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Abstract: In this paper, we recall a more generalized integral transform, a generalized convolution
product and a generalized first variation on function space. The Gaussian process and the bounded
linear operators on function space are used to define them. We then establish the existence and various
relationships between the generalized integral transform and the generalized convolution product.
Furthermore, we obtain some relationships between the generalized integral transform and the
generalized first variation with the generalized Cameron-Storvick theorem. Finally, some applications
are demonstrated as examples.
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1. Introduction

For T > 0, let Cy[0, T] be the one-parameter Wiener space and let M denote the class of all Wiener
measurable subsets of Cy[0, T]. Let m denote Wiener measure. Then, the space (Cy[0, T|, M, m) is
complete, and we denote the Wiener integral of a Wiener integrable functional F by

/C o P ()

Let K = Ky[0, T] be the space of all complex-valued continuous functions defined on [0, T] which
vanishes at t = 0 and whose real and imaginary parts are elements of Cy[0, T|.
In [1], Lee studied an integral transform of analytic functionals on abstract Wiener spaces

FapB)) = [ Flx+py)mx),  yek. M
Co[0,T]

For some parameters  and f and for certain classes of functionals, the Fourier—Wiener transform,
the modified Fourier-Wiener transform, the analytic Fourier-Feynman transform and the Gauss
transform are popular examples of the integral transform defined by (1) above (see [1-12]). Researchers
have studied some theories of integral transform for functionals on function space. Recently, the integral
transform is generalized by some methods in various papers. One of them uses the concept of Gaussian
process instead of the ordinary process. For a function 4 on [0, T], the Gaussian process is defined by

the formula t

Zu(x,b) = / h(s)dx(s)

0
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where fot h(s)dx(s) the Paley-Wiener-Zygmund (PWZ) stochastic integral. Many mathematician use
this process to generalize the integral. As representative examples, the generalized integral transforms

FraB) = [ FOZu(x) + py)am(x) @
and
PRt B)w) = [ PO (5 + B2y, )am(x) ©
are studied in [13-15]. In fact, if h, h; and h; are identically 1 on [0, T], then Equations (2) and (3) reduce
to Equation (1).

Another method is using the operators on K. Let S and R be bounded linear operators on K.
In [6,16], the authors used this operators to generalize the integral transforms. A more generalized
form is given by

Gsr(F)w) = [ F(Sx+Ry)dm(x). @

Co[0,T]

If R is a constant operator and Sx = Z;(x, -) for some function h, then Equation (4) reduces to
Equation (2), and hence it reduces to Equation (1) again. In previous studies, many relationships
among the integral transform, the convolution and the first variation have been obtained. However,
most of the results consist of fixed parameters.

In this paper, we use the both concepts, the Gaussian process and the operator, to define a
more generalized integral transform, a generalized convolution product and a generalized first
variation of functionals on function space. We then give some necessary and sufficiently conditions
for holding some relationships between the generalized integral transforms and the generalized
convolution products, and between the generalized integral transforms and the generalized first
variations. In addition, some examples are given to illustrate usefulness for our formulas and results.
By choosing the kernel functions and operators, all results and formulas in previous papers are
corollaries of our results and formulas in this paper.

2. Definitions and Preliminaries

We first list some definitions and properties needed to understand this paper.

A subset B of Cy[0, T] is called scale-invariant measurable if pB is M-measurable for all p > 0,
and a scale-invariant measurable set N is called a scale-invariant null set provided m(pN) = 0 for all
p > 0. A property that holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.) [17]. Forv € L,[0, T] and x € Cy[0, T], let (v, x) denote the Paley-Wiener-Zygmund
(PWZ) stochastic integral. Then, we have the following assertions.

(i) Foreachv € L,[0,T], (v, x) exists for a.e. x € Cy|[0, T.
(i) Ifo € L0, T] is a function of bounded variation on [0, T], (v, x) equals the Riemann-Stieltjes

integral fOT v(t)dx(t) for s-a.e. x € Cy[0, T].
(iii) The PWZ stochastic integral (v, x) has the expected linearity property.
(iv) The PWZ stochastic integral (v, x) is a Gaussian process with mean 0 and variance ||v||3.

