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Abstract

:

This paper presents an easy-to-apply methodology that allows obtaining the permeability index and the initial hydraulic conductivity of clayey soils, basic constitutive parameters in non-linear models of consolidation, based on the laboratory oedometer test. For this, the data of the void ratio, compressibility index and characteristic consolidation time are taken from the test and, as an inverse problem, the constitutive permeability parameters sought are determined by applying the universal solutions of the characteristic time for a general non-linear consolidation model with constitutive relations void ratio-effective soil stress and hydraulic conductivity-void ratio of logarithmic type. The application protocol of the inverse problem is described in detail and illustrated by a series of applications carried out on real laboratory data belonging to two different soils. The influence that errors in laboratory parameter measurements can have on the final values of the permeability index and initial hydraulic conductivity is studied, showing the maximum deviations that may appear and, by last, the precision of the results obtained.
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1. Introduction


The determination of the constitutive parameters that govern the consolidation of soils is a topic of great interest in geotechnics in order to calculate the characteristic time of the process, as well as the evolution of the degree of consolidation and the surface settlement [1,2].



It is known that the solutions to the consolidation problem derived from the universal linear consolidation curves [3] always fall on the side of safety when designing a soil consolidation project, hence the widespread use of these curves. However, in most soils, the hypotheses assumed by the linear theory are severe and the deviations of its analytical solutions from the experimental results can be appreciable, reaching relative errors that are close and even greater than 100% [4]. In order to study the non-linear behavior, different types of dependency between porosity (void ratio) and effective stress, on the one hand, and hydraulic conductivity and effective stress (or porosity), on the other, have been proposed in the scientific literature over the last decades. These dependencies conform to logarithmic and potential functions, and their authors name the type of non-linear consolidation that derives from them. The most widespread models are those of Davis and Raymond [5], Juárez-Badillo [6] and Cornetti and Battaglio [7], the last reformulated by Arnod et al. [8]. Among the hypotheses assumed by these models we highlight the incompressibility of the fluid and the soil skeleton, a constant volume (1 + e) in the term of soil compression in the equilibrium equation and the non-consideration of creep effects [9,10]. The most commonly used model in the literature, Cornetti and Battaglio [7], assumes logarithmic type dependencies both between the void ratio and the effective stress and between the void ratio and the hydraulic conductivity.



Recently, the dimensionless groups that characterize the aforementioned models, as well as their extensions to more general and precise formulations obtained from the elimination of several restrictive hypotheses [11], have been derived from their governing equations and the application of the pi theorem [12], which has allowed the construction of universal curves of easy use for the determination of the characteristic consolidation time, the average degree of pressure dissipation and the average degree of settlement [13,14,15,16]. The results obtained by these authors reduce the numerous coefficients (dimensional or not) involved in the models to a small number of dimensionless groups based on which the solution for each unknown is presented by a single universal curve. For the purpose of this article, the consolidation model used is that of Alhama et al. [15], an extension of Cornetti and Battaglio [7] in which the restrictive hypotheses of constant volume in the contraction term of the governing equation and constant thickness of the volume element along the consolidation process have been deleted.



In the present paper, based on the results of a simple oedometer test and making use of the universal solutions of the Alhama et al. model [15], the constitutive soil parameters that characterize this are determined. These are: Cc (compression index), ck (permeability index) and ko (initial hydraulic conductivity). For this, the universal curve of the characteristic time to reach 90% of the final settlement (   τ  0.9    ), a parameter of clear physical meaning [15,17], is used.



The proposed work falls into the category of so-called inverse engineering problems [18,19,20,21,22] since it is based on experimental data to infer, in this case, the properties of the soil [23,24]. The consolidation curves associated with two successive step loads (in accordance with the standards of the oedometer test) allow to obtain directly both the compression index and the characteristic time of settlement of each curve. With these last data, the universal curves of the model allow to adjust graphically, or analytically through simple mathematical programming routines, the values of the rest of the parameters sought, that is, ck and ko.



In addition to the great precision in the estimation of these parameters, it was analyzed the influence of the errors that can occur in the reading of the data coming from the oedometer test: the characteristic consolidation time and the compression index. For this purpose, these parameters were affected by errors of 0.5, 1 and 2% and, after applying again the calculation routine to obtain ko and ck, their deviations were quantified, always being less than 20%. This maximum value is considerably reduced when, as in reality, the errors made are random for the same maximum instrumental error.



In the following, the mathematical non-linear consolidation model of Alhama et al. [15] is presented first, then collecting the dimensionless groups that govern it and the universal curve corresponding to the characteristic consolidation time. Next, the inverse problem statement and the protocol proposed for its solution are described, then solving two applications with real data from both oedometer tests corresponding to a clayey soil with a high content of muscovite and a kaolinite. An analysis of the influence of errors (calibration or reading) of the oedometer test data is made and, finally, we find a section that summarizes the contributions and conclusions of the work.




2. Non-Linear Consolidation Mathematical Model, Dimensionless Groups and Universal Curves


The following summarizes the deduction of the non-linear consolidation equation and the dimensionless groups derived from the model of Alhama et al. [15], which is a generalization of the Cornetti and Battaglio [7] model by elimination of the restrictive hypotheses of constant volume in the contraction term of the governing equation and constant thickness of the volume element along the consolidation process.



