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Abstract: Credit risk modeling by debt pricing has been a popular theme in both academia and
practice since the subprime crisis. In this paper, we devote our study to the indifferent price of
a corporate bond with credit risk involving both default risk and credit rating migration risk in
an incomplete market. The firm’s stock and a financial index on the market as tradable assets
are introduced to hedge the credit risk, and the bond price is determined by the indifference of
investors’ utilities with and without holding the bond. The models are established under the
structural framework and result in Hamilton—Jacobi-Bellman (HJB) systems regarding utilities
subject to default boundary and multiple migration boundaries. According to dynamic programming
theory, closed-form solutions for pricing formulas are derived by implementing an inverted iteration
program to overcome the joint effect of default and multiple credit rating migration. Therefore,
with the derived explicit pricing formulas for the corporate bond, the models can be easily applied in
practice, and investors can generate their strategies of hedging the credit risk by easily analyzing the
impacts of the parameters on the bond price.

Keywords: utility indifference valuation; defaultable corporate bond; credit rating migration;
structural model; dynamic programming

1. Introduction

Corporate bonds play important roles in the financing channels of firms. They are very popular in
financial markets. Corporate bonds contain credit risk, which has been empirically verified as seriously
influential on financial stability and the business cycle [1-3]. Especially after the financial crisis of
2008 and the European debt crisis of 2010, credit information has been more attractive to market
participants. Investors demand trading strategies to hedge credit risk, and regulators are anxious to
control credit risk contagion [4-6]. Credit risk refers not only to default risk [7-9], but also to credit
rating migration risk [10-12], where the latter has received more and more attention. Credit ratings
influence the prices of corporate bonds [13-15]. How do we price the corporate bond in different credit
ratings, and how does the bond change its price when its rating migrates? These problems deserve
answers. Accordingly, in this paper, we focus on the valuation of defaultable corporate bonds with
credit rating migration, where the bond is supposed to be a zero-coupon.

We assume that the market is incomplete. Thus, if the corporate bond is considered as the claim
written on the firm’s asset value, theoretically, there is no longer a unique claim price. In this situation,
the utility indifference valuation methodology, initiated by Hodges and Neuberger [16], is considered
as a useful tool to ensure the unique claim price in the incomplete market, with the advantage including
economic justification and the incorporation of risk aversion. Thus, in this paper, the prices of the
corporate bonds are determined according to the utility indifference principle. Meanwhile, the credit
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risks, including the default risk and credit rating migration risk, are modeled under the structural
framework, which was originated by Merton [17] and extended by Black and Cox [18]. The default is
triggered if the firm’s value falls below some given threshold, while the credit rating migrates if the
proportion of the firm’s debt and asset value passes the threshold.

When an investor wants to decide the indifferent price of the corporate bond written on the
non-tradable firm’s asset value, it is suggested that he/she trade a tradable and correlative asset on the
market to hedge the credit risk of such a corporate bond. In this paper, we follow Liang and Jiang [19]
by considering two natural candidates, the firm’s stock and a financial index. As the first-passage-time
model of Black and Cox [18] is used, as the default time is also the collapsing time of the firm, if the
investor trades the firm’s stock, he/she fails to go on trading the firm’s stock afterwards. After the
default, the investor has to invest the remaining wealth into a bank account earning a risk-free interest
rate. On the other hand, if the investor trades a financial index instead, he/she will lose some money
at the default time. However, he/she can continue to trade the financial index afterwards. After the
default, the investor continues to trade the financial index on the market with a shifted initial wealth
depending on his/her loss from the firm’s default. In addition, another subtle difference between
trading the firm'’s stock and trading the financial index is that the stock price shows heterogeneous
volatilities, infected by the firm’s asset value due to the credit rating migration, while the financial
index is supposed to be robust with regard to the credit rating migration. The effect of credit rating
migration risk was not involved in the consideration of Liang and Jiang [19].

The first attempt to model credit rating migration in an incomplete market is attributed to
Liang et al. [20], where the overall credit region was divided into two ratings, and this resulted in only
one migration boundary. To obtain the closed-form solution for the bond price and analyze the effect
of credit rating migration risk, Liang et al. [20] exogenously imposed an additive boundary condition
on the migration boundary. In reality, for example, Standard & Poor’s, one of the worldwide credit
rating institutes, has detailed rating scales, such as A, BBB, and BB, even with positive or negative
signs, known as notch signs [2]. Accordingly, in this paper, we divide the credit region into n credit
ratings, where 7 is supposed to be an arbitrary integer. Perhaps such extension looks like a slight
and trivial change. However, technically, this really causes some trouble in deriving a closed-form
solution for the bond price. As there are 1 ratings assessing the firm’s credit, this produces n — 1 credit
rating migration boundaries. Thus, it is difficult to exogenously impose #n — 1 boundary conditions on
the migration boundaries, similar to Liang et al. [20]. This may easily lead to the ill-posedness of the
model, and we cannot obtain the closed-form solution for the bond price. We solve this problem by
following the assumption from Black and Cox [18], i.e., the first-passage-time model to capture the
default event, rather than Merton’s model [17] used by Liang et al. [20], where default is only allowed
to happen at maturity. The usage of the first-passage-time model endogenously generates a default
boundary. Meanwhile, in this paper, the credit rating migration is modeled by the dynamic proportion
of the firm’s debt and the asset value [21,22], which means that the migration boundaries depend not
only on the firm'’s asset value, but also on the bond price. Finally, we obtain the closed-form solution
for the bond pricing model by taking an inverted iteration program, i.e., the solving program is started
at the lowest credit rating region as it is bounded by the default boundary and finished in the highest
credit rating region.

The rest of the paper is organized as follows. Section 2 provides a literature review. In Section 3,
the overall modeling framework is presented, involving some necessary assumptions, and the
Hamilton-Jacobi-Bellman (HJB) equation system is derived. In Section 4, the closed-form solution
of the HJB system is obtained by an inverted iteration according to the utility indifference pricing
principle. In Section 5, we conclude the paper.

2. Literature Review

The corporate bond can be regarded as a contingent claim written on the firm’s asset value.
In general, claim pricing has two equivalent approaches in a complete market, replication and
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hedging [16,23]. A uniquely fair price consistent with no-arbitrage can be determined through perfect
replication or hedging. However, few situations are complete in reality. Market frictions like transaction
costs, non-liquid assets, and portfolio constraints lead to impossibly perfect replication. Theoretically,
there is no longer a unique price in such situations. Thus, the utility difference valuation methodology
is used to ensure the claim price is unique in the incomplete market [16]. The idea of utility indifference
valuation is to look for a price at which the buyer (or writer) of the derivative is indifferent in terms of
maximum utility, no matter whether he/she holds the derivative. In fact, this approach leads us to
solving optimization problems in the incomplete market by using the dynamic programming approach.
Henderson [24] presented the solutions for the power utility and exponential utility respectively under
Markovian framework, where the pricing formula for the exponential utility was derived and extended
to the price under the power utility as well. Musiela and Zariphopoulou [25] also solved the explicit
price under the exponential utility, while Zariphopoulou [26] solved a slightly different problem under
the power utility, where the Cole-Hopf transformation was introduced and the door to the further
development of indifference pricing was widely opened. Liang and Jiang [19] applied the utility
indifference valuation method to corporate bond pricing with the default probability. The indifferent
price and hedging strategies were obtained. Liang et al. [20] also priced corporate bonds in the
incomplete market by the utility indifference principle, but with the credit rating migration probability,
obtaining closed-form solution for the bond price as well. More papers on indifference valuation are
Porchet et al. [27], Benedetti and Campi [28], Li et al. [29], and so forth.