For a more detailed study of the PWZ stochastic integral, see [4,5,7-9,11-15,18].
Let

Co=Chl0,T) = {v € Co[0,T] : 0(t) = /Otzv(s)ds, Zp € LZ[O,T}}.

Then, C} is the Hilbert space with the inner product

T
(1,02)c = [ 201 (D2 (),
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where v;( fo Zy,(s)ds for j = 1,2. Furthermore, we note that C;[0,T] C Co[0, T] and
(Gylo, T} Co [0, T] ) is one example of the abstract Wiener space [1,16,19,20]. For x € Cy[0, T] and
v € C}[0, T] with v( fo 2y(8)ds, zy € L2[0, T, (v,x)~ = (2, x) is a well-defined Gaussian random
variable with mean 0 and variance || UHC/ = ||z0||3, where (-, -)~ is the complex bilinear form on K* x K.

The following is a well- known 1ntegratior1 formula which is used several times in this paper. For
each v € Cj) with v( fo Zy(s

~ = Lozl = 1 2
/co[o,u exp{ (o) bam(x) = exp o1, | = exp 311013 . ®

For each v € Cj[0, T}, let
Do(x) = exp{(v,x)7}. (6)
These functionals are called the exponential functionals on Cy[0, T]. It is a well-known fact that

the class
AE{‘DUZUEC(I)[O,T]} (7)

is a fundamental set in Ly(Cy[0, T]). Thus, there is a countable dense S(Gy[0,T]) = {Po, }, =
{®,}5>; which is dense in Ly(Cy[0, T]). Thus, we have that, for each F € L,(Cy[0, T]),

in the Ly-sense, where {a;}%° ; is a sequence of constants.
Let £ = L(K) be the class of all bounded linear operators on K. Then, for each v € C}[0, T|
and S € L,
(v,5x)~ = (S0, x)~

where 5* is the adjoint operator of S, see [16,19,21]. We state the conditions for the function / to obtain
mathematically consistency as follows:

(i) Foreachh € Lo[0,T] C L[0,T],

(20, Zn(x,-)) = (zoh, x)

where v( fo Zy(s)ds for some z, € Ly[0, T| because, although z, € L;[0, T], zoh may not be an
element of L,[0, T] for h € L0, T.
(i) Let

0, 0<t<T/2
h(t) = St<T/2
t+2, T/2<t<T

Then, h is in L« [0, T| (and hence h € L,[0, T]). However, Z;(x, t) may not be a Gaussian process.
A condition for 4 is needed. Let I be an element of L [0, T| such that my (supp (h)) = mp({t €
[0, T] : h(t) #0}) = T, where m is the Lebesgue measure. Then, we have ||h||; > 0 and Z;(x, t)
is a Gaussian process.

(iii) For each h € Loo[0,T] and x € Cy[0,T], Zy(x,t) is stochastically continuous but it is not
continuous, namely Z;(x, t) may not element of Cy[0, T]. However, if / is a function of bounded
variation on [0, T], the Gaussian process Zh(x f)is continuous and hence SZj,(x, -) is well-defined
forall S € L. Since for v € C}) with v( fo Zy(s (v,x)™ = (zp, x), we have that

(0,5Z(x,))™ = (870, Z(x, )™ = (250, Zn(x, ")) = (hz500,X). ®)

(iv) LetH ={h:[0,T] > R:he BVI[0,T],my(supp (h)) =T}.
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3. Generalization of the Integral Transform with Related Topics

We start this section by giving definition of generalized integral transform, generalized
convolution product and the generalized first variation of functionals on K.

Definition 1. Let h, hq, hy be an element of H and let F and G be functionals on K. Let S,R, A,B,C,D, 51,

Sy € L. Then, the generalized integral transform 7EhR( ) of F, a generalized convolution product (F G)Ilf’gzc D

of F and G, and a generalized first variation &g 1’hzl-" of F with respect to hi,hy,S1 and Sy are defined by
the formulas

TR(E)w) = [ F(SZ4(x) + Rydm(x), ©)
(F+G)ieply) = [ F(AZi (5, + By)G(CZ (x,7) + Dy)dm(x) (10)
and
SeZ F(x|u) = OF (S1 2 (x, ) SaZny (1))
9 (11)
= aF(Sthl (x, ) + DCSQZh2<M, ))
a=0

for x,u,y € Kif they exist.

Remark 1.

