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Abstract: In this paper, the authors consider the construction of one class of perturbed problems
to the Dirichlet problem for the elliptic equation. The operators of both problems are isospectral,
which makes it possible to construct solutions to the perturbed problem using the Fourier method.
This article focuses on the Dirichlet problem for the elliptic equation perturbed by the selected
variable. We established the spectral properties of the perturbed operator. In this work, we found the
eigenvalues and eigenfunctions of the perturbed task operator. Further, we proved the completeness,
minimal spanning system, and Riesz basis system of eigenfunctions of the perturbed operator. Finally,
we proved the theorem on the existence and uniqueness of the solution to the boundary value problem
for a perturbed elliptic equation.

Keywords: differential equations; perturbed problem; isospectrality; Dirichlet problem; Riesz basis;
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1. Introduction

A number of new theoretical and practical problems of scientific knowledge lead to mathematical
models, which are described by boundary value problems for differential equations. An important
contribution to the development of various directions of the theory of differential-operator and
differential-functional equations was made by V. Azbelev [1], A. Antonevich, A. Bitsadze [2],
M. Gorbaczuk [3,4], A. Mishkis [5], A. Nakhushev, V. Romanko, A. Skubachevsky [6,7], S. Yakubov [8,9],
and other authors.

The problem of equivalence (similarity) of differential and integral Voltaire operators was studied
in the works of J. Delsart, B. Levitan, V. Marchenko, A. Povzner, and M. Phage [10]. Furthermore,
mathematical models and analytical approaches were investigated by scientists [11-15]. Transformation
operators have a significant role in the application of the methods of the inverse problem of scattering
theory. An approach to the study of similarity was developed by A. Baskakov [16] for some classes
of unbounded operators. A. Aibeche [17] found conditions that guarantee the solvability of abstract
differential equations of the elliptic type with the operator in the boundary conditions.

The first-order linear problems with involution and periodic boundary conditions were studied
by A. Aibeche, N. Amroune, and S. Maingot [18]. Different cases for which the Green'’s function
can be obtained explicitly were studied and the results on the existence and uniqueness solution
were presented.

The mixed problem for an elliptic equation with involution was investigated by A. Ashyralyev, and
A. Sarsenbi [19,20]. These authors resolved this task of reducing the boundary value problem for the
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abstract elliptic equation in a Hilbert space with a self-adjoint positive definite operator. Operator tools
permit obtaining stability and coercive stability estimates in Holder norms, in t, for the solution.

A. Cabada and E Tojo [21] present an innovative result concerning the existence, uniqueness,
and maximal regularity of the strict solution of the elliptic equations class with nonlocal boundary conditions.

The isospectrality of differential operators is an important object of research in inverse problems
of spectral geometry in the study of the M. Katz problem and has an important application for the
analysis of the problem of thermal conductivity and wave processes. The authors of [22] considered
two inverse problems for the wave equation with involution and presented the results on the existence
and uniqueness of the solutions to these problems.

The work of [23] proves that the system of eigenfunctions is complete and minimal in (0, 1),
but is not the basis. For a rational system, r is indicated as the method of choosing associated functions
for which the system of root functions of the problem is an unconditional basis in L, (0, 1). Through
applying the method of the separation of variables, the works of P. Kalenyuk and Ya. Baranetsky [24-31]
studied nonlocal problems with a multiple spectrum and a system of eigenvalues. The operators of
these problems were investigated as isospectral perturbations of the operators of the corresponding
periodic problems.

The conditions for the existence and uniqueness of a solution to nonlocal multipoint problems
for differential-operator equations and partial differential equations were established and the spectral
properties of the operators of these problems were studied.

Proposed by P. Kalenyuk, Ya. Baranetsky’s [23] method allowed building and investigating
nonlocal problems, the pointwise spectrum of which coincided with the pointwise spectrum of the
corresponding non-perturbated problem, which was better studied, and establishing the completeness
and basicity of the system of eigenfunctions of these problems.