The model of credit risk in our paper is established under the structural framework. Traditional
models for credit risk modeling are classified into two broad categories, respectively: the reduced-form
approach and the structural approach. The reduced-form approach, originally developed by Dulffie
and Singleton [30] (see also Jarrow and Turnbull [31]), follows the assumption that information flows
can be reduced to the observations of a random time representing a firm’s default event. It concerns
exogenous reasons rather than the firm’s capital structure and asset value. The default time is modeled
by introducing a hazard rate (default intensity) [32,33]. The structural approach refers directly to
the endogenous factors like the capital structure and asset value process. Merton [17], who was the
originator of structural models, presumed that the firm’s asset value process follows a geometric
Brownian motion and regarded the corporate bonds as contingent claims on the firm’s asset value.
It assumes that a firm’s default is triggered by an event, where the asset value decreases until it is
lower than the debt at maturity. Following the pioneering work of Merton [17], Black and Cox [18]
developed another structural model that enables default events to occur at any time before debt
maturity. They applied the Black—Scholes formula in option pricing theory to corporate bonds with
indenture provisions and also showed that it can be used to analyze the effects of indenture provisions
on a firm’s default events. Extended studies of the first-passage-time model are Leland [34], Longstaff
and Schwartz [35], Leland and Toft [36], Briys and de Varenne [37], and so forth.

Both structural and reduced-form approaches begin to demonstrate only the credit default
event. For modeling credit rating migration, a commonly adopted approach is the Markov chain,
which is captured by a transition intensity matrix, coming from general statistical data [10,38,39].
Then, the reduced-form framework can be naturally developed for dynamic credit rating migration
processes [32,40,41]. However, in reality, empirical studies have verified that the firm’s asset value
plays an important role in the credit rating migration process [10,11]. Specifically, it is an inadequacy of
the reduced-form model, which assumes that the credit events are independent of the behaviors of the
firm itself. A structural model works by overcoming such an inadequacy of the reduced-form model.
Furthermore, the migration boundary is indicated by the structural model, by which investors can get
more credit information more conveniently. Liang et al. [20] started to model and analyze credit rating
migration risk by the structural model based on Merton [17]. They divided the firm’s asset value into
high and low rating regions by setting a predetermined migration threshold, where the firm'’s asset
value follows different stochastic processes. As the threshold dividing the credit ratings is usually
not predetermined, Hu et al. [21] determined the migration boundary by the dynamic proportion
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between the firm’s debt and the asset value, which results in a free boundary problem. Subsequently,
Liang et al. [22] incorporated a risk discount factor, which measures the sensibility of credit rating
migration to the proportion of the debt and asset value, into the model and showed a profile of an
asymptotic traveling wave exists in the free boundary problem. Liang et al. [42] and Yin et al. [43]
considered the situations of the time-varying risk-free interest rate [44,45]. Wu and Liang [46] provided
some numerical results for multiple credit rating migration problems. More papers on credit rating
migration modeling by the structural approach are Wu and Liang [47], Wu et al. [48], Wang et al. [49],
Huang et al. [50,51], Liang and Zhou [52], and so forth.

We model the credit risk, involving default risk and credit rating migration risk, by using the Black
and Cox’s structural model (known as the first-passage-time model) and obtain the explicit formula of
the corporate bond price with both default and credit rating migration probabilities in an incomplete
market according to the utility indifference principle. Our work contributes to the literature on the
indifference pricing methodology, the structural approach, and credit rating migration modeling.

3. Modeling

In this section, we develop the structural model to embed the utility indifference valuation
framework for the defaultable corporate bond with credit rating migration. We follow the Black—Cox
assumption on the default risk (Black and Cox [18] and Liang and Jiang [19]). The credit rating
migration risk is captured according to Hu et al. [21] and Liang et al. [22], where the firm’s credit rating
is downgraded or upgraded as the proportion of the firm’s debt and the firm’s value passes some
pre-set threshold.

3.1. Assumptions

3.1.1. The Market

Let (Q),.7,P) be a complete probability space. The market is built on four assets: a risk-free asset
with constant interest rate 7, a financial index, a stock, and a corporate bond, the latter two of which
are issued by the firm. Let S; be the stock’s value at time ¢, which satisfies:

dS; = usSidt + 05SdBy, 1)

where the constants pgs and og represent the appreciation rate and the volatility of the stock,
respectively, and (B} );> is the Brownian motion with its natural filtration {.%};>0. The financial
index, whose price satisfies:

dpP; = ‘upptdl' + UpptdBf,

is traded on the market and is non-defaultable, where the constants pp and op represent the
appreciation rate and the volatility of the stock, respectively, and (B!);¢ is the Brownian motion with
its natural filtration {.%# };>o.

3.1.2. The Firm

The firm’s asset value, denoted by (V;);>0, is observed from the balance sheet, but cannot be
traded on the market. We suppose that its value satisfies:

dVi = uyVidt 4+ oy VidBY,

where the constant py is the surplus of the expected return, that is the expected return subtracted by
dividends, and oy is the volatility of the firm’s value. (B} );>0 is the Brownian motion, which generates
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the filtration {.#" };>¢. The firm’s value V is correlated with its stock price S and the financial index
price P. Their correlations are modeled by the correlations of the associated Brownian motions:

Cov(dBY,dB}) = pysdt, 0 < pys <1,

and:
Cov(dBy,dBf') = pypdt, —1 < pyp < 1.

It is natural to assume that the firm’s value V and the stock price S are positively correlated.
However, the financial index P may include financial institutions that are the counterparty of such a
firm. Hence, the correlation between V and P might be negative. We write % = .#Y v .#5 v Z/ for
te[o,T].

3.1.3. Default Risk

We suppose that the corporate bond has face value F and maturity T. Its price at time ¢ is denoted
by ©;, which is the key quantity we would like to value in this paper. We follow the Black—Cox
assumption on the contract. Default will occur at the first time when the firm’s value V falls below the
default barrier, denoted by Dy, which evolves as:

D; = De~*(T-1),
where D and « are positive constants. The default time is then the following stopping time:
p = inf{t € [0, T] : V; < Dy},
and the payoff of the contract is:
Hypar = wDqp 1 <1y + Fly o),

where the constant w € [0, 1] is the recovery rate that the firm will pay for the holders of the corporate
bond when default occurs.