(1) When h(t) = 1on [0, T], the generalized integral transform Tsl R is the Fourier—Gauss transform Gg g [16].
(2)  When S and R are the constant operators, the generalized integral transform T /3 is a generalized integral

transform ]:g,ﬁ used in [14,15]. In particular, if h(t) = 1 on [0, T], then 7;1 is the integral transform
used in [5,6,8,10,11,13,22].
(3) When hy(t) =1and hy(t) =1on [0, T], (F * G)}L{}B,QD is the convolution product used in [11].

We next state some notations used in this paper. For v € L,[0,T],hy, hy,--- ,hy € H and
Ri, -+, Ry € L, let

M(Ry, -+ Ry il -l 0) = exp{ Z I zR*vnz} 12)

where R* fo ZRtv (s)ds foreachj=1,2,--- ,n. Furthermore, we have the symmetric property

for M(- : )

In Theorem 1, we obtain the existence of generalized integral transform, generalized convolution
product and generalized first variation of functionals in S(Cy[0, T]). In addition, we show that they
are elements of S(Cy[0, T]).

Theorem 1. Let h, hl,hz be elements of Handlet S,R,A,B,C,D, Sy, Sz e L. Let &, and Oy, be elements
of S(Col0, T) and let u( fO zu(s)ds € Cy. In addition, let ky (t fo i(s)ds for j = 1,2. Then,

the generalized integral tmnsform TSh,R(qDU) of ®y, the generalized convolutzon product (P, * Py) A,g/C,D of

O, and P, and the generalized first variation (521}511 D, (x|u) with respect to hy, hy, S1 and Sy exist, belong to
S(Cy[0, T)) and are given by the formulas

TI(@o)(y) = M(S : h: 0)Preo(y), (13)

(o * Do) 5% 1 (1)

(14)
= M(A :hy :0)M(C: hy s w) exp{(h1z a0, h2zc+w)2 } PBrotDw (V)
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and
hy,h
551,52(1)0(36'”) = (hZZS;v/Zu)Zq)hlzsfv (x) (15)

forx,y,u € K.

Proof. First, using Equations (5), (1) and (8), it follows that, for all y € K, we have

Te(@)) = [ exp{ (0,524(,) + (o, Re)™ fam()

= [ ep{ s )+ (R0 fam(a

1
= exp{ 3 2510 0o 1)

Finally, by using Equations (12) and (13) is obtained. We next use Equations (5), (8) and (14) to
obtain the following calculation

(@ # Do) 12 [ (y) = /C o g Po(AZ0, (5) + BY)®u(CZy, (3,) + Dy)dm(x)
0[Y,

= exp{ (Mz sy +hozcey, x) + (B0 + D*w,y)N}dm(x)
Co[0,7]

1
= exp{ E thZA*v + hZZC*WH%}q)B*v(]/)qDD*w(]/>'

Since ||h]|3 = (h, h) for all h € Ly[0, T], we now note that

1 1
5 1Mz aro + hazcew |l = 3 (hle*v + hozesy, Mz pxy + hZZC*w>
2

1
=3 [(hle*v, hzaep)2 + (hazcrw, Mozoew)2 + 2(Mz axo, hZZC*w)2:|

and @y (y) + Pw(y) = Porw(y) forall v,w € Cy[0, T]. Hence, we can obtain Equation (14) as desired.
Finally, we use Equations (8) and (11) to establish Equation (15) as follows:

3
FeE Dy (x|u) = = [cbv(slzhl (x,) +aSaZy, (u, -))]

a=0

d
= 5 expl{hizsio ) + aizsgo )| B

= (hzsyp, u) exp{(h1zs;y, x) }.

