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Abstract: We find sufficient conditions for the unique solution of certain second-order boundary
value problems to have a constant sign. To this purpose, we use the expression in terms of a Green’s
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with second-order differential equations with a functional dependence, which is a piecewise constant
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1. Introduction

Delay differential equations find interesting applications in fields like biology, fisiology,
physics, etc. Some interesting and recent applications of this type of equations appear, for instance,
when proposing a mathematical model for electrohydraulic servomechanisms [1], absorption complexities
in pharmacokinetics [2], the approximation of Fitzhugh-Nagumo and Hodgkin—Huxley models for action
potential generation in excitable cells [3], tick population with diapause [4], or thermal models for variable
pipe flow [5].

The study of the solutions’ properties to such kind of models is a relevant area of study [6].
In particular, the existence of solutions with a constant sign is important from the point of view of the
interpretation of the biological models. Indeed, the non-negativity of the solutions [7] is essential for the
coherence between mathematical expressions and the magnitudes that, in this context, normally refer
to positive values such as the number of individuals in a certain population or the concentration of
a certain substance. Recent work [8] deepens the problem of the existence of non-negative solutions
to linear autonomous functional differential equations. See also [9] for order preserving evolution
operators of functional differential equations.

This paper is devoted to delay differential equations with piecewise constant delay given by the
greatest integer function. The appearance of such kind of delays can be interpreted as the dependence
of the rate of change of the variable of interest not only on the present state but also on some previous
(equidistributed with respect to time) memorized values of the state (see [10], where a Liénard-type
differential equation with piecewise constant delays is considered).
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The study of second-order differential equations independent of the first-order derivative x’ with
a functional dependence given by a piecewise constant argument goes back to references [11-15].
Here, the functional dependence considered is the greatest integer function. In [16], the authors
consider boundary value problems for second-order differential equations with deviating arguments
and, in [17], the uniqueness issue is addressed for second-order linear functional differential equations.
In particular, the periodic boundary value problem:

{ =x'(6) = £t x(t), (1), t € ] = [0,T],

is studied in [15], where T > 0, and [t] denotes the floor of t, that is, the greatest integer less than
or equal to t. The references [18,19] are devoted to similar problems for first-order differential
equations. In order to consider a problem where a delay term also affects the derivative of the
function, the existence of solutions for second-order functional differential equations with piecewise
constant arguments of the form:

(T), )
)

is considered in [20] by studying the existence of solutions for the impulsive linear periodic boundary
value problems:
x"(8) +ax'(t) + bx(t) + cx'([t]) + dx([t]) =0, t € R,
x(0) = x(T),
x'(07) = x/(TT),
x(sT)=x(s7)+1,

@

wheres € J,a,b,¢c,d, A € R, T >0,and x'(z7), x'(z") denote, respectively, the one-sided left and
right limits of x’ at the point z € J.

Although the expression of the solution to (1) can be obtained directly from the solution
of (2), which represents the Green’s function, it is quite tedious to find sufficient conditions for
the Green’s function to have a constant sign. In this paper, we prove the existence of non-negative
(resp. non-positive) solutions for (1) under the appropriate conditions.

Some other references dealing with similar problems are [21], where the existence and stability
of periodic solutions for a quasi-linear differential equation with arguments which are piecewise
constant functions is studied, or [22], where the stability of the null solution for the corresponding
quasilinear equation is analyzed. In [23], a similar study is made to obtain the Green’s function to
express the unique solution to a second-order nonautonomous differential equation with piecewise
constant arguments.

The objectives of the main results in the paper are summarized as follows:

o  Theorems 1-3 give sufficient conditions for the unique solution to problem (2) withs =0ors =T
to have a constant sign. The technical Lemmas A2-A6 allow to interpret two of the sufficient
conditions directly in terms of the coefficients of the linear problem 4, b, ¢, d (see Remarks 1 and 2).
The other condition is algebraically manipulated in Lemma 1, Remark 3, Lemma 2, and Remark 4;

e Ananalogous study can be made for 0 < s < T withs € Z™, see Theorem 4, Lemma 3, Theorem 5,
and Remark 5;

e To improve significantly these first results, it is important to determine what planar regions of
the type:

S:={(xy) € R%: x>0, y > —Mx},
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for a certain M > 0, are such that their elements are mapped into the interval [0, +-c0) when scalar
multiplied by a certain vector (h(z), hz(z)), which will be defined in relation with the differential
problem. Lemma 4 is helpful to give an answer, therefore, some of the results are extended in the
sense that the conditions required are reduced to some properties on the sign of functions h; and
hy, and the fact that certain iterates remain in S (see Theorems 6 and 7);

e Inorder to study the sign of the solution to (1), we need to obtain similar results for problem (2)
when 0 < s < T,s € (n,n+1), forsome n € Z* (see Theorem 8). Remarks 6-8 provide some
translations of the sufficient conditions given by using the technical lemmas in the appendices or
direct manipulation;

e  Finally, Theorems 9 and 10 provide sufficient conditions for the unique solution to problem (1) to
have a constant sign on J.

Our study allows the establishment of some comparison results for boundary value problems
related to second-order functional differential equations, allowing the application of some techniques
to study the existence of solution to second-order nonlinear problems.

The paper is organized as follows. In Section 2, the main results on the existence of non-negative
(resp. non-positive) solutions to problems (2) and (1) are given. These results are based on some
preliminary and technical results that are placed on the appendices for simplicity. In Section 3,
some examples are shown to illustrate the applicability of the main results. At the end, it is possible to
find Appendices A-C. The first one is devoted to recall some preliminary results from [20], which are
essential to the procedure since they provide the expression of the solution to the problems of interest;
the second and third ones focus on the properties of the sign of three auxiliary functions, namely
hy, hy, and g, and their derivatives, which is crucial to decide the sign of the Green'’s function to
problem (1). The proofs of these auxiliary lemmas have been written in appendices in order to improve
the readability of the work, focusing the interest in the main results.

2. Main Results

We start by introducing some additional notation that is essential to our procedure. We denote
Z* := NU {0}. Define the functions hy, Iy, and g by the respective expressions:

d d . .
1—55—1—672(1—6 as), lbeO,a#O,

d _a 2 . 2 d . 2
<1+b>e zs{cos\/b—@ls+2\/:_75m\/b—“45}—b, if b #0, a= < 4b,
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Q| =

(1—6‘”Sfcs+g(1—e_”s)), ifb=0,a#0,
s—%sz, ifb=0,a=0,

o3 [E(1+7s)+s}—%, ifb £ 0, a® = 4b,
]’lz(s):
(ﬁ;_l)eas—i_(l_abc)em_z, b 20 @ b,

B—ua
77 a2 : 2
sm b——s , ifb#0, a” < 4b,
”4
1—e% ey
e, ifb=0,a#0,
z, ifb=0,a=0,
ze” 1%, ifb 40, a2 = 4b, 5
g(Z) - eﬁ;:;”‘zl ifb 75 0, a2 > 4b, ( )
. 2
—5SVPTE g 20, a2 < 4b.
b—4

In the previous definitions, we denote, for b # 0, a? > 4b,

e M (ORI RO

For s € ], we consider E; the class of functions i : R — R which satisfy the conditions:

(i) ycontinuous fort € R,

(ii) ¥ continuous fort € R\ {s}, and there exist y’(s7), y'(s7) € R,

(iii) y” exists and is continuous for t € [n,n+ 1)\ {s}, n € Z, and there exist y"(s™), y"(s1),
y'(n7) €R,Vn e Z.

In condition iii), ¥’ (z7), y”(z") denote, respectively, the one-sided left and right limits of y" at
the point z € J.

Definition 1 (c.f. Definition 1, [20]). Fors € |,y : R — R is a solution to problem (2) if y € Es and
satisfies conditions in (2), taking v'(s) = y'(s*) and y" (t) = y"(tT), forall t € Z U {s}.

Recall that [T] is the integer part of T, i.e., the greatest integer k, with k < T.