3.1.4. Credit Rating Migration Risk

We follow the assumption of Hu et al. [21] on the modeling of credit rating migration. The credit
rating of the firm migrates at the first time the proportion of the firm’s debt and the firm’s value,
denoted by:

passes some pre-set threshold. Suppose that there are n credit ratings considered in this paper and
then nn — 1 thresholds dividing the credit region. Denote these thresholds by:

0<lh<blh<- <ty o< ly_1<o0,
and then, the credit rating migration times are defined as follows:
T = il’lf{t S [0, T] 2 ly < O, 0 > 61},

T =inf{t €[0,T]: by € ({;_1,4;), 4 & (¢;_1,¢;)}

fori=2,3,--- ,n—1,and:

Ty = inf{t S [0, T] 2l > by 1,0 < Uy 1}
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The volatility of the firm’s value with a high credit rating is usually weaker than that with a low
credit rating (Hu et al. [21]). Thus, denote by oy; the corresponding volatility of the firm’s value in the
i'th credit rating, i = 1,2, - - - , n. These volatilities satisfy the order:

O<oy <oyp < -+ < 0oyp_1 < 0Oy, < 0.

Meanwhile, the volatility of the firm’s value may spill over to its stock. This results in that the
volatility of the stock is also heterogeneous in different credit ratings of the firm. Denote by cg; the
volatility of the stock in the i’th credit rating, i = 1,2, - - - ,n. They also satisfy the order:

0<0g1 <0gp < ++- < 0gy1 < Ogp < 00,

3.1.5. The Investor

The holder of the corporate bond has a CARAutility function, which depends on his/her terminal
wealth W:
UW) = - "™, WeR,

where v > 0 denotes the risk aversion parameter. More general and practice utility functions,
such as the mean-variance utility function [53], used in [54,55], can be approximated by this CARA
utility function.

The investor with initial wealth W invests in either the stock S or the financial index P by following
the admissible trading strategy 7t € A,;[0, T]:

T
Agg = {71 [0, T] x Q — R : 7w is F-adapted, self-financing and / E[n?)dt < oo}.
0

If the investor invests in the stock S, then his/her wealth W* follows:

AW =d(WP — ;) + dm
:T(Wts — ﬂt)dt + ;l/lsﬂ’tdt + (7’57'CtdBtS
=rWPdt + (us — r)mdt + ogmdB?,

where the wealth is divided into two parts: the first part W7 — 7; is risk free, and the second part 7t
satisfies (1) by self-financing. Likewise, if the investor invests in the financial index P, then the wealth
WP follows:

dWE = rWldt + (up — r)mdt + opridBY. 2)

3.2. Maximal Expected Utility Problem

If the investor holds a corporate bond, he/she invests in either the stock S or the financial index P
to hedge the credit risk (involving default risk and credit rating migration risk) from holding such a
corporate bond. The indifference price of the corporate bond is determined by the comparison of two
utility maximization problems with and without holding the corporate bond.

The first case is that the investor invests in the stock S. Suppose that the investor holds the
corporate bond, i.e., he/she hedges the credit risk of the corporate bond by trading the stock S.
The investor buys the corporate bond at time ¢ with the price ®; and invests in the stock with the
remaining wealth WP — ®;. The investor faces both the default risk and credit rating migration risk
during the time period [t, T]. If the firm defaults before migrating to another credit rating in the time
period [t, T], i.e., on the set {tp < min{7;, T}} for some 1 < i < 1, meaning that the firm is in the i'th
credit rating at time ¢, the investor gets WED + H,. Since the firm collapses, the investor has no stock
to trade after the default and then will put the remaining wealth WTSD + Hy, into the bank account
to earn the risk-free interest rate r. If the credit rating migrates before defaulting in the time period



Mathematics 2020, 8, 2033 7 of 26

[t, T], a virtual substitute termination happens, i.e., on the set {7; < min{tp, T}} forsome 1 <i <,
the contract is virtually terminated and substituted by a new one with a new credit rating. If both the
default and credit rating migration do not happen before maturity, i.e., on the set {min{tp, 7;} > T}
for some 1 < i < n, the investor gets W% + Hr at maturity. Overall, the investor will maximize
his/her utility:

Ui (t,W,V) = sup E[uj + 07 +wi|W =W? -0,V =V;,0; < (1],

TeAuq
where:
u; = —exp(—y(W2 + HT1))Yminfwp,q) =T}
0] = —exp(f’y(er(T_TD)(WfD + Hep)))1ep <min{z, T3}
w¥ = uZS (Tll W'fl/ VT1 )1{1’1 Smin{TD,T}}’
and:
UP (W, V) = sup E[uf +07 + @] |W = W} =04,V = Vi, (i 1Vs < O < V],
HGAM

where:

u? = —exp(—y(W3 + H1))min{wp, 5} =T}

0f = — exp(—’y(er(T_TD)(WfD + Hup )y <mingz, T4}
wf = (U1 (5 W3, Vi) Lo, »rv, y + U1 (5 W2, Vi) (e, <4, yvi }) L {r<minfep T} )

fori=2,3,--- ,n—1,and:

U; (t,W,V) = sup E[u; + v, +w)|W =W -0,V =V;,0; > £,_1V4],

TEA
where:
ty = —exp(—7(WE + Hr))L{min{xp 5} 2T}

Uy = — exp(_'Y(er(TiTD)(WfD + HTD)))l{Tngin{Tn,T}}r
wy = Uy 1 (T, W3, Vi, )1z, <min{op, T} }-

Suppose that the investor does not hold the corporate bond and only invests in the stock. As the
stock is issued by the firm, the wealth of the investor is also exposed to both default risk and credit
rating migration risk, despite he/she not investing in the corporate bond. The investor will maximize
his/her utility:

where:
= —exp(—YW2) L minfrp o} >}

= —exp(—7(e"T"PIWE N1 (1) <minfr, 1))
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’(;()? = AZS(Tl, W—‘?l/ Vrl)l{rlgmin{TD,T}}’
and:
U5 (tW,V) = sup E[af + 67 + DF|W = WS,V =V, {1V < O < V],
7I€Agd
where:
AS _ (— Ws)l .
i; exp(—YWr {min{tp,7;}>T}~
0 = —exp(—y(e"TIWE )y cmingn 1y}
ZT)ZS _ (Uis+l (T, W’g"VTi)]'{®Ti2€iVT1‘} + Uis_l(Ti/ WTSI,, Vfi)L{@Tiﬁ&‘flvri})1{TiSmin{TD,T}}/

fori=2,3,--- ,n—1,and:

U3 (t,W,V) = sup E[a5 + 0, +D5|W =W,V =V, 0; > £, 1 V4],
eEA

where:
ﬁg = _exp(_’)’w%)l{min{rp,rn}ET}/

oy = —exp(—y(e" T TPIWE )11y <minfe 1))
@y = Uy 1 (Ta, W3, Vi, )1z, <min{p, 7}

If the bond holder hedges the credit risk of the corporate bond by trading the stock, the indifference
price of the corporate bond O is such that the value functions coincide, i.e.,

Us (L, Wy — 0, Vi) = UP (L, W7, V), i =1,2,- - ,n. (3)

