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1. Introduction

Dedicated to the blessed memory of my parents who went to heaven this year.

Let Q) be an unbounded domain in R",n > 2, ) = R"\ G with the boundary 0Q) € C!, where G
is a bounded simply connected domain (or a union of finitely many such domains) in R”, QU3Q = Q
is the closure of ), x = (x1,...,xy), |x| = q/x% +o 22, u=(uy,. .., up).

In the domain ), we consider the linear system of elasticity theory

O (i _, ._
Bxk(akhaxh =0, i=1,...,n 1)

Lu= (Lu)j= )_

jk =1

n

Here and in what follows, we assume summation from 1 to n over repeated indices. We also
assume that the coefficients are constant and the following conditions hold:

i . » 0 i i )
ayy, = ay =y, M < @) 28, < AalC?,

where ¢ is an arbitrary symmetric matrix, {é,i(}, (:;; = {;’;‘, &2 = C;'(cf;‘(, A1, Ay are positive constants.

We consider the following boundary-value problem for the system (1): find a vector-valued

function u that satisfies (1) in () along with the homogeneous Dirichlet-Robin boundary conditions

u]rl =0, (o(u)+7u)lr, =0, )
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where T; UT, = 9Q), T1NTy = @, mes, 1T # 0, o(u) = (o1(u),...,00(u)), o;(u) = a;zha';#yvk,

i=1,...,n, v=(vy,...,Vy,) is the unit outward normal vector to dQ), T is an infinitely differentiable
function on 9Q) with uniformly bounded derivatives, and T > 0, T # 0.

General boundary value problems for elliptic systems in domains with smooth boundaries
were studied in [1-4]. Boundary value problems for the elasticity system in bounded domains
are quite well studied. A presentation of the basic facts of this theory can be found in Fichera’s
monograph [5]. In [6-8], Kondratiev and Oleinik established generalizations of Korn’s inequality and
Hardy’s inequality for bounded domains and a large class of unbounded domains, and applied these
to investigate the main boundary value problems for the elasticity system, which were also considered
in [9,10]. The paper [10] uses Korn's inequality and Hardy’s inequality to study the uniqueness and
stability of generalized solutions of mixed boundary value problems for the elasticity system in an
unbounded domain provided that E(u, Q) is finite.

In [11,12], shells of variable thickness are considered in three-dimensional Euclidean space around
surfaces that have a limited principal curvature. Here the author derives the Korn interpolation
inequality, the inequality also introduced in [13], and the second Korn inequality in domains in which
no boundary or normalization conditions are imposed on the vector function u. The constants in
the estimates are asymptotically optimal in terms of the thickness of the region. Note that this is the
first paper that defines the asymptotic behavior of the optimal constant in the classical Korn second
inequality for shells over the thickness of the domain in almost complete generality, and the inequality
holds for almost all thin domains. In [14], the author extends the L? Korn interpolation inequality, as
well as the second Korn inequalities, in thin domains, proved in [12], to the space L? forany 1 < p < co.
Note the paper [15], in which the authors prove asymptotically sharp weighted Korn and Korn-type
inequalities in thin domains with singular weights. The choice of weights is based on some factors;
in particular, the spatial case arises when transforming Cartesian variables to polar change of variables
in two dimensions.

In [16], a regularity result is proved for a system of linear elasticity theory with mixed boundary
conditions on a curved polyhedral domain in weighted Sobolev spaces, for which the weight is
determined by the distance to the set of edges. These results are then extended to other strongly elliptic
systems and higher dimensions.

In [17,18] methods are proposed that allow one to construct the asymptotics of solutions of the
Laplace and poly-Laplace equations in a neighborhood of singular points, which are zero and infinity,
as well as the asymptotics of these equations on manifolds with singularities. In [19], asymptotics were
constructed for the solution of the Laplace equation on manifolds with a beak-type singularity in a
neighborhood of the singular point.

We also note the papers [20-22], in which the basic boundary value problems and problems with
mixed boundary conditions for the biharmonic (polyharmonic) equation are studied. In particular,
the existence and uniqueness of solutions in the ball were established, and necessary and sufficient
conditions for the solvability of boundary value problems for the biharmonic (polyharmonic) equation,
including those with a polynomial right-hand side, were obtained.

It is well known that if Q) is unbounded, then one must also characterize the behavior of a solution
at infinity. This is usually done by requiring that the Dirichlet integral D(u, Q)) or the energy integral
E(u, Q) be finite, or a condition on the nature of the decay of the modulus of a solution as |x| — co.

In this paper we study the properties of generalized solutions of the mixed Dirichlet-Robin
problem for the elasticity system in an unbounded domain () with a finiteness condition of the
weighted energy integral:

2

" (Qu; ou;

Ea(u,Q)Z/Q|x|a'\;1 (agc;+83c:> dx < oo, acR
ij=
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Imposing the same constraint on the behavior of the solution at infinity in various classes of
unbounded domains, the author [23-37] studied the uniqueness (non-uniqueness) problem and found
the dimensions of the spaces of solutions of boundary value problems for the elasticity system and the
biharmonic (polyharmonic) equation.

The main research method for constructing solutions to the mixed Dirichlet-Robin problem is the
variational principle, which assumes the minimization of the corresponding functional in the class of
admissible functions. Further, using Korn’s and Hardy’s-type inequalities [6—8], we obtain a criterion
for the uniqueness (or non-uniqueness) of solutions to this problem in weighted spaces.

This article contains proofs of the results announced in [36].

Notation: C°(Q)) is the space of infinitely differentiable functions in () with compact support
in Q).

We denote by H'(Q,T),T C Q the Sobolev space of functions in Q) obtained by the completion of

C*(Q)) vanishing in a neighborhood of T with respect to the norm

1/2
[Jus H(Q,T)]| = (/Q ) \a“uﬁdx) ,

la|<1
where 0*u = 8‘“‘u/8x‘f1 co.0xy", & = (ay,...,a,) is a multi-index, aj > 0 are integers, and la| =
a1+ +ay; if T = @, we denote H' (Q,T) by H' (Q).

ol
H (Q) is the space of functions in () obtained by the completion of C§*(Q)) with respect to the
norm ||u; H(Q)||;

ol
Hj,oe (Q) is the space of functions in () obtained by the completion of C§°(Q2) with respect to the
family of semi-norms

1/2
lu; H(Q N Bo(R)) | = Y. lo%ul*dx

QnBy(R) 4=

for all open balls By(R) := {x: |x| < R} in R" for which QN By(R) # @.
We set 0*u = 8""‘u/ax‘i‘1 ...0xy", with & = (aq,...,a,), where a; > 0 are integers, and |a| =

D(u,n):/QWu|2dx, E(u,Q):/Q|s(u)|2dx,

Do, Q) = [ x| VuPdx, Eu(,Q) = [ |xlle(u) P,

2 2

" u; "o Qu; ou;

2 i 2 _ 1 ]
|Vul = E <8xj> , o le(w)] § <8xj+axi> ,

ij=1 ij=1

where

Or=QnN{x:[x| <R}, 9Or =0QU{x: |x] =R}.

By the cone K in R" with vertex at xp we mean a domain such thatif x — xp € K, then A(x — x() € K
for all A > 0. We assume that the origin xo = 0 lies outside Q).
Let () be the (1, k)-binomial coefficient, (}) = 0 for k > n.
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2. Definitions and Auxiliary Statements

Definition 1. A solution of the system (1) in Q) is a vector-valued function u € Hllo .
vector-valued function ¢ € C§°(Q) the following integral identity holds

ij 9% 0P 4.
/Q Ay, 9%, 9%, dx = 0.

(Q) such that for any

Before proceeding to the consideration of the boundary value problem (1), (2), we establish two
auxiliary lemmas.

Lemma 1. Let u be a solution of the system (1) in Q) such that E,(u,Q)) < oo. Then

u(x) =P(x)+ Y 0"T(x)Co+ ub(x), x € Q, ©)]
Bo<la|<p

where P(x) is a polynomial, ord P(x) < m = max{1,1 —n/2 —a/2}, T'(x) is the fundamental solution
of the system (1), C, = const, Bg = 1 —n/2+a/2, B > 0 is an integer, and the function uP satisfies
the estimate

07P (x)] < Cyp(a,u)|x|' P17

for every multi-index vy, C,p = const.

Remark 1. It is known [38], that there exists a fundamental solution T'(x), which for n > 2 has the
following estimate
19°T (x)| < C(a)|x|> "1, C(a) = const.

For n = 2 the fundamental solution has a representation I' (x) = S(x)In |x| + T(x), where S(x) and T(x) are
square matrices of order 2 whose entries are homogeneous functions of order zero [39].

Proof of Lemma 1. Consider the vector-valued function v(x) = Oy (x)u(x), where 05 (x) = 0(]x|/N),
e C®(R"),0<0<1,0(s) =0fors<1,06(s)=1fors >2,andalsoN >>1and G C {x:|x| < N}.
We extend v to R" by setting v = 0 on G = R" \ Q. Then the vector-valued function v belongs to
C*(R™") and satisfies the system

Lv=F, i=1,...,n,

where F; € C°(R"), suppF; C {x : |[x| < 2N}. It is easy to see that E;(v,R") < oo. Ifa+1n # 0,
then Korn's inequality ([7], §3, inequality (1)) implies that v(x) = w(x) + Ax, where A is a constant
skew-symmetric matrix and w satisfies D, (w, ()) < o0.

