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Abstract: The Scher—-Montroll model successfully describes subdiffusive photocurrents in homogeneously
disordered semiconductors. The present paper generalizes this model to the case of fractal spatial disorder
(self-similar random distribution of localized states) under the conditions of the time-of-flight experiment.
Within the fractal model, we calculate charge carrier densities and transient current for different cases,
solving the corresponding fractional-order equations of dispersive transport. Photocurrent response
after injection of non-equilibrium carriers by the short laser pulse is expressed via fractional stable
distributions. For the simplest case of one-sided instantaneous jumps (tunneling) between neighboring
localized states, the dispersive transport equation contains fractional Riemann-Liouville derivatives on
time and longitudinal coordinate. We discuss the role of back-scattering, spatial correlations induced by
quenching of disorder, and spatiotemporal non-locality produced by the fractal trap distribution and the
finite velocity of motion between localized states. We derive expressions for the photocurrent and transit
time that allow us to determine the fractal dimension of the distribution of traps and the dispersion
parameter from the time-of-flight measurements.

Keywords: continuous time random walk; fractal; photocurrent; nanotube; anomalous diffusion;
fractional equation; time-of-flight

1. Introduction

In 1975, Scher and Montroll [1] successfully interpreted the experimental data of the time-of-flight
(TOF) experiment in amorphous semiconductors and, within the framework of a statistical model,
explained the main laws governing the dispersive transport of charge carriers. The TOF technique is still a
popular and important method to study charge drift and diffusion in low-conductivity semiconductors.
In particular, it is utilized to study the features of charge transfer in perovskite solar cells [2] and
organic bulk heterojunctions [3]. In the usual TOF method, the photocurrent response is registered
after the injection of non-equilibrium charge carriers by a short laser pulse near one of the electrodes.
Between electrodes, a strong electric field (>10° V/cm) close to breakdown conditions is applied to the
sample to eliminate the space charge effects and reduce the contribution of diffusion to the observed
response. However, as we know from the Scher-Montroll model, strong dispersion can occur even for
the case of one-sided motion due to the localization of charge carriers. The correct interpretation of
the TOF measurements in inhomogeneous structures is still relevant and important. Various factors
and characteristics affect the photocurrent relaxation. Among these factors are the density of states,
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inhomogeneities in the spatial distributions of localized states and the electric field, the morphology of the
percolation region, recombination, etc. [4-7].

In various disordered semiconductors (amorphous, porous, heavily doped, etc.), a specific transient
current signal I(t) is often observed, and it consists of two sections with power-law behavior,

B <ty

I(t ’ ’ 1. 1

()“{tlﬂ, t> tr, B < @

The exponent § called the dispersion parameter depends on the medium characteristics and may

depend on temperature, and less often on field intensity. By analogy with normal transients, the parameter

tr is called the transit time or time-of-flight, although it has a slightly different physical meaning.
The experimentally established fact is that for dispersive transport:

tr o (L/U)YP, )

where U is an applied voltage.

In studies [1,8], it was observed that the transient current curves in the log[I(t)/I(tt)] — log[t/t1]
scale have the same form for different values of applied voltage and sample width. This property is
inherent in many materials, and it was called the universality of transient current curves (see the details
in [1]). The observation of these features for various disordered materials confirms the universality of
transport properties and indicates the prevailing role of statistical laws. The statistical model proposed by
Scher and Montroll [1] successfully describes subdiffusive photocurrents in homogeneously disordered
semiconductors. Carrier transfer in the Scher-Montroll model is a jump-like random walk process
(so-called continuous time random walk (CTRW)) on the lattice, and charge carriers change their positions
abruptly at random times. The carrier jumps in the direction of the applied external voltage are independent
of each other, and the waiting times between consecutive jumps are independent, identically distributed
random variables 7. For the realization of the main features of dispersive transport, the waiting times have
to be characterized by a heavy-tailed power-law distribution:

Plt>t}axt™P, t—se, 0<p<l )

As mentioned above, the Scher-Montroll model is developed for the case of spatially homogeneous
disorder. However, some experiments and numerical simulations indicate that the disorder in
complex semiconducting systems can be of a fractal (self-similar) type [9-14]. In the present work,
the Scher-Montroll model is generalized to the case of the dispersive transport of photo-injected
carriers in semiconducting nanocomposites with a fractal distribution of localized states over the sample.
The conditions of the time-of-flight experiment are assumed. Within the generalized Scher-Montroll
model taking the power-law distribution of distances between traps into account, we calculate charge
carrier densities and transient current for different cases, solving the corresponding fractional-order
diffusion equation.