In further works of Ya. Baranetsky [22], using the same method, the author investigated
perturbations of boundary conditions of Dirichlet-type problems for linear elliptic and hypoelliptic
differential equations with partial derivatives and differential-operator equations, which left the
pointwise spectrum, completeness, and minimal spanning of the system of eigenfunctions of the
problem unchanged. Further, this method was used to study the operators of the Dirichlet problem
with the same spectrum, which arise when the Laplace equation is perturbed by differential operators
of an infinite order. It turned out that within this method, there are no perturbations of differential
equations by differential operators of a finite order, which leaves the pointwise spectrum, completeness,
and minimal spanning of the system of eigenfunctions of the operator of the Dirichlet problem
unchanged. Naturally, there are problems when constructing and analyzing perturbations that leave
the pointwise spectrum of linear differential equations in an even order by differential-functional
equations of an order not higher than the order of the basic equation, and when studying the properties
of solutions to the Dirichlet problem for these equations.

The construction and study of perturbation classes of operators of the Dirichlet problem for
ordinary differential equations of the second order, differential-operator equations of an even order,
and elliptic equations of the second order, which leave the pointwise spectrum, completeness,
and minimal spanning of the system of eigenfunctions unchanged, are focused on in the works of [24-31].
In these works, the authors investigated the spectral properties of the considered operators and obtained
the eigenfunctions of the operators of perturbed problems and elements of biorthogonal systems.

The basicity of Riesz systems of eigenfunctions of operators of perturbed problems proves the
similarity of these operators to operators of non-perturbated tasks. The unambiguous solvability of the
researched problems is established. We obtained the form of solutions to perturbed problems and their
estimation. The importance of this work lies in its application to the various fields of mathematics and
physics and in the ability to explore new problems based on fundamental problems.



Mathematics 2020, 8, 2108 30f13

2. Materials and Methods

The general method proposed by P. Kalenyuk and J. Baranetsky [30,31] for the study of boundary
and nonlocal problems is based on the discovery and description of classes of operators, which is
a perturbation of classical problems and leaves the point spectrum of the initial problem operator
unchanged, i.e., isospectral. This method allows us to consider perturbed problems not as independent
problems, but to use all the properties and proven facts for the classical problem. The isospectrality
of these operators makes it possible to build solutions to the perturbed problem by the Fourier
method. This method develops in two directions. The first direction considers the problem where the
perturbations of the operator are reflected in the boundary conditions.

The perturbations of the Dirichlet-type boundary problems for the differential-operator equations
were researched in the works of [27-31]. In the scientific works of P. Kaleniuk and Ya. Baranetski [30],
nonlocal problems of differential-operator equations and partial differential equations with many
variables and the system of eigenfunctions were investigated. They considered the operators of
these problems to be isospectral perturbations (changing the boundary conditions) of the operators of
corresponding nonlocal multipoint problems whose properties had been well studied. We studied
that by also specifying the conditions of existence and uniqueness of solutions to these tasks,
spectral properties of the respective operators can be obtained.

In the second direction, problems are considered where the perturbations of the operator are
reflected in the equation. Such perturbations (changes in equations and no changes in boundary
conditions) are constructed and analyzed, which leaves the point spectrum unchanged. The operators of
such problems are self-adjoint and are divided into parts according to the invariant spaces Hy;, s, j = 0, 1.
Spaces Hyj, s, j = 0,1are induced by the involution operator I u(x, y) = u(x,1 - y)Lyu(x,y) = u(l-x,y),
u € Ly (K) for the selected variable.

In particular, in the scientific works of [24-31], the authors investigated the problems of
perturbations of even-order linear differential equations by functional-order differential equations not
higher than the order of the basic equation. We explored the properties of Dirichlet-type problems for
these equations, also determining the conditions of existence and uniqueness of solutions to these tasks.