We now note that

T
(hnzsgo ) = [ ha(t)zs50(t)zu(0t = (hazszo,20)2,
which establishes Equation (15) as desired. [

4. Some Relationships with the Generalized Convolution Products

In this section, we obtain some relationships between the generalized integral transform and
the generalized convolution product of functionals in S(Cy[0, T]). In the first theorem in Section 4,
we give a formula for the generalized integral transforms of functionals in S(Cy[0, T]). To establish
some relationships, the following lemma is needed.
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Lemma 1. Let hy, hy € H and let S1,S2, R € L. Then, for each v € C},
M(Sy:hy i R*0)M(Sy : hy : v) = M(RS1, Sy 2 hy, by : 0). (16)

Proof. Using the following fact S;R* = (RS;)* and Equation (12) repeatedly, we have

. 1 1
MGVM:RwayM:w—wﬂéMmmwgﬁw{ﬂme%
1 2
= exp §|Ih1Zs*R*sz +5 thZs;vllz
_ Zlh 2 1 h 2
expy 5 ]l 12(rs))oll2 + 51225502
= M(RS1,S2 : hy, by 2 v),
which complete the proof of Lemma 1. [J

Theorem 2. Let S1, Sy, Ry and Ry be elements of L and let hy and hy be elements of H. In addition, let ®, be
an element of S(Cy[0, T]). Then,

T, (TE2, (©0)(y) = M(RaS1, S : Iy, iy 2 0) D,y o () (17)
fory e K.
Proof. From Theorem 1, we have
Talp, (o) (y) = M(Sa : Iz : 0)Pryoly).
Applying Theorem 1 once more,
T, (TE2 (Do) (y) = M(Sy iy - ©)M(Sy : g : R50)D(g, g0 (1)-

Finally, using Equation (16) in Lemma 1, we complete the proof of Theorem 2 as desired. O

Equations (18) and (19) in Theorem 3 are the commutative of the generalized integral transform
and the Fubini theorem with respect to the generalized integral transform, respectively.

Theorem 3. Let S1, Sy, Ry and Ry be elements of L and let hy and hy be elements of H. In addition, let &, be
an element of S(Cy[0, T]). Then,

Ta e, (T2, (@) () = T2, (Talk (@0)) () (18)
if and only if
Rle = RzR], and M(RZSlrSZ : ]’l],hz : ’0) = M(Sl, Rlsz : hl,hz : ’0).
Furthermore,
Tal e, (TE2p, (o) (y) = T2, (Do) (v) (19)
if and only if

R1R2 = R3, and M(R251,52 : I’ll,hz : U) = M(Sg, : ]’lg : ?)).
Proof. Using Equation (17) twice, we have

T (T3, (@) (y) = M(RpS1,S2 < iy = 0) P, ry)-0(Y)
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and
h h
Ts, R, (Ts g, (P0))(y) = M(S1, R1Sz : by, hz = 0)@ g,y (¥)-
Using these facts and Equation (13), we can establish Equations (18) and (19). O

From Theorems 2 and 3, we can establish the n-dimensional version for the generalized
integral transform.

Corollary 1. LetSq,--+,Sy, Ry, -+ ,Ry—1 and Ry, be elements of L and let hj bean elementof H,j = 1,2, - -.
In addition, let @, be an element of S(Cy[0, T]). Then,

n h
T, (o (T, (@0) ) ()
= M(Sl’ R1S2,R1R2, 83, ,RiRy -+ - Ry—1Sn : hy, -+l U)CD(Rl"-Rn)*v(y)'

In our next theorem, we show that our generalized convolution product is commutative.

Theorem 4. Let A, B, C and D be elements of L and let hy, hy € H. Let @y, and Py, be elements of S(Cy[0, T1).
Then,

(®o % Do) 35,0 (4) = (Pu * o) 257 p () 0)
if and only if
M(A:hy:0)=M(C:hy:v)and M(A:hy:w)=M(C:hy:w).
Proof. The proof of Theorem 4 is a straightforward application of Theorem 1. [

In Theorem 5, we give a necessary and sufficient condition for holding a relationship between the
generalized integral transform and the generalized convolution product.

Theorem 5. For j = 1,2,3, let Si,R; € L, and, for = 1,2, let A;,B;,C;,D; € L. In addition, for k =
1,2,---,7, let hy € H. Then,

h hy,h h h hg,h
7-511,131 S q)w)Angl,Cl,Dl () = (TS;RZ Py 7-535,133 cpw)ffz,gz,cz,Dz ) 21)

if and only if the following equations hold

ByR; = RyBy and DRy = R3Ds

M(B1S1, Ay : hy,hy :v) = M(Sp, Ag 2 hy, heg 2 0)
M(D1S1,Cq 2 hy, hs : w) = M(S3,Cy : hs, hy : w)
(hp ATv, h3Ciw)y = (heA3v, h7Ciw)s