We can now use Theorem 1 of [40] since it is based on Lemma 2 of [40], which imposes no
constraints on the sign of ¢’. Hence the expansion

w(x) =Py(x)+ Y. 9T(x)Ca+wP(x)

Bo<|a|<p

holds for each a, where Py(x) is a polynomial, ord Py(x) < max{1,1—n/2—a/2}, C, = const,
Bo=1—n/24+a/2and

|97wP (x)| < C75|x|1*"*ﬁ*‘7‘, C,p = const.

Hence, by the definition of v, we obtain (3) with P(x) = Py(x) + Ax.
Now let a +n = 0. Then for each é > 0,

E , s(0,R") <E_,(v,R") < oo.
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By Korn’s inequality ([7], §3, inequality (1)), there exists a constant skew-symmetric matrix A
such that
D_, s(v—Ax,R") <CE_, s(v,R") < o0

where the constant C is independent of v(x). Hence, using Theorem 1 of [40], we get

o(x) — Ax =Py(x)+ Y. 9T(x)Co+0P(x),

Bo<|x|<B

where Py(x) is a polynomial, ord Py(x) <1, C, = const, o =1—n/2+a/2 and
070P (x)| < Coplx[P P17, C,5 = const.

Thus,
o(x) —Ax=Py(x)+ Y 9*T(x)Cu+2P(x),
Bo<la|<p

which proves the Lemma fora = —n. O

Lemma 2. Let u be a solution of the system (1) in Q) such that E,(u, Q}) < oo for some a > 0. Then for all
x € Q equality (3) holds with ub, satisfying an estimate similar to that in Lemma 1; in addition, P(x) = Ax + B,
where A is a constant skew-symmetric matrix and B is a constant vector.

Proof. Let u be a solution of the system (1) in Q). Then by Lemma 1, we have
u(x) = P(x) + R(x),
where P(x) is a polynomial, ord P(x) < 1, and

R(x)= ) 9T(x)Ca+ ub(x), R(x) = O(|x|>™), n>2.
Bo<la|<p

Let us prove that P(x) = Ax + B, where A is a constant skew-symmetric matrix and B is a
constant vector. Obviously, if E;(u,Q)) < coand a > 0, then E(u, Q}) < co.

Assume that n > 2. It is easy to verify that E(R(x), Q)) < oo for n > 2. Hence E(P(x),Q)) < oo by
the triangle inequality.

Let P(x) = Ax + B, that s, Pi(x) = 27:1 aijxj + b;. Then

/Z ajj + a;;)’dx,

i,j=1

where the a;; are the entries of A. The last integral converges if and only if a;; = —aj;, thatis, A isa
constant skew-symmetric matrix.

We consider now the case n = 2. It is known [39] that '(x) = S(x)In|x| + T(x), where S(x)
and T(x) are2 x 2 matrices whose entries are homogeneous functions of order zero. Then VI'(x) =
O(|x|~'In|x|), and therefore, VR(x) = O(|x|~'In|x|). Assume that there exists k and ! such that

ag + ay # 0. Then

jis

_ 1
lex ()] = |ag + aye + O(|x| ' In[x])| > §|ﬂkz+ﬂ1k| for |x| >>1.

Hence,

oo > E(u,Q) /2|sl] |2dx>/|skl WPdx > = / |ag; + aye|® dx = oo.
i,j=1
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This contradiction demonstrates that ay; = —ay for all k and [, which completes the proof. O

Deﬁmtmn 2. A solution of the mixed Dirichlet—Robin problem (1), (2) is a vector-valued function

uc Hloc(Q I'1), such that for each vector-valued function ¢ € Hloc(Q I'1) NCF(R™), the following integral
identity holds

Ju; 9
ij Pi _
/ khaxhi)xk dx + r2Tugods—O. 4)

Let Kerg(L) be the space of generalized solutions of the mixed Dirichlet-Robin problem (1), (2),
that have a finite energy integral, that is,

Kerg(L) = {u: Lu =0, ulr, =0, (c(u) + 7u)|r, =0, E(u, Q) < co}.
We set by definition
Kerq(L) = {u:Lu =0, ulr, =0, (¢(u) +7u)|r, =0, Eo(u,Q) < oo}.

Let dim Kery(L) and dim Ker, (L) be dimensions of Ker(L) and Ker,(L), respectively. We shall
calculate the values of dim Ker, (L) in their dependence on the parameter a.

3. Main Results
Theorem 1. The mixed Dirichlet—Robin problem (1), (2) with the condition E(u,Q)) < co hasn(n+1)/2

linearly independent solutions if n > 3, and at least one linearly independent solution if n = 2.

Proof. Step 1. Let n > 3. For any constant skew-symmetric matrix A, we construct a generalized
solution u 4 of the Dirichlet-Robin problem for the system (1) in 2 with the boundary conditions

uplr, = Ax,  (o(ua) + WA)|rz =0, (5)

satisfying the conditions E(u4,Q)) < o, D(u4, Q) < o0, and
/Q 4|2 |x| 2 dx < oo, ©)

Such a solution may be constructed by the variational method, minimizing the functional

.. 00 00
— 1 ] 7Y
D(v) = /Q”kh o1, 9x dx

in the class of admissible functions {v : v € H'(Q)), v|r, = Ax, v has compact support in Q).
The boundedness of the Dirichlet follows from Korn’s inequality ([7]; §3, inequality (43)). Condition (6)
is a consequence of Hardy’s inequality [7].

Let Ay, ..., Ap, p = (n* —n)/2,belinearly independent constant skew-symmetric nn x 1 -matrices.
We consider the solutions u g, ..., u Ay

Step 2. Now in the same way, for any constant vector € = & # 0,

e = (e,%,...,e,’j), ei = {

we construct a generalized solution u,, of the Dirichlet-Robin problem for the system (1) with the
boundary conditions
e |ry = &, (o) + Tg)|r, = 0
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and with conditions E(u,, Q) < 00, D(te,, Q) < o0,

g Plx| 2 dx < oo, )

Such a solution may be constructed by a variational method, minimizing the corresponding
functional in the class of functions {v € C®(Q), velr, = €& v has compact support in Q}.
The boundedness of the Dirichlet follows from Korn’s inequality ([7]; §3, inequality (43)). Condition (7)
follows from Hardy’s inequality ([7]; §3, inequality (27)).

Step 3. The solutions u4, — Aqx, ..., ua, — ApX, Ue, —e1,...,U, — ey are linearly independent.
Indeed, if

n
Ci(ua, — Aix) + Y _ci(ue;, — ;) =0,
1 i=1

o

1

r
where C; and ¢; are constants, thenv = Y, C;A;x = 0, since
i=1

p n
v =Y Ciua, +)_ci(ue —e)
i=1 i=1
has a finite Dirichlet integral D(v, Q) < co. Therefore C; =0,i=1,..., p. Hence

n n
Y citte, =) cie; =B
i=1 i=1

where B is a constant vector. Since the u,, satisfy (7), we have B = 0. The vectorse;, i = 1,...,n are
linearly independent, and thereforec; =0,i=1,...,n.

Thus, we have proved that the homogenous Dirichlet-Robin problem has at least n(n +2)/2
linearly independent generalized solutions.

Step 4. Let us now prove that any generalized solution u of the homogenous Dirichlet-Robin
problem with the condition E(u,()) < oo is a linear combination of the constructed solutions.
According to Korn’s inequality ([7]; §3, inequality (43)), there is skew-symmetric matrix A such that

D(u— Ax,Q) <CE(u,Q)), C = const.

P
Let A = Y m;jA;, m; = const, i = 1,...,p. For the function v = u + (uy — Ax) we have
i=1
D(v,Q)) < co, since D(uy,, Q) < co. Hardy’s inequality implies that

/ lo— B2|x|2dx < CD(v,Q) < 0, C = const,
Q
where B is a cogstant vector.

n
Let B = )Y Mje;. Wesetw = u+ (ug — Ax) + (up — B), where ug = Y. Mju,,. It is easy to
i=1 i=1
see that

wlr, =0, (o(w) + tw)|r, =0,

D(w, Q) < oo, /|w|2|x]*2 dx < co.
o}
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Let us show that w = 0. We substitute in the integral identity (4) for w the vector-valued function
¢ = won(x), where On(x) =0 (|x|/N), 6(s) =1fors <1,0(s) =0fors >2,0 c C*°(R),0<0<1,
we get

2 _ ij 7] OUN
/Q £(w) Oy (x) dx + /rz Tlw[20x (x) ds = /Qakh T e

wdx, (8)

= 4i 9% dw;
where &(w) = a, % o

We claim that the right-hand side of (8) approaches zero as N — co. Indeed, the Cauchy-Schwartz
inequality yields that

_ 1] ] N
‘ /Q“khiaxh o1, wdx| < 2CJ1(w)]r(w),
where 2 12
= Vwl|?d , = 2 Zd) )
hy= ([, Velds)  Rw= ([ el
Since

/Q w]2|x|2dx < 00, D(w,Q) < oo,

it follows that J,(w) — 0 and J;(w) — 0 as N — co. Hence,
/ £(w) 0y (x) dx+/ w0y (x)ds =0 as N — co.
Q I,
Using the integral identity

/ S(w)dx+/ T|w|?ds = 0,
o T,

we find that if w is a solution of the homogeneous problem (1), (2), then w = Ajx + B;. The set of
points where Ajx + B; = 0 is a linear manifold of dimension less than n — 1, since the rank of the
matrix Aj is > 2 if A; # 0. Consequently, w = 0. This conclusion follows from the fact that

/ T|w|*ds = 0,
I

and hence w = 0 on a subset of 0Q) of positive measure. This means that u = —(uy — Ax) — (up — B).
The theorem is proved for n > 3.

