure 3. The F-M-ML-MIESG parameter estimates versus k (c? =0.10%, p = 9).
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Table 1. The F-M-ML-MIESG estimates and errors (02 = 0.102, p=09).

k 100 200 500 1000 2000 3000 True Values
ap 0.31820 0.29087 0.30058 0.30718 0.31435 0.31705 0.34000
app 0.19071 0.19015 0.19849 0.20414 0.19826 0.19930 0.21000
a1 —0.49919 —0.46008 —0.45017 —0.45085 —0.45203 —0.45256 —0.47000
a 0.19094 0.20269 0.19320 0.19148 0.19971 0.19937 0.19000
b1 1.78343 1.97435 2.15929 2.24258 2.30107 2.32585 2.43000
b1p —0.36392 —0.43090 —0.49287 —0.52493 —0.54330 —0.55194 —0.59000
by —1.84309 —2.04914 —2.23926 —2.32552 —2.38841 —2.41420 —2.52000
) 0.10917 0.16315 0.20417 0.22542 0.23612 0.24193 0.27000
1 0.19719 0.16972 0.15718 0.16812 0.18093 0.17411 0.18000
2 0.30485 0.14739 0.13923 0.13329 0.09666 0.09603 0.10000
dy 0.00360 0.00345 0.00422 0.00412 0.00426 0.00443 0.07000
dy 0.02543 0.02647 0.02684 0.02739 0.02792 0.02811 0.12000

6 (%) 27.09774 18.98626 11.36214 7.87495 5.44330 4.46325

1 F =

0.9 1

0.8

0.7 F-M-ML-MIESG, p=1

0.6
0.5
0.4
0.3

02 F-M-ML-MIESG, p=5

F-M-ML-MIESG, p=9

| |
0 500 1000 1500 2000 2500 3000
k

Figure 4. The F-M-ML-MIESG estimation errors versus k with different innovation lengths (0?2 = 0.10%).

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

| | |
0 500 1000 1500 2000 2500 3000
k

0 I I

Figure 5. The F-M-ML-MIESG estimation errors versus k with different o2 (p = 9).

Example 2. Consider the following another 3-input and 3-output system:

A(9)ye = Q(q)u + [C)((Z)) U,




Mathematics 2020, 8, 2254 14 of 19

Yik [ 030 045 028 | [ yix1
Yor| +| —040 020 0.50 Yo k-1
Y3k 0.25 0.30 0.50 Y3 k-1
[ 135 —070 090 | [ wyzy () | o
= | —225 110 0.10 upe1 |+ Ey | o2 |
030 010 0.30 Uz k1 U3k

Clg)=1+c1qg ' =140257",
D(q)=1+dig ' =1-0105",

01 = [a11, 412, 413, b11, b12, b13, ¢1, d1]
—0.30,0.45,0.28,1.35, —0.70,0.90,0.25, —0.10],

02 = [ap1, 022,023, by1, bao, bps, c1, d1]
03 = [a31,a32,a33,b31, b3, bz, ¢1,d1]

[
[
= [-0.40,0.20,0.50, —2.25,1.10,0.10,0.25, —0.10],
[
[

0.25,0.30,0.50, 0.30,0.10,0.30, 0.25, —0.10].

The simulation conditions of this example are similar to those in Example 1. Applying the
F-M-ML-MIESG algorithm to estimate the parameters of this example system, the simulation results
are shown in Table 2, Figures 6 and 7.

Table 2. The F-M-ML-MIESG estimates and errors (02 = 0.102, p=09).

k 100 200 500 1000 2000 3000 True Values
ap —0.27269 —0.32691 —0.29484 —0.29755 —0.29976 —0.29662 —0.30000
a 0.48292 0.47925 0.46018 0.45462 0.45439 0.45430 0.45000
a3 0.14916 0.16587 0.20604 0.22856 0.24342 0.24838 0.28000
a —0.37780 —0.36285 —0.38617 —0.38781 —0.39033 —0.39405 —0.40000
a 0.12212 0.12412 0.16615 0.18400 0.18349 0.18549 0.20000
a3 0.38669 0.42406 0.44468 0.45743 0.46705 0.47374 0.50000
azy 0.26876 0.24843 0.25928 0.25579 0.25030 0.25315 0.25000
azp 0.31417 0.29867 0.29703 0.29889 0.29861 0.30047 0.30000
as3 0.38377 0.41180 0.43509 0.45396 0.46774 0.47453 0.50000
b1y 0.94218 1.05946 1.15933 1.21302 1.25295 1.27135 1.35000
bip —0.62282 —0.63298 —0.65448 —0.66639 —0.67653 —0.67960 —0.70000
b3 0.76671 0.79860 0.82568 0.84453 0.86025 0.86675 0.90000
by —1.72820 —1.88151 —2.00584 —2.08070 —2.13062 —2.15230 —2.25000
) 0.96728 0.98775 1.02537 1.04164 1.05887 1.06517 1.10000
b3 0.21155 0.17143 0.14957 0.13677 0.12570 0.12159 0.10000
b3 0.17930 0.21668 0.24420 0.25904 0.27193 0.27810 0.30000
b3 0.01120 0.03576 0.06050 0.07209 0.07881 0.08311 0.10000
b33 0.26013 0.26116 0.27545 0.28067 0.28621 0.28834 0.30000
1 0.15333 0.21247 0.22209 0.24500 0.20059 0.23616 0.25000
dq —0.02364 —0.02344 —0.02373 —0.02411 —0.02439 —0.02471 —0.10000

6 (%) 23.89260 17.23794 11.32504 8.03089 5.70767 4.79640
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0.8 4

F-M-ML-MIESG, p=1

F-M-ML-MIESG, p=9

L L
0 500 1000 1500 2000 2500 3000
k

Figure 6. The F-M-ML-MIESG estimation errors versus k with different innovation lengths (02 =0.10%).
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Figure 7. The F-M-ML-MIESG estimation errors versus k with different o2 (r=9).

From these simulations, it can be observed that

1. The parameter estimation errors of the F-M-ML-MIESG method decease as k increases, as shown
in Tables 1 and 2 and Figure 3.

2. The parameter estimation errors of the F-M-ML-MIESG algorithm become smaller as p increases,
as shown in Figures 4 and 6.

3. Under the same noise variances, when p > 2, the F-M-ML-MIESG method generates more
accurate parameter estimates than the F-M-ML-RESG method, as shown in Figures 4 and 6.

4.  For the same data length and the same innovation length, the F-M-ML-MIESG method converges
quickly to the true values as the noise variance decreases, as shown in Figures 5 and 7.

6. Conclusions

This paper considers the parameter estimation of the linear M-CARARMA system with an
ARMA noise. By means of an adaptive linear filter, the subsystem identification model is simplified,
then an F-M-ML-MIESG method is discussed by introducing the multi-innovation identification theory
to the stochastic gradient method. The purpose of an adaptive filter is to improve the parameter
estimation accuracy by filtering the observed data without changing the relationship between input
and output data. Both the model decomposition technique and the data filtering technique are
used to reduce the system complexity, and the identification model is simplified. The simulation
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validation demonstrates that the F-M-ML-MIESG method provides a higher parameter estimation
accuracy than the F-M-ML-RESG method when p > 2. The proposed filtering-based parameter
identification methods for multivariable stochastic systems in this paper can be extended to study the
identification issues of other scalar and multivariable stochastic systems with colored noises [61-66]
and can be applied to some engineering application systems [67-73] such as filtering, estimation,
prediction [74-81], and so on.
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