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Abstract: A subgraph H of a graph G with perfect matching is nice if G−V(H) has perfect matching.
It is well-known that all fullerene graphs have perfect matchings and that all fullerene graphs
contain some small connected graphs as nice subgraphs. In this contribution, we consider fullerene
graphs arising from smaller fullerenes via the leapfrog transformation, and show that in such graphs,
each pair of (necessarily disjoint) pentagons is nice. That answers in affirmative a question posed in a
recent paper on nice pairs of odd cycles in fullerene graphs.
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1. Introduction

It has been known for a long time that the stability of several classes of organic compounds
is, to a great degree, determined by the presence and abundance of resonant electronic structures.
A natural way to represent such structures is via perfect matchings in the corresponding graphs,
and the general rule for polycyclic aromatic hydrocarbons and other conjugated systems is that the
stability of a compound increases with the number of perfect matchings in the corresponding graph.

The study of matchings in fullerene graphs begun almost as soon as the fullerene structures were
first observed. It turned out that the number of perfect matchings is not so decisive for the stability
of fullerene structures as for the conjugated compounds [1]. However, the interest for matchings in
fullerenes did not wane, driven by the fact that fullerene graphs can serve as useful stepping-stones
toward establishing important results for larger classes of graphs. Among several matching-related
structural properties of all fullerene graphs, the most productive one turned out to be their cyclical
5-edge connectivity [2–5], further leading to their bicriticality and 2-extendability. In a recent paper
by the present author [6], some of the consequences of those structural properties, elaborated in a
series of papers concerned with the so-called bricks [7–12], were applied to the study of nice addition
patterns in fullerenes, that is, the addition/substitution patterns, such that the unaffected part of the
molecule still has a resonant structure. It was observed that each fullerene graph contains two disjoint
odd cycles whose union is a nice subgraph, and it was investigated whether one or both of those odd
cycles could be pentagonal faces. The aim of this contribution is to settle one of the open problems
listed at the end of that paper.

The next section introduces basic concepts and quotes some relevant results from previous
research. Section 3 is devoted to our main findings. In the last section, we list some unsolved issues
and indicate a couple of possible topics for future research.

2. Definitions and Preliminary Results

For a given graph G, we denote its vertex set by V(G) and its edge set by E(G). For other basic
graph-theoretic and matching-related notations and definitions, we refer the reader to [13] or [14].

A fullerene graph is a planar, 3-regular, and 3-connected graph with only pentagonal and
hexagonal faces. Every fullerene graph must contain exactly 12 pentagonal faces; this follows easily
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from the Euler formula. Since the number of hexagons can be any non-negative integer except 1 [15],
it follows that fullerene graphs on n vertices exist for n = 20 (no hexagons) all for all even n ≥ 24.
A classical survey of early results on fullerene graphs is [16], and for a more recent comprehensive
review we refer the reader to [17].

A matching M in a graph G is a collection of edges from E(G), such that each vertex of G is
incident to, at most, one edge from M. Hence, no two edges from M share a vertex. A matching M is
perfect if every vertex of G is incident with (covered by) an edge from M. Every fullerene graph has at
least one perfect matching; that follows from a celebrated result of Petersen, stating that every cubic
graph with, at most, two bridges has a perfect matching [18].

Let G be a graph with perfect matchings. A subgraph H of G is nice if G−V(H) has a perfect
matching. In molecular graphs, nice subgraphs represent the addition patterns, such that the rest of
the molecule still has a resonant pattern. Fullerenes contain several small graphs as nice subgraphs;
see [19–21] for a non-exhaustive list.