Let now n = 2. For a nontrivial constant skew-symmetric matrix A, we construct
a generalized solution u4 of the Dirichlet-Robin problem for the system (1) in ) with the
boundary conditions (5), minimizing the corresponding functional ®(v) in the class of functions
{v:v e C®(Q), valr, = Ax, v has a compact support in Q). This solution satisfies E (114, )) < o0 and
D(uy4, Q) < co. By Hardy’s inequality [6] we get

/‘M|uA\2|x|-2\1n|x\|-2dx < o0, ©)

where N >> Tissuch that G C {x: |x| < N}.
We prove further that any generalized solution u of the homogeneous Dirichlet-Robin problem
(1), (2) has the form u = co(u4 — Ax), where ¢y = const, A is a skew-symmetric matrix, and A # 0.
We observe that uy — Ax # 0, since D(u4 — Ax) = co. By Korn’s inequality ([7]; §3, inequality
(43)), there is a skew-symmetric matrix Ap such that

D(u— Apx, Q) < CE(u,Q), C = const. (10)
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We set w = u + (14, — Aox), where uy, = couy, if Ag = coA. Itis easy to see that D(w, R") < oo,
since (10) and D(u4, Q) < oo by construction. Therefore, for w, by Hardy’s inequality, the inequality
of the form (9) holds.

Let us prove that w = 0. Substituting in the integral identity (4) for w the function ¢ = wfy(x),
where Oy (x) =6 (In|x|/InN), 6(s) = 1fors <1, 6(s) =0fors > 2,6 € C°(R"), 0 <6 < 1. Further,
as above, we obtain that w = 0. This concludes the proof. [J

Theorem 2. If —n <a <n—2, n > 2, then dimKer,(L) =n(n+1)/2.

Proof. We first consider the case 0 < a < n —2,n > 3. Obviously, Ker,(L) C Kery(L) fora > 0.
We claim that Kery(L) C Ker,(L) if a < n — 2. Indeed, let u € Kery(L). By Lemma 2 we have
equality (3):
u(x) = P(x) + R(x),

where P(x) = Ax+ B, A is a constant skew-symmetric matrix, B is a constant vector,
R(x)= ¥ 0°T(x)Cy+ ub(x).
Bo<la|<p

It is easy to verify that E;(R(x),QQ) < oo and E;(P(x),Q}) = 0for 0 < a < n—2.
Hence E,(u,Q)) < oo, that is, u € Ker,(L). Therefore Kerg(L) C Ker,(L).

Thus, Ker,(L) = Kerg(L) and dimKer,(L) = dimKery(L). Using Theorem 1 we have
dimKer,(L) =n(n+1)/2.

Consider now the case when —n <a < 0and n > 2.

Let u € Ker,(L), where —n < a < 0. By Korn’'s inequality ([7]; §3, inequality (43)), there is a
constant skew-symmetric matrix A such that

Dy(u— Ax,Q) < CE,(u, ),

where the constant C is independent of u.
For the function v = u — Ax we have D,(v,Q)) < o0 and E,;(v, ()) < o0. Moreover, v is a solution
of (1) in ). Hence, by Lemma 1, it has the form (3):

v = P(x) +R(x),

where P(x) is a polynomial, and R(x) = ¥ 9*T(x)Cy + uf(x).
Po<la[<p
Let us prove that ord P(x) = 0. First, establish the inequality D,(P(x),Q)) < co. We have

D,(v,Q)) < 00, and it is easy to verify that D,(R(x),Q)) < oo for —n < a < 0. Hence D,(P(x),Q2) < o
by the triangle inequality..

Let ord P(x) = k, where k # 0. Then we have |VP(x)| > C|x|¥~! in the interior of some cone K.
Hence,

oo > D,(P(x),Q) = / |x|*|VP(x)|*dx > C |xc|AF2K=240 |71 .
Q Kn{x:|x|>H}

The last integral converges if and only if 4 +2k —2+n < 0. Hence k < 1 and, therefore,
ord P(x) = 0 and P(x) = B, where B is a constant vector. Thus, v(x) = B + R(x).

On the other hand, v(x) = u(x) — Ax. Hence we have u = Ax + B + R(x), where A is a
constant skew-symmetric matrix and B is a constant vector. It is easy to verify that E(R(x), )) < oo
and E(Ax + B,Q)) = 0. Hence E(u,Q)) < oo, thatis, u € Kerg(L). We obtain the embedding
Ker, (L) C Kerg(L). In addition, it is obvious that Ker(L) C Ker,(L) for a < 0.

Thus, Ker,(L) = Kerg(L) and dimKer,(L) = dimKerg(L). By Theorem 1 we obtain
dimKerg(L) = n(n+1)/2. Hence dimKer, (L) = n(n+1)/2.
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Step 1. Now let n = 2. For a non-trivial constant skew-symmetric matrix A, we construct
a generalized solution u 4 (x) of the mixed Dirichlet-Robin problem for the system (1) in () with
boundary conditions
ualr, = Ax,  (o(ua) +tua)lr, =0,
by minimizing the functional &(v) in the class of admissible functions
{v:veC®(Q), v|r, = Ax,v has compact support in Q). The resulting solution satisfies
E(ug, Q) < ocoand D(uy, Q) < co. By Hardy’s inequality [6] we obtain

J o Pl 22l | 2 dx < o,
x>

where N >>Tand G C {x: |x| < N}.
Step 2. In this same way we obtain generalized solutions of the mixed Dirichlet-Robin for the
system (1) in () with the boundary conditions

- ) ~ 1\ =~ 0
uilr, =T(x)C;,  (o(u;) + ‘L'ul-)|r2 =0,i=12C = (O)' Cy = (1)
and with the properties E(u;, Q) < oo, D(u;,Q)) < o0, and
/ ;2| 2| In |x]| 2 dx < o0, i = 1,2.
[x|>N
The solutions 4 — Ax and u; — I'( x)Ci, i = 1,2, are linearly independent. Indeed, if
2 ~
(MA — Ax)do + Z(Lli — F(x)Ci)di =0,
i=1
for some constants dp and d;, i = 1,2, then

v=dyAx + F(x) (d1C1 + dzéz) =0,

2
because v = dou 4 + Y d;u; has a finite Dirichlet integral D(v, ()) < co and
i=1

/Q 102 )x| 2| In |x|| 2 dx < oo.

Thus, Axdy + F(X)J: 0, where d = d;C; + doCs.
Since |Ax| > |x| and |I'(x)d| < Cln|x|, it follows that dy = 0. Hence I'(x)d = 0, and applying the
elasticity operator to this equation, we obtain

0= L(T(x)d) = L(T(x))d = I6(x)d = ( 5(5) 5&) ) (Zl)

where [ is the 2 X 2 unit matrix, J(x) is the Dirac function. Hence it follows that d; = d = 0. It is easy
to verify that E;(us — Ax, Q) < oo and E,(u; — T'(x)C;, Q) < 00, i = 1,2, for =2 < a < 0.

Hence the Dirichlet-Robin problem (1), (2) has at least three linearly independent solutions
satisfying E, (u, Q)) < co.

Step 3. We claim that each generalized solution u of the Dirichlet-Robin problemn (1), (2) with
condition E, (u, Q)) < cois a linear combination of the solutions constructed above. By Korn's inequality
([71; §3, inequality (43)), there is a constant skew-symmetric matrix A; such that

Dg(u - Alx, Q) S CEu(u, Q),
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where the constant C is independent of u. For the functionv; = u — A1x we have D,(v1,Q)) < co and
E;(v1,Q)) < oco. Since vy is a solution of the system (1) in (), it follows by Lemma 1 that

v1(x) = P(x) + R(x),

where P(x) is a polynomial and R(x) = ¥ 9°T(x)Cy + uP(x).
Bo<la|<p
In a similar way to the above we can show that ord P(x) = 0 and P(x) = By, B; is a constant

vector. Thus, u = Ajx + By +I'(x)Co + R (x), where

Ri(x)= ) 0°T(x)Cy + uP(x), Ry(x) = O(|x| In|x]|).