Definition 2 (c.f. Definition 2, [20]). Let:
AN:={y:] — R :y continuous in [\ {1,2,...,[T]},
and there exist y(n~) € R, y(n™) = y(n), ¥n € {1,2,...,[T]}},

and
E:={x:] — R : x,x" are continuous and x"" € A}.

Definition 3 (c.f. Definition 3, [20]). A function x is a solution to (1) if x € E and satisfies conditions in (1),
taking x"'(n) = x""(n"),vn € {0,1,2,...,[T]}.
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For z € [0,1], we denote by H(z) the matrix:

) )
HE) '(z«i@ hZ(z))'

and C := H(1), so that:

C=H(1) = ( 2 gi ) H(T — [T]) = ( hl(T‘[TP ho(T — [T]) )

Consider also I the identity matrix ( (1) (1) )

Theorem 1. Assume that condition:
det (1 —H(T - [T])Cm) £0

holds, that is, the matrix:
I — H(T — [T)) C is invertible.

Fors = 0ors = T, the unique solution to problem (2) is non-negative if the following conditions hold:

(i) h1>0h>00n(01);
(i) I, > 0,1, > 0on (0,1);

-1
(iii)  The elements in the second column of the matrix {I — H(T - [T]) Cm} are non-negative.
Proof. It is obvious from the expression of the unique solution given in Theorem 3.1 [20]:

K(t,;s) = (m(t—n) ho(t—n) )C" Vo, t € [n,n+1), n € Z¥,

where Vj = [I—H(T— ) C[T]}_l ( (1) ) O

Theorem 2. Under the hypotheses of Theorem 1, and replacing Condition (iii) by:

~ -1
(iii) The elements in the second column of the matrix {I — H(T - [T]) Cm} are non-positive,

the unique solution of problem (2) (with s = 0 or s = T) is non-positive.

5o0f 34

(4)

Remark 1. According to Lemmas A2—-A6, conditions (i) and (ii) in Theorem 1 are fulfilled if the following

conditions hold:

o Ifb=0,a#0:
d < 0 and one of the following hypotheses are satisfied:

x c¢=0;o0r

x c¢#0,a+c<00r

x  c#£0a4c>0 T >,
o Ifa=b=0:

d<Q0andc <1;
e Ifb#0,a% =4b:

b+d<0,and 5+c<1;
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o Ifb#0,a%> 4b:
7 —2_);
b+d§0ﬁmda+26§Vq‘w(l+eﬁ2%4)'

e Ifb#0,a% < 4b:
Ome of the following conditions holds:

x b+d=0;0r
* b+d<O0and —%Sn,

and one of the following conditions holds:

a2 T a .
* — T < zand 5+c <0 o0r

and 0 < §4c < Vb—‘fcot(db—‘f);or
*  F< \/b—%<n,and%+c§ \/b—“jcot<\/ —“42> <0.

Theorem 3. Theorems 1 and 2 are still valid, if we replace condition (ii) by the more general condition:

(i) (1) >0, k(1) > 0.

b—% <

*
IR

Remark 2. Taking into account Theorem 3, it is possible to improve the conditions given in Remark 1, in the
last case. According to Lemma A6, conditions (i) and (ii) are fulfilled for the case b # 0, a*> < 4b, if:
one of the following conditions holds:

e b+d=0;0r
o btd<Oand\/b—% <m,

and one of the following conditions holds:

[ ]
S
\
%
IN
NIN

and 5 +c < 0; or

o bﬁf<§and0<g+c§\/b”§fcot( b‘ﬁf);or
o I< b—‘f<n,and§+c§\/b—‘fcot< b—f)<0;or
o —%E (7, %), and § +c > \/b—‘fcot( b— 742) > 0, provided that B > 0; or

o b—‘i—z:% and § + ¢ > 0, provided that B > 0.

where,

a2 1 R
R=14/b— T and s; = i <arctan (gﬂ) + 7'[) .

B = 78—%51 ¢ cos | arctan R + 147 2b sin arctani _<
o b 24+c R S+c b’

In Figure 1, we illustrate how the last cases included the conszdemtlon of different situations not covered
by the estzmates in Remark 1. Indeed, taking R = 2 ,a=7b=R+ %, andc = —25,itis satisfied that
b+#0,a% < 4b, 4 5+c>0,and B > 0, and function hy is non-negative on (0,1), such that h5(1) > 0.

Note that:
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1 -
1 —hay(s)
—hs(s)
0.8 -
0.6
0.4 1
0.2 1
0.2 0.4 0.6 5 1

Figure 1. Graph of the functions h; and h’2 for R = 37”, a=7b=R%+ %, and c = —2.5.

Lemma 1. Condition (iii) in Theorem 1 is fulfilled if the following conditions hold:

(T]
(hMTHDImTUD)<iizz> (f)
>0

det (I — H(T — [T]) CITl) =

]
) B B c] Cp 1
1= ( m(T=[T]) ho(T HD)(C& C'z) <O> >0
det (I — H(T — [T]) CIT) o

) ©)

(6)

3 T4

1 7 —r
A1 — 4 2
det (A) < —r3 1 )'

in consequence, taking A = (I — H(T — [T])C!T)), the first row of A is:

(1 o)—(muxwﬂ>th—nD)<clC%>m,

Proof. We use that, for A = < " >,

!
)

and the second row of A is:

(o 1)—(%0*%ﬂ)hﬂT—UD)<C3C?>m-

)
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Thus, the elements in the second column of A~! are given by:

(T]
(m(r—m) hz(T—[T]))<2 z) (2)

det (I — H(T — [T]) CIT))

7]
1= (m(T=[1]) m(T—[1]) ) ( 2 Z ) < (1) )

det (I — H(T — [T]) CIT))

and

O

Remark 3. Ifdet (I — H(T — [T])C!™) > 0, conditions (5) and (6) hold if:

(7]
(m(T=[T) ho(T=[T]) ) ( oo ) )

/ !
G &

has the first component less than or equal to 1 and the second component is non-negative. However, in the
context of Theorem 1, due to the validity of i) and ii), (or, more generally, i) and ii)), it is clear that the part above
in (5) is non-negative, thus, if det (I — H(T — [T))CI™Y > 0, and the first component in (7) is less than or
equal to 1, then iii) is satisfied.

Similarly, if det (I — H(T — [T])CIT)) < 0, conditions (5) and (6) hold if (7) has the first component
greater than or equal to 1 and the second component non-positive (null, by the restrictions).

Lemma 2. The reverse inequalities in Lemma 1 imply the validity of (iii) in Theorem 2.
Remark 4. In relation with Theorem 2, under the hypotheses (i) and (ii), it is possible to assure that,
if det (I — H(T — [T])C!Tl) < 0, then the opposite to (5) holds. Assuming also that the first component
in (7) is less than or equal to 1, then the opposite to (6) holds. Thus, by Lemma 2, these two conditions imply the
validity of (ifi).

On the other hand, if det (I — H(T — [T])C!T)) > 0, (iii) holds if the first component in (7) is greater
than or equal to 1 and the second component in (7) is null.

Next, we study the sign of the solution to the problem (2), for 0 < s < T with s € Z™.

Theorem 4. Assume that condition (4) holds. For 0 < s < T, s € Z*, the unique solution to problem (2) is
non-negative if the following conditions hold: (i) in Theorem 1, (ii) in Theorem 3 (see Remarks 1 and 2), and

(iii) The elements in the second column of the matrix:
-1
{1 — H(T—[1)) C[T]} H(T — [T]) ClT)=s
are non-negative.

Proof. It is deduced from the expression of the unique solution to (2) given in Theorem A4
(Theorem 3.1 [20]):

K(t,s) = ( h(t—mn) hy(t—n) )C” Vo,t€nn+1),ne{0,1,...,s—1},
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and

K(t,s) = ( h(t—mn) hy(t—n) )C”*S

CSV0+<(1)>1,t€[n,n+1),nzs,

where

Vo = [I—H(T— 1)) C[T]T]H(T— (1)) clT-s ( (1) ) .