The second case is that the investor invests in the financial index P. Suppose that the investor
holds the corporate bond, i.e., he/she hedges the credit risk of the corporate bond by trading the
financial index P. The difference from investing in the stock is that after default, the investor can
continue to trade the financial index, but with a shifted initial wealth depending on his/her loss from
the default. The investor buys the corporate bond with the price ®; and invests in the financial index
with the remaining wealth W' — @ at time t. If the firm defaults before credit rating migration during
the time period [t, T|, i.e., on the set {tp < min{7;, T}} for some 1 < i < 1, meaning that firm is in the
i'th credit rating at time ¢, the investor gets WfD + Hy, at the default time tp. After the default, he/she
continues to trade the financial index on the market, but with the shifted initial wealth WfD + Hep,
and maximizes the utility:

Ug (o, Wy, + Hy) = sup E[— exp(—yWr) W5, = Wy + H ], @
7T

where WP still follows the wealth process (2), but with the shifted initial wealth WfD = WfD + Hyp.
Then, (4) is the standard exponential utility maximization problem, whose solution is known as:

2
_ p—7r
Ug (to, Wy, + Hp) = —exp ( — e T (WP 4 Hy) - %(T - TD)>,
P
which is the value function after the default on the set {tp < min{t;, T}} for some 1 < i < n. If the
credit rating migrates before default during the time period [t, T], a virtual substitute termination
happens, i.e., the contract is virtually terminated and substituted by a new one with a new credit rating
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on the set {7; < min{7p, T}} for some 1 < i < n. If both the default and credit rating migration do
not happen before maturity, i.e., on the set {min{7p, 7;} > T} for some 1 < i < n, the investor gets
WPF + Hr at maturity. Overall, the investor will maximize his/her utility:

uf(t, w,v) = sup E[ul +of + 0l |W=W> -0,V =",0; <V,

eEA

where:
uy = —exp(—=v(Wr + H1)) 1 imin{rp o 15T}
of = Ug (1o, Wi + Hep) 1 {zp <min{z, T}
w{) = Ug(Tl, W'Irif VT1)1{T]§min{TD,T}}/
and:
ul(t,w,v) = sup Efuf +of +wP’|W=wf -0,V =V,0_,1V <0<V,
meA,

where:

uf = —exp(—v(Wr + Hr))Umin{wp, o} =T}

of = Ug (tp, W) + Hep) 1y <minfz, 1)}
w! = (Uf (1, WE, Vi)lie, >4v.} + ul (i, Wy, Vi) lie, <t v ) z<min{wp, T}
fori=2,3,--- ,n—1,and:

ul(t, w,v) = sup E[ul +of +wl|iw=wf -0,v=v,0, >,V
TeA

where:
uy, = —exp(=Y(WF + H1)) 1 min{ep .} 5T}

Z)E = U(I)J(TD, WED + HTD)l{Tngin{Tn,T}}'

wy = U1 (T, W, Ve )z, <minf{ep, T} -

Suppose that the investor does not hold the corporate bond. In this situation, both the default
risk and credit rating migration risk will not impact the trading strategy of the investor. The problem
reduces to a standard exponential utility problem:

OP(t, W) = sup E[- exp(—7(WE))|W = WF],

TEAu

which can be solved explicitly as:

2 - (up — 1)
Ur(t, W) = —exp (—’ye’(T W — ?(T— ).

If the bond holder hedges the credit risk of the corporate bond by trading the financial index,
the indifference price of the corporate bond ©; is such that the value function coincides, i.e.,

ulf(t, Wf — e, vi) = Uf(t, W), i=1,2,--- ,n. (5)
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3.3. Pricing Characteristics by the H]B Equation System

The HJB equations are derived to characterize the indifference price of the corporate bond ©;.
The dynamic programming principle is employed. Before starting the lemma, let us define the
following operators:

o2 2.
L2 = (rW + (s — r)70)w + py Voy + %ﬂfzaww + %Vzavv + pvsosioy;Vowy

and:

o2

2
2.
.,%P = (T’W + (}lp — 1’) ﬁ)aw + ﬂvvav + ?Pﬂ'zaww + %Vzavv + pVPU'pTL'O'VivaWV
fori=1,2,---,n.

Lemma 1. The value functions (U?,i = 1,2,---,n) are the viscosity solutions of the following HJB
equation system:

(UD)e+ sup LUS =0, V> 0710y, (6)
TEAu
and:
(UP)i + sup LU =0, (7@, <V < (7,0, @)
nGAad
fori=2,3,---,n—1,and:
(U3)e+ sup ZUy =0, Dy <V <10, 8)
meA
with default boundary:
US (£, W, V)|y—p, = —exp(—ye" T~ (W + wDy)), ©9)
and terminal condition:
US(T,W,V) = —exp(—y(W+F)), i=1,2,--- ,n. (10)

In addition, on the credit rating migration boundaries, it holds that:
Ug (t, W, V) = U2 (L, W, V),i=1,2,-- ,n—1. (11)

The value functions (Uis,i =1,2,---,n) are the viscosity solutions of the following HJB equation system:

(@) + sup LTS5 =0, V> 4710, (12)
EAu
and:
(UP)e+ sup L°U7P =0, 6,10, <V < (710, (13)
meA,

fori=2,3,--- ,n—1,and:

(U3)i+ sup LUy =0, D <V <010, (14)
TEA

with default boundary:
U3 (t, W, V)ly=p, = —exp(—¢"T"W), (15)
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and terminal condition:
UP (T,W,V) = —exp(—yW), i =1,2,--- ,n. (16)

In addition, on the credit rating migration boundaries, it holds that:
Uz (t,W,v) =0z, (t W, V), i=1,2,--+ ,n—1. (17)

The value functions (U},i =1,2,- -, n) are the viscosity solutions of the following HJB equation system:

(uh): + sup Lruf =0, v>¢ley, (18)
ﬂEAud
and:
b+ sup grul =0, (7o, <V <670, (19)
TEApd
fori=2,3,---,n—1,and:
by, + seuja zhul =0, Dy <v <l oy, (20)
T ad
with default boundary:
2
UE (W, V)lv-, = —exp (=2 ™I W+ oDy - LT - ), o)
Op
and terminal condition:
uip(T/WfV) = *eXP(*’Y(W+P))r i=12--- , 1. (22)

In addition, on the credit rating migration boundaries, it holds that:
us(t,w,v)=uf,(tW,v),i=12,--- ,n—1. (23)
The proof of Lemma 1 can be found in Appendix A.

4. Indifference Pricing for the Corporate Bond

In this section, we solve the HJB equation systems (6)—(19) by a unified approach and derive the
indifference price of the corporate bond under both situations, i.e., hedging credit risk by investing the
stock issued by the firm itself or investing the financial index in the market.