0<lal<p

Let Ay = —CA and Cy = —(d1C; + dpCy). We set
2 ~
w=1u—[Clug — Ax)+ Y _di(u; — T (x)C)].
i=1

Obviously, w is a solution of the system (1) in Q, w|r, =0, (¢(w) + Tw)|r, = 0 and

2
w =B +R1(X) —Cuy — Zdiu,-.
i=1

1

It is easy to see that D(w, ) < co and [, |w|?|x|~2|In |x||~?dx < co. Thus, w(x) is a solution of
the following problem (w):
Lw =0in Q,

wlr, =0,  (0(w) +Tw)p, =0,
D(w,Q) < oo, / lw]|x| 2| In|x|| 2 dx < co.
o)
Let us prove that the solution w(x) of problem (w) is unique, that is, w(x) = 0, x € Q. To this

end, we write the integral identity (4) for the vector-valued function ¢ = wy(x), where Oy (x) =
f(In|x|/InN),0(s) =1fors <1, 6(s) =0fors >2, 0 € C°(R"), 0 <0 <1, weget

2 _ ] 9YN
/QE(w)QN(x) dx + /1_2 Tlw|“On(x)ds = — /Q a;{]ha 2%, wdx, (11)

where £(w) = a%%%.
We claim that the right-hand side of (11) approaches zero as N — oco. Indeed,
the Cauchy-Schwartz inequality yields that

; 90} 90 (x) ol
. ij 7% OUN < / <
[y S| < Vel N & =

QN{x:N<|x|<N2}
< 2CHh(w) 2 (w),

where

2 0) w2\
_ Volde) _ S L S R
(@) (/{x:|x>N}| | x) J2(w) (/{x:N<x|<N2} [x[?[In N2 x)
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Since
[ w12 Infx]| 2 dx < o0, D(a, Q) < o0,
Q

it follows that J(w) — 0 and J;(w) — 0 as N — co. Hence
/Qé’(w) O (x) dx + /rz Tw20n(x)ds =0 as N — co.
Using the integral identity
/Qé’(w)dx + /1“2 tlw|?ds = 0,

we find that if w is a solution to the homogeneous problem (1), (2), then w = Apx + By. The set of all x
such that A,x + B, = 0 is a linear manifold whose dimension is less than n — 1, since the rank of the
matrix A is > 2 if Ay # 0. Therefore, w = 0. The relation

/ T|w|?ds = 0,
I

implies that w = 0 on a set of positive measure on 0(), and therefore, w(x) = 0, x € Q). The theorem is
proved. 0O

Theorem 3. Ifn —2 <a <mn, n > 2, then dimKer,(L) = n(n—1)/2.

Proof. Step 1. Assume that n > 3. For each constant vector € = ¢} # 0:
j 1/ k= ./ .
ek:(e,i,...,e,’g), eiz{ ] kij=1,...,n,

we construct a generalized solution u, of the Dirichlet-Robin problem for the system (1) with the
boundary conditions
elty, =& (o(ue) + ue)|p, = 0 (12)

and with the additional conditions E(u,, }) < 0o, D(u,{)) < o0, and
/Q e 2] x| 2 dx < oo, (13)

Such a solution is constructed by the variational method. We minimize the corresponding
functional over the class of admissible functions {v € C®(Q), v |r,= ¢ v has compact support in
Q}. The boundedness of the Dirichlet integral follows from Korn’s inequality ([7]; §3, inequality (43)).
Condition (13) follows from Hardy’s inequality ([7]; §3, inequality (27)). By Lemma 2 the solution
ue(x) takes the form

ue(x) = Pe(x) + Re(x), (14)

where P, (x) is a polynomial, P,(x) = Ax + B, with A being a constant skew-symmetric matrix and B
being a constant vector, and

Re(x) = Y 9T(x)Cl+ ub(x), Re(x) = 0, x| = oo,
Bo<|a|<p

We claim that P,(x) = 0. Assume that P,(x) # 0. Then in the interior of a certain cone K we have
|P.(x)| > C and

CZ
00 > / e 2] x| 2 dx > 7/ x| 2
QNK 2 JKn{x:|x|>H}

dx = oo.
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This contradiction shows that P, (x) = 0. Thus,

ue(x) =Y T(x)C, + ub (x). (15)
Bo<la|<p
Let us prove that
U, Ju : ou
ij ej Olej ij ej
/ ay, 3%, 3%, dx = /BQ Ue ay, 3%, vy ds. (16)

For a proof we consider a ball Qg = {x : |x| < R} with centre at the origin suck that G CC Qg.
Let Qr = QN Qg, 90g = 0Q U {x : |x| = R}. Then

O B - A
ij T Olhet g _ / / i 2% ds. 17
/QR An %), X x < aQ+ x|—R> Ue Ay, 9%, Vi ds 17)

There exists a sequence of domains (g, such that Qg C Qg,,, C -+ C Qg, C R" and
UrQ) Ry = Q.
We claim that the integrals in the right- and left-hand sides of (17) converge. Indeed,
the Cauchy-Schwartz inequality yields that
2 1/2
dx] [ /
O

1/2

2
Otkei < 00
7

axk

ue]-

/8
Qr

o, dx

/ z] aue] auez Jx
Qg kh axh axk

because Qg C Qand [ |V [> dx < co.
We now claim that

ou,
ij
wea) —Jyeds 0 as |x| — oo,
/\x\ _R ey a k | |
In fact, by the Cauchy-Schwartz inequality and the estimates
e < Clx[>™", [ Viee| < Clx|'™"

we obtain

< const |t || Vue| ds

al vkds
’/II R kha |x|=R

1/2 1/2
<c [C/ x|+ ds} [C/ |x|2721 ds} = constR>™" — 0
|x|=R |x|=R

as R — oo for n > 2. The constants c and C are independent of R.
Letting R in (17) tend to infinity, we obtain the required Equation (16):

./ég(ue)dx = (/1"1 +/1_2> ue 0 (ue)ds

and bearing in mind that u. [r,= ¢,  (o(u.) + Tue) Ir, =0, we get

/5(ue)dx+/ T|ue|2ds:é'/ o (ue) ds, (18)
Q Iy I

where o(u,) = ak]h o, L.

We claim that the constant C}) is non-zero in (15). Indeed, if Cj = 0, then |u.| < C|x|'™" and
o(ue)| < C|x|~". Taking the scalar product of the system (1) and 1 and integrating over Qg, we obtain

(/Zm + /|X_R> o(ue)ds = 0.
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Since
’/ o(up)ds| <C |x| ™" ds = constR™1 -0 as R — oo,
|x|=R |x|=R
it follows that
/ o(ue)ds -0 as R — oo.
|x|=R
Hence,
/ o(up)ds = (/ +/ )a(ug)dsHO as R — oo,
0 Iy T,

and by (18) we obtain

/ E(ug)dx—i—/ T|ue > ds = —E’-/ o(u,) ds.
Q I I,

Using the integral identity
/ E(ug)dx—b—/ TluePds = 0,
Q I,

we geto(u,) = 0, since & # 0. By [5], it follows that #, = Ax + B, where A is a constant skew-symmetric
matrix and B is a constant vector.
On the other hand, Formula (15) with « = 0 and = 0 yields that

ue(x) = ChT(x) + ud(x).

Hence,
Ax +B=C\I(x) +ul(x) 50 as |x| — oo,

thatis, Ax + B — 0, which is possible only if A = 0 and B = 0, that is, u, = 0.

However, u, |r,= € # 0 and (c(ue) + Tue)|p, = 0. This contradiction shows that if & # 0,
then C)) # 0.

Step 2. Let € # 0 be an arbitrary vector in R"”. We consider the solution u, such that u, |r,= €,
(0 (ute) + Tue)|p, = 0, and ue(x) = CoI'(x) + ul(x), where C}, # 0.

We can associate with each vector € in R" the corresponding vector (_f(’) in R", thus obtaining a
transformation S : R” — R” such that S : € — (_f(’), where € # 0, 66 # 0. It is easy to verify that the
transformation S is linear and non-degenerate.

Let ¢ = {e1,...,ex} be a basis in R". For arbitrary linearly independent vectors
Cy = {Cly,---,Cp, } there exists a unique linear transformation (matrix) S such that (_f(’) = Sé. Then

¢=5"1C). (19)
Step 3. Consider now the elasticity system (1) in ) with boundary conditions
ua(x) [r,)=Ax, (o(ua)+Tua)lr, =0, (20)

where A is a constant skew-symmetric matrix. ~For every such matrix A we construct a
generalized solution of the system (1) with the boundary conditions (20) and the properties
E(MA,Q) < 00, D(MA,Q) < 00,

/ a2 x| 2 dx < oo, 1)
(@)

Such a solution can be constructed using the variational method and minimizing the
corresponding functional over the set of admissible functions {u : u € H'(Q), u |r,= Ax, u has
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compact support in Q}. The Dirichlet integral is bounded by Korn's inequality ([7]; §3, inequality (43)).
Condition (21) follows from Hardy’s inequality [7]. By Lemma 2 we have

ua(x) = Pa(x)+ 3 FT(x)Ca+ 1y (). (22)
Bo<la|<p
As before, we can show that P4 (x) = 0. Hence,
ua(x) = Y 9T(x)Ca + uby(x). (23)
Bo<|a|<p

Step 4. Consider now the difference
v=(up— Ax) — (4, —¢), (24)

where & = $71C), and u, and u 4 are defined by (15) and (23) respectively. Obviously, v is a solution of
(inQando |r,= 0, (¢(v) + 70)|, = 0.