The constitutive dependencies e = e(σ    ′   ) and e = e(k) for the Alhama et al. model [15] are:


   e =  e o  -  C c    log   10       σ ′    σ o ′          or    σ ′  =  σ o ′    10   −     e −  e o     C c          



(1)






   e =  e o  +  c k    log   10      k   k o          or   k =      k   o    10       e −  e o     c k          



(2)







From these, the dependency   k = k   σ ′     is given by


   k =  k o        σ ′    σ o ′        −    C c     c k      =  k o        σ ′    σ o ′        λ − 1       being   λ = 1 −    C c     c k      



(3)







The balance equation for a volume element equals the change in the void ratio per unit time to the flow of water leaving the element. Its expression, if we eliminate the restrictive hypothesis of constant volume (1 + e) in the term of soil compression, is


   ∂  ∂ z       k  u     γ w      ∂ u   ∂ z     =  ∂  ∂ t      e    1 + e       =  1      1 + e    2        ∂ e   ∂ t      



(4)







Taking into account the relation between the excess pore pressure and the effective stress of the soil,


   σ ′    =      σ   c    −   u   +    σ o ′   



(5)







Equation (4) can be developed (using the Equations (1), (2), (3) and (5) conveniently) and written in terms of the excess pore pressure


    ∂ u   ∂ t   =       1 + e    2  L   10    σ o ′   k o     C c   γ w           σ c  − u +  σ o ′     σ o ′       λ         ∂ 2  u   ∂  z 2      +     1 − λ    σ c  − u +  σ o ′            ∂ u   ∂ z      2     



(6)




or, if preferred, in terms of the effective pressure


    ∂  σ ′    ∂ t   =       1 + e    2  L   10    σ o ′   k o     C c   γ w          σ ′    σ o ′       λ         ∂ 2   σ ′    ∂  z 2      −     1 − λ   σ ′           ∂  σ ′    ∂ z      2     



(7)







Alternatively, the consolidation equation can also be written in terms of the new variable   ω = e −  e f   , with a clear physical meaning and directly related to the degree of settlement. Through the constitutive dependency   e −  σ ′   , and after a series of mathematical manipulations, is reached


    ∂ ω   ∂ t   =       1 + e    2  L   10    σ o ′   k o     C c   γ w          σ ′    σ o ′       λ         ∂ 2  ω   ∂  z 2      − λ   L   10      I c          ∂ ω   ∂ z      2     



(8)







In addition, the hypothesis of assuming variable the thickness of the volume element leads to a dependency relation between dz and e, given by


  dz =   dz  o    1 + e   1 +  e o     



(9)







In summary, the non-linear mathematical model is formed by the governing Equations (6), or (7) or (8) and (9), plus the constitutive dependencies and definitions above. To these, the necessary initial and boundary conditions must be added. The transformation of these governing equations to their dimensionless forms allows the deduction of the dimensionless groups that govern the solution of the problem, which for the case studied in terms of settlements (8) are reduced to only two. These are:


    π I  =    τ  0.9       1 +  e o     2   σ o ′   k o     C c   γ w   H o 2      ,    π  II   =        σ f ′     σ o ′       λ    



(10)







The pi theorem allows to write the relation between the characteristic time (through the dimensionless monomial    π I    in which this time is defined) and the dimensionless group    π  II    , in the form    π I    = Ψ(   π  II    ) or


   τ  0.9   =    C c   γ w   H o 2        1 +  e o     2   σ o ′   k o    Ψ          σ f ′     σ o ′       λ     



(11)







The unknown function Ψ was determined and verified through numerical simulations, providing the universal curve shown in Figure 1.



The authors also adjusted this dependency, covering a wide range of values of the monomials    π I    and    π  II     around unit (which in fact covers all cases of interest in practice), to a potential function with regression coefficient 0.9980. They also reported a finer adjustment of this function, with regression coefficients very close to the unit, separating the curve into three sections. The results are given by the following expressions:


    π I  = 0.352  π  II      − 0.935        π I  ∈   0 ,   10        π  II   ∈   0 ,   6.5        R 2  = 0.9980   



(12)






    π I  = 0.413  π  II      − 0.868        π I  ∈   2 ,   14        π  II   ∈   0.02 ,   0.16        R 2  = 0.9997   



(13)






    π I  = 0.374  π  II      − 0.930        π I  ∈   0.4 ,   2        π  II   ∈   0.16 ,   1        R 2  = 0.9997   



(14)






    π I  = 0.373  π  II      − 1.047        π I  ∈   0.05 ,   0.4        π  II   ∈   1 ,   6.5        R 2  = 0.9998   



(15)








3. Parameter Calculation Protocol


As we have mentioned, it is based on a soil sample of known initial thickness (or draining length Ho), void ratio (eo) and effective stress (   σ o ′   ). After performing an oedometer test and representing two of its consecutive consolidation curves, the parameters characteristic settlement time (   τ  0.9    ) and compression index (Cc) for each step load are determined (the compression index will be very similar in both steps). With these values and the universal characteristic time curve, the initial hydraulic conductivity (ko) and the permeability index (ck) are obtained. In detail, the proposed protocol is broken down into the following steps:




	(i)

	
A sample of normally consolidated soil, from which we know its initial parameters eo, Ho and    σ o ′   , is selected. With it, the oedometer test is prepared to obtain two successive consolidation curves, H = H(t). The effective stresses    σ 1 ′    (final effective stress of the first step and initial effective stress of the second) and    σ 2 ′    (final effective stress of the second step) applied to the sample are set. Although not mandatory, the provisions of the oedometer standard are followed as regards the ratio of loads for a certain step, so that    σ 1 ′  = 2  σ o ′    and    σ 2 ′  = 2  σ 1 ′   .




	(ii)

	
From the previous consolidation curves and using, for example, the graphic method of Casagrande [25], the final thicknesses of the sample (or final draining lengths H1 and H2) due to primary consolidation are determined and, from these and the H-e relation    H   H o    =   1 + e   1 +  e o     , the final void ratios of primary consolidation (e1 and e2, respectively) are also noted. The characteristic times of each stage,    τ  0.9 , 1     and    τ  0.9 , 2    , which are different due to the non-linearity of the problem, are defined as those elapsed from the beginning of each stage until the sample reaches 90% of the total range of thickness reduction by primary consolidation. This is the time with which the universal consolidation curves are constructed [15]. So,    τ  0.9 , 1     reads at the point   H =  H o  − 0.9    H o  −  H 1      in the first curve while    τ  0.9 , 2     at   H =  H 1  − 0.9    H 1  −  H 2      in the second.