2. Anomalous Diffusion Equation for Fractal Hopping

We consider a modification of the stochastic model of dispersive transport taking into account ballistic
transfer and hopping with power-law distributions of jump lengths. The calculations are carried out
mainly for the time-of-flight experiment. However, the solutions and transport equations can be modified
and applied to the interpretation of other experimental techniques, including the method of space charge
limited current (SCLC) and charge extraction by linearly increasing voltage (CELIV). In addition, the results
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of this work can be used to generalize the models of charge injection, transfer, and recombination in organic
solar cells, FETs, and OLEDs in the case of using CNT nanocomposites instead of organic semiconductors.
The scheme of the TOF experiment is shown in Figure 1. Using photoexcitation with a short laser
pulse, a spatially narrow layer of electron-hole pairs is created near one of the electrodes. The generated
electron-hole pairs dissociate at the nearest electrode. Depending on the applied voltage, carriers of a
certain type (for example, electrons) leave the film through this electrode, and carriers of another type
(holes) are forced to pass through the film to the counter electrode. Using the detected transient current,
one can determine the average time-of-flight of charge carriers (transit time) ¢t = L/uF to the opposite
contact, where y is drift mobility, L the sample thickness, and F the electric field. To observe the relevant
TOF signal, the following conditions have to be satisfied [15]. The dielectric relaxation time is large, and the
time constant RC is small, compared with the transit time ¢1; the concentration of non-equilibrium charge
carriers is small enough, and the charges do not interact, while the SCLC-regime does not take place.
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Figure 1. The time-of-flight method in the vertical (a) and coplanar (b) structure.

The most important point of the Scher-Montroll theory is the power-law distribution of the
localization times of charge carriers in physical models of hopping or multiple trapping. In more
general CTRW models, applied not only to the dispersive transport problem, the jump lengths with a
diverging second or first moment and correlations between jump lengths and waiting times are considered.
We consider the application of generalized Scher-Montroll models to the description of dispersive transport
and consider the possibility of identifying these modes using the TOF experiment.

The one-dimensional, decoupled version of the CTRW model [16] assumes that the different jump
lengths R; and waiting times T; between two consecutive jumps are independent random variables. For the
description of anomalous diffusion, it is usually assumed that the distributions of the jump length and
waiting time have the following (heavy-tailed) asymptotics:

P{R>r}xr™® a>0, r— oo P{T>t}t P, B>0, t—co.

If « > 2 and B > 1, normal diffusion takes place in the diffusion limit (t — oo, |x| — o0). All other
values of « and B lead to anomalous diffusion with characteristic exponents «, 8. The Scher-Montroll
model [1] for dispersive transport in amorphous semiconductors corresponds to the case « > 2and g < 1.
There was no evidence of the fractal distribution of localized states over a sample. Later experiments and
numerical simulations indicated that the disorder in complex semiconducting systems can be of the fractal
(self-similar) type [9-14]. In this work, we do not reject the case a < 2 for dispersive transport of charge
carriers and compute the corresponding TOF characteristics for the cases of instantaneous hops and for
asymmetric Lévy walks with finite velocity.
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For the given distributions of jump lengths and waiting times, the main asymptotic term of the
probability density function p(x, t) satisfies the fractional diffusion equation (see, e.g., [17,18]):

Pp(x,t) _ t=P

(a,0) - < <
1P CL p(x,t)+r(1_ﬁ)5(x), 0<w<2 0<p<L 4)
Here:
t
PFp(x,t) 1 i/ x,T
otf  T(1 ot )

is the Riemann-Liouville fractional derivative of order 8 and L(*%) is a fractional operator that can be
defined via its Fourier transform or expressed via the Feller operator (see details in [19]). Here, 0 is
an asymmetry parameter. For the symmetric case, L(a,0) = —(—A)*/2 is a one-dimensional fractional
Laplacian.