We claim that E,(v,Q) < oo forn—2 < a < n. Since C) = S¢ = S(571Cy) = S571Cy = C,
it follows by (15) and (23) that

Ug — g =y, a“F(x)CZ + ug(x),
0<|a|<B

where C!/ = C, — Ch, ug = ui — uf.

It is easy to verify that E, (9T (x)C,, Q) < oo and Ea(ug,ﬂ) < co. Hence E; (g — 1, Q) < oo.
Note also that E;(Ax,Q)) =0, Ea(S’léo,Q) = 0. Therefore E,(v, Q) < co.

We now claim that v Z 0. For let v = 0, thatis, ugy — Ax — Uugag, + $~1Cy = 0, where uy (x) — 0
and ug (x) — 0 as |x| — oco. Then we obtain

|Ax| = |ug — Us-1¢, + 57160| < const.

On the other hand, |Ax| — oo as |x| — o0, Ax # 0. This contradiction shows that v # 0.
Let us prove thatif Ay,..., A, is a basis in the space of skew-symmetric matrices, thenvy4,,...,v4 ,
are linearly independent solutions, i.e., from the equality

Y civa, =0, ¢ = const,
follows thatc; =0, i =1,..., p. Indeed, assume that

Ci[uA,* - u@,‘ - Aix + el‘} = 01

o

i=1

where ¢c; = const, i =1,...,p, thatis, let
4 P r
ZciAix = ZCiuAi - Zci(ugl. — ).
i=1 i=1 i=1

r
Then we set Wi = Y ¢;A;x, so that
i=1

P 4
Wp = Zci”Ai - Zci(uei —¢;) and D,;(W,Q) < co.
i=1 i=1
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4 4
To prove that Wy = Y cAx = 0, we put T = Y cA;, Tx = Y A,
i=1 ' =1
where T = ||;[|nxn- Then
/|x|“|VTx|2dx<oo,
Q

because Tx = Wi and [ [x|?|VW;|?dx < co. On the other hand,
oo>/ |x|”|VTx]2dx:/ x| t5[2 dx,
Q Q

P
and the integral on the right-hand side is finite if and only if t;; = 0, thatis, T = 0O and } ¢;A; =0,
i=1

sothat,c;=0,i=1,...,p.

Thus, the mixed Dirichlet-Robin problem (1), (2) has at least p = (n% — 1) /2 linearly independent
generalized solutions.

Step 5. Let us show that each generalized solution u(x) of the homogeneous problem (1), (2) such
that E; (1, Q)) < oo is a linear combination of the solutions v4,...,v A, thatis,

r
U= Zcvai, ci=const,i=1,...,p.
i=1

By Lemma 2, the solution of the system (1) in () has a representation (3). Let us prove that there
are cg = const, i =1,..., p, such that the following equation holds for all x € (:

4
P(x) + Z 0T (x)Cy + uP(x) = ch(uAi — Uy, — Aix + ;).
Bo<l|a|<p i=1

2

Since Ay,...,Ap, p = (n= —n)/2, is a basis in the space of skew-symmetric matrices, there are

P
c1,...,¢p,such that A = '21 c;A;. We put
1=

4
ug =Y ci(ua, —ue, — Ajx +ej),
i=1

where ¢/ = —c¢;. Obviously, ug is a solution of (1) in O, uy |r,= 0, (¢(up) + Tuo)lr, = 0,
and E; (19, Q) < coforn —2 <a < n.
Step 6. Consider now the difference W = u — uy. By construction, W |r,= 0 and

(o(W) 4+ TW)|r, = 0. It follows by the triangle inequality that E,(W, Q) < coforn—2 <a <n.
14
We claim that W = 0in Q). Indeed, let A = Y c¢;A;. Then
i=1

W(x) = b+ Z(x),

where

P p
b=B-)Y ce, Z(x)= Y, 0T(x)Ca+uf(x)—Y cllua, —ue]
i=1 i=1

Bo<|x|<B

thatis, Z =W —band Z [r,= —b, (0(Z)+1Z)|r, =0.
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It is easy to see that D(Z,Q)) < coand [, |Z|?|x| % dx < co. Thus, we obtain problem (Z;):

LZ=0 in Q,

Zlr=-b (0(2)+72)|, =0,

D(Z,Q) < oo, / 1Z2]x| "2 dx < co.
Q

By construction, we have problem (e):

Lu,=0 in Q,
Ue |F1: g, (U(ue) + Tue)h"z =0,

D(1te, Q) < o0, / e 2|x| 2 dx < oo
Q

We shall now prove the uniqueness of a solution of problem (). Let u, and u, be solutions
such that
=0.

N " o " "
u, |, =2 (o(up) + tuy) ‘1.2 =0, u, |r,=¢ (U(ue) + Tue) 5

Then the function uf, = u, — u/ satisfies
ug [r,=0, (o(ug) +tug) |, =0, E(up, Q) < oo, D(up,Q) < oo,

up|?|x| "2 dx < co.
| o

We claim that u, = 0in Q. Indeed, consider the integral identity (4) for u{ and put ¢ = u(0n(x),
where 0y (x) = 0(|x|/N), 0(s) =1fors <1, 6(s) =0fors >2, § € C*°(R"), 0 <60 < 1. We get

. oul. 20
ij —0j N(x) /
kh BXh an Z%) dx, (25)

/Qs(ug)eN(x) dx+/l_zr\u5\29N(x)ds: —/Qa

ij Oug; dul.
where & () = “;cth(;,] I
In the same way as in (11) (Theorem 2, case n = 2), we can show that the right-hand side of (25)

tends to zero as N — co. Hence,

/ g(ug)eN(x)dx+/ Tub20n(x)ds — 0 for N — oo.
@) . F2

Using the integral identity

E(uf dx+/ T|uh|2ds = 0,
J €yt [ elug)
we find that if () is a solution to the homogeneous problem (1), (2), then uj, = Agx + By. The set of all

x such that Apx + By = 0 is a linear manifold whose dimension is less than 1 — 1, since the rank of the
matrix Ag is > 2 if Ay # 0. Therefore, 1;, = 0. The relation

/ T|up|*ds = 0,
I

implies that u6 = O on a set of positive measure on d(), and therefore, u6 =0, x € Q. Thus, the solution
to problem (e) is unique.
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We now claim that
Eq(ue, Q) = /Q |x|%|e(ue)|?dx = 00 for &+#0. (26)
First of all we show that if Cjy # 0 in (15), then
Ea(CP(x), Q) = [ [x|*le(CT (x))2dx = .

By the properties of the fundamental solution of the elasticity system [38], if T'(x) = |x|>~"U(x),
where U(x) is a homogeneous function of order zero, then |x|?|e(CjT(x))|? is a homogeneous function
of order a +2(1 — n), that is,

0 # [x|e(CHr(x)) 2 Y f(x) = C(Ch)lx|" 22 fy (x),

where fp(x) is a homogeneous function of order zero. We fix a point xy such that fy(xg) # 0.
By continuity, fo(x) # 0 in a neighborhood Qs(xo) of xo. We consider a cone K with vertex at
the origin such that Qs(x¢) C K. Then

Ea(CHT(x), ) = [ [x|"le(Cor(x))Pdx > €(cp) | X[ 722 dy = o
Q KN{x:|x|>H}
for C) # 0.
Applying the triangle inequality to the Formula (15) of the type C{I'(x) = u, — Ry.(x), where
Rie(r) = Y5 0T(x)Cp+ e (x),

0<lal<p

we obtain
o = Ea(c(/)r(x)/ Q) < Ea(ue/ Q) + Eu(Rle(x)/Q)'

It is easy to verify that E;(R.(x), Q) < oo. Hence E;(u,, Q2) = oo for € # 0, and we obtain the
problem (e;):
Lu,=0 in Q,

e Iry=2¢,  (o(ue) +Tue)lr, =0,
D(ite, Q) < oo, /Q e 2| 2 dx < oo,
Eq(u,, Q) =00, for €#0.
By Formula (26),
/Q |x|%le(Z)|?dx = co for b#0(Z#0).
For the function Z = W — b we have

= [ xlez)Pdx =[x le(w)dx < e.
o= [ |x'le(2)Pdx = [ |xl?le(W) P dx < oo

This contradiction shows that b = 0, thatis, € = 0. Hence W = Z is a solution of the following
problem (zp):
LZ=0 in Q,

Zln=0, (o(2) +72)l, =0,

D(Z,Q) < oo, / 1Z2|x| 2 dx < co.
JO
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By the unique solubility of the problem (e), we have Z = 0 in (). Hence W = 0, and since
W |, =0, (¢(W) + TW)|, = 0, it follows that W = 0 in (). This proves the theorem for n > 3.