	(iii)

	
From the segments of the oedometric curve defined by the pairs (eo,    σ o ′   ) and (e1,    σ 1 ′   ), and (e1,    σ 1 ′   ) and (e2,    σ 2 ′   ), the compression index of each step is determined.    C  c , 1   = (  e 1  −  e o  ) /     log   10      σ o ′    −   log   10      σ 1 ′        and    C  c , 2   = (  e 2  −  e 1  ) /     log   10      σ 1 ′    −   log   10      σ 2 ′       . As expected, both indices must be nearly the same,    C  c , 1   ≅  C  c , 2    . So far, we have the following parameters: the effective stresses    σ o ′   ,    σ 1 ′   ,    σ 2 ′   , the draining lengths Ho, H1, H2, the void ratios eo, e1, e2, the characteristic times    τ  0.9 , 1    ,    τ  0.9 , 2     and the compression indexes Cc,1, Cc,2.




	(iv)

	
The following steps really constitute a relatively simple inverse problem that allows determining, using the characteristic time curves, the permeability index ck and initial hydraulic conductivity of the soil ko, as well as, from them, the hydraulic conductivities k1 and k2 at the end of each consolidation stage.




	(v)

	
An initial hydraulic conductivity value is set, ko,I.




	(vi)

	
From ko,I, Cc,1,    τ  0.9 , 1     and the rest of the parameters involved in    π I    and    π  II     (eo, Ho,    σ o ′   ,    σ 1 ′    and γw), the universal Equation (12) is solved to obtain a first value of the permeability index, ck,I.




	(vii)

	
With ko,I, ck,I, Cc,1,    σ o ′    and    σ 1 ′   , using the dependency (3), the final hydraulic conductivity of the first compressibility curve (or the initial one of the second) is calculated. Let us call this conductivity k1,I. Now, from k1,I, Cc,2, ck,I and the parameters e1, H1,    σ 1 ′   ,    σ 2 ′    and γw, Equation (12) provides a characteristic time    τ  0.9 , 2 , I    .




	(viii)

	
Calculate the simple functional defined by


   Θ I  =      τ  0.9 , 2 , I      τ  0.9 , 2      



(16)













This value will generally be much greater than unit if high initial hydraulic conductivities (of the order of ko,I = 10−7) are chosen, or much smaller than unit if low ones are taken (of the order of ko,I = 10−13). We will assume that we have chosen a high initial hydraulic conductivity, so that    Θ I   ≫1.




	(i)

	
Repeat steps (v) to (vii) for the successive values of initial hydraulic conductivity 0.1ko,I, 0.01ko,I, 0.001ko,I… and determine their respective resulting functionals. These functionals will decrease monotonously until for a given one whose value is lower than unit. Then, we retain the value of the last conductivity whose functional was above the unit, as well as its associated permeability index and functional value. Let ko,F,I, ck,F,I and    Θ  F , I     be these values.




	(ii)

	
If    Θ  F , I     <    Θ  ref     (a sufficiently small reference value, for example    Θ  ref     = 1.001), ko,F,I and ck,F,I are the solutions sought. If    Θ  F , I     >    Θ  ref    , rename ko,F,I as ko,I and go to step x).




	(iii)

	
Repeat the steps (v) to (vii) for initial conductivities 0.9ko,I, 0.8ko,I, 0.7ko,I, … 0.1ko,I and determine their resulting functionals. Again, the functional value will decrease until being lower than unit and we will retain the value of the last conductivity whose functional was above the unit, as well as its associated value of ck. Let ko,F,I, ck,F,I and    Θ  F , I     be these values. If    Θ  F , I     <    Θ  ref    , ko,F,I and ck,F,I are the solutions sought. If    Θ  F , I     >    Θ  ref    , rename ko,F,I as ko,I and repeat this step.




	(iv)

	
If in step (x) it happens that the functional for 0.9ko,I is less than one, then we will reduce the conductivity as follows: 0.99ko,I, 0.98ko,I, 0.97ko,I, … 0.9ko,I. Once we have found the value of ko,F,I of this step, if    Θ  F , I     >    Θ  ref     we rename again ko,F,I as ko,I and we continue iterating, this time the way 0.999ko,I, 0.998ko,I, 0.997ko,I, … 0.99ko,I. We will use this methodology on a recurring basis until    Θ  F , I     <    Θ  ref    , moment in which we will have determined the definitive values of ko and ck.









A similar procedure could be established if we start with a low hydraulic conductivity value that will increase until we converge on the same solution. It should be noted, on the one hand, that Equations (13) to (15) can replace (12) in step (vi), in order to increase the reliability of the solutions of each iteration. On the other hand, as regards the step (viii) and successive, other criteria could be chosen to improve or optimize the protocol, but it is an option outside the substance of the proposed routine.




4. Applications


For the experimental tests, a kaolinite and a clayey soil with a high content of muscovite have been chosen. The gradation curves of these soils are shown in Figure 2 (sedimentation method), while their mineralogical compositions, obtained by X-Ray Diffraction (XRD), are summarized in Table 1.



Two 11-stage oedometer compressibility tests have been performed on two remolded samples (one for each soil). The tests have been carried out according to the Spanish standard UNE-EN ISO 17892–17895 [26], following the procedure for remolded samples. For this, the confining ring (50 mm in diameter and 20 mm in height) is driven into the specimen until it is full of soil and, once the excess soil is removed, it is placed in the loading cell. Both samples were reconsolidated at an effective stress of 12.5 kPa, following the recommendations of the standard. In Table 2, the main geotechnical properties of both soils are summarized. Let us remember that in this test, unlike others such as, for example, those performed with hydraulic consolidation cells [27], pore pressure measurements are not carried out. On the other hand, the consolidation tests were performed with drainage on both the lower and upper faces (double drainage), so that the initial draining length Ho of both samples was 10 mm (half the height of the confining ring).



The compressibility curves of these soils were obtained (Figure 3 and Figure 4), as well as the consolidation curves of all loading stages, of which Figure 5, Figure 6, Figure 7 and Figure 8 are illustrated, which correspond, respectively, to the normally consolidated loading steps 2, 3, 8 and 9 of the clayey soil with muscovite (and that will be used in 2 of the 4 applications presented here).