3. Results

Let K = {(x, y)ER?:0<x, y<1}, I' = JKLy(K)—the set of really valued functions
defined and square integrable functions (with respect to the Lebesgue measure) in the K;
H—separable Hilbert space, H(A®) = {heH:A’heH},s > 0, D* = folD;z, la] = a1 + ap,

a0 = 0,1,2, W§(1<) = {u € L(K), Diu € Lp(K), Dju € LZ(K)} with the norm

Hu(x, y)”iz(K) (x,y) “iz + HDZu (x, y)”2 Lo (k)" Let A2 be the task operator' A%u(x) = -D2u(x),

u(0) = u(1) = 0 and H(Az) c w2 0,1 ”(p” Wl H<p||L201 +||
w2 (0,1

Soboleva-Sobodeckoho space [32]. _
We consider operators Liu(x,y) = u(1-x,y), Iu(x,y) = u(x,1-y), and u € C(_) and their

3
W (0,1)—the

L2(0 1)’

expansion Iy, I, to space Ly(K), I, C Ix,Ty C IyE: Lo(K) = Ly(K) is the identity operator, psy =
YE+ (-1°L), pjy = HE+(-1L),5,j =01, p5 = H(E+ (-1°L)(E+ (-1)'L), 5, = 0,1.
Define space H; = {u € Ly(K) : (Iy)° (Iy) u=(-1)"y, s, j= 0,1},
Mij(L2(K)) = {R : Ly(K) = Lp(K) : R, = (-1)°R,RI, = (-1)/R},5,j = 0,1.
Then, for operators I, I, it holds that
Dylcu = —LDyu, u € Wy (K); (1)

Ll = EI,l, = E LI, = LI, 2)
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If u € Hyj then Dyu € Hyj and if u € Hy; then Dyu € Hyj, 3)
If u € Hyj N W3(K) then Du € Hy; and if u € Hyj 0 W5(K) then D3u € Hy;. (4)
Then, for operators psy, p jys and p; jr it holds that:

Operators psy, pjy, and ps; are orthoprojectors of a space L (K), s,j = 0, 1. (5)

Then, L,(K) = &._, EB}:O Hgj, where Hyj= psiLa(K), s,j =0, 1. (6)

We consider the following problem:

Lyu(x,y) = Lou(x,y) + aLl,xu(x, y) = f(x,y), a €R, f € Lr(K) (7)

here
Lou(x,y) = —Au(x, y) = —here (D,z(u(x, y) + Dfu(x, y)), ®)
Lllxu(x, y) = Dxu(x,y) = Dxu(1-x,vy)
= u(x,y)| o+ (D" M ulx,y)| = ou(y),

o = u(x )], + (0" e y)| | = pmea)

)
3

where m = 1,2, and functions @1, ¢2, @3, @4 € sz (0,1), where it is assumed that

®4(0), (10)

Pa

When a = 0, we obtain a boundary value problem for an elliptic equation. This problem can be
divided into two semi-homogeneous problems, (11), (12) and (13), (14), each of which is well researched,
and it is a well-known fact that each of which has a single solution and holds inequality

Liu(x,y) = Lou(x,y) = f(x,y), @ €R, f € Lo(K) b
m=1,2
Imu = u(x, y)|x:0 + (—1)m+1”(x/ ]/)lle =0, (12)
Lot = u(x, y)‘y:O T (—1)m+1u(x, y) =0
and

2 2
“”f”Lz(K) < ||w||€v§(l<) < b”f“Lz(K)’ a,b>0

Given that Lo : Hs; — Hsj, s,j = 0,1, and operator Lo has the representation Ly = Lgo @ Lgl ®
L(l)O @L(l)l (which is easy to show), where Lg]u = Lou, u € H;;nD(Lo), 5,j =0, 1.

We construct boundary value problems for each operator. The boundary value problems for each
operator are shown in Figure 1.

Liu(x,y) = Lou(x,y) =0, a €R, f € LH(K) (13)
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m=1,2
It = u(x, y)| o+ (1" ulx,y)| = eumly), 14
o = u(y), o+ (1" ulwy)| = omiae),
) 2 2 4 2
e o= Cr Lol . +CElofll , €1 Ca=const
? =N w2 o) =3 w20
L,
|
[ I [ I
00 11 01 10
I 1L 19 L
[ [ [ [
Lougg = foo Louyy = f13 Lougy = fo1 Lyug = f1o

Figure 1. Boundary value problems for operators L;j ,1,j=0,1.