We take (Uis,i =1,2,---,n) for example. The others (lAliS,i =1,2,---,n)and (Uf,i =1,2,---,n)
are parallel to this. To solve the HJB equation system, note that the corresponding optimal
feedback control:

7ij =argmax {(ys —)(UP)w + %ﬂz(uis)ww +PVS(751‘7WV1‘V(U1$)WV}
_ pysosioviV (U )wy + (s — ) (U} )w
o5 (UP )ww

(24)

4
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fori = 1,2,---,n. Substituting (24) into the HJB Equations (6)—(8), we obtain the following
Monge-Ampere equations:

1
o3, (U (UP ) ww + 1o, W (U? ) w (UP ) ww — 50— )2 (U; )3y

— (s — 1)pvsosioyV (U ) yw (U )w + uyod, V(UD )y (U ) ww (25)
1 1
+ Eo'iz/iagivz(uf)VV(uiS)WW - Ep%,sagia‘%in(Uf)%,w =0,

fori =1,2,---,n. By defining the new coordinates:
X = Wei’(T—t)’y _ Velx(T—t)’

then (25) reduces to:

& (UP ) (U7 ) ax + %U\Z/iagiyZ(uis)yy(uf)xx - %p%/sagia\zliyz(uzs)azcy
— S5 = r2(US — (s — Ppsosioviy(US ey (UF)x @)
+ (py — @) oy (U7 )y (U7 )xx = 0,

fori =1,2,---,n. Suppose that the solution of (26) has the following form:

US (%) = —exp(—1(x + G (£y))), i =1,2,++

It is easy to verify that (G (t,y),i = 1,2,---,n) satisfy the following semi-linear PDEs with
quadratic gradient:

1 1 1
5 5 s 5
0&v(GY)r + E'Y‘Tgiglzli]ﬁ((;i Jyy + 572P%/s‘7§i‘712/iy2(ci )y — 572012/1‘(751‘?2((3{ )y

1
+ (pv — “)WUéiy(st)y — (ps — r)WPVSUSiUViy(Gf)y + 5(745 - r)z =0,

fori =1,2,---,n. Then, we take the Cole-Hopf transformation, which is a well-known technique to
deal with the above semi-linear PDEs with the quadratic gradient,

1
Gl (ty) = ———1logH’ (t,y), i=1,2,-- ,n.
l ')’P%/s_')’ '

Then, under the transformation, H; (t,y) satisfies the following linear parabolic equations:

2
o2,
(Hls)t + %yz(His)W + as,»y(Hl-S)y + bSiHl-S =0,

where:

s—7T
asi = Hy — & — L )vaffvl',
Osi

1

272
bs; = E(HS —1)(oys — 1),

fori =1,2,---,n. Thus, we have the following lemma.
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Lemma 2. The HJB equation system (6)—(11) can be transformed into the following semi-linear parabolic
equation system:

(HY)e + Vly (HY )y + asiy(HY)y + bsiHY =0, y > e*T-D1@, 27)

and:
(H?); + Vly (HS )y + asiy(HD )y +bsiH? =0, T D010 <y < etT-007L @, (28)

fori=2,3,--- ,n—1,and:

o2
(HS) + Vnyz(Hs)yy+aSny( ) +bSnH =0,D<y< (1= tw 1 (29)
with default boundary:
S — 2 (r=a)(T—t)
H;, (t, D) - eXP(’Y(va 1)(")De )’ (30)

and terminal condition:
H} (T,y) = exp(y(pys — VF), i =1,2,--- n. (31)

In addition, on the credit rating migration boundaries, it holds that:

HY(ty)=H (ty), i=12,-- ,n—1 (32)

The HJB equation system (12)—(17) can be transformed into the following semi-linear parabolic
equation system:

2
(HP): + Vly (A5 )y + asiy(HY )y + b1 HY =0, y > e*T-0¢1@, (33)

and:
(H7): + Vly (HP)yy +asiy(HS )y + b HP =0, TV <y < etT-0¢ 1@, (34)

fori=2,3,--- ,n—1,and:

(F3)e + V"y2<H5)W+a5ny( Sy +bs,Hy =0, D <y <t 1 (35)

with default boundary:
HS(t,D) =1, (36)

and terminal condition:
B (T,y)=1,i=12,---,n. (37)

In addition, on the credit rating migration boundaries, it holds that:
(t ]/) l+1(t ]/) 1/2/"',1’1—1. (38)

The HJB equation system (18)—(23) can be transformed into the following semi-linear parabolic
equation system:

(H{)t + Vl —LLy2(HY )yy + apy(H{ )y + bpHf =0, y > elx(Tit)efl@/ (39)

and:

(H )¢ + Vly (HP)yy + apiy(H')y + bp;HY =0, 2T 010 <y < eT-0¢71 @, (40)
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fori=2,3,--- ,n—1,and:

2
0,
(HP); + Y12 (HE),y + apuy(HE )y + bp,HY =0, D <y < e*T-1¢-1 @,

2

with default boundary:

2y03

and terminal condition:
HY(T,y) = exp(v(0%p — 1)F), i =1,2,--- ,n.

In addition, on the credit rating migration boundaries, it holds that:

HY (t,y) = HL (ty), i=1,2,--+ ,n—1.
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(41)

(42)

(43)

(44)

Now, we would like to solve system (27)—(44) and present explicit formulas for their solutions.

We take System (27)—(32) for example. System (33)—(44) is parallel to this.
Take y = ¢* and the remaining T — t as t; System (27)—(32) is transformed into:

S 01 ors o S S
() = T (1) — (a1 — T2 ) (#9): — a5 =,
forz > at —log {1 +log ©,
s ‘712/' S ‘7\2/' S S
(Hi )t — TI(HZ' )zz — (ﬂSi - 21> (Hi )z — bsiHy =0,

for at —log{; +1log® < z < at —log¥;_1 +1log®,i =2,3,--- ,n—1,and:

S T 178 oy S S
(1) = T2 018)es (05— 75 ) () b =,

forlogD < z < at —log¥,_1 + log ©, with default boundary:
Hj (t,log D) = exp(y(p}s — 1)wDe"~)"),
and initial condition:
H?(0,z) = exp(7(p%g — 1)F), i=1,2,--- ,n.

Make the transformation:
His(t,z) = eKSit"’ﬁSizNiS(t,z),

where:
2

1 as; 0'2‘ Oi7:
Psi=75— 071, Ksi = %5%51' + (ﬂsl' - ;l)ﬁSi + bsi,

fori=1,2,---,n. Then, (Nis(t,z),i =1,2,--- ,n) satisfy:
s oy
(N7 ): — %(le)zz =0,
forz > at —log {1 +1og®,

S TVi 1 nrs
(Ni )t - TI(Ni )zz =0,

(45)
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for at —logl; +1og® <z < wat—logl; 1 +1log®,i=2,3,--- ,n—1,and:

2
Tyn
2

(Nﬁ)t - (Ns)zz =0,
forlogD < z < at —log¥,_1 + log ©, with default boundary:

N; (t,log D) = exp(y(pYs — wDe"™ %' — it — i log D),
and initial condition:

NlS(O’Z) = exp('Y(P%/S - 1)F_ ‘BiSZ)/ l: 112/' R (N

The solutions (Nl.s(t,z),i = 1,2,---,n) will be solved by an inverted iteration, i.e., we solve
N3 (t,z) first of all, which satisfies:

2

(Nﬁ)t — %(Ny‘?)zz =0, logD <z <at—logl,_1+1og®, (46)

with boundary condition:
N3 (t,log D) = exp(y(p%s — 1)wDe" " — g, t — Bs, log D), (47)

and initial condition:
N;(0,2) = exp(v(pls — F — Bsuz). (48)
Taking a shift { = z — log D, then System (46)—(48) turns into:
2