4.1. Applications on Clayey Soil with Muscovite


This section shows 2 applications of the proposed methodology for the determination of ck and ko in the clayey soil with high muscovite content: one for low levels of effective stress (between 25 and 100 kPa) and another at medium-high levels (between 100 and 400 kPa).



For the first application we will take the results of the successive steps 2 and 3 of the consolidation test, in which the sample was subjected to the following loads:




	
First test (step 2):  from    σ o ′    = 25 kPa to    σ 1 ′    = 2   σ o ′    = 50 kPa.



	
Second test (step 3): from    σ 1 ′    = 50 kPa to    σ 2 ′    = 2   σ 1 ′    = 100 kPa.








Starting with the initial values Ho and eo of each step (Table 3), consolidation curves (Figure 5 and Figure 6) are used to determine the final void ratios corresponding to primary consolidation (ef). The application of the log t method by Casagrande and Fadum [25] to these graphs allows to obtain the sample thicknesses at the end of each primary consolidation stage (or draining lengths Hf), deducting then the values of ef and, consequently, the parameter Cc of each loading step (very close to each other, as expected: 0.519 for step 2 and 0.457 for step 3). The characteristic time of each stage (   τ  0.9    ), corresponding to   H =  H o  − 0.9    H o  −  H f     , is obtained directly from each graph (t90): 119 and 101 min for stages 2 and 3, respectively.



Table 3 shows a summary of the main data obtained from the consolidation tests and that we will use in the determination of ck and ko. At this point we highlight the significant difference that exists between the final void ratio of the first test (0.933) and the initial of the second (0.919), which is mainly due to immediate settlements (Si) that take place at loading application.



With all these data we proceed to step (iv) of the calculation protocol.



We assign an initial value to hydraulic conductivity, ko,I = 10−7 m/s. Substituting this value, together with the rest of the parameters (Cc,1 = 0.519;    τ  0.9 , 1     = 7,140 s; eo = 1.089; Ho = 8.891 mm;    σ o ′    = 25 kPa;    σ 1 ′    = 50 kPa and γw = 9.8 kN/m3), in Equation (12), a first value of the permeability index is obtained, ck,I = 0.0483. With this, together with ko,I, Cc,1,    σ o ′    and    σ 1 ′   , Equation (3) allows us to obtain k1,I = 5.8587 × 10−11 m/s. Using again Equation (12), from k1,I, ck,I, Cc,2 = 0.457 and the rest of the parameters (e1 = 0.919; H1 = 8.166 mm;    σ 1 ′    = 50 kPa and    σ 2 ′    = 100 kPa), is obtained    τ  0.9 , 2 , I     = 2.298 × 106 s. From step (vii), with    τ  0.9 , 2     = 6,060 s, we have    Θ I    = 394.8942. After this first iteration, we continue conveniently with the following steps of the protocol until we reach, for example,    Θ  F , I     < 1.001 (always    Θ  F , I     being a value greater than unit).



Once the protocol is finished, the values obtained are ko,I = 1.8400 × 10−10 m/s (this is, ko  ≅  1.840 × 10−10 m/s) and ck,I = 0.5092 (this is, ck  ≅  0.509). Table 4 shows the intermediate data of the initial hydraulic conductivity, permeability index and functional along the 19 iterations that have been necessary for the convergence of the calculation process. The routine to solve Equations (3) and (12) has been programmed in MATLAB and is executed instantly.



Finally, Table 5 shows the values obtained for ck and the different hydraulic conductivities of the soil (ko, k1 and k2) in loading steps 2 and 3.



In the second application, referring to the same soil, the range of applied loads is modified, these being significantly higher (from 100 to 400 kPa), in order to check the deviations in the results of ko and ck applying the same protocol. Thus, the two successive consolidation tests, steps 8 and 9 (Figure 3), are defined by the following loads:




	
First test (step 8):  from    σ o ′    = 100 kPa to    σ 1 ′    = 2   σ o ′    = 200 kPa.



	
Second test (step 9): from    σ 1 ′    = 200 kPa to    σ 2 ′    = 2   σ 1 ′    = 400 kPa.








As in the previous application, we get the characteristic time of each stage (   τ  0.9    ) from the consolidation curves (Figure 5 and Figure 6), which are 100 and 85 min for steps 8 and 9, respectively.



In the same way, based on the consolidation curves and from the initial values Ho and eo, we determine the final values of the void ratio (ef) and, by extension, of Cc for each load step (Table 6).



We now repeat the calculation protocol, starting for this second application with an initial value of hydraulic conductivity ko,I = 10−8 m/s. Table 7 shows the intermediate data of the initial conductivity, permeability index and functional along the 17 iterations necessary for the convergence of the calculation process on this occasion.



Finally, Table 8 summarizes the values obtained for ck and the different hydraulic conductivities of the soil (ko, k1 and k2) in loading stages 8 and 9.




4.2. Applications on Kaolinite


For this second soil, two applications of the calculation protocol were carried out. Since the oedometer test consisted of the same 11 loading steps as for the first soil, the intervals chosen for the determination of ko and ck were the same. This is: between 25 and 100 kPa for low levels of effective stress (third application) and between 100 and 400 kPa for medium-high levels (fourth application).



For the third application, the sample was subjected to the following loads:




	
First test (step 2):  from    σ o ′    = 25 kPa to    σ 1 ′    = 2   σ o ′    = 50 kPa.



	
Second test (step 3): from    σ 1 ′    = 50 kPa to    σ 2 ′    = 2   σ 1 ′    = 100 kPa.








While for the fourth application, the load steps were:




	
First test (step 8):  from    σ o ′    = 100 kPa to    σ 1 ′    = 2   σ o ′    = 200 kPa.



	
Second test (step 9): from    σ 1 ′    = 200 kPa to    σ 2 ′    = 2   σ 1 ′    = 400 kPa.








As in the previous applications, we got the characteristic time of each stage (   τ  0.9    ) from the respective consolidation curves, which were 5.5 and 3.75 min for steps 2 and 3, and 3.2 and 2.7 min for steps 8 and 9. Immediate settlements (Si) and primary consolidation settlements (Sprim,cons) were also obtained and, from the values of the initial void ratio eo,r of Table 2 and the oedometric curve of Figure 4, we determined the final values of the void ratios (eo, ef) and, by extension, of Cc for each loading step (Table 9).