Note that Vy > 0 (non-negative components) implies that C*V + ( (1) ) > 0, that is, this vector has

also non-negative components. [

Lemma 3. Assume one of the following hypotheses:

e Conditions (i), (ii) in Theorem 1, that is, hy, hy, h’1 and hé are non-negative on (0,1); or more generally
o Condition (i) in Theorem 1, and hj(1) >0, (1) >0, h{(T — [T]) > 0, h5(T — [T]) > 0.

~ -1
Then, condition (iii) in Theorem 4 is satisfied if {I — H(T —[T]) C!T]

In particular, this last condition is valid if det (I — H(T - [T]) C[T]> > 0 and the following numbers are

non-negative:
[T]
1= ( (T [T) hz(T—m)><2 2) (},)zo,

(T]
1 ( m(r—[1)) hg<T—m>)<2 2) (ﬁ’)zo-

Proof. Under these particular conditions, and using the same procedure as in the proof of Lemma 1,
we prove that [ — H(T — [T])C["!]~! has non-negative components, since, obviously,

(7]
(‘m(r 1) w—[ﬂ))(g i) (2)20,

has non-negative components.

and

(7]
(#r—(m) h'z<T[T1>)(2 2) <3>>o.
O

Theorem 5. Assume that condition (4) holds. For 0 < s < T, s € Z*, the unique solution to problem (2) is
non-positive if the following conditions hold: (i) in Theorem 1, (ii) in Theorem 3 (see Remarks 1 and 2), and

(iv) The elements in Vy, the second column of the matrix:

-1

[I—H(T— 7)) C[T]} H(T — [T]) ClT)=,

iy 0 iy
are non-positive, and the elements of C*Vjy + ( 1 ) are non-positive.

Remark 5. The obvious changes in Lemma 3 lead to Vy < 0, which joint to Conditions (i), (ii) implies that
K(t,s) <0for0<s<T,seZ",andt € [nn+1),ne{0,1,...,s—1}. To obtain the non-positiveness

of K(t,s) on [n,n + 1), for n > s, we have to guarantee that C*V + ( (1) > <0.



Mathematics 2020, 8, 1953 10 of 34

Next, we give some extensions of Theorems 1, and 2 by virtue of the following Lemma.
Lemma 4. Suppose that hy(1) > 0, and that hy > 0 on (0,1). Define the set:
S:={(x,y) €R?: x>0,y > —Mx},
with

. hi(z)
M= inf )
zelfg),l) hZ(Z)

If (x,y) € S, then hy(z)x + hy(z)y > 0 for every z € [0,1].

Proof. Let (x,y) € S. Then:

e Ifz =0, by the properties of hj and hy, h1(0)x + h2(0)y = x > 0 by the definition of S;
e On the other hand, for z € (0,1), hx(z) > 0 and, since x > 0,

hl(@)x > _Z1E3
2

inf

" elon (@)

y= X,
thus the non-negativity of 1y (z)x + hy(z)y is derived;

e  Finally, if z = 1, we have h;(1)x + h(1)y and we distinguish two cases. If 7 (1) = 0, it is reduced
to h1(1)x, which is non-negative, and if h1;(1) > 0, then, by the continuity of #; and hy,

e (@) m(E)
M= R @) ~ & )

and we conclude.
O

Theorem 6. Assume that condition (4) holds. For s = 0 or s = T, the unique solution to problem (2) is
non-negative if the following conditions hold:

(I hi(1) >0,and hy > 00n (0,1);
(II)  The vector Vy given by:

-1
Vo= [1-H(T - [1]) CT] (2) (8)
satisfies that Ck Vy € S for every k = 0,1,...,[T].
Theorem 7. Assume that condition (4) holds. For s = 0 or s = T, the unique solution to problem (2) is
non-positive if the following conditions hold:
(1)  hi(1) >0,and hy > 00n (0,1);
(II*) The vector Vy given by (8) satisfies that (—1)CK Vo € S for every k = 0,1,...,[T].

Similar considerations can be made for Theorems 4 and 5. We omit them since they are not
required for the study of the sign of the nonhomogeneus Equation (1).

Theorem 8. Assume that condition (4) holds. If 0 < s < T, s € (n,n+ 1), for some n € 7t then the unique
solution to problem (2) is non-negative if the following conditions hold:

(I hi(1) >0,and hy > 00n (0,1);
(I1I) The function g given by (3) is non-negative on (0,1);
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(IV) The vector Vy given, for T < n+1, by:

Vo= [1-H(r—[1]) ] ( ?((TT—sS)) )

and, forn +1 < T, by

Vo= [1-H(T—[1]) V] H(T (1)) -1 ( ﬁf(("ﬁlfss)) ) /

satisfies that C¥Vy € S, for every k = 0,1,..., [T];
(V) IfT > n+ 1, assume also that the vector:

=

crly, + ( i/((”}:r 11: ss)) >] , (with Vy given in IV),

satisfies that Ckvy e S, foreveryk =0,1,...,[T] —n—1.

Proof. In Theorem 3.1 [20] (see Theorem A4), it is proved that, under these assumptions, the expression
of the unique solution to problem (2), for0 < s < T, s € (n,n+ 1), for some n € Z™, is given by:

K(ts) = (m(t—k) ha(t—k) )C Vo, t € [kk+1)N[0,5), k€ {0,1,...,m},

K(t,s) = ( hi(t —n) hy(t—n) )C" Vo+g(t—s), tels,n+1)N[0,T],

K(ts) = ( h(t—n—1—k) h(t—n—1-—k) )Cn+1+kV0

N )

forte n+1+kn+2+k)NI[0,T], k € Z*, where Vj is given in IV) and g is given by (3).
Hence, the proof is concluded by using Lemma 4. [J

Remark 6. According to Lemmas A2-A6, Condition (I) in Theorems 6-8 is satisfied under the following
circumstances:

e b=0a#01- g + %(1 —e ") > 0,and one of the following conditions hold:

x c¢=00r
x c#0,anda+c<0or

* C#O,a+c>0,andmc)a¢20;or
—a_ 1
* C#O,a+c>0,w#<O,and;(1fe_“7c+g(1fe_”))20,
o sz,a:0,1—§>O, and one of the following conditions hold:

x c<1o0r
x ¢c>1,and c <2

o b#0,a>=4b, (1 + Z) (1 + %) e"7 — % > 0, and one of the following conditions hold:
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* gH+c<Lor
* %+c>1,ande_%[£(1+%)+s}—7>0

b b~
& e
e b#0,a>>4b, (14—(2) M—Z>O, and one of the following conditions hold:
* Q+ZCS Vu2_4b(1+e\/‘12724h_1>,07’
> By (%_1)6“"‘( -5 .
% ﬂ+2C>\/lZ —4b(l+m>,m’ld ﬁfp( —520

d
o b #0,a% < 4b, <1+b> {COSR+2RSII’1R} - >O where R := \/b—— and one of the
following conditions hold:
* R< %and%—f—cgo;or

* R < Z,and0 < 5 +c < Rcot(R);or
* S <R<mand5+c<Rcot(R) <0;or

o 1+%
x e 2 {; cosR + R b sin R} - % > 0, and one of the following restrictions hold:

R = Zand 5+4c > 0;0r

R < Zand § +c > Rcot (R); or

Re (5, ] and § 4 ¢ > 0; or

Re (m,%),and 0 < & +c < R cot(R); 0
3”>R>7rand“+c<0 or

7 <R<mand0> 5 +c> Rcot(R).

b D . S S

o 1+ 7%
* e 2%l { ; cos Rsy + R b sin Rsl} — % > 0 and one of the following restrictions hold:

R € (m,3F), and & + ¢ > R cot (R) > 0; or
R—32”,zmd2+c>0.
+c=0amdR<Z

NI X F

Remark 7. According to Lemmas A7-A11, Condition (III) in Theorem 8 is satisfied if one of the following
conditions holds:

e b=0;
o b £0,a%>4b;
. b#O,a2<4b,andR§7T.