(NS)t — 0';” (N,sl)gg =0,0<7 < at —logfn,1 +10g® —IOgD,

with boundary condition:
N3 (£,0) = g5 (1) := exp(7(pls — wDe" "' — kst — Bs, log D),
and initial condition:
N;:(0,0) = exp(y(pis = 1)F = Bsul — Bsulog D).
Let N5 (t,0) = M5(t,0) + ¢35 (t). Then, M (t, () satisfies:

2
(o
(M) — ; (My)zz = —(¢3),0 < ¢ < at —logl,_1 +1log® —1log D, (49)

with boundary condition M3 (t,0) = 0 and initial condition:

M;(0,0) = ¢3(2) == exp(1(pYs — )F — Bsul — Bsulog D) — ¢5(0). (50)

We do not regard the boundary at —log ¢,,_1 +log ® — log D provisionally. By the image method,
the system (49) and (50) turns into:

2

(M) = 22 (Mf)g = Au(t,0), —e0 < < oo,

where:
An(t,0) = —(¢3)(t) for 0 < 7 < 00, An(t,0) = (¢3)(t) for —oc0 < <0,
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with initial condition M5(0,7) = B,,({) satisfying:
Bu(0) = ¢a(Z) for 0 < £ < 00, By({) = —¢(—§) for —co < < 0.

Then, let M (t,7) = R (t,{) + Q5 (t,{), where R} (¢, {) satisfies:

2
(o
;" (R§)zz = An(t,Q), —00 < < oo,

(Ry)t —

with initial condition R3(0,¢) = 0, and Q3 (t, ) satisfies:

2
[0
Qo) — g"( g =0, —0< < oo,

with initial condition Q3(0,7) = B, ({). By the classical methodology, we can solve R;(t,{) as

R0 = [0o(= [ e (<4 )ar-1)as

and Q5(t,7) as

0= [ (on (- 5) - (- E52) i

Thus, N3 (t,z) satisfies:

N;i (t,z) = Ry(t,z —log D) + Q4 (t, z — log D) + ¢ (1), (51)

on the credit region 0 < z < at —log ¥, _1 +log ®. Then, with (51), we start to solve the following

problem on the sub-lowest credit rating region:

T
2

(Ngfl)t - = (Ngfﬂzz =0,

with boundary condition (by (32)):
stl(tlz)‘z:¢371(t) = N (t,¢5_1(1)),

where:
Py—1(t) = at —logl,_1 +log®,

and initial condition:
N3 1(0,z) = exp(y(pys — 1)F — Bsu—12).

Take a transformation of coordinates:
zZ= Ipn—l (t>€ + lpn—l (t)

Then, N;f—l (t, Q) satisfies:

(NS )t_lp:z—lg(NS ) _‘712/n LINS_)ee = 0
n—1 lpn—l n—1J)¢ 21’[}% ) n—1)4¢ ’

with boundary condition:

1(£0) = Na (8,9 (8)),
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and initial condition:

N° 1(0,2) = exp(7(p}s —1)F — Bsu_1(log F —log £,,_1)(C +1)).
(t,Q) satisfies:

Let N_,(t,0) = MS_, (£,0) + NS (&, u1(1)). Then, M5_,

lpli 0—2 _
(My_1)e = ==L (M _q)g — 55+ (My_1)gg = —(NR (£ u-1(1))), (52)
Pn-1 zwn—l
with boundary condition MJ_,(t,0) = 0 and initial condition MJ ,(0,¢) = ¢5 (), where:
¢n-1(0) = exp(7(pYs — F — Bsu—1(log F —log ly—1)(¢ +1)) = N3 (0, 9,1 (0)).
Similarly, by the image method, we extend the domain [0, o) to ( 00). (52) turns into:
¥ TP
(szl) — g(M )é - 5 (Mn 1)@4’ - Anfl (t, g)/ — 00 < g < 0o,
Pn—1 21:’]
where
Ayt = —(N (1 (1)) for 0 < £ < 00, Ayg = (N3 (1, u1(1))) for —o0 < <0,
with initial condition M5 (0,¢) = B,_1({) satisfying:
Bu-1(0) = ¢y 1(§) for 0 < < 00, By1(0) = ¢} 1(~{) for —o0 < <0.
Let M5 _((t,0) =R5_{(t,0) + Q5 _,(t,¢), where RS, (t,{) satisfies:
s v Wiy Tvneips A _
(Rnfl)l‘ §(Rn71)§ 2 (Rn l)@C - n—l(tr g)/ oo < g < oo,
Pn—1 2lrbn—l
with initial condition Rifl(O, {) =0,and Qifl (t, Q) satisfies:
S lpn 1 0‘2/ -1
(anl)f g(Qn l)é_ (Qn 1) C_O/ —OO<§<OO,
Pn—1 211[)71 1
with initial condition Q5 ,(0,7) = B,,—1({). It is not difficult to verify that:
t Pu— 1 g/‘TVn 1\/7 2
R0 = [5G0y (= [ oxp (— 5 )y —1)as
and:
1 © (y —1C—§)z> < (an—1C+C)2>>
S n S
_1(8 :7/ exp| —To5—2— | —exp | — o5 _1(&)dg,
0100 = e [ (o (- W) o (- BT ) o e
which means that N5 (t, z) satisfies:
Na_q(t2) = Ro_q (t, ($a-1) "'z = 1) + Qo (&, ($a-1) "'z = 1) + N3 (£, 1 (1)) (53)
Repeating these procedures, we can derive the explicit formulas for all NP (t,z),i =1,2,- - ,n — 1

in an inverted order. Hence, similarly, for system (33)—(38), we have

H; (t,2) = exp(ksat + Bsaz)N; (£,2),
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where:
NE(t,z) = R(t,z—log D) + Q3 (t,z — log D) + §5(¢), (54)
¢y (t) = exp(—Ksut — Psylog D),
P (0) = exp(—PBsul — Bsulog D) — 5 (0),
o~ ,\S g/o'Vn yz
Rn(trg) / (‘Pn (\/7/ eXP (_ z)d]/ - 1) ds
et 1 (9% (2%
AS _ (0= B _ s
Gt = = [ (or (- 55T ) ee (- G ) e
and:
H? (t,2) = exp(ksit + Bsiz) NP (t,2),
where:
NP(tz) = RE(t (9;) 'z — 1) + Q7 (¢, (i) 'z — 1) + N2 (1 i(t)), (55)
7 (7) = exp(—PBsi(log F —log £;)(Z + 1)) — N7 1 (0,4:(0)),
~ l[J,(t C/ler
R0 = [t (= op (= )av—1)as,
and:

Q7 (0) =

‘TVz‘\l/ﬁ 000 <exp <_ (lpfagif)z) - P (_ W))qﬁf(é)d@

fori =1,2,--- ,n — 1. Denote by:

1 ap; o2, o2 .
Bri = 5~ ‘7712111" Kpi = %ﬁ%ﬁ' <aPi_ % Bpi +bpi, i=1,2,--,n

For System (39)-(44), we have:

HP(t,2) = exp(kput + Bpnz)N, P(t,z2),

where:
Ny (t,z) = Ry (t,z —log D) + Qy (t,z — log D) + ¢, (), (56)
P() = exp (1hp - 1) (oD + B2 =T it pologD
¢ (t) = exp { v(pyp 2702 put — Bpnlog D |,
o1 (2) = exp(v(pyp — 1)F — Bpul — Ppulog D) — ¢} (0),
g/‘TVn t—s 2
REGO = by o= [ e (<4 Jay—1)as
and 1 e (¢ (C+2?
P - - _ - _ _ P
00,0 = o [ (o0 (- 555 ) o (- 555 ) )b
and:

H (t,z) = exp(xp;t + Bpiz)N; (t z),
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where:
NP (t,z) = RP(t, (9;) 7'z — 1) + QP (t, (i) 'z — 1) + N1 (1, (1)), (57)
o7 (7) = exp(v(pyp — 1)F — Bpi(log F —log £;)(Z + 1)) — Nf1(0,:(0)),
P o top ' 2 —pi()l/oviVi=s 2
R0 = [ (atsn)) (= | exp (=4 Jay—1)as,
and:

Qf(1,0) = W}ﬁ/ow <e><p (— W) —exp (— W))qvf(é)dé,

fori =1,2,---,n —1. Accordingly, we have the following lemma.
Lemma 3. Denote by (¢;(t,®),i =1,2,--- ,n — 1) the credit rating boundaries:
P;i(t,0) =a(T —t) —logl;+1og®, i=1,2,--- ,n—1.
Let (H?(t,y),i=1,2,--- ,n) be the solutions of System (27)~(32). Then, they satisfy:
Hy(ty) = exp(ks(T — t) + Bsn log y)N; (T — £, logy),
for D <y < exp(¥,_1(t,®)), where N is given by (51),
Hy_ 1 (61 ¢n1(t,0)) = exp(ksy1(T — ) + Bsu—11ogy)Ny_1 (T — t,log y; 1 (t,©)),

for exp(Pu—1(t,®)) <y < exp(Pu_a(t,®)), where N5 is given by (53), depending on Ny,

Hi (t,y;1(t,©)) = exp(xs1(T — t) + Bs1log y)N; (T — t,log y; 1 (£, ©)),

fory > exp(y1(t,®)), where N is also given by (53), depending on N3. Let (H? (t,y),i =1,2,--- ,n) be
the solutions of system (33)—(38). Then, they satisfy:

H; (t,y) = exp(icsu (T — t) + Bsu log y) N (T — t,log y),
for D <y < exp(,_1(t,®)), where NS is given by (54),
A 1 (69 u-1(,0)) = exp(ksu—1(T — 1) + su-11ogy) N1 (T — t,log y; hu1(t,®)),

for exp(¥n_1(t,©)) <y < exp(pu_a(t,®)), where NS, is given by (55), depending on N,

Hy (t,y;91(t,0)) = exp(ks1 (T — t) + Bs1log y)Ni (T — t,log y; ¢ (£, ©)),

for y > exp(i1(t,©)), where NY is also given by (55), depending on N§. Let (HP (t,y),i =1,2,--- ,n) be
the solutions of System (39)—(44). Then, they satisfy:

H}; (t,y) = exp(xpa(T — t) + Ppulog y)N;; (T — t,log ),
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for D <y < exp(¢,_1(t,®)), where NY is given by (56),
Hy 1 (69 ¥n-1(t,©)) = exp(xpu1 (T = ) + Bru-1log y)N, 1 (T = t,log y; -1 (£, ©)),

for exp(n—1(t,0)) <y < exp(Pu_2(t,®)), where N¥_, is given by (57), depending on N,

HY (t,y; 1(1,©)) = exp(xpy (T — ) + Bp1 log y) Ny (T — t, log y; 1 (£, ©)),
fory > exp(¢1(t,®)), where N{ is also given by (57), depending on N3 .

Now, we are in the position of presenting the main theorem of the paper, which gives the explicit
pricing formulas for the indifference price of the corporate bond.

Theorem 1. Denote by (;(t,0©),i =1,2,--- ,n — 1) the credit rating boundaries:
Pi(t,0) =a(T —t) —logl;+1og®, i=1,2,--- ,n—1.
Denote by ©; the price of the bond in the i'th credit rating of the firm, wherei = 1,2, - - - ,n. Suppose that
the bond holder hedges the credit risk of the corporate bond by trading the stock. Then, the prices of the corporate
bond (®;,i=1,2,---,n) satisfy:

e~ (Tt . Hg(t, Vetx(Tft))
y(p%/s -1) 08 H;?(t, Velx(Tft))'

On(t, V) =

e—r(T—1) HS (t,VerT=8 9, 1(t,0y))
Hy (1, Ve T=0, 9, 1(t,0y))

e r(T—1) HE (1, Ve T4y (1, ©))

01(t,V) = 0g — ,
(V) (o3 —1) ng(t,VeW*f),tpl(t,@z))

for V> £f1®1(t, V), where (Hl-s,i =1,2,---,n)are solutions of System (27)~(32) and (PAIiS,i =1,2,---,n)
are solutions of System (33)-(38), whose explicit formulas are given in Lemma 3. Suppose that the bond holder

hedges the credit risk of the corporate bond by trading the financial index. Then, the prices of the corporate bond
(©;,i=1,2,--- ,n) satisfy:

—r(T—t)

T

2
log HP (£, Ve¥(T—1)) — (up—1) —r(T=t) (T _ ¢
og Hy (£, V™" ~") 203y (T—1)

7

for De=¥(T-H <V < E;}l®n(t, V),

—r(T—t) )2
On (V) = & log HE | (t, Ve ™D, 4, _1(t,©,)) — Mw@-f)w — 1),

v(php — 1) 205

for 01,0, 1(t, V) <V <£,1,0,.1(t,V),
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—r(T—t)

'Y(F)%/P -1)

for V> €710 (t, V), where (HY ;i = 1,2, - - ,n) are solutions of System (39)—(44), whose explicit formulas
are given in Lemma 3.

loo HP (£ Vet(T—). (=) ety
g Hy (t, Ve i1t 0r)) — e (T—1),

0.(t,V) =
l( ) 20_1237

Proof. The results are easily derived by using the utility indifference pricing principles (3) and (5).
In addition, as (His,i =12, ,n), (ﬁf,i =1,2,---,n) and (Hip,i = 1,2,---,n) are continuous
across the credit rating migration boundaries, the price of the bond (®;,i = 1,2,---,n) is also
continuous across the credit rating migration boundaries, i.e.,

@i(t,V) = @i+1(i‘,V), i=1,2,---,n—1,
on the credit rating migration boundaries. [

Proposition 1. The credit rating regions in Theorem 1 given as:

De =0 < v < -1.0,(t, V),

010, (L V) SV < 0,1,0,.4(LV),

610,(1, V) <V < L'0(t V),
071011, V) <V < oo,

can be rewritten as:

V3 (8) SV S V() (or V3 (1) <V < V(1))
V() <V <o (or VE(H) <V < 0),

where {ViS, VP,i=1,2,--- ,n—1} are the credit rating migration boundaries. Vl.S stands for those in the
situation that investors hedge credit risk by trading the firm'’s stock, while VP stands for those in the situation
that investors trade the financial index.