On this occasion, in the calculation protocol for the third application (steps 2 and 3) we started with an initial value of hydraulic conductivity ko,I = 10−7 m/s, while for the fourth application (steps 8 and 9), ko,I took the initial value of 10−8 m/s. Finally, Table 10 and Table 11 summarize the values obtained for ck and the different hydraulic conductivities of the soil (ko, k1 and k2) in loading stages 2–3 and 8–9, as well as the number of iterations that were necessary in each case.




4.3. Comparison, Discussion and Scope of Validity of the Results


A summary of the results obtained for the variables ko and ck obtained after application of the inverse method proposed in this work is presented in Table 12. The results obtained for tested samples show, without a doubt, the enormous strength and precision of the methodology. On the one hand, both the values of ko and ck, for each and every one of the load steps analyzed, are within the usual range of these constitutive parameters, referred for this soils by other authors [28,29,30]. In addition, permeability tests were carried out in a hydraulic cell [27] for these same materials, thus estimating the constitutive permeability parameters ck and ko (Table 13), which fell close to the orders of magnitude now obtained with our methodology.



On the other hand, the comparison between the results obtained in the first two applications (made for the same soil, that with a high content of muscovite) cannot be more conclusive, namely: the value of k for an effective stress of 100 kPa, both in the final stretch of step 3 (50–100 kPa) and in the initial stretch of step 8 (100–200 kPa), is practically the same and the difference found can be attributed to the effects of creep. Regarding the value of ck, it is true that slight differences were found for the value of this parameter in each of the stress ranges tested (0.509 for low levels of effective stress, 0.742 for medium-high levels). However, it is important to keep in mind that the results obtained come directly from real laboratory data, with the addition of being different loading levels, so that, in reality, we can consider that the determinations are correct. In practice, the engineer who uses this methodology could choose between taking the permeability index corresponding to the stress level closest to his real case study or taking the average value (ck = 0.626).



The same conclusions can be drawn from the results obtained in the second two applications, carried out on kaolinite. In this sense, it should be noted, mainly, that it is a soil that has given much shorter consolidation times in the oedometer (in the order of 10 to 20 times lower) than the first sample. Therefore, we can affirm that the calculation protocol presented here (and which is based, in turn, on a general non-linear consolidation model [15]) can be successfully applied to a large group of fine-grained soils (percentage of fines above 35%), such as clays, silts and mixtures of fine sands, silts and clays (here we can include both soils with medium-low plasticity (20 < LL < 50) and soils with high plasticity, provided that LL values above 100 are not exceeded). Perhaps, the only limitation that the methodology presented here may have is found neither in the non-linear consolidation model nor in the calculation protocol, but in the oedometer test itself, since in this, due to the use confining rings of small thickness (20 mm in the case presented here), soils with hydraulic conductivity values above 10−8 m/s could present very fast consolidation processes, which would greatly hinder the correct obtaining of the consolidation time    τ  0.9    . In any case, the compressibility of the material is also an important factor that affects the greater or lesser speed of consolidation of these soils.




4.4. Influence of Measurement Errors


In order to study the influence of errors, coming from the measurement of the characteristic consolidation times (   τ  0.9 , 1     and    τ  0.9 , 2    ) and compression indexes (Cc,1 and Cc,2) of the oedometer test, in the solution of the final magnitudes ko and ck, we will proceed as follows. Taking both soils used in the applications of the previous section, we introduce an error ξ ( ± 0.5, 1 and 2%) in the magnitudes (   τ  0.9 , 1    ,    τ  0.9 , 2    , Cc,1 and Cc,2) which will lead to a set of experimental value groups    τ  0.9 , 1 , ξ    ,    τ  0.9 , 2 , ξ    ,    C  c , 1 , ξ     and    C  c , 2 , ξ    . From these measurements, the deviations of ko and ck associated with each value of ξ are determined. The results are shown in Table 14 and Table 15 and in Figure 9 (with a fitting curve). It can be seen how, for errors in experimental measurements of even 2%, the deviations in the estimates of ko and ck are below 20%. It is, therefore, a very reliable determination, especially if we take into account that in the field of geotechnical engineering the usual errors in ko come to establish ranges of acceptable values confined between one or even two orders of magnitude.



In general, the errors that determine the values of the affected experimental data    τ  0.9 , 1 , ξ    ,    τ  0.9 , 2 , ξ    ,    C  c , 1 , ξ     and    C  c , 2 , ξ     are random and alter the exact values above or below. This, together with the application of two successive processes of calculation or resolution of Equations (12) and (3), one for each stage of consolidation, almost assures an accentuated partial compensation between errors. In fact, making a total of 1000 simulations with a random error of 2%, the previous maximum error of 18.91% (Table 14 and Table 15) has been reduced to 3.36%, a more than acceptable result in this engineering problem.




4.5. Final Comments on the Protocol


In the presented methodology there can be other possibilities or criteria when taking the soil parameters necessary for the application of the inverse problem through the universal curve    π I    = Ψ(   π  II    ). Thus, as we have commented in the applications section, it is necessary to adopt a criterion to determine the value of the final void ratio in the consolidation curve, a data from which we obtain the characteristic consolidation time, in which 90% of the final settlement is reached. Although the value of the final void ratio will not vary greatly, since creep deformation in the oedometer test is not significant, this can happen with the characteristic consolidation time    τ  0.9    , so the determination of this last parameter is essential to make a good estimate of the constitutive permeability parameters sought.



Also, in the choice of the value of Cc different criteria can be taken from the one adopted here. For each of the two applications shown we have taken the value of Cc derived from each loading stage, although an average of these could also have been chosen (for steps 2 and 3, on the one hand, and for steps 8 and 9, on the other) or even a general averaged value. In any case, these values are all very close and the differences found would not be large, as we have seen in the section dedicated to error evaluation.