Remark 8. If T € (0,1), Conditions IV) and V) in Theorem 8 are reduced to Vo € S. If T > 1, then several
successive iterations by C of the vectors in IV) and V) should belong to the set S.

To show the first iteration, suppose that hy(1) > 0, hy > 0 on (0,1), and hy(1) + Mhy(1) > 0.
Let V = (x,y) € S. Then V is such that CV € S if and only if:

hi(1)x 4+ ha(1)y >0, Hy(1)x + hy(1)y > —M(hy(1)x + ha(1)y). )

Since (x,y) € S, x > 0andy > —inf,c () h ; x. If hp(1) = 0, then hy(1)x > 0 is trivially valid by
hypotheses and, if hy(1) > 0
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so that the first inequality in (9) holds. On the other hand, if

(1) + Mhy(1)
Y2 ) M (D)

the second inequality in (9) holds. Hence, the interesting set for one iteration is:

/
Sy = {(x,y) eR?: x>0,y>—Mx, y> i (1) + M (1) }

T+ Mhp(1)
If we define the (finite) sequence (assuming that the denominators are positive):

hy(1) + M, —1h1(1)
My := M, M, = - on=1,...,1,
° " (1) + My_1ho(1)

the interesting set for iterations until order | is:

S = {(x,y) ER? 1 x>0,y>— (kmin Mk) X}-

—Ysdyeees

If we are interested in analyzing the sign of the solution to the second-order functional-differential
equation with piecewise constant arguments (1), which exists and is unique under the appropriate
hypothesis, we need to determine the sign of K(t,0) and K(t,s) on [0, T] x [0, T] except at most in
a set of measure zero. This is a consequence of the fact that the expression of K(t,s), the solution
to problem (2), represents the Green’s function for the solution to problem (1), as established in
Theorem 3.2 [20].

Theorem 9. Suppose that hypothesis (4) holds. If o € A is non-negative on |, A > 0, conditions (I), (II) in
Theorem 6 hold and conditions (II1), (IV), and (V) in Theorem 8 hold [it is assumed that (IV) and (V) will be
fulfilled for all 0 < s < T, withs € (n,n+ 1), for some n € Z" ], then the unique solution to problem (1) is
non-negative on J.

Proof. This result is obtained by applying Theorems 6, and 8, and using that the unique solution to
problem (1) is, according to Theorem A5 (Theorem 3.2 [20]), given by:

T
x(t) = /0 K(t,s) o(s) ds + AK(£,0), t € ],

where, for all s € ], K(+, s) is the unique solution to problem (2). [

Theorem 10. Suppose that the hypothesis (4) holds. Assume also that the conditions (I), (II) in Theorem 6
hold and conditions (11I), (IV), and (V) in Theorem 8 hold [it is assumed (IV) and (V) are to be fulfilled for all
0<s< T, withs € (n,n+1), for somen € 7%], if o € A\ is non-positive on | and A < 0, then the unique
solution to problem (1) is non-positive on J.

Remark 9. Note that we only need to impose Condition (V) in Theorems 9 and 10 if T > n + 1, since the
value of K(T, s) is not required.
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3. Examples

Finally, we present some examples to illustrate the main results.

Example 1. Consider b = 0,a # 0, and 0 < T < 1. We check that conditions in Theorem 1 hold.
Indeed, according to Remark 1, conditions (i), (ii) are true for d < 0 and one of the following hypotheses:

. c=0;o0r

e ¢#0,a+c<0;0r

o C#O,Q+C>O,(a+c)u¢>0.

For condition (iii), using that [T] = 0, then the matrix:

I—H(T— [T]) = I — H(T)

- L(—eT) tl—e T —cT+5(1—eT)

= —aT 1) 1(ae aT —c+cem aT)

_ %T p (1 e) —l1—e T —cT+£(1—eT))
(ﬂZT 1) 1—%(116 aT _ ¢4 ce™ aT)

Note that det (I — H(T)) = %T(l —e ") £ 0ifand only if d # 0, due to a # 0.
Suppose that d # 0. According to Lemma 1, for the validity of (5) and (6), we only have to check that:

ha(T)
det(1— H(T)) >0, (10)
and 1 — (T)
—m
det(1-H(T) = (11)
Indeed, we have to impose that:
hy(T) (=) (14 ) —cT)
det (I — H(T)) dT (1 — =)
¢! —e )1+ &) —cT ~ (1—eT)(a+c)—acT -0
dT(1—e~7T) T daT(1—e ) 20,
and . ( T)
1—]’11(T) _afzﬂT*1+e_a _aT_l_'_e*uT
det(I— H(T)) dI(] — p=aT) T aT(1—eT) 2 0. (12)

We take into account that function v(z) = z — (1 — e™ %) is positive for z # 0, because v(0) = 0 and
V(z)=1—e*>0ifz>0and V' (z) <0ifz <0. Thenv(aT) > 0, since a # 0, and hence the condition
we must assume for the validity of (12) is:

aT(1—e"T) >0,

which is trivially true independently of the value of a # 0. Thus, condition (12) is trivially satisfied.
On the other hand, for the validity of (10), we must assume that:

_ p—aT _
(1—e*(a+c) aCTZO. (13)
d
This proves that, under condition (13), hypotheses (5) and (6) hold. Therefore, after analyzing the cases
that lead to incompatible conditions, it is possible to affirm that, ifa < 0,b=0,c=0,d <0,and 0 < T < 1,
then the unique solution to problem (2) is non-negative, fors = 0ors = T.
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Example 2. Similarly to Example 1, consider b = 0, a # 0, and 0 < T < 1. We impose the following
restrictions on the constants ¢ = 0, and a > d > 0.

Condition (4) is satisfied due to d # 0 (see Example 1). Condition (1) is fulfilled (see Remark 6) since

1-— g + %(1 — e~ ") > 0is valid by the choice of the constants. On the other hand, condition (III) is trivially

satisfied by virtue of Remark 7. Since T € (0, 1) and the choice of the constants,

T —aT —aT -1 1
— % _:2(1 e " ) ;(1 e " ) dlll iil r
d(,— —aT - [—1+e 7 .
—2(e= T —1) 1—e" —F 727,(1 ee,,,T)

-1
Note that it is not true that all the elements in the matrix [I — H(T —[T)) C[T]} are non-negative, since its

element (2,1) is negative: —% < 0. Next, we check condition II). Consider Vy given by:
]t O ar
Vo = [I — H(T - [TD C } 1 = aT—1+e"T ’
aT(1—e—T)

and check that Vy € S. In this case,
S:={(x,y) € R%Z: x>0, y > —Mx},

with ;
A1 e _
M= inf M) _ g aZdztaQ ) oy azdz 4
26(0,1) ha(z)  ze(0,0) (1—e2) 2e(01) 1 —e % a

Let ¢(z) := 1‘:7‘32, z € (0,1). The sign of ¢’ coincides with the sign of function ¢, defined on [0,1]
by ¢(z) = d — a® + adz — de™. The derivative ' (z) = da(1 — e"?) is negative and (0) = —a®> < 0.
Hence i < 0on [0,1] and ¢’ < 00on (0,1). In consequence,

a—d d

M:1—€7‘1+E>0'

Hence, Vy € S, since % > 0and

aT—1+e " (a—d d\1
aT(1—eT) — 1—e a

Indeed, this inequality is equivalent to:

WE_((J—CI +z:l)u__(“<“—”l))+1),

1—eT l—e® a)d d(l1—e"

and also to:

—aT _1—aT—e_”T_1< ala —d)
1—e T 1—¢dT —d(l—e)’

which is trivially valid since the left-hand side is negative and the right-hand side is positive.
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On the other hand, we check IV), proving that Vy given by:

Vo= [1— H(T —[T]) C[T]}‘1 ( 8(T —s) >

a L1 1—e=(T—s)

daT daT 7

_ 1 aT—1+e T —a(T—s)
T aT(1—e2T) e

1
= T —aT
_aLT (1 _ e~ (T—s) + lfla_TeitezT efa(Tfs)>

belongs to S, for every s € (0, T). Indeed, Vy € S, since % > 0and

1 1—aT —e T —d d\ 1
- (1 _palTs) la_e_:Tea(Ts)> . < a N ) 1

which is rewritten as:

a(T— 1—aT—e T _ a—d d\a a(a—d)
_o(T=s) y 2782 7C¢ —a(T-s) < b I A
1—e ta o © - (1—6—“ a)d d(l—e—”)+1’

or
o—a(T=5) 1—aT —e T 4] < a(a—d)
1—eoT —d(1—e)’

that is,

—czTe_”TeuS < a(a—d) ’

1—e " —d(1—e7)
which is trivially valid, since the left-hand side is negative and the right-hand side is positive.