Several transformations of fullerene graphs result in other, usually larger, fullerene graphs.
The most important are the so-called Goldberg-Coxeter transformations [17], and the most common
among them is certainly the leapfrog transformation. For a given fullerene G on n vertices, its leapfrog
transform Le(G) is obtained by truncating its dual. Hence,

Le(G) = Tr(G∗),

where G∗ denotes the dual graph of G. It is easily seen that the leapfrog transform of G has 3n vertices
and that it indeed is a fullerene graph. Further, it has isolated pentagons, and among its faces it is
possible to distinguish between those that arise from the faces of G and those that arise from its vertices.
In Figure 1 we show a portion of a leapfrog fullerene. The edges of the original fullerene are indicated
in dashed lines. The faces arising from the original faces (we call them the facial faces) are shaded.
One can see that they are isolated by faces arising from vertices of G. Furthermore, the edges not on
the boundary of the facial faces, shown in thick full lines in Figure 1, form a perfect matching in Le(G).
We call it the canonical perfect matching. Finally, all non-facial faces of Le(G) are alternating with
respect to the canonical perfect matching. That means that we can flip the edges on the boundary of
any collection of disjoint non-facial faces and still have a perfect matching in Le(G). Four such faces
are marked by circles in Figure 1. For more on leapfrog fullerenes and their remarkable properties and
for more information on other fullerene-to-fullerene transformations, we refer the reader to [16,22–25].

The following result, observed by the present author in [6], depends on several structural
properties of fullerene graphs, such as their cyclical 5-edge connectivity, bicriticality, and the fact
that they are bricks. As those properties are not directly relevant for this paper, we omit the definitions
and instead refer the interested reader to the series of papers [7–12].

Theorem 1. Every fullerene graph G contains two disjoint odd cycles C1 and C2, such that G−V(C1)−V(C2)

has a perfect matching.

Clearly, any odd cycle in a fullerene graph must involve at least one of its pentagonal faces. It is
then natural to ask when the pentagonal faces suffice, or whether any two disjoint pentagons form a
nice pair. These, as well as some other problems were analyzed to some extent in [6], and some of the
findings turned out to be somewhat counter-intuitive. It was found that in almost all small fullerenes,
any two disjoint pentagons do indeed form a nice pair. It was also found that, for a sufficiently large
number of vertices, there always exists a fullerene graph with this property. However, an infinite class
of fullerene graphs was found, such that this is not true—there are fullerenes, the narrow nanotubes,
containing pairs of disjoint pentagons which are not nice. Altogether, there seems to remain a large gap
between the patterns that were empirically observed and those that were strictly proved. In the next
section, we narrow the gap a bit by proving that in a non-negligible fraction of all fullerenes, any two
pentagons form a nice pair.
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Figure 1. A portion of a leapfrog fullerene.

3. Main Results

Theorem 2. Let G be a leapfrog fullerene. Then, any two pentagons in G form a nice pair.

Proof. Let G be a leapfrog fullerene and P1, P2 be two of its pentagonal faces, and M the canonical
perfect matching in G. If P1 and P2 are close, at distance 2 in the dual graph of G, we have the situation
shown in Figure 1. By flipping the edges on the four non-facial faces marked by circles, we obtain a
perfect matching M′ in G−V(P1)−V(P2); the situation is shown in Figure 2. One can see that in M′,
the vertices of P1 ∪ P2 are paired by the edges whose both ends belong to the two close pentagons.
When, as shown in Figure 3, both P1 and P2 are removed from G, no vertices remain unpaired. Hence,
G−V(P1)−V(P2) has a perfect matching, and P1 and P2 form a nice pair.

Let us now look at two remote pentagons in G. Each of the non-facial faces adjacent to P1 and P2

corresponds to a vertex of a pentagon in the original fullerene. Take the shortest path connecting two
vertices on those pentagons in the original fullerene; the pentagons and the path are indicated by thick
dashed lines in Figure 4. (We have removed all other edges of the original fullerene for the sake of
clarity.) To this path corresponds a sequence of adjacent hexagons H1, H2, . . . , Hk in G, such that H1