The proof in the case n = 2 is carried out in a similar way. For a non-trivial constant
skew-symmetric matrix A, we construct a generalized solution 14 (x) of the mixed Dirichlet-Robin
problem for the system (1) in () with the boundary conditions (20) by minimizing the corresponding
functional over the class of admissible functions {u : u € H'(Q), u |r,= Ax, u hasa compact
support in Q}. This solution satisfies E(u4, Q) < co and D(u4,)) < oo. By Hardy’s inequality [6] we
obtain

/ lua 2)x| 2] In |x]| 2 dx < oo,
[x|>N

where N >>land G C {x: |x| < N}.
Let us prove that each generalized solution u of the problem (1), (2) satisfying the condition
E,(u,Q) < o0 has the following form:
u=uy— Ax,

where A is a constant skew-symmetric matrix. By Lemma 2, the solution of the system (1) has the form
(22) with P4 (x) = Ax + B, where A is a constant skew-symmetric matrix and B is a constant vector.
We claim that A = 0. For assuming that A # 0, we can write (22) in the following form:

ua(x) = Ax+B+T(x)Co+Ry(x), Ry(x)= Y 9"T(x)Cq+uP(x).
0<lal<p

By construction, D(u4, ) < oo, that is,

/p<‘x‘<R |Vusl?dx < C}

for each R. It is easy to see that
/Q VR, (x)|? dx < co.

Hence,
/ VR, (x)]?dx < C}
o<|x|<R
for any R. Since I'(x) is a fundamental solution of (1), I'(x) = S(x)In|x| 4+ T(x), where S(x) and
T(x) are (2 x 2)-matrices whose entries are homogeneous functions of order zero (see [39]), and so

|V(T'(x)Co)| < C(Co)|In |x|||x| 1. It follows that

[ IVE@C)Pax <C'(Co) [ x| nfx|Pdx < C'(Co)(nR).
p<|x[<R p<|x|<R
By (22) and the triangle inequality, we have
/‘ | |VPA(x)[2dx < C} + C) + C'(Co)(InR).
x|<R

On the other hand,

VP(x) = A, / VP4 (x) 2 dx = / | A[2|x|d|x| = C4R2.
J|x|<R J|x|<R

Hence C4R? < Cj + Cj 4+ C'(Co)(InR)? for each R >> 1. This contradiction shows that A = 0
and P4(x) = B. Hence, u4 = B+ T(x)Cy + Rq(x).
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We now claim that in (22) the constant Cy = 0. Assume that Cy # 0. Then by the triangle
inequality we obtain

/ V(T (x)Co) % dx < co.

On the other hand, I'(x)Cy = (S(x)In|x| + T(x))Co. Hence in a certain cone K we have the
inequality |V (T(x)Co)|?> > C(Cp)|x|~?(In |x|)?. Consequently,

o0 >/ V(T (x)Co) [2dx > C(Co)/ | [x|]2]x| 2 dx = oo.
Kn{x:|x|>H}

his contradiction shows that Cy = 0. Thus u4 = B+ Rq(x).

It is easy to verify that E,;(14,Q) < co for 0 < a < 2. Hence E;(uy — Ax,Q)) < oo and
(ug — Ax) € Kery (L), that is, the problem (1), (2), with condition E,;(u,Q)) < o0, 0 < a < 2 has
at least one non-zero solution, so that dim Ker, (L) > 1.

On the other hand, Ker,(L) C Kery(L) for a > 0, and therefore, dimKer,(L) < dimKery(L).
By Theorem 1, dimKerp(L) = 1. Thus, we have dimKer,(L) = 1 for 0 < a < 2. The theorem is
proved. 0O

Theorem 4. Ifn < a < oo, n > 2, thendimKer,(L) = 0.

Proof. Consider the case n > 3. Let a = n. We shall prove the theorem by contradiction. Assume that
dimKer,;(L) > 0. Then there is a u such that u € Ker,(L) and u # 0. Since a = n, we have
u € Ker, (L) C Ker,_»(L). Hence by Theorem 3 we obtain

U=uy—Ax —u,+ée, (27)

where & = $71Cy (see (19)) and Cy is defined by Formula (23). Substituting (15) and (23) in (27),
we obtain
u=Px)+(Co—Cor(x)+ Y 0*T(x)Co+uf(x),

0<a[<p
where P(x) = —Ax+, Co = Cu—Cl, ub(x) = uf(x) —ul(x). Since €} = 5 = S(571Cp) =
$S1C, = Cy, it follows that Cy — 66 = 0. Hence,
u=P(x)+ (G;V)I(x) + Ry(x), (28)

where
Ro(x) = Y 0T(x)Cq+ uP(x).
1<|a|<B

We claim that C; # 0 in (28). Indeed, we assume that C; = 0. Taking the scalar product of (1)
with 1 and integrating over (Qr, we obtain

/QR E(u)dx = (/an + /|x—R> uo(u)ds. (29)

/ uo(u)ds -0 for R — oo.
[x|=R

We claim that

It is easy to verify that |u| < Cl|x| and |o(u)| < C|x|7"! for C; =0. Next, using the
Cauchy-Schwartz inequality we obtain

/ uo(u)ds
|x|=R

< d
<c [ Jullotlds



Mathematics 2020, 8, 2241 21 of 32

1/2 1/2
<c {/ |x|2ds] {/ |x| (=12 ds} =cR'50 as R— co.
[x|=R |x|=R

There exists a sequence of domains Qg, such that Qg C Qg , C --- CR", UQg, = Q.
In equality (29) we pass to the limit as R = Ry — co. By the Cauchy-Schwartz inequality,

dx] [/ dx] < 00,
Qr

E)ui

o o
axk

/QRS(u)dx gcl/QR 3%,

because Qg C Qand [ |Vul?dx < co. Thus,

/QS(u)dx: (/rlJr Fz) uo(u)ds.

On the other hand, u = u4 — Ax — (ue — &) and u [r,=0, (o(u) + Tu)|, = 0. Hence,

/ua(u)ds:o and /5(u)dx+/ T|ul?ds = 0.
F1 Q 1—‘2

Using the integral identity
/ E(u)dx + / T|u?ds =0,
0 I,

we find that if u is a solution to the homogeneous problem (1), (2), then u = Agx + By. The set of all x
such that Agx 4+ By = 0 is a linear manifold whose dimension is less than n — 1, since the rank of the
matrix Ag is > 2if Ag Z 0. Therefore, u = 0. The relation

/ T|ul?ds = 0,
I

implies that # = 0 on a set of positive measure on d(), and therefore, u = 0.

This is a contradiction, since u € Ker,(L) and u # 0. Thus, C; # 0 in (28).

By assumption, E, (1, Q) < oo. It is easy to verify that E;(Rp(x),)) < o0 and E,;(P(x),Q)) = 0.
Now, by the triangle inequality we obtain

E,((C1V)I(x),Q) < oo for a=n.

By the properties of the fundamental solution of the system (1) (see [38]) we have
T(x) = |x[>~"U(x), where U(x) is a homogeneous function of order zero. Hence |x|"|e((C;V)T'(x))|?
is a homogeneous function of order (—n), that is,

n ~ 2 dif —n
0 Z [x["e((GVIT() " = fx) = [x[7" folx),
where fp(x) is a homogeneous function of order zero. We fix a point xy such that fy(xg) # 0.

By continuity, fo(x) # 0 in a neighborhood Qs(xo) of xg. We consider a cone K with vertex at
the origin such that Qs(xp) C K. Then

00 > /Q |x|"e((G1 V)T (x)) | dx > C(Cy) /{x:‘bu} 1|1 dx = .

This contradiction shows that # = 0. This completes the proof for n > 3.
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Consider now the case n = 2. It sufficient to show that dimKer,(L) = 0 for a = 2. Assume that
dimKer, (L) > 0, that is, there exists u such that u € Ker,(L) and u# # 0. Since a = 2, it follows that
u € Ker,(L) C Kerp(L). Hence by Theorem 3 we obtain

Uu=uy— Ax
and for u4 Lemma 2 yields a representation (22), that is,
MA(X) = PA(X) + R(X)/

where P4 (x) = Ax + B, A is a constant skew-symmetric matrix and B is a constant vector. Substituting
the expansion of 14 (x) in the representation of u(x), we obtain

u=B+T(x)Co+R(x), Ri(x)= Y. 0T(x)Cy+ub(x).
0<al<p

We prove that Cy = 0 by contradiction. Indeed, assume that Cy # 0. Then we have
E;(R(x), QY)=E;(u, ())<oo.
On the other hand, T'(x) = S(x) In|x| + T(x), where S(x) and T(x) are (2 x 2)— matrices whose
entries are homogeneous functions of order zero (see [39]). Hence,
le(R(x))* = Clx|?(In|x])?

in some cone K, and therefore

> E(R(x), ) = [ [x/"|e(R(x))dx

>c(c) | x|~ (In [x])? dx = eo
Kn{x:|x|>H}
for a > 2. This contradiction shows that Cy = 0. Thus,

u=B+Ry(x), Ryi(x)= O(|x|711n |x]).

Taking the scalar product of (1) and u and integrating over (), we obtain

/QR E(u)dx = (/80+/x|—R> uo(u)ds.