The existence of credit rating migration boundaries {VZS , ViP ,i=1,2,---,n—1}is achieved by
using the implicit function theorem (see Appendix B). Hence, their explicit formulas cannot be derived.

5. Conclusions

In this paper, we devote our study to the corporate bond valuation with default probability
possibly happening at any moment before maturity and the credit rating migration probability.
We work under the structural framework, where the default follows Black and Cox’s assumption and
the credit rating migration follows the assumption that the credit rating migrates over the dynamic
proportion of the firm’s debt and asset value. As the market is supposed to be incomplete, then the
utility indifference pricing methodology is used. Two representative assets are selected to hedge the
credit risk and determine the utility indifferent price of the corporate bond, the stock issued by the
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firm itself, and a financial index from the market. The financial index is supposed to be independent
of the firm’s liquidation and can be traded continuously after the firm collapses, which is different
from investing in the firm’s stock. Thus, these two hedging strategies lead to different prices of the
corporate bond. We present the explicit formulas for the indifferent prices of the corporate bond with
default and credit rating migration in these two hedging strategies. Investors can analyze the effects of
default and credit rating migration on the bond prices and credit spreads by our pricing formulas and
easily test the sensibility of price with regard to the changes of parameters. In addition, the investors
can compare the difference in prices in the two hedging strategies and generate their investment
decisions by the credit information and price information involved in our explicit pricing formulas of
the corporate bonds.

The multiplicity of credit rating migration really causes some difficulties for us to derive the
closed-form solutions of the bond pricing formulas. However, this is solved by following Black
and Cox’s assumption and introducing a default boundary and an inverted iteration program.
Finally, we prove the existence of the credit rating migration boundaries by the implicit function
theorem. However, we cannot obtain their explicit formulas as functions of time. We have to
acknowledge that this is a limitation of our results.
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Appendix A. Proof of Lemma 1

We only take U for example. The others are parallel to U;. Define the domain:
2={tW,V):D; <V < 7,10}

Tp is the first moment of escaping the default boundary for V;, and 7, is the first moment escaping the
credit rating migration boundary. Then, for any given point (t, W, V) € 2, two strategies are executed
in the period [t, T|, where one applies the optimal strategy 77* and the other is given as:

A*=cfors € [t,t+h|, A" =n*forse€ (t+h,T],
where c is a constant. The expected utility is given as:

E[U5 (£ B, WPy, Vien) + Up (Tu, Wa,, Ve )1z, <minfzp 441}
+ Uy (0, W2, Ve )1 cmin{a 11} WE = W, Vi = V.
In the first case, suppose that V; does not escape either the default boundary or the credit rating
migration boundary, i.e., t < min{tp, 7,}. Therefore, it holds that t + » < min{tp, 7, } as long as

h is sufficiently small. Take the conditional expectation of the It6 formula of U (t + h, Wt5+h, Vian);
we have:

E[US (£ 4, Wy, Vies) [WF = W, Vi = V]

t+h
—US (1, W3, V) +/t E[(US)s + ZSUS|WS = W, V; = V]ds.



Mathematics 2020, 8, 2033 23 of 26

By the dynamic programming theory, which means that the expected utility under the optimal
strategy is no less than any other strategies, it holds that:

t+h
/ E[(US)s + ZSUS|WS = W, V, = V]ds < 0. (A1)
t
Dividing (A1) by &k and letting h tend to zero, we have:

sup {(U3): + 25U} <0.

HGAM

On the other hand, the property of the supremum gives:

sup {(US); + Z2Us} >0,

7T€A,,d

which claims the HJB equation (8) in the lowest credit rating region. In the second case, if t = T, then it
holds that:

U3 (T,W,V) = —exp(—y(W + F)).

In the third case, we consider the point at the default boundary, i.e., t = Tp < min{t,, T}. By the
continuity of Brownian motion and the default threshold D;, we have:

US(t, WP, Dy) = —exp(—ye" T (W + wDy)).

In the fourth case, on the credit rating migration boundary, i.e., t = 7, < min{1p, T}, again by
the continuity of Brownian motion, we have:

US (LW, V) = US (5, WS, Vi) = US_y (1, WS, Vi) = US_y (1, W, V).

Appendix B. Proof of Proposition 1

Denote by:
E(t,V)=0(tV)-4V,i=12,--- ,n—1.

Let (tp, Vp) be in the credit rating migration boundaries, i.e., for some 1 < i < n — 1, it holds that:
Fi(to, Vo) = ©(to, Vo) — £;Vo = 0. (A2)

If the bond holder hedges the credit risk of the corporate bond by trading the stock. Then, (A2)
implies that:

H? (to, Voe"T10)) = exp(y (%5 — 1)Lie" 7100 Vo) HY (to, Voe*!T—1)).
On the other hand, we have:

(Fi(t, V) vli=tyv=1p, =Ov(t, V)|t=to,v=v, — i
e~ "(T—t) ﬁf(to, Voe(T—to)) H? (¢, Ver(T—1))
ZW(P%/S — 1) H} (to, Voer(T—t)) <Hl-s(t/ Ver(T=1)) ) 14
-y
_exp(=r(T — to) = (phs — Dlie’ T Vo) (H? (t, Vet (T—1) )
(Y5 — 1) HE (1, verT=0) )y

t=to,V=Vp

t=ty, V=V,
—4;.
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Thus, (F;(t,V))v|t=t,v=v, = 0is equivalent to:

= 7(p%s — Ve T~ exp(y(p}s — 1) e T V). (A3)
t=to,V=Vp

H3 (t, Ver(T—1)
(Hf(t, Ver(T—1)) ) %

However, the formulas of H (t,y) and H?(,y) imply that the left-hand side of (A3) cannot be
the exponent of Vy, i.e., (Fi(t,V))v|i=t,v=v, # 0. Thus, by the implicit function theorem, there exists a
function V such that:
V=Vt for0<t<T.

Similarly, if the bond holder hedges the credit risk of the corporate bond by trading the financial
index, we have:

_\2

HY 10, Voot ™) = exp ( (670 + LES TR0 = ) (g - 1T,
2057y

and:

(Fi(t, V))vli=ty,v=vy, =Ov(t, V) |t=ty,v=v, — i

e~rT—h) 1 P w(T—1) ,
:'Y(p%/p — 1) Hp(f() V()elx(TitU)) (Hz (t, Ve ))V|t=t0,V=V0 - 4.
1 7

Thus, (Fi(t,V))v|i=t,v=v, = 0 is equivalent to:
(H (8, Ve T=))yimio vy

r(T— - r 2 —r(T— r(T—
=Ly (pyp — 1) T exp ((@'Vo + %27)6 (T=t) (T — fo))?(P%/p —1)e’T t°)>~
P

(A4)

However, the formulas of H” (¢, y) imply that the left-hand side of (A4) also cannot be the exponent
of Vo, ie, (Fi(t, V))vli=t,v=v, # 0. Thus, by the implicit function theorem, there exists a function V"
such that:
V=VI(t)for0<t<T.
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