Definition 1. The function u € W% (K) is called a solution to problems (7)—(9) if the function u satisfies the
conditions: ||L1u _f“Lz(K) =0, ’lju — (pjuwz% o) =0,j7=1234

At first, we consider the problem (15), (16):
Liu(x,y) = Lou(x,y) + aLy u(x,y) = f(x,y), a € R, f € L(K) (15)

u(x, y))r =0 (16)

Let L; be the task (15), (16) operator, Lyu(x,y) = Liu(x,y), D(L1) = {u € W%(K),ulr = 0}, and

operator Ly yu(x,y) = Ly yu(x, y), D(L1 x) = D(L;). Operator L, is the perturbation of operator L,.
When a = 0, we get Ly = L, for operators Ly, L,, D(L,) = D(Ly).

Lemma 1. The operator L, , has the following properties:
Ly, : Hojn Wy (K) = 0,L, , - Hi;n Wy (K) = Hyj, j = 0,1.
Proof of Lemma 1. Since the operator has the form L, u(x,y) = Dyu(x, y) — Dxu(1-x,y), and from
the definition of the projector p1, and properties (1) and (2), we obtain
Ly u(x,y) = Dx(u(x,y) —u(1-x,y)) = 2Dxprcu(x, y) (17)

Let u = poxtt € Hoj N W (K), j = 0,1, then L, : Ho; N W, (K) =0, j=0,1.
Let u = pyyu € HyjN W%(K), j = 0,1, then using Formula (17) and the properties of operators
(3)-(5), we obtain L, .u = 2Dxp1xp1xtt = 2Dxp1xtt = 2poxDxut € Hopj,j=0,1.
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Finally, we get L, : Hyj N W) (K) = Hyj,j = 0,1 and L, :HpjnW,(K) =0, j = 0,1. Lemma is
proved. O

We consider the spectral problem:

Theorem 1.

1. The pointwise spectrum of operator Ly coincides with that of operator Lo: 0,(L1) = 0p(Lo) =
{Ak,m D Akm = (k)* + (mm)?, k,m € N}.

2. System V(Ly) of eigenvectors is complete and the minimal spanning system (set) of a space Ly (K).

Proof of Theorem 1. Operator Ly has the eigenvalue {/\k,m A em = (1k)* + (mm)?, k,m € N} and the
system of eigenvectors V(Lg) = {UO € Ly(K): Ugm(x, y) = 2sin(mkx) sin(mmy), k,m € N}.

k,m
Define eigenvectors of operator L;:

Uk (X, y) = vg,m (x,y) + vi/m (x,y),k,meN (18)
where vg,m (x,y) are eigenvectors of operator Lo, k,m € N.
If k = 25 — 1 then vgs_l n €Hoj, j=0,1,L, xvgs_l m(x, y) = 0 follows from Lemma 1, and it also
holds that legs—l,m (x,y) = Lovgs_llm (x, y)—l—aLvags_Lm (x,y) :Lovgs_lrm (%, ).

0

Therefore, eigenvectors v
2s—1,m

(x, y) of operator Ly are also eigenvectors of operator Li:

025—1,m (x/ ]/) = Ugs—l,m (X, y)/ s,me N (19)
If k = 2s, eigenvectors of operator L; are defined as below:

Vs m (X, ) = vgs,m (x,y) + v%slm(x, y),s,meN (20)

1 —

1 i o . .
Let Uy m € Hypj,j = 0,1,s,m € N in the form of a series Voo =

AL, sin(2r — 1)mx sinmmy,

[Iek:

where A{,,, are unknown coefficients.
To determine the coefficients A} =, combining expression (20) and expression
L1v2s i = A2 mU2s,m, We obtain

(LO - AZs,m)Ués,m (x’ ]/) = _aLl,xv(Z]s,m (x’ ]/)/

Y AL~ (—(2r - 1)% —m?) — (25)* — m?] sin(2r — 1) mx sin mmy = —8ams cos 2s7x sin mmy.
r=1

[>9)

_ 4(21-1)
On the other hand, cos2smx = El @07

the fact that the system { V2sin nmy}

sin(2] — 1)mx. From the previous equality and

oy is orthonormal of a Hilbert space L,(0,1), we obtain

—32as(2r—1)
nz((2r ~1)%- (25)2)

r .
AL, = .