In view of the boundary conditions u [r,= 0, (o(u)+Tu)lr, = 0, and fFl uo(u)ds = 0,
we have

/Qé'(u)zilx—l—/r2 Tlul?>ds = /\xl:Rua(u) ds. (30)

Since |u| < Cand |o(u)| < C|x|~2In|x], it follows that

[fpmeretas] < [ giewre

SC/II x| 2In|x|ds = CR"'InR -0 as R — co.
x|=R

Passing to the limit as R — oo in equality (30), we obtain

/5(u)dx+/ T|ul?ds = 0.
o) I,
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Using the obtained integral identity, we conclude that if u is a solution to the homogeneous
problem (1), (2), then u = Ajx + By, where A; is a constant skew-symmetric matrix, Bj is a constant
vector. Hence,

Aix+ By = B+ Ry (%),

where Rq(x) — 0 as |x| — co. Thus, we have Ajx + (B; — B) — 0, which is possible only if A; = 0
and B; = B. In view of boundary conditions (2), B = 0 and u = 0, so that dimKer,(L) = 0 forn =2
and 2 < a < co. The theorem is proved. O

Theorem 5. The mixed Dirichlet—Robin problem (1), (2) with the condition E,(u, Q) < oo has k(r,n) linearly
independent solutions for —2r —n < a < —2r —n + 2, that is,

dimKer, (L) = k(r,n),
where r > 0 and

k(r,n) =

n (DY), i =3,
4r +2, if n=2.

Here () is binomial coefficient from r to's, () = 0ifs > r.

Proof. Assume that n > 2. To prove the theorem, we need to determine the number of linearly
independent polynomial solutions of a system (1), the degree of which does not exceed the
fixed number.

Let P = (P, ..., Py) be a polynomial solution of the system (1) of degree r. Then the degree of the
polynomial P; does not exceed r, and P can be represented in the following form:

r
p=Y PO, (P)
s=0
where P6) = ( Pl(s),. . .,P,SS)) is a homogeneous polynomial of degree s, satisfying the system (1)

(see [38]).
The space of polynomials in R” of degree at most r has dimension (r + n)!/r!n! (see [41]).
Hence the dimension of the space of vector-valued polynomials in R" of degree at most r is equal to

n(r+n)! (r+mn)!

rin! rl(n—1)

Polynomials of this kind solving the elasticity system form a space of dimension

A=l (r—20m—11 "

rin! (r—2)!n!

(r+n)! (r+n—2)! ((r+n)! (r+n—2)!),

because each equation of the elasticity system is equivalent to the vanishing of some polynomial of
degree (r —2).

We denote by k(r,n) the number of linearly independent polynomial solutions of (1) whose
degree is at most , and let [(r, n) be the number of linearly independent homogeneous polynomials of
degree r that are solutions of (1). Using representation (P) we obtain

where
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We now prove the following statements are true:

(i) The Dirichlet-Robin problem (1), (2) with the condition E,;(u,(}) < oo has k(r,n) linearly
independent solutions for —2r —n <a < —2r —n +2;

(ii) Each system of k(r, 1) + 1 solutions is linearly dependent.

(i) Let wy, . .., wy be a basis in the space of polynomial solutions of (1) whose degrees do not exceed r.
Since ord w; < 7, it follows that E;(w;, Q) < cofor —2r —n <a < —2r —n+2. Foreachw;, i =1,...,k
we consider the solution v; of the system (1) such that v; |r,= w;, (0 (v;) + Tv;) r, =0and

D(v;, Q) < o0, /|Ui|2|x|_2dx<oo.
o)

Such a solution we can construct by the variational method, minimizing the corresponding functional
over the class of admissible functions {v : v € H'(Q),v |r,= w, v has compact support in Q}.

Consider next the difference: z; = w; — v;. We have Lz; = 0in Q), z; [r,= 0, (0(z;) + 7z;)|, =0
and E;(z;, Q) < co.

Let us prove that z;, i = 1,...,k, are linearly independent. Indeed, if

k k
Z=) ¢izj=0,¢;=const, then Y ¢i(w;—v;)=0,
i—1 i=1

1

that is,
k k
W= Zciwi = Zcivi =V.
i=1 i=1
Hence, |W|?> = |V|?, [VW|? = |VV|? and

D(W,Q) =D(V,Q) < o,
20,2 21,2 (31)
/ (WP |x| 2 dx = / V2]x| 2 dx < co.
O Q
By Lemma 1, the solution V of the system (1) in () has the following form:
V(x) = P(x) + R(x),

where P(x) is a polynomial, and

R(x) = Y 9T(x)Ca+VA(x), R(x)=O0(x2™").

Bo<|a|<B

It is easy to verify that
D(R(x),Q) < oo, /Q IR(x)P|x| 2dx < co for n>2.
By the triangle inequality,
D(P(x),Q) < o, /Q 1P(x)[2]x| 2 dx < co.

We claim that P(x) = 0. Indeed, assume that ord P(x) = r. Then in the interior of a certain cone
K we have |VP(x)| > C|x|"~!. Hence,

0 > D(P(x),Q) > C x| =12 gy = c/ x| =24 x| 7 d ).
KNn{x:|x|>H} |x|>H

This integral converges only when r < 0. Therefore, P(x) = 0.
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Thus, V(x) = R(x), where R(x) — 0 as |x| — oo, thatis, V(x) — 0 as |x| — co. Hence,

k
Y cwi=W=V =0 as |x|— oo,

and by the estimates (31) we obtain Z ciw; = 0.
i=
Since w; is a basis in the space of polynomial solutions of (1) whose degrees do not exceed 7,

it follows that ¢c; = 0, i = 1,...,k. Hence the problem has at least k(r, n) linearly independent
solutions.

(ii) Let us prove that each solution u of the system (1) with boundary conditions u |r,= 0,
(0(u) 4+ Tu)|r, = 0and Eq(u,Q2) < co can be represented as a linear combination of the solutions
zi, i=1,...,k, z; = w; — v;. By Lemma 1, every solution of the system (1) in () may be written as

u(x) = P(x) + R(x),
where P(x) is a polynomial of degree ord P(x) <m = [1—n/2—a/2],

R(x)= Y 0T(x)Cy+ub(x).

Bo<|a|<B

Since —2r—n <a < —2r —n+2,it follows that —n/2 —a/2 <r <1—n/2 — a/2 and, therefore,
r=1[1-—n/2—a/2] =m.Hence ord P(x) <r
We claim that P(x) is a solution of the system (1). Indeed,

0=Lu=LP(x)+LR(x), where LR(x) -0 as |x|— oo.
Since LP(x) is a polynomial and LP(x) = —LR(x) — 0 as |x| — oo, it follows that LP(x) = 0,

that P(x) is a polynomial solution of the system (1). Hence it is represented as a linear combination of
the functions w;, i = 1,..., k:

k
x) = Zciwi.
i=1

k
We claim that u = )~ c¢;z;. We set
i=1

k
ug =u— )y ciz
i=1

By our construction of the solutions, after elementary transformations we obtain

k
x)+ Z C;i0;.
i=1

Let us prove that uy = 0. Indeed, 1y is a solution, that is, Luy = 0 in Q, uy |r,= O,

and  (0(uo) + Tup)|r, = 0. By the construction of the solutions v; we have

1

D(0;,Q) < oo, / 0i[2)x|2dx < o0, i =1,...,k
QO
Moreover, it is easy to verify that

D(R(x),Q) < oo, /Q IR(x) 2 x| 2 dx < co.
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Hence,
D(ug, Q) < o, /Q g |2|x| 2 dx < oco.

Since u,(x) is a unique solution of problem (e) in Theorem 3, it follows that 19 = 0. This proves
the theorem for n > 2.

The proof for n = 2 is similar. We claim that

(i) The Dirichlet-Robin problem (1), (2) along with the condition E,(u, (}) < oo has k(r,2) linearly
independent solutions for —2r —2 <a < —2r;

(ii) Each system of k(r,2) + 1 solutions is linearly dependent.

(i) Letwy, . .., wi be a basis in the space of polynomial solutions of (1) whose degrees do not exceed
r. The vector-valued functions u; = (const,0) and u, = (0, const) are linearly independent polynomial
solutions of (1). Therefore we can assume without loss of generality that w; = (1,0), w, = (0,1).
The condition ord w; < r shows that |w;| < c|x|" and, therefore, E,(w;, Q) < oo for —2r —2 < a < —2r.

For each w;, i = 3,...,k we consider a solution v; of the system (1) such that v; |r,=
wi, (o(vi) +70i)|r, =0, D(v;, Q) < oo and, by Hardy’s inequality [6], we have

/H o3 |x] 2| In ||| 2dx < o,
x|>N

where N >> 1such that G C {x: |x| < N}.