The solution of this fractional partial differential equation has a self-similar form and can be expressed
via fractional stable densities [19,20]:

pxt) = () g (x(CHP) 1%, ,6),

where: o

A6 p,0) = [ (xeh g (r)ch nax 9
is expressed through the Lévy stable densities, g(f) (1) and g{*?)(x). The latter densities can be determined
by their characteristic functions [21],

30 (k) = / e o) (x)dx = exp {—|k|* exp[—i(71/2)0a sign k] } .

Here, 0 € [—0y, 6,] is the asymmetry parameter, where 6, = min{1,2/a — 1}. The width of the anomalous
diffusion packet is A(t) o t8/%. 1f B/a < 1/2, we have a subdiffusive regime, and when f/a > 1/2,
superdiffusion is observed.

An important case for this study is the one-sided random walk, characterized by the
probability density:

p(x,t) = (Ctﬁ)ﬂ/cx g+ (x(Ctﬁ)ﬂ/a;a, /3) = (Cﬂ) -1/a /O°° gf) <(Ctﬁ>1/a xT/S/zx> ggf)(.[)l.[i/adt

The papers [22-24] considered a random walk of a particle along a one-dimensional stochastic fractal
(so-called Lévy-Lorentz gas). This Lévy—Lorentz gas is a set of points located on an axis along which the
particle walks. Each fractal implementation is constructed in such a way that random distances between
different pairs of neighbors are independent and identically distributed according to the heavy-tailed
power distribution with the exponent a. A particle performs instantaneous jumps between neighboring
sites that delay and hold it for a random period of T. Successive periods are independent, identically
distributed random variables characterized by a power-type distribution with exponent g < 1. In [24],
an asymptotic solution of the diffusion problem on such a fractal was found for the general case of an
asymmetric walk. The basic equations for diffusion on fractals were obtained. The results were compared
with fractal walks, when the lengths of successive jumps are independent of their directions. Due to
correlations of successive jumps of a walker, in the general case, the fundamental solutions of diffusion on
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a fractal and fractal diffusion differ significantly from each other, but both solutions are expressed in terms
of stable Lévy densities and satisfy diffusion equations with fractional derivatives [24].

3. Transient Current for One-Sided Fractal Hopping

The TOF method implies measuring the photocurrent response after injection of nonequilibrium
carriers by a short laser pulse. As a rule, a strong electric field (>10° V/cm) is applied to the sample,
close to the breakdown conditions of the dielectric, in order to avoid the effects of space charge and bipolar
carrier transport and to reduce the contribution of diffusion. For the one-sided case, when 0 < & < 1 and
0 < B < 1, the correlations between jump lengths in the model of a random walk on the Lévy—Lorentz
fractal gas disappear, and the solutions in both models coincide [23,24].

The photocurrent can be calculated by integrating the electric current density,

L
I(t) = %/0 i(x, bdx. ©)

It can be expressed in terms of the concentration of injected nonequilibrium carriers according to the
following formula:

eNd (L
(t) = T dt b (x = L)p(x, t)dx,
which can be obtained from the previous one with the continuity equation:
op_ 9 _
ENg + a = O/

where N is the number of photoinjected carriers and p(x, t) is the probability density function of the charge
carrier coordinate.
For a given carrier concentration:

-1/ _
c(x,t) =eNp(x,t) = eN(Ctﬁ> aq+ (x(Ctﬁ) l/a;a, ,B) , (7)
the electric current density is:
a X
jlx, t) = —eNa/p(x,t) dx = g eN C~Veap=plaly g, (x(Ctﬁ)fl/“;zx, ﬁ) .
0
Therefore, for the transient current (6), we obtain:

L
? Cc—V/ay=p/a—1 /x g+ (x(Ctﬁ)_l/a;zx,‘B) dx. (8)
0

2™

I(t) =

There are several special cases for specific parameter values. The transient current for the one-sided
Lévy flight has the form:

L
1 eN 4/, 1/
I(t)z;cl/aLt v 1/xg(f) (x(Ct) 1 )dx, g=1
0
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If « =1/2, we have:

2 C?t2 Ct Ct
I(t) =eNC {mexp (4L) *ferfC (M)]’ x=1/2, p=1 ©)

In the case of subdiffusive transport (8 = 1/2) in a homogeneous 1D system,

C 2
I(t) = Le\l\/]ﬁ [1—exp (—Aéztﬂ a=1 p=1/2. (10)

For a special case of dispersive transport (8 = 1/2) in a fractal sample (x = 1/2),

L L
@ — arctg @

For normal drift, a current step is observed:

uﬂ:%% . a=1/2, p=1/2 (1)

NC
I(t):eTH(L—Ct), a=1 p=1, (12)
where H({) is the Heaviside step function.
For asymptotic estimates of Formula (8), it is necessary to know the asymptotic behavior of the
fractional stable density. It is known that for the one-sided fractional stable density [19],
I'(14 «) sinma

gflfoll 6 — 0,

ri+p) =«

g P () ~ 0<ap<l.
aT(14+B)sinntf 1,4
Ry R R

Using the latter expression and Formula (8), we derive the expression for the asymptotic behavior of
the transient current:

CP/®BT(1+a) sinma -1+

N aTA+p) (1 —a) o Pt
I(t) ~ 0<ap<l (13)
L* T(1+pB) sinmp 4 g
ENC5/“F(1+0C)7T(1+D()t , t>tr,

Thus, the transient current curves on a double logarithmic scale consist of two linear sections and the
region corresponding to the transition mode. These curves have a universal shape, as in the case of the
usual dispersive transport [1].

The transit time ¢ corresponds to a kink in the log-log plot of the transient current and can be found
by crossing the asymptotic behavior of the photocurrent (13) at small and large times,

1/B
by = L* T(1+B) w(l—a)sinnﬁ] ‘

CP/aT(1+w) \ B(1+ a)sin

The latter formula shows that at a constant temperature and field strength, the transit time scaling
is 1 oc LY/P.
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The transient current curves calculated using Formulas (9)—(12) are presented in Figure 2. There are
four important cases, normal drift (x = 1; = 1), dispersive drift (x = 1; = 1/2), one-sided Lévy flight
with trapping (« = 1/2; = 1/2), and the Lévy flight with the exponential distribution of waiting times
(0 =1/2; B =1). The slopes of I(t) in the log-log scale are determined by the dispersion parameter p and
are independent of a. For the Lévy flight with trapping, we observe a longer smoothed transition period
between two asymptotic decays. Thus, dispersion parameter  can be determined from the slopes of I(t)
in the log-log scale, and fractal parameter « can be extracted from the scale dependence of the transit time
on sample width L (tT LY/By.
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Figure 2. Transient current curves for different pairs («; B). (Left) L = 10; (right) L = 1000.
4. Transient Current for the Lévy Walk

In the previous section, we obtained an expression for the transient current within the fractal walk
model with instantaneous hops. In this section, we will consider motion with a finite constant velocity
(Lévy walk). The integral equation for the one-sided random walk with trapping and free motion with
constant velocity has the form:

t x/v
p(x,t) = / Fioolx t— E)¥ () dt’ + / fo(x — ot t — )P(ot') dt, (14)
0 0

where the densities of transitions from the localized state to the state of motion fy_,1(x, ) and vice versa
fi0(x, t) are related by the following relations:

x/v

Fiso(x,t) =0 / Foost(x — ot t — ') p(ot') dt’ + €0 5(x)(8),
0

t
foon(x,t) = [ Folet—)p(t) e +ex 5(x)8(0).
0
Here, we assume the initial condition p(x,0) = d(x). The particle starts from a localized state with
probability ey and from a delocalized state with probability ¢;.
Usually, the Fourier transform in the coordinate and the Laplace transform in time are applied in
order to pass from integral equations to algebraic ones. In our case, the functions are defined on x > 0,
and we apply the double Laplace transformation with respect to x and time .
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From Equation (14), we obtain:

plks) = Fioa(k )9 () + - foa(ks)P (k+3). (15)