Finally, we have system V(L) of eigenvectors:

Vos—1m(%, y) = 2sin(2s — 1)nxsinmmny, s,m € N;

. . - —-32as(2r-1) . .
v X,y) = 2sin2sntxsinmmny + — <~ sin(2r — 1)x sinmmy.
ZS,m( y) y rgl 2 ((21’—1)2—(25)2)2 ( ) y

Now, we want to prove that system V(L;) is complete.
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We will prove it by this contradiction. For every h € L, (K) using the properties of operators (6)
h:ml+mwhm+mQWMmMﬁﬂhﬂj:QLMdh%ﬁum:theN%meWh)
2 7

Let k = 25 -1, using Formulas (6) and (19), we obtain: (h’UZS—l,m)Lz(K) = (M1 +hoo +

0 _ 0 _
ho/] +h1/0, 025—1,7’1)L2(K) = (h(),o + hO,l , st—l,m)Lz(K) =0,5,meN.

If m = 2l then (ho,0 + ho 1, 025_1/21) = 0, and using the fact that the system

_ 0
um_%”%ﬂﬂmm
0 < : _
{025—1,21}5,1:1 is orthonormal of a space Hy;, we obtain kg 1(x, y) = 0.

If m = 21-1 then (hgp, 025_1/21_1) = 0, 5, € N, and using the fact that the system

Ly (K)
{023_1,21_1}5,121 is orthonormal of a space Hyg, we obtain iy = 0.
Let k = 2s, using Formula (20) and inclusion v%s m

_ 0 1 _ 0
(f1,0 + h1,1, 026m) 1 (k) —(h1,o +hi,1,0, + U2S,m)L2(K) —(hl,o + h1,1,025,m)L2(K),S, m € N.

_ 0 _ 0
If m = 21 -1 then (hl,O + h1/1, 025/21—1)L2(K) = (hl,()/ 025,21—1)L2(K)

€ Hpj, j = 0,1, we obtain (h, UZS,m)LZ(K) =

=0, s,/ € N, and also using the

0 (>
fact that the system {025’21_1 }5,1:1

If m = 2] then (h1/0 +hi1,0

is orthonormal of a space Hy;, we obtain /1; g = 0.

0 _ 0 _ . Qi _
2s,21)L2 ® —(h1,1, st,Zl)LZ(K) =0, 5,1 € N; similarly, one gets i1 ; = 0.

We conclude that h(x, y) = 0, which is a contradiction. We proved that system V(L;) is complete
in the space of L, (K).

Now, we want to prove that system V(L;) is the minimal spanning system (set) of a space L, (K).

Define operator Q; as below:

0 (21)

legs—l,m (x’ y) = U(z)s_l,m (x, y)/ s,meN
QlUgs,m (x’ ]/) = st,m (x’ ]/) + U;s,m (x/ ]/) .

Let Ry : Lp(K) — La(K), Ry = Q1 —E, and E : Ly(K) — L, (K)—identity operator Ly (K).
Therefore, using Formula (21), it holds that

2s—1,m
1

Ry (x,y)=0,s,meN
Rlvgs,m (x’ ]/) = UZs,m (x’ ]/)~

Then, Ry : H1j = Hyj, Ry : Hpj — 0,j = 0,1. Operator R; is the transformation operator and it
-1
follows that operators Q1‘1 and (Q;) exist:

Q' =E-Ry,(Q) " = (E+R") ' =E-Ry* (22)

Using Formula (22), define the elements of the system W(L;) biorthogonal to the system V(L;):
w(x,y) = (Ql‘ 1)*v(x, y), where v € V(Ly). System V(L;) of eigenvectors is the minimal spanning
system (set) of a space L,(K). Theorem 1 is proved. O

Theorem 2. The system of eigenvectors V(Ly ) is a Riesz basis of a space Lp(K).

Proof of Theorem 2. We will prove that operator R; is bounded.