Therefore, if o € A is non-negative on |, and A > 0, then the unique solution to problem (1) is non-negative

on J.
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Appendix A. Some Preliminary Results

For the proof of the results in this appendix, see [20].
Note that, for c = 0 and A = 0, the trivial function satisfies the conditions in (1).
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Lemma A1 (c.f. Lemma 1, [20]). The solutions for the initial value problem:
x"(t) 4+ ax'(t) + bx(t) + cx'([t]) + dx([t])) =0, t € [n,n + 1),
x(nt) =v,, (A1)
where vy,, v}, € R, are obtained in terms of a and b as:
x(t) =vahi(t —n)+ 0, ho(t —n), t € [n,n+1), (A2)
where hy and hy are defined at the starting of Section 2.
As stated in [20], functions hy and h; satisfy the following interesting properties:
h1(0) =1, hp(0) =0, K} (0) =0, h5(0) = 1.
Theorem A1 (c.f. Theorem 2.1, [20]). The initial value problem:

0" (t) +av'(t) + bo(t) + co'([t]) +do([t])) =0, t € [0, +00),
Yo,

v(0) = (A3)
v’ (0) = vy,
for vy, v, € R, has the solution:
n
C] C2 (]
_ B _ 1 A4
o(t) = (m(t—n) hat n))<q cg) <06>,t€[n,n+ ), (A4)

wheren € 7T,
C1 =hi1(1), Co =hy(1),

Cr =m(1), G =h(1),

and hy, hy are expressed at the starting of Section 2.

Consider Vy = ( Z? ) , and I the identity matrix ( (1) (1) >
0

Theorem A2 (c.f. Theorem 2.2, [20]). For T > 0, the solution v(t) of the initial value problem (A3) satisfies
o(T) = vy, V(T) = v
if and only if:

[I—H(T— [T])Cm] Vo = ( 8 ) (A5)

Moreover, if (4) holds, then vy = 06 = 0 and we obtain the trivial solution. If,
det (1 —H(T - [T])C[T]) =0, (A6)

then there exist nontrivial solutions of (A3) with v(T) = v and v'(T) = vy,
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Corollary A1 (c.f. Corollary 1, [20]). Problem (1) with o = 0 and A = 0, that is,

x"(t) +ax'(t) + bx(t) + cx'([t]) +dx([t])) =0, t €],

has nontrivial solutions if and only if (A6) is valid. Such solutions can be obtained from expression (A4),
taking the initial conditions vy, v}, satisfying (A5).

Note that a necessary (non sufficient) condition for the validity of (4) is b+ d # 0.
Theorem A3 (c.f. Theorem 2.3, [20]). Ifb+d = 0, then (A6) holds.

If problem (2) has a unique solution, for s € | fixed, we denote it by K(t,s), the value of the
solution for problem (2) at the point ¢.

Recall that function g is defined in (3).

Theorem A4 (c.f. Theorem 3.1, [20]). For s € ] fixed, problem (2) has a unique solution if and only if
condition (4) holds, that is, the matrix:

I — H(T — [T]) CT) is invertible. (A7)

In such a case, the solution is given in | by the following expression:

o Ifs=00rs=T,
K(ts) = ( I (t—n) ho(t —n) )C” Vo, t€[nn+1), neZt,

where,

Vo = [I—H(T— ) cm}_l ( (1) )

e If0<s<T,seZ",
K(ts) = ( h(t—n) ho(t—n) )C"VO,te mn+1),ne{01,...,s—1},

and

K(tys) = (mi(t—n) ho(t—n) )C'=

C5V0+<(1)>],t€[n,n+1),n25,

where,

Vo = [I—H(T— 7)) cm}_lH(T— [T])) clTl=s ( (1) )
o If0<s<T,se€(nn+1),forsomencZt,
K(ts) = ( I(t—k) ha(t—k) )CkVO,te [k, k+1)N1[0,s), k € {0,1,...,n},

K(ts) = ( h(t—n) ho(t—n) )C”V0+g(t—s),t€ [s,n+1)N[0,T],
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K(bs) = (m(t—n—1-k h(t—n—1-k )c" v

!

forten+14+kn+2+k)N[0,T], keZt,
where, for T < n+1,
-1 _
I B 1] g(T—s)
Vo= [1-H(T—[1]) c["] (g,(T_S) ,
and, forn+1<T,

Vo= [1-H(T - [T]) cm]f1 H(T — [T]) ClTl=n-1 < g,(:nill__ss)) > .

Theorem A5 (c.f. Theorem 3.2, [20]). If hypothesis (4) holds, problem (1) has a unique solution, for all o € A
(see Definition 2) and A € R, which can be obtained by the expression:

x(t) = /OTK(t,s)cr(s) ds + AK(£,0), t € ], (A8)

where, for all s € ], K(-,s) is the unique solution to (2).

Appendix B. Technical Results Concerning the Properties of Functions /11 and h;

Lemma A2. Ifb =0, a # 0, the following properties hold:

e Ifd <0, thenh} > 0on(0,1).

o Ifd>0,thenhy < 0on (0,1). In this case, if h1 (1) > 0, then hy > 0on (0,1).
o Ifd=0,thenh} =00n(0,1).

e Ifd <0, thenhy > 0on(0,1).

e hh>00n(0,1), if one of the following conditions hold:

7

* c¢=0;o0r
x* c#0,anda+c <0;or
* C#O,a+c>0,and(”+c)a¢20.

In any case, hy > 0on (0,1).
e Ifc#0,a+c > 0and U9 < 0 then hy>0o0n (0,—1In- )andhy <0on (—1n_ 1).

a a-+tc a+tc’

In this case, if hp(1) > 0, then hy > 0on (0,1).

—as __
Proof. Inthecaseb =0,a # 0,by Lemma A1, hy(s) = 1— gs + %(1 —e "), hence b} (s) = dt p 1,
and taking ¢(s) = “— =1, it is easy to check that ¢(0) = 0 and ¢'(s) = —e™* < 0, for s € (0,1),

thus ¢(s) < 0, for s € (0,1), and the conclusion follows. If d < 0, h1(0) = 1 > 0 provides h; > 0
on (0,1).
For hy(s) = ! (1 —e ¥ —cs+ E(1 - 67“5)) we obtain:
a a ’ '
ae~ ™ —c+4ce™®

Iy(s) = = 9(s),

a

hence the sign of 1}, is the sign of .
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If c =0, hy(s) = e~* > 0, and h; is increasing on (0,1). Now, consider ¢ # 0, and calculate the

derivative of : ¢/ (s) = —ae ™ —ce ™™ = —(a+c)e ™.

If a4 ¢ <0, then ¢/'(s) > 0, and, using that ¥(0) = 1 > 0, we deduce that ¢ > 0 and h, > 0
on (0,1).

If a+c¢ > 0, then ¢/(s) < 0, so that ¢ = I}, is decreasing on (0,1). Since ¢(0) = h5(0) =1 >0
and (1) = (1) = 2=t = (9 e gt > 0 on [0,1] i 29 5

Suppose that:
(a+cle—c
a

<0, (A9)

thenif c <0,

(a+cle®—c

a>—c>0,and >0,

which is contradiction. Hence ¢ > 0 and k), has a change of sign at the point sj
such that (a+c)e ™ =¢, that is, 59 = —}{ln - In these hypotheses, s € (0,1).
Indeed, if a > 0, condition (A9) implies (a +c)e™" —c < 0, thus —a < In(7%;), and 59 < 1.
Besides, 0 < ;& < ¢ =1,and In (- < —£—) < 0, which implies that sy € (0,1). If 2 < 0, condition (A9)
implies (a + c)e™* > c. Thus —a > In(;%;) and sp < 1. On the other hand, 0 < a+c¢ < ¢,

which implies 1 < 247, and In (;$7) > 0, obtaining s € (0, 1).