Proof. To complete the proof of Theorem 5, we first calculate the left hand side of Equation (21).
From Equation (14) in Theorem 1, we have

I
(®o *Pu) 4 5 0, (V)

(22)
= M(A1 : hp : 0)M(Cy : b3 : w) exp{(h2AT0, h3Ciw)2 } Pps o Do (V)
Using Equations (13), (12), (16) and (22), we have

7;}2]’1%1 (q)v * qDW)ZZ{,hglrcl,Dl (]/) = M(B151,A1 : hl,hz . U)M(Dlsl,cl : ]’ll,hg . ZU)
-exp{ (2 A0, h3C{w)2 } Pr: o+ Ry Dy (V)
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We next calculate the left hand side of Equation (21). From Equations (12) and (13) twice, we have
7-52 Rz( 0)(y) = M(S2: hy: U)CDREU(]/) (23)

and
T (@) () = M(S s £ )i, .

We now use Equations (14), (16), (23) and (24) repeatedly to obtain the following calculation
h he,h
(’TS;RZ 7?33 Ry )A621372/C2rD2 (y) = M(Sz, Ay h4, h6 : U)M(Sg,, Cp: ]’l5, h7 : ZU)
-exp{(heAzv, h7C3w)2 } Pps Ryv+ Dy Ry (V)
Hence, we complete the proof of Theorem 5 as desired. [
Corollary 2. The following results and formulas stated bellow easily from Theorem 5.

(1) Let S and R be elements of L, and, for = 1,2, let A;, B;,C;, D; € L. In addition, for k = 1,2,---,5,
let hy € H. Then,

h hy,h h h hy,h
Ts (Po* Pw) 475, ¢, p, W) = (Ts gPo * Ts g Pw) ay 5, ¢, 0, (V)
if and only if the following equations hold

BlR = RBZ and DlR = RDZ
M(Bls,Al : hl,hz : Z)) = M(S,Az : l’ll,h4 : Z))
M(Dls,Cl : h1,h3 : w) = M(S,Cz : ]’ll,l’l5 : w)
(h2ATZ), h3wa)2 = (h4A;U, h5C§‘w)2
(2) Forj=1,2,3,let S], j € Land A,B,C,D € L. In addition, fork =1,2,---,7, let hy € H. Then,

By I hio
7;“1 R (Do * Pu) L5 p (V) = (7?52 R, Po * 7~S3S,R3q)w)Az,B,3C,D (v)

if and only if the following equations hold

BR; = R,B and DRy = R3D
M(BS1, A : hy,hy :v) = M(Sg, A : hy, hy 2 0)
M(DS4,C : hy, hg : w) = M(S3,C : hs, h.w)
(hp A*v, h3C*w)y = (hgA*v, h3C*w),

5. Some Relationships with the Generalized First Variations

In this section, we establish some formulas involving the generalized first variation. We next
obtain a generalized Cameron-Storvick theorem for the generalized first variation and use this to
apply for the generalized integral transform.

Theorem 6. Let hy,hy, h3 € H and Sq,S5,S3 € L. Let u € C| with u( fo zy(8)ds. Then,
shah ha,hi3 -h
T R0s s Po(+[1))(y) = 65752 Ts, R (Po) (y]u) (25)

if and only if R = I.and M(Sy : hy : U, ,) = M(S1 : hy : v), where Dg, , = hozgsy.
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Proof. First, using Equations (5), (12), (13) and (29), we have

TR (SR ) v)
= (h3zs50,2u)2 /

o Zy (x,-) + R
Col0,T) hZZs;v(Sl i (x,-) + Ry)dm(x)

= (h3ZS§U/ Zu)Z /; 0] exp{(ESQ,hzl 51Zh1 (x/ ))N + (652,112/ Ry)w}dm(x)

0l0,

= (hSZngrZu)z/C 0T

0/]

exp{{mzs;z, ) %) + (R"Tsy, y) ™ pdm(x)

= (hazsso,2u)2M(S1 < 1 2 Tsy , ) exp{ (R Vs, 1, y) ™'}
= (hBZng,Zu)ZM(Sl : hl :552/h2)®R*552/h2 (y)

On the other hands, using Equations (11)—(13), we have
hy hs 4-h
0553 Ts R (Po) (yu)