shares an edge with P1, Hi shares an edge with each of Hi−1 and Hi+1 for 2 ≤ i ≤ k− 1, and Hk shares
an edge with P2. Since the edges shared by the hexagons belong to M, and the edges of the terminal
hexagons shared with the pentagons do not belong to M, it is possible to construct an M-alternating
path P of odd length connecting a vertex u of P1 to a vertex v in P2 by choosing either three or five
boundary edges of each Hi. The chosen edges from M on P are indicated by arrows in Figure 4.
By flipping the edges on this path and on the four hexagons indicated by circles in Figure 4, we obtain
a matching, called M′′, in G that leaves two vertices unsaturated, u on P1 and v on P2, and matches no
vertices from G−V(P1)−V(P2) to vertices on P1 or P2. The situation is shown in Figure 5. Deleting
P1 and P2 now leaves a graph in which M′′ is a perfect matching. Hence, P1 and P2 form a nice pair,
and the claim follows.
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Figure 2. Flipping the edges on four hexagons adjacent to a pair of close pentagons.

Figure 3. Any pair of close pentagons is nice.
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Figure 4. An M-alternating odd path connecting two remote pentagons.
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Figure 5. Any two remote pentagons form a nice pair.

Corollary 1. The fraction of all fullerenes on 3n vertices in which any two disjoint pentagons form a nice pair
is bounded from below by 3−9 for large values of n.

Proof. It has been known for a long time [26] that the number of fullerene graphs on n vertices grows
roughly as the ninth power of n; see [27] for a formal treatment. As each fullerene graph on n vertices
gives rise to exactly one fullerene graph on 3n vertices via the leapfrog transformation, the fraction of
fullerenes on 3n vertices which are leapfrog images of smaller fullerenes will asymptotically behave
as 3−9 for large values of n. The claim now follows since, in each of them, any two pentagons form a
nice pair.

4. Open Questions and Concluding Remarks

We have found in [6] that in all isolated pentagon (IP) fullerenes on 100 vertices at most, all pairs
of pentagons are nice. In the previous section, we have found an infinite subclass of IP fullerenes with
the same property—the leapfrog fullerenes. Further, all known fullerenes in which this is not the case
have abutting pentagons. This suggests that in all IP fullerenes, all pairs of pentagons are nice. Hence,
our first problem is:

Problem 1. Is each pair of pentagons nice in all IP fullerenes?

The approach of the previous section relied on the existence of the canonical perfect matching in a
leapfrog fullerene. As the existence of such matchings cannot be assumed in non-leapfrog IP fullerenes,
a different approach might be needed for general IP fullerenes.

Another, less ambitious, but still interesting question is whether all pairs of pentagons are nice
in IP fullerenes arising via some other transformations, such as, for example, chamfer and capra
transformations. We know that such fullerenes allow perfect packings of stars and some other related
graphs [28]. It is possible that those packings could be exploited in a way similar to the canonical
perfect matchings for leapfrog fullerenes.

Problem 2. What happens with fullerenes arising from smaller fullerenes via general Goldberg–Coxeter
transformations? Is every pair of pentagons in such a fullerene G nice?

A further interesting problem could be to look at non-classical fullerenes, that is, the fullerenes
containing facial cycles of length(s) different from five and six.
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Problem 3. What can be said about leapfrog (and other, more general) transforms of fullerenes containing
heptagonal faces?

It is known that there are ordinary fullerene nanotubes containing non-nice pairs of pentagons [6].
It might be interesting to look at related structures that could be described as Y-branched carbon
nanotubes [29].

Among the other interesting issues, we mention the transformations that do not increase the
number of vertices but result in isomeric fullerene structures [30,31], migrations of pentagons on
nanocones and other portions of the honeycomb lattice [32], fullerene dimer formation [33], and crystal
formation involving fullerenes [34].

For other open questions, we refer the reader to [6].
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23. Došlić, T. Leapfrog fullerenes have many perfect matchings. J. Math. Chem. 2008, 44, 1–4. [CrossRef]
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