The adjustment of the relation    π I    = Ψ(   π  II    ) proposed by Equation (12) is good enough (R2 = 0.998) to justify the use of this equation in the whole range of values of    π  II    . It is true that this expression could be used to make a first estimation of ck and, from the value of this parameter, choose one of the Equations (13)–(15) to repeat the process and obtain a definitive result. In any case, the differences found would not be significant and the use of Equation (12) is presented as a sufficiently precise option.



The methodology presented here also does not require a loading ratio of 2 between successive steps, but here it has been taken with the intention of illustrating that an oedometer test according to the standards [26,31] can be used, without the need to make variations or modifications on it. The results obtained with other loading ratios would lead to equally accurate results, only depending on the aforementioned measurement errors of the experimental data.



In view of the consolidation Equation (8), which governs the non-linear model of Alhama et al. [15], and the dimensionless groups (10) with which the universal solutions for the characteristic time are constructed, the present methodology could be applied for unloading phases or even for overconsolidated soils (as long as the preconsolidation pressure is not exceeded). In this sense, the compression index to be obtained and entered in the calculation protocol would be that corresponding to the unload-reload branch of the oedometric curve, while the permeability index obtained would obviously be that corresponding to an overconsolidated soil. In any case, for this, it would be necessary to obtain previously the unknown function Ψ that would relate the monomials    π I    and    π  II     under conditions of overconsolidated soil, based on numerical simulations similar to those of the work of Alhama et al. [15].





5. Conclusions


The procedure proposed in this work allows to obtain in a simple and precise way the non-linear constitutive parameters of consolidation ko and ck by means of a simple oedometer test and the use of the universal curves of characteristic time of consolidation obtained by the authors in a recent work.



The computation times, usually high in this type of inverse problems, are reduced to a negligible value thanks to the use of these curves by means of a calculation routine of easy programming.



The applications carried out from real oedometer tests on two fine-grained soils with different properties show the accuracy of the methodology. On the one hand, the results obtained for ko and ck are consistent with the values referred by other authors for samples of similar characteristics and for any range of stress considered. On the other hand, both the ck and Cc values for the two applications carried out on each sample (one for low stress levels and one for medium-high levels) are very close, which shows the robustness of the procedure, in which real laboratory data have been strictly used, without any mathematical manipulation. In addition, in each pair of applications the samples were subjected to a vertical stress of 100 kPa (end of the 25–50–100 kPa loading stretches and beginning, after two unloading-reloading phases, of the 100–200–400 kPa loading stretches) and, in both cases, with completely independent oedometer test data, the hydraulic conductivity values determined by the inverse calculation protocol were practically the same.



The calculation protocol presented here can be successfully applied to a large group of fine-grained soils, such as clays, silts and mixtures of these with fine sands, with the only limitation found in the oedometer test itself, where the small thickness of the confining ring can lead to very fast consolidation processes in soils with high hydraulic conductivity (above 10−8 m/s), making it difficult to get the correct consolidation time    τ  0.9    .



Finally, it has been found that, for the typical errors in the experimental measurements of the oedometer test (up to 2%), the deviations in the parameters ck and ko can be considered small and very acceptable in this field of engineering.
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Nomenclature




	Cc
	compression index



	Cc,1, Cc,2
	compression index of successive consolidation steps



	ck
	permeability index



	dz
	differential element length (m)



	dzo
	initial differential element length (m)



	e
	void ratio



	e1, e2
	final void ratios of the two successive consolidation steps



	ef
	final void ratio



	eo
	initial void ratio



	eo,oed
	void ratio for effective reconsolidation stress of a remoulded sample



	eo,r
	void ratio of the sample when it is introduced into the confining ring



	Gs
	specific gravity of solids



	H
	draining length of the soil (m)



	H1, H2
	final draining lengths of the two successive consolidation steps (m)



	Hf
	final draining length (m)



	Ho
	initial draining length (m)



	k
	hydraulic conductivity (or permeability) (m/s)



	k1, k2
	final hydraulic conductivities of the two successive consolidation steps (m/s)



	ko
	initial hydraulic conductivity (m/s)



	L(10)
	natural logarithm of 10



	LL
	liquid limit



	PI
	plasticity index



	S100
	settlement that includes immediate and primary consolidation settlements (m)



	Si
	immediate settlement (m)



	Sprim,cons
	primary consolidation settlement (m)



	t
	time (s)



	u
	excess pore pressure (Pa)



	γw
	water specific weight (N/m3)



	λ
	parameter of Cornetti and Battaglio model. λ = 1–Cc/ck



	    π I    
	dimensionless group that involves, among others, the characteristic settlement time



	    π  II     
	dimensionless group that involves, among others, the loading factor



	    σ c    
	load applied to the soil surface (Pa)



	   σ ′   
	effective soil stress (Pa)



	    σ 1 ′    
	final effective stress of the first consolidation step (Pa)



	    σ 2 ′    
	final effective stress of the second consolidation step (Pa)



	    σ f ′    
	final effective stress (Pa)



	    σ o ′    
	initial effective stress (Pa)



	    σ  o , oed  ′    
	effective reconsolidation stress for the oedometer test of a remolded soil (Pa)



	    τ  0.9     
	characteristic time to reach 90% of the final settlement (s)



	    τ  0.9 , 1     
	characteristic settlement time of the first loading step (s)



	    τ  0.9 , 2     
	characteristic settlement time of the second loading step (s)



	  ω  
	differential void ratio



	Ψ
	arbitrary mathematical function



	  Θ  
	functional defined by Equation (13)



	    Θ  ref     
	reference value for the functional  Θ 







Subscripts




	1,2
	denote successive values of the two steps of the test



	F
	final value of the iterated parameter



	ξ
	denotes the error of an experimental quantity
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Figure 1. Universal curve    π I    = Ψ(   π  II    ). Alhama et al. [15]. 






Figure 1. Universal curve    π I    = Ψ(   π  II    ). Alhama et al. [15].