= o [T 221,00 + 53210}

a=0

%) 1
=% [QXP{ 3 ||hlzs;v||%}®m(szzh2 (v,-) + aS3Zy, (1, .))}

a=0

1 d “ ~ X ~
= exp{ 3lmzs;ol | 5 [exp] (R'0, 8221 (5) + (R0, 5421, () |
a=0

1 d
= exp{ 5lmzs;o [& } o {GXP{ (h2zgyre0,y) + a(h3zgsReo, 1) H
a=0

= (h3zsyR 0, Zu)2M(S1 : I : ) eXP{<hZZs;R*v/y>}
= (h3zs5Re0 2u)2M(S1 2 B 2 0) Pz (¥):
Hence, Equation (25) holds if and only if R = I and
M(Sy 2 by : T, py) = M(S1 2 by 2 0).

O

To establish a generalized Cameron-Storvick theorem for the generalized first variation, we need
two lemmas with respect to the translation theorem on Wiener space.

Lemma 2. (Translation Theorem 1) Let F be a integrable functional on Cy[0, T| and let xg € C,. Then,

1
/CO[O,T} F(x + xo)dm(x) = exp{—z ||x0||g6} /CO[O,T] F(x) exp{ (x0,x)™ }dm (x). (26)

In [23], the authors used Equation (26) to establish Equation (28), which is a generalized translation
theorem. The main key in their proof is the change of kernel for the Gaussian process, i.e.

Zp, (60, 1) = /0 ‘g (s)d< /0 i hz(T)sz(T)d”z.')

2(8)zx, (s)ds (27)

[ s
/Ot hz(S)d(/: hi(T)zy, (T)d1-> = Zp, (1)
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where 60 (t fo ho (t)zx, (£)dt and u( fo h1(s)zx, (s)ds for given xq € Cj.
The followmg lemma is sald to be the translatlon theorem via the Gaussian process on
Wiener space.

Lemma 3 (Translation Theorem 2). Let hi,hy € H. Let xo(t fo zZx,(s)ds and let F(Zy, (x,-)) be a
integrable functional on Cy[0, T|. Let

6o (t) = /0 i (5)2, (5)ds.

Then,

. F(Zp, (x,-) + Zy, (0o, -))dm(x)
0[0,T]

(28)
—exp{—llzhal3) [ P2 () expl(B 2, 5, ) ().

In our next theorem, we establish the generalized Cameron-Storvick theorem for the generalized
first variation.

Theorem 7. Let xo € C|y be given. Let hy,hy € H and S € L. In addition, let u( fo h1(s)zx,(s)ds and
t) = [y ho(s)zxy(s)ds. Then,

L e elndm(x) = [ (x0,Z,(x,)) " @o(SZy (x,)dm(x). 29)
Co[0,T] Co[0,T]
Proof. First, by using Equation (11) and the dominated convergence theorem, we have

hyh
o et

— % [/CO[O,T] Do (SZy, (x,+) + aSZy, (u, ))dm(x)}

a=0

=0
Now, let F(x) = ®,(SZ(x, -)). Using the key (27) used in [23], we have
F;‘l (x +aby) = ©u(SZp, (x,-) + SZy, (au,-))
where 0 (¢ fo hy(s)zx, (s)ds and u( fo h1(s)zx, (s)ds. This means that

' hy,hy _ i hy
/CO[O,T] S (xu)dm(x) = = [ /C o (x+¢x90)dm(x)}

a=0

We next apply the translation theorem to the functional Fg ! instead of F in Lemma 2 to proceed
the following formula

/ 511 B (x| u)dm (x)

Colo1] &
1 ~

oxp{ =Sl | [ P explatn ) i) |
2 .

op{-Flzmlt} [ F @ eplatzn0lan]|

/ (222, X) Do (SZ, (x, ) )dm (x).
Co[0,T]

a=0

_ 9
w
9
R
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Since (6o, x)~ = (zx,h2, X) = (X0, Zp,(x,-))”~, we complete the proof of Theorem 7 as desired. [

In the last theorem in this paper, we use Equation (29) to give an integration formula involving
the generalized first variation and the generalized integral transform. This formula tells us that we can
calculate the Wiener integral of generalized first variation for generalized integral transform directly
without calculations of them.