For every h € Ly(K), we have h = ), hk,mvg W)
km=1 g

2 2 2

Ly(K)

v 1
X hosm Uos m

(9
0
Ry L hk,m vk,m .
s,m=

IRWAIZ o =
Ly (K) ket

Ly(K)

v 0
Y hosmRy Uoem
s,m=1 !

Ly(K)
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Using equality: (2x — 1) sin 2knix = El % sin(2r — 1) 7.
2

<Cs T Jhosml < CallhlF,
Ly (K) sm=1

We obtain ||R1h||i2(K) :H— Y. hasma(2x — 1) sin 2smx sinmmy

s,m=1

C3,Cy4 = const, where Cy = %

Operators Ql_l = E—-Ry, Q; = E+ Ry are bounded to a space L (K). Following the theorem [22],
we obtain that the system of eigenvectors V(L) is a Riesz basis of a space L(K).

Theorem 2 is proved. O

We consider a boundary value problem:
Liw(x,y) = Low(x, y) + aLwa(x, y) = f(x,y), a€R, f € Lr(K), (23)

Low(x,y) = —Aw(x, y) ( w(x,y) +D2 (x ,y)),
L, ,w(x,y) = Dxw(x,y) - Dxw(1l —x,y).

w(x, y)|,_y + wx )| _, = e1(y), wlx,y)| _, - wlx )| _, = e2(v), 1)
w(e )|,y + 0y, = esw ey, 0y, = ea),

where ¢; € WZ% (0,1),s=1,2,3,4.

Now, let us proceed to problem (23), (24).

The function w(x,y) can be presented as the sum w(x,y) = u(x,y) + z(x,y). Functions
u(x,y),z(x,y) are solutions to the following problems:

Liu(x,y) = Lou(x,y) +al, u(x,y) = f(x,y), « €R, f € L,(K)

A TR A 25)
uoy)|, g+ uCoy),_ =0,y >|y:0—u<x,y>[; -0,
Liz(x,y) = Loz(x, y) + aL, z(x,y) =0, ®€R,
25, y)|,o + 20 vy = 21 (W), 20 0|y — 28 9)| ;= 92(w), (26)
(IW) +2&yﬂ P3(x), z(x, )L: (LWhﬂ=¢d@'

Theorem 3. If f € Ly(K) then a unique solution to problem (25) exists and satisfies the following estimate:

“uH%Z(K) S C“inz(K) 7

Proof of Theorem 3. Now let us proceed to problem (25). The function u(x, y), f(x, y) can be presented

as a sum:
u(x,y) =u10(x,y) +u1(x,y) +uoo(x, y) +uo1(x,y), (28)
fxy) = fiolxy) + Aia(xy) + foolx, y) + for1(xy),

where u, ; € H; N W2 ( ),fS,j € Hgj, 5,j=0,1.
Combmmg both expressions (25) and (28), we obtain

(L0+le) Z uS]* Z f5]/

s,j=0 s,j=0

ZOLOu5]+ Z leMS]* Z fs;z
5]
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1 1 1 1
L ousilxy) + X oujxy)| =0, X ujlxy)| - X ujlxy)| =0,
- ] - ] ‘ ] - ]
5,j=0 x=0 /=0 x=1 5,j=0 x=0 5J=0 x=1
1 1 1 1
Yousj(xy)| + L ousjxy) =0, ¥ uilxy) - ¥ usjlxy) =0
s,j=0 y=0 5,j=0 y=1 s,j=0 y=0 s,j=0 y=1
Using Lemma 1 (Figure 2), it also holds that L, u,j(x,y) =0, j = 0,1and
1 1
Y Lousj+ Lixuro+ Liyuin = X fs)
s,j=0 s,j=0
L
[
| | | |
LC”EIEI = .f-EIEI — Ll,x”l[l Louyr = f11 LC.'{DJ_ = .f-Ell — Ll,_r”ll Louig = f10
Il”[l[l =0 IC”J_J_ =0 Il“:ll =0 IC”J_EI =0
lyugg =0 lyuj =0 gy =0 Ly =0

Figure 2. Division of a boundary value problem for a perturbed operator L; into parts according to
subspaces Hij' i,j=0,1

We solve each of these problems similarly to problems (11) and (12).