This joint to /5(0) = 1 > 0 and 5 (1) < 0 proves that h; is increasing on (0, sp) and decreasing on
(sp,1), and hy takes values between:

and

1 c c c c c
h =-(1- -1 -(1-—
2(50) a( a+c - n<a+c>+a< a—l—c))
—1 a +£n ¢ + ¢ —1 1+Eln ¢
T al\a+c a a+c a+c) a a a+c)’

Note that, even in this case, i, > 0 on [0,1] if hp(1) > 0.
O

Lemma A3. Ifa = b = 0, the following properties hold:

Ifd <0, then h} > 0on (0,1).
Ifd > 0, then iy < 0on (0,1).
Ifd =0, then h}y = 0on (0,1).

Ifd <0, then hy > 0on (0,1).

Ifd >0,h1(1) =1—4% >0, thenhy > 0on (0,1).

Ifc <1,then hl, > 0o0n (0,1), and hy > 00n [0,1]

Ifc > 1, then b, > 0in (0,%) and hb, < 0 on (%,1). In this case, hy > 0on [0,1] ifc < 2.

Proof. For hi(s) =1— gsz, the conclusion is derived easily from /] (s) = —ds. Now, h(s) = s — %sz,
thus i (s) =1 —cs.

Ifc <1,thenh(s) =1—cs >1—s>0,fors € (0,1) and h, > 0 on (0,1). However, for c > 1,

h, > 0on (0, %), and 1} < 0on (%,1),where % € (0,1). In this case, iy > 0on (0,1),if § < 1. [

Lemma A4. Ifb # 0, a? = 4b, the following properties hold:
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o Ifb+d <0, thenh} >00n(0,1)

o Ifb+d>0,thenhy <0on (0,1). In this case, if h1(1) > 0, then hy > 0on (0,1).

o Ifb+d=0,thenh} =00n(01).

o Ifb+d <0, thenhy >00n (0,1)

o Ifs+c<1,thenhy>00n(0,1),and hy > 0on [0,1].

o IfS+c>1,then h§>0in(O,%ic),andhé<0in(% =
n (0,1).

1). In this case, if hy(1) > 0, then hy > 0

Proof. For hy(s) = <1 + Z) (1 + Zs) e"2° — —, we get:

+
— 5 1—1—g e s=e 7" 1—1—g (=b)s = —(b + d)se™2°
b 4 b ’

and the conclusion follows.

For hy(s) = e 38 [% (1 + gs) + s} — %, then,

NI

S{_“C(H”s) s++1}

hy(s) = |5 2 2b

=38 [1—55—12;5] —e 38 {1—%s—cs} =38 {1—(%+c)s}.
1

If § + ¢ <0, then clearly iy > 0. If § +c¢ > 0, then function 1 — (5 +¢) s is equal to zero at 5 = -
2
and I(s) > 0 fors < sand hj(s) < 0 fors > 5. Ifﬁ >10 < 5+c<1)thenh) >0on (0,1).

On the other hand, if § + ¢ > 1, then 5 € (0,1) and h; is nondecreasing in (O, E%rc) and nonincreasing
2

in (ﬁ, 1), taking values between min{0, C; = h(1)} and,

1 a 4c 2 4c
h — ¢ at2c — 1) —— — —,
2(§+c> ¢ (a2(a+c)+ >a+2c a?

O

Lemma A5. Ifb # 0, a®> > 4b, the following properties hold:

o Ifb+d <0, thenh} >00n(01).

o Ifb+d>0,thenhy <0on (0,1). In this case, if h1(1) > 0, then hy > 0on (0,1).
o Ifb+d=0,then hj =00n (0,1).

o Ifb—i—d<0thenh1>00n(01

o Ifa+2c<+a>—4b (1 ) then ht, > 0on (0,1), and hy > 0 on [0,1].

o Ifa+2c> a2 ( \/7 ) then hb > 0in (0,y) and h!, < 0 on (y,1), where

() w22 )

2c+a—+Va?—

<)
||

In these conditions, if hy(1) > 0, then hp > 0 on (0,1).
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B d\ pe* —aefs d '
Proof. For hy(s) = <1 + b> B v we get:
! _ 1 é s _ Bs
hi(s) = 5« <1+ b af(e® —eP?), Vs.

Using that:

we obtain that: ,
hi(s) = s (b+d) (" — eP*), Vs.

The conclusion is obtained taking into account that « > B, thus e** — ef* > 0, for every s,and g —a < 0.

B 1) gt 4 (1 a5) ofs
For, hy(s) = (b ) ,B—DE ) —%,weget:

hy(s) = ,Bia K“Z% —zx) " + <ﬁ— ch) eﬁS]

— IBioa {(C—ﬁ()e“s—f—(ﬁ—c)eﬁs} - 'Bilxeﬁs [(C—w)e(“_ﬁ>s+(ﬁ—c):|.

Take p(s) = (c—a)el® Pl + (B —c), which satisfies p(0) = p—a < 0, p(1) = (c—a)e@ P 4
(B—c),and

o/(5) = (c— ) (@ — B)e® PP, vs.
Ifc <a, thenp <0Oandp <O0on (0,1). If ¢ > a, then p’ > 0on (0,1) but condition p(1) < 0, that is,
(c—a)e* P 4 (B—c)<0 (A10)

implies p < 0 on (0,1). In these two cases, #, > 0 on (0,1). Condition ¢ < « is equivalent to

c+ % < \/W On the other hand, consider ¢ > «, thatis, ¢ + % > \/W In this case,

estimate (A10) is equivalent to:
P <Py

c—«
Hence,
c—p
— <
@-p <in(=E),
and

1< 1 In <C i > .
x—p c—«
Another expression equivalent to (A10) is:

e\/m<20—5—1/1—1—\/¢12—4b_1+ 2va% —4b
T 2c+a—+a2—4b 2c4+a—+a2—4b’

or, using that ¢ > w, thatis, 2c +a — va? — 4b > 0,

2va? —4b
— 2 _ <
2c+a—\as—4b < V1
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and
a2—4b

2
2c+a < \a? <1—|— 1).

Function p is equal to zero exactly at the point ij = i ( ) Ifc > aand (c—a)el® P 4

c—

(B—c) >0, theny € (0,1), thush, > 0in (0,7) and 1}, < Oon (7,1). H

ﬁ:;ﬁm<z:5>=m[<z:5>ﬂ

2c+a— a2 —4b

=In

2c+a—+a2—4b

( 2% — 4b )541

The condition which guarantees that 7 € (0,1) can be written as:

2
a2 Bl
a+2c>+Va 4b(1+€ a24b_1>.