Theorem 8. Let hq,hy, hy € H and let S1,S, € L. In addition, let u, xy, 0y be as in Theorem 7. Then,

h g -h
/CO[O,T} S; 527;11 (<1>v)(y|u)dm( ) M(SerSZ : h1,h2 : U) (h3ZxothZS§R*v)2- (30)
Proof. Applying Equation (29) to the functional 7?5]111 r(®y) instead of @,, we have

h Jhy —h
/CO[O,T} 05553 T, r(Po) (y|u)dm(y)
~h
= [l (20 25 (00 ) T (@) (8221 (v, m(y)

Now, using Equations (8) and (13), it becomes that
h i3 -h
Joy o P TR (@) ) dm(y)
= M(Syeio) [ (0 Z(5,) expl(R D, S22y, ) Ym(y)
0LY,
=M1 o) [z y) expl{{zsgreoy) Jm(y).
0Yr

The following integration formula

/CO[O,T] (w, x) exp{(p, x) fdm(x) = (w, p)2 exp{;||p|%}, w,p € L,[0,T]

and Equation (12) yield that

ho s
Jeyom P T (@) ) dm(y)

= M(Sy o) [ (s y) exp{{azsyreo y) am(y)
3}

Finally, by using Equation (16) in Lemma 1, we establish Equation (30) as desired. O

1
= M(S1 : hy : 0)(h3zxy, hozssReo)2 exp{2||h225;R*v

= M(Sl : h1 : U)M(RSZ : hz : U)(hgzxo,hzzSZ*R*v)z.

6. Application

We finish this paper by giving some examples to illustrate the usefulness of our results and
formulas.

We f1rst glve a 51mp1e example used in the stack exchange and the s1gnal process For x € Col0, T],
let Ks(x fo s)ds. Then, the adjoint is given by the formula K (x ft



Mathematics 2020, 8, 2246 12 of 16

Example 1. Let S = K; and let v(t) = —t + L and h(t) = t2 on [0, T]. Then, h € H. In addition, we have

* T 1, ¢ o1
S v(t):/t U(S)dSzEt _ET:/O(S_ET)dS'

This means that zs-(t) = t — YT on [0, T] and hence ||hzg+, |3 = 15 T*. Thus, we obtain that

The(@0) (1) = exp{ 35T sl

We give two examples in the quantum mechanics. To do this, we consider useful operators used
in quantum mechanics. We consider two cases. However, various cases can be applied in appropriate
methods as examples.

Case 1: Multiplication operator.

In the next examples, we consider the multiplication operator T;,;, which plays a role in physics
(quantum theories) (see [21]). Before do this, we introduce some observations to proceed obtaining
examples. Let R € £ such that

R(xy) = xR(y) (31)
for all x,y € Cy[0, T]. In addition, for t € [0, T] on Cy[0, T], we define a multiplication operator T;, by
(T (x)) (£) = T (x(t)) = tx(t). (32)

Then, we have Ty, (xy) = tx(t)y(t) and xTp(y) = x(#)ty(t). Hence, Equation (31) holds.
In addition, one can easily check that T;;v(t) = to(t) for all v € C}. Note that the expected value or
corresponding mean value is

E(x) = /OT Hx(£)[2dt = /OT Tou(|x|) (D)dt,

where x is the state function of a particle in quantum mechanics and fOT |x(t)|?dt is the probability that
the particle will be found in [0, T7.

In the first and second examples, we give some formula with respect to the multiplication
operator Tj,.

Example 2. Let S = Ty, and let v(t) = 1t? and h(t) = t> on [0, T]. Then, h € H. In addition, we have

t
o(t) = %tz = /0 sds

and

1 t
S*v(t) = Ets = /0 %szds.

This means that z,(t) = t and zs+(t) = 3> on [0, T] and hence ||hzs+,||3 = 1%T5' Thus, we obtain that

The(@0) () = exp{ 5 T° f @),

Example 3. Let S = Ty, and let v(t) = ¢! — 1 and h(t) = t on [0, T]. Then, h € H. In addition, we have

t

o(t) =€ —1 :/ e°ds
0
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and ,
S%G):wﬂfh:/(%“+é—1ﬂ&
0