Using the properties of operator (4) and inclusion L, M1,0 € Hoo, Ly (111 € Hyy (following Lemma
1), problem (25) is divided into parts:

u1,0(%, ¥)|,_o + 10X, ¥)|,_; = 0, u10(x, y)|x=0 —u0(x, y)| =0 (29)
1,0 (%, y)|,_o + ur0(x Y|,y =0, 11006 9|, — ur0(x, y)r;:1 =0,

Loui(x,y) = fir(x,y),
w1 ()| + maxy)| = 0wl y)| - malxy)| _, =0 (30)
ui1(x,y) y—o T ui1(x,y) yo1 = 0111 (x, y)|y:0 - uy1(x, y)ry:l =0,

Louoo(x,y) = foo(x,y) = Ly u10(x, y),
Uup,0 (X, y) =0 + Uup,0 (X, y) =1 = 0/ Uup,0 (xl y)|x:o — Up,0 (X, y)| =1 = 0’ (31)
U0 (%, y)|, g + Hoo(x%, y)|,_; =0, uoo(x, y)|y:0 — ugo(x, y)f;zl =0,

Louoa (x,y) = foa(x,y) =Ly u11(xy),
”0,1 (X, y)|X:0 + uO,l (xr y)|x:1 - 0/ uO,l (xl y)|x:o - uO,l (xr y)| =1 = O/ (32)
up,1(x, y)|y:0 + up(x, y)|y:1 =0,ug;1(x, y)|y:0 - g1 (x, y)Ele =0

Problems (29) and (30) are similar to problems (11) and (12). There are unique solutions to each of
the problems (29) and (30) and they hold inequality

Mi”fl,i”iz(K) < ””Liuivg(m s Li”fl,i”iz(K)'Mi'Li >0,i=01

For problems (31) and (32), we prove that foo — L, 410 € Lo(K) and fo1 =L, 11,1 € L(K):

oLy tsalf ey = 2olf s+ I srolf ) =
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< 2(||f0,0”i2(1<) + 4||Dx”1,0||i2(1<)) < Z(HfO,O“iZ(K) + 4|a|2<2“Da”1,0||i2(1<)) <

2 2
< 2(”f0,0HL2(1<) + 4C5H”1/0”w§(1<)) < %,

s =L inalP e, < 2all g+ Msinall ) <2l g+ 4ol ) <

We proved that problems (29) and (30) are similar to problems (11) and (12). So, there is a unique
solution to these problems and it holds inequality

_ 2 2 , 2 . = ’
Ci”fori“Lz(K) < ||“0,i“w§(1<) < Cz‘”foi||Lz(1<)'Z =01G,C >0

Following the previous results and equality: ||u||i2(K) = ||”0,1Hi2(1<) + “”LOHZ(K) + ””MH;(K) +

“uof()”iz (k) We obtain the existence of a unique solution to problem (25) that satisfies inequality (27).
Theorem 3 is proved. O

Solution z(x, y) of problem (25) can be presented as a sum:
z(x,y) = v1(x, y) + v2(x, y), where v1 (x, ), v2(x, y) are the solutions to problems (33) and (34):

Lion(x,9) = Lovn (x,y) + oL o1 (x,) = 0,
v1(x, )| o+ 1Y)y = e1(v), w1 y)| _y — o1(x )]y = Pa(y), (33)
01 (x/ ]/) y=0 + 11 (X, ]/) y=1 =07 (x/ y))y:() -0 (x/ y)|y:1 =0.

Liva(x,y) = Lova(x, y) + aLl,xvz(x, y) =0,
{ 06y o+ 22y, =00 y)| - nEyl|_, =0 (34)

Uz(x, y) y=0 + Uz(x, }/) y=1 = (P3(x)/ UZ(XI y)|y:0 - Uz(x, }/)|y:1 = (P4(x)-

We rewrite problem (33) in differential-operator form, and it is defined as operator

By : L»(0,1) > L5(0,1), Bah(y) = —dzhy(zy), D(Bp) = {l € W3(0,1) : h(0) = h(1) = 0}.