For the transforms of transitions densities, we have the following system:
2 2 R S 2 2 A~
f1oo0(ks) = foa(ks)p (k+5) +eo,  fosks) = fr0(ks)p(s) +er. (16)

Solving the latter system, we arrive at expressions for f 0_1(k,s) and f 1-0(k,s),

eo(s) + ¢ e1p (k+3) +eo
pk+3)P(s) 1—p(k+3)$(s)

Substituting the latter formulae into (15), we get the following transform:

f’lﬁo(k/ s) =

fO%l(k/S) = 1=

e [pk+2)¥(s)+0 P (k+2)] +eo [0 'P(s)P (k+2) +¥(s)]
1—=p (k+35) 9(s) '
Under the assumption that all charge carriers started the process from a localized state e = 0,9 =1,
the expression is simplified:

plks) =

v p(s)P (k+ 2) 4+ ¥ (s)
R I
Under the assumption of power-law distributions of waiting times in traps and the power-law distribution
of path lengths,

p(k,s)

17)

P(s) ~1—1PsP, ¥(s) = 1%1’5(5) ~ PsP~1,

plk) ~1— A"k, DP(k) = # ~ AR,

After substituting the latter expressions in the transform of the asymptotic solution (17), we obtain:

ol (1—1PsP) A% (k+ %)a_l + PPl

2 k, -~
plks) B+ Akt )

Introducing K = A*/(v*t) and rewriting the latter expression in the form:
{sﬁ + K(vk + s)“} pk,s) = P71 + K(vk +5)" "

Inverting it, we arrive at the following equation:

t=P (t—x/v)"

d(x)+K T —a) S(vt — x)

ODfp(x,t) + K(E?t + Uaax> p(x,t) = TA—p)

containing the fractional Riemann-Liouville derivative of order p with respect to time and the material
derivative of fractional order x. We find the solution by inverting the transform:

sP~1 4+ K(vk 4 5)*!
sP + K(vk +s)*

plk,s) ~
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using the known expressions for fractional stable densities [19]. Given that:

sP—1

By—1/u glwp) py -1/ 5
(CeP)1/ glwh) (x(ctb) ) o

we find:

B-1 /5—1/04 B —1/a
11 s _ -1 _x @p) [ * _X
b {K<vk+s>“+sﬁ} ? [K(t v” 7 (v[K(t v” '

-1
—17-1 (vk +5)" 1 (XY ) XN [po1 X\ VP
i { b [ (3T e (- ) e @)]):
The rule for permuting the indices of a one-sided fractional stable distribution has the form [19]:

QA (x(cth) ™) =1- QW) (r(cta) ™).

For densities, it can be written as:

1 oan a1/ 1/n (a “1/
(C 1 x®)~1/Bg(Ba) (t(C Lyt IS) = g%(Ctﬁ) Vag(@p) (x(Ctﬁ) a).

As a result, we arrive at the following asymptotic solution for one-sided Levy walks:

B -1/ B -1/«
w®B) (x,t) = v ! (1 + itf/xv/v) [K(t — g) ] q@P) (i [K<t - %) } ) : (18)

Figure 3 demonstrates the comparison of these pdfs for different values of 0 < # = < 1 and K with
the results of the Monte Carlo simulation. Thus, we made sure that Formula (18) perfectly describes the
asymptotic distribution densities of charges for a one-sided Lévy walk with trapping. For the simulation
of waiting times and path lengths, we use densities in the form of “fractional exponentials” (see, e.g., [25]),

1 1
= —_— D ~N —:—, = 7ﬁ
oo PO~ T me=T

¥(s) Po =A""
for which expressions for the Monte Carlo simulation are known [25]:
T = 7/InU|"/FSs, X = AlInU|/*S,.

Here, S, and Sg are one-sided stable random variables of order & € (0,1] and g € (0, 1].
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Figure 3. Charge carrier distribution (pdf) for different values of 0 < « = < 1 and K in comparison with
the Monte Carlo simulation results.