[image: Mathematics 08 02237 g001]







[image: Mathematics 08 02237 g002 550] 





Figure 2. Grain size distribution of kaolinite and high muscovite content clayey soil. 
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Figure 3. Compressibility curve of the clayey soil with a high content of muscovite. 
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Figure 4. Compressibility curve of the kaolinite. 
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Figure 5. Consolidation curve of loading step 2 (high content muscovite soil). 
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Figure 6. Consolidation curve of loading step 3 (high content muscovite soil). 
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Figure 7. Consolidation curve of loading step 8 (high content muscovite soil). 
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Figure 8. Consolidation curve of loading step 9 (high content muscovite soil). 
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Figure 9. Maximum deviations of ko and ck as a function of ξ. 
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Table 1. Mineralogical composition of the two soils tested (Oriented aggregates).
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Soil

	
Compound Name

	
Formula

	
(%)

	
System

	
Space Group






	
High muscovite

content soil

	
Kaolinite-1Ad

	
Al2Si2O5(OH)4

	
60

	
Triclinic

	
C1 (1)




	
Muscovite-2M1

	
KAl2(Si,Al)4O10(OH)2

	
26

	
Monoclinic

	
C2/c (15)




	
Quartz, low

	
SiO2

	
14

	
Hexagonal

	
P3121 (152)




	
Kaolinite

	
Kaolinite-1Ad

	
Al2Si2O5(OH)4

	
93

	
Triclinic

	
C1 (1)




	
Muscovite-2M1

	
KAl2(Si,Al)4O10(OH)2

	
7

	
Monoclinic

	
C2/c (15)
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Table 2. Geotechnical properties of the two soils tested.
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	Soil
	Gs
	LL
	IP
	Classification (SUCS)
	eo,r
	       σ ′    o , oed     ( kPa )    
	eo,oed
	Moisture Content (%)
	Bulk Density (g/cm3)
	Free

Swelling (%)





	Soil with muscovite
	2.72
	64.39
	33.14
	CH-MH
	1.350
	12.5
	1.156
	43.47
	1.48
	5.34



	Kaolinite
	2.66
	74.12
	47.13
	CH
	1.214
	12.5
	1.073
	40.34
	1.65
	7.21
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Table 3. Data obtained from compressibility and consolidation curves in clayey soil with muscovite (steps 2 and 3).






Table 3. Data obtained from compressibility and consolidation curves in clayey soil with muscovite (steps 2 and 3).





	Step
	       σ ′   o   ( kPa )    
	       σ ′   f   ( kPa )    
	S100

(mm)
	Si

(mm)
	Sprim,cons

(mm)
	Ho

(mm)
	Hf

(mm)
	eo
	ef
	Cc
	      τ   0.9    ( s )    





	2
	25
	50
	−1.33
	0
	−1.33
	8.891
	8.226
	1.089
	0.933
	0.519
	7140



	3
	50
	100
	−1.25
	−0.08
	−1.17
	8.166
	7.581
	0.919
	0.781
	0.457
	6060
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Table 4. First application. Partial results of ko,I, ck,I and    Θ I    throughout the iteration process.
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	Iteration
	ko,I (m/s)
	ck,I
	      Θ  I     
	Iteration
	ko,I (m/s)
	ck,I
	      Θ  I     





	01
	1.0000 × 10−7
	0.0483
	394.8942
	11
	2.0000 × 10−10
	0.4521
	1.0829



	02
	1.0000 × 10−8
	0.0722
	44.3877
	12
	1.9800 × 10−10
	0.4583
	1.0726



	03
	1.0000 × 10−9
	0.1429
	4.9894
	13
	1.9600 × 10−10
	0.4647
	1.0623



	04
	9.0000 × 10−10
	0.1496
	4.5145
	14
	1.9400 × 10−10
	0.4714
	1.0520



	05
	8.0000 × 10−10
	0.1579
	4.0370
	15
	1.9200 × 10−10
	0.4783
	1.0417



	06
	7.0000 × 10−10
	0.1685
	3.5564
	16
	1.9000 × 10−10
	0.4856
	1.0314



	07
	6.0000 × 10−10
	0.1826
	3.0723
	17
	1.8800 × 10−10
	0.4931
	1.0211



	08
	5.0000 × 10−10
	0.2026
	2.5841
	18
	1.8600 × 10−10
	0.5010
	1.0108



	09
	4.0000 × 10−10
	0.2341
	2.0908
	19
	1.8400 × 10−10
	0.5092
	1.0005



	10
	3.0000 × 10−10
	0.2926
	1.5912
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Table 5. First application. ck and initial and final hydraulic conductivities for loading steps 2 and 3.
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	ko,step 2 (m/s)
	kf,step 2 = ko,step 3 (m/s)
	kf,step 3 (m/s)
	ck





	1.840 × 10−10
	9.077 × 10−11
	4.875 × 10−11
	0.509
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Table 6. Data obtained from compressibility and consolidation curves in clayey soil with muscovite (steps 8 and 9).
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	Step
	       σ ′   o   ( kPa )    
	       σ ′   f   ( kPa )    
	S100

(mm)
	Si

(mm)
	Sprim,cons

(mm)
	Ho

(mm)
	Hf

(mm)
	eo
	ef
	Cc
	      τ   0.9    ( s )    





	8
	100
	200
	−1.225
	−0.164
	−1.061
	7.430
	6.899
	0.746
	0.621
	0.414
	6000



	9
	200
	400
	−1.210
	−0.045
	−1.165
	6.855
	6.273
	0.611
	0.474
	0.455
	5100
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Table 7. Second application. Partial results of ko,I, ck,I and    Θ I    throughout the iteration process.






Table 7. Second application. Partial results of ko,I, ck,I and    Θ I    throughout the iteration process.