O
Lemma A6. Ifb # 0, a> < 4b, the following properties hold:

o Ifb+d<0and b—%gn,thenh’l>00n(0,l).
o Ifb+d>0and b—%gn,thenh’l<00n(0,1).1nthiscase,zf

(b+d)e %{ \/i SIHF}>d

then hy > 0on (0,1).
o Ifb+d=0,thenh} =00n(0,1).

o Ifb+d=0;0r[b+d<0and —%gn],thenh1>00n(0,l).
e Suppose that one of the following conditions holds:

7T a .
- T < 7and 5+c<0;o0r

* b”Z<§and0<§+c<\/b‘fcot(«/b?j);or
* 721<\/b“42<7'c,and§+0§\/b“42c0t< b”ﬂf)<0,

then hl, > 0on (0,1), and hy > 0 on [0,1].
o Ifone of the following conditions holds:

* b—%z%and%+c>0;or
* b—% < Tand 84 c> b—”zcot( b—”2>-or
1 2 2 Y% 1 T |

*
S8
|
SRS

€ (5,m),and §4¢ >0,
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x4/ ”ﬂfe(n,?’f),and0<§+c§\/bfcot( b“j),

then hl, > 0on (0,s9), and h) < 0 on (s, 1), where:

1 _a
sozizarctan a74 .
b—% E"‘C

Under these hypotheses, if hy(1) > 0, then hy > 0 on (0,1).
e Ifone of the following conditions hold:

* 3—”2«/b—%2n,and%+c<0;or
* 2<\/b—‘§f<n,and0>g+c>\/b—‘§fcot< b—%f),

then hl, > 0on [0,s1) and h!y < 0 on (s1,1), where:

N

3

a2
1 s
S = - — (arctan (a) + 77) .
\/b— % 5 +c
Under these hypotheses, if hy(1) > 0, then hp > 0on (0,1).
e Ifone of the following conditions hold:

x4/ —% € (n,%),and%+c> \/b—% cot («/b—‘f) > 0; or

* —%:%,and%+c>0,
then hy > 0 on (0,s¢), iy, < 0on (so,s1), and hl, > 0 on (s1,1). Moreover, if hp(s1) > 0, then hy > 0
on (0,1), and if hy(s1) > O, then hy > 0 on (0,1).

o If5+c =0, then hy > 0 in the interval ((Zk -1) (2k+1) , for k € Z even,

s us
Vab —a?’ Vb — 112)
and hy < 0 in that interval for k € Z odd. In consequence, if § +c = 0, and /b — % < 3, thenhy >0
on (0,1).

Proof. LetR := /b — %. By Lemma Al, since:

- d _ag a . d
h(s) = (1+b) e 2 {cosRs—i—ﬁsts} 3y

and 4R? 4 42 = 4b, we have:

d 2
hy(s) = (1 + b) [—%eifs {COSRS + % sinRs}

+e 38 {—R sin Rs + %cos Rs”

—(1+2 e"35(—1) £+R sin Rs
b 4R

b+d _.
= —% e~ 2%sin Rs.
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Note that, in this case, 0 < a? < 4b, thus b > 0. The study of the sign of h’1 is reduced to the study
of the sign of b + d and the function s — sin Rs. The assertions concerning #; are, therefore, valid.

Notice that we consider R = /b — % < 7t in order to keep the sign of sin /b — %s positive on (0,1).
Now, we consider:

hy(s) = e 5° { \/7 smF }

and denote again by R := /b — ‘2—2, thus, the derivative of h; is the function:

. 1+ 5
hy(s) = e 2° [_Zb cos Rs — g% sin Rs

c. . ac
fERsts+ (1 + o

s 0 (1480 CRY pe] s
=e 2 {cosRs%—( 7R (1+2b) 5 )sts} =:e 2°¢(s), Vs.

To study the sign of &), we analyze the sign of ¢.
If a +2c = 0, then:

ac cR ¢ c? cR ¢ (b—c? c %—cz
(14 3) - b_R<1_b>_b_b( R _R>_b< )=

and ¢(s) = cos Rs, for every s, and assuming that R < 7, we get that ¢(s) > 0 on (0,1), thus iy, > 0
on (0,1).
Now, suppose that:

) cos Rs}

N;:§(1+2b)+—7&0

(which is equivalent to § + ¢ # 0, since RN = 5(1+ 5¢) + % = % +¢), and calculate the zeros of
¢(s) := cos Rs — N sin Rs. Equation ¢(s) = 0 is equivalent to:

cos Rs = N sin Rs. (A11)

For a solution s € R to this equation, it is not possible that cos(Rs) = 0. Indeed, if cos(Rs) = 0,
then N sin Rs = 0, and thus sin Rs = 0, which is absurd. Hence, Equation (A11) is equivalent to

1
tanRs = —.
an Rs N

Then, there exists an infinite number of solutions:
s —lartan 1 E<(2k—1)£ (2k+1) ) k e Z.
kT RN 2R’ 2R

If we denote by arctan ( ) the unique number in (-7, 7) with tan

/N

arctan ( 1 )) = %, then,

1 1
Sk = R <arctan (N) +k7'[> , keZ.

Notice that sp = %arctan (%) € (—4%, 7%) and sy # 0. Besides, if N > 0, then sy > 0, and if N < 0,
sg < 0.
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Suppose that R < Z. In this case, —5x < —1 < 0 < 1 < 5%, and the unique point in (0,1) where
¢ may change its sign is at most sy # 0. Since ¢(0) =1 > 0,if sy < 0orsy > 1, then ¢ > 0 on (0,1)
and 1y > 0on (0,1).

Next, we find sufficient conditions for the validity of sy < 0, or sy > 1. Note that sy < 0 if
and only if N < 0, and this is equivalent to § + ¢ < 0. This follows from N = % (4 +¢), and R > 0.
This proves that R < 7 and § + ¢ < 0 imply that 45 > 0 on (0,1).

On the other hand, sy > 1 is possible for R < 7, and it is equivalent to arctan (%) >R > 0.
If R < %, the nondecreasing character of function tan in (—%, %) produces 4 > tan(R) > 0.
Besides, % >0and 0 < N < cot(R), thus 0 < g + ¢ < Rcot(R), and the conclusion follows.

Consider the case where sy € (0,1), that is, arctan (%) € (0,R), or equivalently, N > 0 and

arctan (%) < R. These properties hold if R = Z and 4 + ¢ > 0. Indeed, N = % (4 +¢) > 0 and

the second condition is trivially valid. On the other hand, if 0 < R < %, and § + ¢ > Rcot(R),
then N =% (4+c¢) >0and N > cot(R), thatis, 0 < & < tan(R) and 0 < arctan <%) < R.
Under these assumptions, and, using that ¢(0) =1 > 0 and
s T .o T
Q (ﬁ) = cosRﬁ — Nstﬁ =-N<0,
we deduce that ¢ has a change of sign in (0,1), exactly at the point sy, obtaining ¢ > 0 on (0,sp),
and ¢ < 0 on (sp,1). This proves that i} > 0on (0,s9) and 15 < 0on (so, 1).
Now, we consider the case R > 7, then 7 < 1, and there could be two zeros of ¢ in (0,1), but at
most one zero in (0, 7z ). Assuming that sy < 0 (thatis N < 0, or equivalently § 4 ¢ < 0), we obtain
that ¢ > 0 on [0, ¢]. If s; > 1, there are not changes of sign for ¢ in (0,1), hence ¢ > 0 on (0,1) and

h, > 0on (0,1). This occurs if:
1 1
= — a— >
51 R (arctan (N) + 7T> >1,

arctan l >R—7‘E>—E
N/ — 2"

which is equivalent to:

Under these assumptions, N < 0, then 0 > arctan (%) > R —m > —%, which is a contradiction if

R > mand, for T < R < 7, this inequality is reduced, by the non-decreasing character of tan, to:
1
0> N > tan(R — 7r) = tan(R).

This expression means N < cot(R) < 0, and § + ¢ < Rcot(R) < 0. Thatis, for R € (5, 7) and
54+ ¢ < Rcot(R) <0, then k), > 0on (0,1).

If R > mand § 4 ¢ <0, thenitis clear that 7z <s; <1.If 7 <R <mand0 > 5 +c > Rcot(R),
following a similar procedure, we get 0 < 57 < 1.

Taking into account that, in this case,

31 3r . 3T
@ <2R) —cosRﬁ _Nstﬁ =N <0,

then ¢ > 0on [0,51) and ¢ < 0on (s, 1), hence the same behavior follows for h, thus &), has a change
of signin (0,1).
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IfR > %,and §+c > 0, then N > 0 and sp > 0. Note that ¢(0) = 1 > 0 and
¢(7g) =cos 7 —NsinZ = -N<0. If R € (§,n]and §+c >0, thenR—7 <0 < arctan(%),
thus arctan (%) + 71 > R,and s; > 1. This proves that ¢ > 0 on (0,sp), and ¢ < 0on (sp,1).