If « = B, the fractional stable density is expressed in terms of elementary functions:

sin rta
rox(x® 4+ x =% + 2 cos ta)”

7 (x) =

and the solution represents the Lamperti function:

sin 7o ot x4 (vt — x)* 71

T K(vt—x)* + K~ 1x2% 4 2(0t — x)*x% cos e’

w®) (x, ) =

In the particular case of &« = 1/2, the solution takes the form:

w(1/21/2) (x 1) = Kot '
7 (x+ K2 (vt —x)) /x (vt — x)

Substituting these solutions into expression:

L
/ (@B) (x,t)dx,
0

we compute the transient current density for different situations.

eN
1_7
L

Q..‘m_‘

The calculated transient current curves compared with the Monte Carlo simulation are presented in
Figure 4. The excellent agreement is a consequence of valid solutions (18). The family of transient current
curves for various values of 0 < « = 8 < 1 and K is demonstrated in Figure 5.
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Figure 4. Transient current curves for various values of 0 < # = < 1 and K in comparison with the Monte
Carlo simulation results.
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Figure 5. Theoretical transient current curves for various values of 0 < &« = f < 1 (a) and K (b).
Other parameters are indicated in figure.

In the asymptotics of t > x /v, the solution (18) goes into the following:

w®B) (x, 1) ~ v*l(Ktﬁ> ~1/a q@h) (Z(Ktﬁ>1/a) . (19)

If t > L /v, the expression (19) is valid for the entire concentration of nonequilibrium carriers inside the
sample. Up to the normalization constant, the solution (19) coincides with the solution (7) for instantaneous
hopping. The time point = L/v corresponds to the passage time of the sample boundary by a ballistic
front. A kink in the transient current curves corresponding to the transit time obtained in Section 3 should
also be observed in the case of Lévy walks. In other words, on the transient current curves for Lévy walks,
two kinks can be observed corresponding to the time the front reaches the boundary x = L and the time
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the “center of gravity” of charge carriers crosses the boundary x = L. The presence of these two kinks is
well observed for the case « > B (see Figure 6).

It is important to note that the obtained transient current curves combine the features characteristic of
normal transport (the presence of a plateau and ballistic transit time) and the dispersive power-law tail.

Simulations show that back-scattering results in smearing of the transient current curves and to the
smoother kinks indicated above. Moreover, back-scattering leads to the increased role of correlations
between consecutive jump lengths in the case of fixed localized states [24]. However, these nuances require
additional research.

=2 =2
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g 1o qE0E E
= = F 3
153 133 F 1
c 2 i 1
% 5| B05------ 3
g10 p=0.6 qE 3 3
e p=0.7 i1e F E
[}:OAS ................. ] L ]
s p=0.9 — — — ‘ ) \\’ I 7
10 o o ' =
10° 10* 10° 10°
t, us 1, us

Figure 6. Transient current curves for different values of « #  and K.

5. Conclusions

The Scher-Montroll model of dispersive transport in samples with spatially homogeneous disorder
is successfully applied to describe the transient photocurrent in semiconductors with an amorphous
structure, including organic ones. In this work, the Scher-Montroll model is generalized to the case of the
dispersive transport of photo-injected carriers in nanocomposites with a fractal distribution of localized
states. The influence of ballistic transport is taken into account in the framework of the hopping model
with heavy-tailed distributions of jumps. The calculations are carried out within the framework of the
time-of-flight method. Criteria are established that make it possible to determine the fractal dimension of
the distribution of traps from the transition current curves. The dispersion parameter can be determined
from the slopes of I(t) on a double logarithmic scale, as in the standard model of dispersive transport,
and the fractal distribution parameter can be extracted from the power-law dependence of the transit time
on the sample width L. For the case of the Lévy walk with a finite velocity, transient current curves with a
plateau and a slowly decaying power-law tail are predicted. In nanocomposites, the plateau can arises due
to ballistic transport along nanotubes, or the molecular chains of a conjugated polymer, and power-law
relaxation due to the localization of charge carriers. For Lévy walks, two kinks in the transient current
curves can be observed corresponding to the time the front reaches the boundary x = L and the time the
“center of gravity” of charge carriers crosses the boundary x = L. The presence of these two kinks is well
identified for the case @ > . The obtained transient current curves combine the features characteristic of
normal transport (the presence of a plateau and ballistic transit time) and the dispersive power-law tail.
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