This means that z,(t) = e' and zg+,(t) = te' +e' — 1 0n [0, T] and hence

HmyN%IiﬁWﬂ4+zﬂf2T+UAQJUQ+sz@+%T@J§,
Thus, we obtain that
'@M©w@):@@{%ﬂaﬂ+aﬂ—aT+n
(T2 42T~ 4) 4+ £ T° - 3;}%*0(”'

Case 2 : Quantum mechanics operators.
In the next examples, we consider some linear operators which are used to explain the solution of

the diffusion equation and the Schrodinger equation (see [24]).
Let S : C)[0, T] — C}[0, T] be the linear operator defined by

t
Sw(t) = / w(s)ds. (33)
0
Then, the adjoint operator S* of S is given by the formula
t t
S%@zwﬂh/w@%:/mm—MM%
0 0
and the linear operator A = S*S is given by the formula
T
Aw(t) = / min{s, t }w(s)ds.
0

In addition, A is self-adjoint on C{[0, T| and so

T
(wﬁmh:ww&m%zéwwmﬁw

for all wy, w, € Cy[0, T]. Hence, A is a positive definite operator, i.e., (w, Aw)c(/) > 0forallw € Cy[0, T).
This means that the orthonormal eigenfunctions {e,, } of A are given by

V2T . ((m=Dm\ gt
em(f) = (m—%)nSHl( T2 t) :/0 &y (s)ds

with corresponding eigenvalues {B;,} given by

o= ()

Furthermore, it can be shown that {e,, } is a basis of C{[0, T] and so {«;, } is a basis of £.2, and that
A is a trace class operator and so S is a Hilbert-Schmidt operator on C}[0, T]. In fact, the trace of A is

givenby TrA = %Tz = fOT tdt. By using the concept of m-lifting on abstract Wiener space, the operators
S and A can be extended on Cy[0, T] (see [19,25]).
We now give formulas with respect to the operators S and A, respectively.
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Example 4. Let S be given by Equation (33) and let v(t) = t> and h(t) = t on [0,T). Then, h € H.
In addition, we have

and ,
*o(F) — _ Ll sl 1,
§0(t) = to(T) = So(t) = T2 — —t _/0 LT >3 }ds.

This means that z,(t) = t and zg-,(t) = 3T — 3t on [0, T] and hence ||hzs+,||3 = 45T7. Thus,

we obtain that
1
The(@0)() = exp{ g5 77 F o)

Example 5. Let S = A and let v(t) = 1t? and h(t) = t on [0, T]. Then, h € H. In addition, we have

1, t
v(t)zit :/0 sds,

Av(t) = S§*o( / S*v(s)ds = / / u)du)ds
—/ {sv / 1u2du} ds = /OtBST2 - 253] ds

and , )
* _ _ 1 2 -3
A%v(t) = Ao(t) = /0 [ZST = }ds.

This means that z,(t) = t and zgw,(t) = HT? —
we obtain that

on [0, T] and hence ||hza+o||3 = 533 T°. Thus,

O‘\M—‘

29
h _ 9 .
Th(®0)(y) = exp{2835T b, ).
We now give an example with respect to Theorem 8.

Example 6. Let s; = Ty, and Sy = S, as used in the examples above. Let R = I and let hi(t) = hy(t) =
t,h3(t) = t? on [0, T]. Furthermore, let v(t ) = 12 0n [0, T] and let xo(t) = t = fot 1ds € C{,. Then, we have

zo(t) =t 2530 (t) = %tz,zsz* (t) = AT — L2 and z, (t) = 1 on [0, T]. Furthermore, we have
: ) — S, 1 1.5
M(Sl,Rsz.hl,hz.U)—exp{ZST +24T 20T
and
h3Zx,, il Lo
(h3zxy, hozgsRe0)2 = gt Tl

Hence, by using Equation (30) in Theorem 8, we can conclude that
shahs
Sy P TR (@) ) dm(y)

(34)
— 5 7 1 4 1 5 1 4 1 6
—exp{ZST 2l 5T (g7 — 3T )
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7. Conclusions

In Sections 3 and 4, we establish some fundamental formulas for the generalized integral
transform, the generalized convolution product and the generalized first variation involving the
generalized Cameron-Storvick theorem. As shown in Examples 2, 4 and 6, various applications
are established by choosing the kernel functions and operators. The results and formulas are more
generalized forms than those in previous papers. From these, we can conclude that various examples
can also be explained very easily.
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