Such a solution may be constructed by the variational method, by minimizing the corresponding
functional over the class of admissible functions. In the same way, we can construct solutions of (1)
with boundary conditions v; |r,= I'(x)&, (o(v;) +1vi)|r, =0, i =12, whereé; = (1,0) and
¢ = (0,1) such that E(v;, ) < oo and D(v;, ) < oo. By Hardy’s inequality [6] we obtain

/H o3| 2| In |x|| 2 dx < o,
x|>N

where N >>1and G C {x: x| < N}.
Letz; =w; —v;, i =3,...,k,k+1,k+ 2, where wy ;1 = I'(x)¢; and wy» = I'(x)¢,. Then Lz; =0
inQ,z|r,=0, (0(z) +Tz,-)|r2 =0, and

Eq(z;, Q) < CDy(z;, Q) < oo.

We claim that z;, i = 3,...,k + 2 are linearly independent. Indeed, if

k+2 k+2
Z=)Y cizi=0,c;=const, then ) cj(w;—v;)=0,
i=3 i=3
that is,
k+2 k+2

W=)Y cw =) co=V.
i=3 i=3
Hence |W|? = |V|?, |[VW[? = |VV[?, and
D(W,Q) = D(V,Q) < oo,

/ |W|2|x|*2|ln|x||2dx:/ [V|2|x| 72| In |x|| 2 dx < 0.
|x|>N |x|>N

By Lemma 1, the solution V of the system (1) in () has a representation
V(x) = P(x) + R(x),

where P(x) is a polynomial and R(x) = Y5 < |aj<p 9*T(x)Ca + 0P (x).
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We prove that ord P(x) = 0 by contradiction. Indeed, assume that ord P(x) = k, where k # 0.
Then in the interior of a certain cone K we have |P(x)| > C|x|¥. In addition, R(x) ~ In |x|. Hence,

C
V(x)] = P(x) + R(x)| > [P(x)| = |R(x)| > Clx|* = CIn x| > |x[*
for |x| >> 1. This yields the inequalities

C
oo > / [VI%|x| 72| 1In |x|| 2dx > = |x|?72| In |x|| 7% dx.
|x[>N 2 Jix|>N

The resulting integral diverges for k > 1. Hence ord P(x) = 0 and P(x) = C = const. Thus,

V=C+T(x)Co+Ri(x), Ri(x)= Y 0T (x)Cy+oP(x).
0<|a|<pB

We now claim that Cy = 0. Indeed, if Cy # 0, then

const(C
|[V| = |C+T(x)Co+ Ry(x)| > const(Cy)|In|x|| — C — |R1(x)]| > % In |x|,
because |R1(x)| < 1 for [x| >> 1. By Hardy’s inequality [6],
0o > / V2[x| 72| In |x|| 2 dx
|x|>N
t(C
> M/ |In |x|2|x| 72| In |x|| 2 dx = oo.
2 |x|>N
This contradiction shows that Cy = 0. Hence,
k+2
C+Ri(x) =) cw,
i=3
and, therefore,
k+2
Y ciwi—C=Ry(x) >0 as |x]— co. (32)
i=3
LetC = — (c’l, c’z), then by our choice of the function w; and w,, we obtain
—C = djwy + chw.
Hence, by (32),
k+2 k .
Y ciw; =0, thatis, Y ciw; = —CiqWki1 — ChrWito-
i=1 i=1
Since wyq = I'(x)¢1 and wy, = I'(x)¢, it follows that
k
Y ciwi = —cj 1T ()& — ¢, T (). (33)
i=1

The left-hand side of (33) is a polynomial while its right-hand side has logarithmic growth as
k

|x| = oo, therefore they both vanish, and } cjw; = 0.
i=1
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Since w;, i = 1,...,k, form a basis in the space of polynomial solutions, it follows that
c;=0,i=1,...,kT(x)(c 16+ cy +252) = 0, and in view of the linear independence of the vectors
¢ and &, we obtain ¢, = ¢;_, = 0.

Hence the z;, i = 3,...,k + 2, are linearly independent solutions, that is, the Dirichlet-Robin
problem (1), (2) supplemented with the condition E,(1,Q)) < oo has at least, k(r,2) linearly
independent solutions.

(ii) Let us prove that each solution u of (1) with the boundary conditions (2) and E,(u,Q)) < oo
for —2r —2 < a4 < —2r may be represented as a linear combination of the sulutions
z;,1=3,...,k+2,z;, = w; — v;.

By Lemma 1, a sloution u of (1) in () has the form

u=P(x)+T(x)Cy+ Ry(x),

where P(x) is a polynomial of degree ord P(x) < m = [~a/2]and Ry (x) = ¥ 0T (x)Cy + uP(x).
0<|a|<B
Since —2r —2 < a < —2r, we have —1 —a/2 < r < —a/2 and, therefore, r = [—a/2] = m.
Hence ord P(x) < r.
We claim that P(x) is a solution of (1). Indeed, we have

0= Lu(x) = LP(x) + LR(x),

where LR(x) — 0 as |x| — oo.
Since LP(x) is a polynomial and LP(x) = —LR(x) — 0 as |x| — oo, it follows that LP(x) = 0,
that is, P(x) is a polynomial solution of (1). Hence it is a finite linear combination of the functions

wi,i: 1,...,k:
k
P(x) =Y djw;, d;= const.
i=1

k+2
Let Cp = dy161 + di42062. To show that u = ) d;z;, we put
i=3
k+2
uyg =u— Z dizi-
i=3
After elementary transformations we obtain
k+2
ug = P(x) +T(x)Co+ Ry (x) — Y di(w; — v,
i=3
k+2

=Y+ Rl(x) + Z d;v;,
i=3

2
where ¥ = Y} d;w;.
i=1
We claim that ug = 0. Indeed, we have Lug = 0in O, ug |r,= 0, (c(uo) + Tug)|r, = 0. By the

construction of the solutions v; we get

D(v;,Q) < oo, / o2 1x| 2| In |x|| 2 dx < 00, i=3kT2.
|x|>N

It is easy to verify that D(Ry(x),Q)) < oo, D(¥,Q)) < co and

/H IRy (x)[2]x| 2| In ||| 2 dx < oo, /H [¥[2[x] 72| In [x|| 2 dx < oo,
N x|>N
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Hence it follows by the triangle inequality that D (19, ) < oo and
[ ol 2 in a2 dx < o
|x[>N

Using the unique solubility of problem (w), we now see from Theorem 3 that 19 = 0. Hence,

u = Z di(w,» - Ui)-
i=3

Thus the problem (1), (2) has (k +2) — 2 = k = k(r,2) linearly independent solutions. The proof
is complete. O

4. Conclusions

The problem of studying boundary value problems for the system of elasticity theory began to
be dealt with at the beginning of the 20th century. One of the first papers initiating the systematic
investigation of these problems was Fredholm’s classical paper [42], in which the first boundary value
problem for the linear elasticity system in the case of an isotropic homogeneous body was studied by
the method of integral equations. The second boundary value problem for the elasticity system in
the case of a bounded domain was studied by Korn [43], who was the first to establish inequalities
between the Dirichlet integral D (1, Q)) of the solution and the energy E(u, Q)) of the system, which are
now known as Korn’s inequalities. Friedrichs’s paper [44] played a major role in the analysis of the
mathematical aspects of the stationary elasticity theory. In that paper Korn's inequalities are proved
and the first and the second boundary value problems of the elasticity theory are analyzed in a bounded
domain by the variational method. Here we also note Fichera’s monograph [5], who used Korn’s
inequalities and functional methods to study various boundary value problems for the elasticity system.
For a wide class of unbounded domains Kondratiev and Oleinik [6-8] established generalizations of
Korn’s and Hardy’s inequalities and used them for the analysis of the main boundary value problems
for the elasticity system. In particular, they investigated the existence, uniqueness and stability of
solutions of boundary value problems with a finite energy integral.

This article considers the boundary value problem for the elasticity system in the exterior of a
compact set with the mixed boundary conditions: the Dirichlet condition on one part of the boundary
and the Robin condition on the other; and also with the condition of boundedness of the energy integral
E,(u, Q)) with the weight |x|?, which characterizes the behavior of the solution of this problem at infinity.
Depending on the value of the parameter 4, for each interval, we determine the dimension of the kernel
of the operator of the theory of elasticity. The main research method for constructing solutions to the
mixed Dirichlet-Robin problem is the variational principle, which assumes the minimization of the
corresponding functional in the class of admissible functions. Further, using Korn’s and Hardy’s-type
inequalities, we obtain a criterion for the uniqueness (or non-uniqueness) of solutions to this problem
in weighted spaces. These results find their practical application in the field of shell theory, mechanics
of deformable solids, as well as in the study of some problems in the theory of scattering, optics,
applied and astrophysics.

Note that a new inequality called the Korn’s interpolation inequality (since it interpolates between
the first and second Korn's inequalities) was applied to study shells. An asymptotically exact version
of the interpolation estimate was proved by Harutyunyan (see [12], and other papers) for practically
any thin domains and any vector field.

Further, this theory has found its development in many papers in the field of mathematical
physics and applied mathematics; some of them are given in the bibliography.
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5. Application

As an application, we note the book [45], in which astronomical optics and the elasticity theory
give a very complete and comprehensive description of what is known in this field. After extensive
introduction to optics and elasticity, this book discusses a multimode deformable mirror of variable
curvature, as well as in-depth active optics, its theory, and fields of application.
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