	Iteration
	ko,I (m/s)
	ck,I
	      Θ  I     
	Iteration
	ko,I (m/s)
	ck,I
	      Θ  I     





	01
	1.0000 × 10−8
	0.0439
	828.2885
	07
	6.0000 × 10−11
	0.2683
	2.1090



	02
	1.0000 × 10−9
	0.0704
	56.3173
	08
	5.0000 × 10−11
	0.3280
	1.7047



	03
	1.0000 × 10−10
	0.1776
	3.8292
	09
	4.0000 × 10−11
	0.4511
	1.3137



	04
	9.0000 × 10−11
	0.1909
	3.3859
	10
	3.6000 × 10−11
	0.5482
	1.1616



	05
	8.0000 × 10−11
	0.2083
	2.9509
	11
	3.2000 × 10−11
	0.7219
	1.0124



	06
	7.0000 × 10−11
	0.2324
	2.5249
	12
	3.1680 × 10−11
	0.7419
	1.0006
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Table 8. Second application. ck and initial and final hydraulic conductivities for loading steps 8 and 9.
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	ko,step 8 (m/s)
	kf,step 8 = ko,step 9 (m/s)
	kf,step 9 (m/s)
	ck





	3.168 × 10−11
	2.152 × 10−11
	1.407 × 10−11
	0.742










[image: Table] 





Table 9. Data obtained from compressibility and consolidation curves in kaolinite (steps 2–3 and 8–9).
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	Step
	       σ ′   o   ( kPa )    
	       σ ′   f   ( kPa )    
	S100

(mm)
	Si

(mm)
	Sprim,cons

(mm)
	Ho

(mm)
	Hf

(mm)
	eo
	ef
	Cc
	      τ   0.9    ( s )    





	2
	25
	50
	−0.462
	−0.053
	−0.409
	9.085
	8.881
	1.011
	0.966
	0.150
	330



	3
	50
	100
	−0.541
	−0.077
	−0.464
	8.820
	8.588
	0.952
	0.901
	0.171
	225



	8
	100
	200
	−0.501
	−0.062
	−0.439
	8.489
	8.269
	0.879
	0.831
	0.161
	192



	9
	200
	400
	−0.598
	−0.051
	−0.547
	8.205
	7.932
	0.816
	0.756
	0.201
	162
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Table 10. Third application. ck and initial and final hydraulic conductivities for loading steps 2 and 3.
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	ko,step 2 (m/s)
	kf,step 2 = ko,step 3 (m/s)
	kf,step 3 (m/s)
	ck
	Iterations





	7.793 × 10−10
	6.601 × 10−10
	5.468 × 10−10
	0.628
	12
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Table 11. Fourth application. ck and initial and final hydraulic conductivities for loading steps 8 and 9.






Table 11. Fourth application. ck and initial and final hydraulic conductivities for loading steps 8 and 9.





	ko,step 8 (m/s)
	kf,step 8 = ko,step 9 (m/s)
	kf,step 9 (m/s)
	ck
	Iterations





	3.868 × 10−10
	3.024 × 10−10
	2.225 × 10−10
	0.454
	14
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Table 12. Results of ck and ko of each application.






Table 12. Results of ck and ko of each application.





	
Application

	
Soil

	
Loading Step

	
       σ ′   o           –    σ ′    f    ( kPa )    

	
ck

	
ko (m/s)

	
kf (m/s)






	
1

	
Clayey soil with

	
2

	
25–50

	
0.509

	
1.840 × 10−10

	
9.077 × 10−11




	
muscovite

	
3

	
50–100

	
9.077 × 10−11

	
4.875 × 10−11




	
2

	
Clayey soil with

	
8

	
100–200

	
0.742

	
3.168 × 10−11

	
2.152 × 10−11




	
muscovite

	
9

	
200–400

	
2.152 × 10−11

	
1.407 × 10−11




	
3

	
Kaolinite

	
2

	
25–50

	
0.628

	
7.793 × 10−10

	
6.601 × 10−10




	
3

	
50–100

	

	
6.601 × 10−10

	
5.468 × 10−10




	
4

	
Kaolinite

	
8

	
100–200

	
0.454

	
3.868 × 10−10

	
3.024 × 10−10




	
9

	
200–400

	

	
3.024 × 10−10

	
2.225 × 10−10
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Table 13. Constitutive permeability parameters ck and ko for the two soils. Data obtained from tests with hydraulic cells.






Table 13. Constitutive permeability parameters ck and ko for the two soils. Data obtained from tests with hydraulic cells.





	
     σ  ′     (kPa).

	
Clayey Soil with Muscovite

	
Kaolinite




	
e

	
k (m/s)

	
Averaged ck

	
e

	
k (m/s)

	
Averaged ck






	
25

	
1.121

	
3.122 × 10−10

	

	
1.04

	
1.134 × 10−9

	




	
50

	
0.943

	
1.167 × 10−10

	

	
0.973

	
8.678 × 10−10

	




	
100

	
0.758

	
6.432 × 10−11

	
0.568

	
0.874

	
5.988 × 10−10

	
0.528




	
200

	
0.602

	
3.743 × 10−11

	

	
0.797

	
4.233 × 10−10

	




	
400

	
0.456

	
1.855 × 10−11

	

	
0.728

	
2.876 × 10−10
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Table 14. Maximum errors of ko and ck as a function of ξ (high muscovite content soil).






Table 14. Maximum errors of ko and ck as a function of ξ (high muscovite content soil).











	Steps
	     C c    and    τ  0.9     Rel .   Error   ξ   ( % )    
	ko Max. Rel. Error (%)
	ck Max. Rel. Error (%)





	
	0.5
	3.63
	4.07



	2–3
	1.0
	7.47
	8.56



	
	2.0
	15.37
	18.33



	
	0.5
	3.48
	3.99



	8–9
	1.0
	7.36
	8.14



	
	2.0
	15.11
	17.35
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Table 15. Maximum errors of ko and ck as a function of ξ (kaolinite).






Table 15. Maximum errors of ko and ck as a function of ξ (kaolinite).











	Steps
	     C c    and    τ  0.9     Rel .   Error   ξ   ( % )    
	ko Max. Rel. Error (%)
	ck Max. Rel. Error (%)





	
	0.5
	3.86
	4.01



	2–3
	1.0
	7.71
	8.31



	
	2.0
	15.88
	17.91



	
	0.5
	3.62
	3.84



	8–9
	1.0
	7.61
	7.97



	
	2.0
	15.34
	17.14
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