Since operator Bj is positively defined, then operator A; exists:

Ar = /By, D(Az) = {h = th \/Esinkny S Lz(O,l) : Zk2|hk|2 < OO}
k k

Let H=L15(0,1), v1(x,y) = v1(x), 01 = @1(y) € H, 92 = ¢2(y) € H,
acLval(x, y) = azLval(x) = aDy(v1(x) —v1(1-x)).
Problem (33) has a differential-operator formulation:

{ —D?vy(x) 4+ A3v1(x) + oLl v1(x) =0, (35)

U1 (x>|x:0 + U1 (x)|x:1 = (Pi/ U1 (x>|x:0 -0 (x>|x:1 = @2

Further, we rewrite problem (34) in differential-operator form.
2
Define operator: By : L»(0,1) — L(0,1),B1g(x) = () alle(x),a €R,

dx?
D(By) = {g € W3(0,1) : 8(0) = g(1) = 0}
Since operator Bj is positively defined, there is the operator

Ay = /B, D(4;) = {g(x) = Y.gx V2sinknx € L(0,1) : zk2|gk(2 < oo}.
k k

Let H=15(0,1),v2(y) = v2(x,v), 3 = @3(x) € H, 4 = @4(x) € H.
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Problem (34) has a differential-operator formulation:

{ ~Diva(y) + Ajoa(y) =0, (36)

vz(y)|y:0 +02(y)|,_, = @3, 02(y)|,_y - vz(]/)|y:1 = P4

y= y=0

Problems (35) and (36) were researched [25], each of which has a single solution and
holds inequalities

kg < ol ol Jandeaiy g <ol )+ il s ) 67
2 2

01)
Additionally, they hold

2
121y < o101,z )+ ol ) (38)
where Cg = max{2Cq¢,2C7}.

3
Theorem 4. For every f € Ly (K) and @1, p2, @3, ¢4 € W3 (0,1) exists a unique solution, w(x,y) € W3(K),
to problems (25) and (26) which satisfies the following inequality:

8= S+ Bl + Eleilg ) &

Proof of Theorem 4. The existence of a single solution, w = u + z, to problems (22) and (24) follows from
the existence of solutions to problems (25) and (26), respectively, of Theorem 3, and for Formula (38),

a unique solution, w, exists and holds inequality ||w||%2( 19 < 2(||u||i2( ) + ||z||%2( 19 ), therefore, by adding

inequalities (27) and (38), we obtain inequality (39), where Cg = max{2C, 2Cs}.
Theorem 4 is proved. O

4. Conclusions

We investigated the Dirichlet problem for the elliptic equation perturbed by the selected variable
and established the spectral properties of the perturbed operator. Further, we explicitly found the
eigenvalues and eigenfunctions of the perturbed task operator. We proved the isospectrality of the
perturbed operator to the operator of the Dirichlet problem for an elliptic equation and proved the
completeness, minimality, and basicity of the system of eigenfunctions of this operator. We proved
the theorem on the existence and uniqueness of the solution to the boundary value problem for a
perturbed elliptic equation. We obtained an upper bound solution to the researched problem.

Similar results we can obtain if we consider the perturbations are of the following forms:

Ly u(x,y) = Dxu(x,y) + Dxu(1—x,y)

Lyyu(x,y) = Dyu(x,y) = Dyu(x,1-y),
Lo yu(x,y) = Dyu(x,y) + Dyu(x,1-y),
Ly xu(x,y) = Dyu(x,y) + Dxu(1-x,y),
Ly yu(x,y) = Dyu(x,y) = Dyu(x,1-y),
Ly yu(x,y) = Dyu(x,y) + Dyu(x,1-y),
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In further research, we plan to show the general class of perturbations for elliptic equations of the
Dirichlet problem and the study of the Dirichlet problem for differential equations in partial derivatives
of higher orders. We will also show the selection of isospectrality classes for such a problem and proof
of the theorems of existence and uniqueness of the solution to such problems.
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