On the other hand, if R ¢ (7'[,37”), and §4+c > Rcot(R) > 0, then cot(R) < N,
and 1 < Ntan(R), which implies that tan(R) = tan(R — 7r) > & > 0, and, using that R — 7 < %,

we get 0 < arctan (%) < R — 7, which implies that arctan (%) + m < R, in consequence

s1 = % {arctan (%) + 71} < 1. Note that ¢(3%) = N > 0. In this case, we deduce that ¢ > 0
on (0,50), ¢ < 0on (sg,51), and ¢ > 0 on (s1,1), and analogously for h. If hy(s1) > 0, then it is
clear that i, > 0 on (0,1). Note that, if R = 37”, then obviously s; < 1. Finally, if R € (7, 37”),
and 0 < 5 4 c < R cot(R), then it is satisfied s; > 1, therefore ¢ > 0 on (0,s0), and ¢ < 0 on
(So,l). O

For /b — % < 3Z, only sp and s may belong to (0,1). The value of R := /b — % defined in the
proof of Lemma A6 can be arbitrarily large, in such a way that there could be many zeros of 1), in (0,1).
In this sense, the following Remarks are of interest, where it is denoted:

N = % (1 + %) + %, and ¢(s) := cos Rs — N sin Rs.

Remark A1. Consider the case b # 0, a? < 4b. If % +c =0, then N = 0, and, therefore,
¢(s) = cos Rs — N'sin Rs = cos Rs.

In consequence, it is trivially satisfied that ¢ > 0if Rs € ((2k —1)5,(2k+1)%) , where k € {0} U {2n |
n € N}U{—2n | n € N}, that is, if

7T 7T
s€ ((2k—1)ﬁ,(zk+1)ﬁ), ke{0}u{2n|neN}U{-2n|neN}.
This proves that hy > 0 in:
((2k—1)£ (zk+1)l) ke {0tu{2n|ne N U{-2n|neN}
2R’ 2R/’ !
and, similarly, h!, < 0 in
((@k+1)55, @k+3)), ke {0}ufan|neNU{-2n|n €N}
2R’ 2R/’ !

or, equivalently, by, < 0 in: ((2k — 1) 3%, (2k + 1) 5% ), for k odd.
Therefore, if hy((2k +1)5g) > 0, for every k € Z odd with (2k + 1) 5, € (0,1), then hy > 0 0n (0,1).
Note that k odd with (2k + 1) 5% € (0,1), means k odd with —1 < k < & — 1 ‘thatis, k =1,3,5,...
with k < % - % Obviously, the set of such elements k is nonempty if R > 37”

Remark A2. Consider the case b # 0, a> < 4b, and suppose that 5 + ¢ # 0, that is, N # 0, then
¢(s) = cosRs — NsinRs =0
if and only if:

1 1 km T T
s=se=g (arctan (N) +k7f> =so+ € ((Zk—l)ﬁ,(2k+1)ﬁ) , ke
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Note that:

N, ifkisodd,

T s . T -
¢ ((2k - 1)ﬁ) = cos(2k—1)7 — Nsin(2k—1)7 = { N,  ifkiseven.

Function ¢ is obviously 2% -periodic. We distinguish two cases:

o IfN >0, thatis, 5 +c >0, then ¢ > 0on (spk_1,50%), for k € Z, and ¢ < 0 on (sy, sox41), for k € Z.
In Figure A1, we show the graph of the function ¢ for R =1and N = 2.

y

S (-5M/(2R) -2 (=3M)/(2R) S/} So n/(2R) S (B3M/(2R) 2 (5M/(2R)

0

x

Figure A1. Graph of the function ¢ for R = 1and N = 2.

o IfN <O, thatis, 5 +c <0, then ¢ > 0o0n (sy,Sok+1), for k € Z, and ¢ < 0 on (syk_1,2), for k € Z.
In Figure A2, we show the graph of the function ¢ for R =1and N = —2.

3IN/@R) (1 /@R Sy | n/@R) 1 Gm/eR) S 3 aner) S, JOVE
GER

Figure A2. Graph of the function ¢ for R =1and N = —2.

Hence, to prove that hy > 0 on (0,1), it is enough to check that:
ha(sx) > 0, for every k odd with s € (0,1), ifN >0, (A12)

and
hy(sg) > 0, for every k even with s € (0,1), if N <0. (A13)

S

We calculate the values of k € Z with sy, € (0,1). It could happen for sy € (— %, 7% ), or sg with k > 1.
We check that sy > 0 if and only if N > 0. Indeed, for k = 0, s) = % arctan (& ) > 0 if and only if
N > 0, that is § + ¢ > 0. We have already studied that sy € (0,1) in the cases:

N—
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1. R>Zandg+4c>0;0r
2. R< %and 5 +c> Rcot(R) > 0.

On the other hand, for k > 1, s > (Zk Dn > 5x > 0. In consequence, for the validity of s, < 1is

necessary that R > % Besides, the condztzon k < 1is satisfied if arctan ( ) +kmt <R, that is,

1
arctan (N) < R—km. (A14)

We distinguish two cases:

Case 1: N > 0. In this case, arctan ( ) > 0, and we are interested in the values of k odd. Hence, necessarily,

R—km>0(k< %) and we distinguish again two subcases:
Subcase 1.1: IfR —kmt > , (A14) is trivially satisfied, and the values of k are those with R — % > krt, that is,
R_I>kor(2k+1)% <R

Subcase 1.2: If0 < R — kit < %, whichis equivalentto 8 — 1 <k < B orkm < R < Z+km = (2k+1)%,
then (A14) is equivalent to

1
N < tan(R — krr) = tan(R),
or .
a
E (E +C> =N > COt(R),

which is written as

g+c > Rcot(R) > 0.

Summarizing, for N > 0 (5 +c¢ > 0), the admissible values are s with 1 < k < % - %, or in the
case & + ¢ > Rcot(R) > 0, the values of k > 1 such that 8 — 1 <k < R ‘thatis, R € (km, (2k +1)%).
As indicated, to study the sign of hy, we are interested in the values of this function at the corresponding points
sk in (0,1) with k odd.

Case 2: N < 0(5 4 c < 0). In this case, the values of k interesting for the study of the sign of hy are even
(and positive, since s < 0). We check that the values of k with s € (0,1) are:

1. 1<k<Bor
2. 1<k 2 <k<®41 thatis, R € ((2k —1)%, k), provided that R cot(R) < & +¢ < 0.

Indeed, arctan ( ) < 0, and consider two subcases:

Subcase 2.1: If R > krr, (1 <k < %), (A14) is trivially satisfied.
Subcase 2.2: If R — k7t < 0, then condition (A14) implies necessarily that R — kit > —7. Assuming that
—% <R—km <0, thatis, R € ((2k — 1) %, krt), which corresponds to the values of k > 1 with

R R 1
—<k< =+
T T 2

and (A14) is valid since & < tan(R — krt) = tan(R) < 0, that is, cot(R) < N < 0, is equivalent to
Rcot(R) < § +c < 0. To study the sign of hy, we calculate the values of this function at the points s € (0,1)
with k even.

Remark A3. In the case b 7& 0, a% < 4b, note that hy(s) = e~ 5%¢(s), for every s, where the function ¢ given
in the proof of Lemma A6 is %--periodic. However, i} is not periodic if a # 0. In fact, for a > 0, the oscillations
of W} are damped, and, for a < 0, the oscillations have increasing amplitude. For instance, in Figure A3, we show
the graph of the function h(x ) = 2¥ go( ), for a=3R=1adN =2.

We obtain hy(s) = ha(0) + [ e~ To(r)dr = I e~ 2"¢(r)dr. In consequence, hy > 0 on (0,1) if
fos e o(r)dr = fo e~2"{cos Rr — N'sin Rr} dr > 0on (0,1). See Figure A3 for the corresponding regions
in the particular case wherea = 3, R =1, and N = 2.
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0.8 A

0.6

0.4 1
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-0.2 1
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Figure A3. Graph of the function h}(x) = e 2%¢(x), fora = 3, R = 1, and N = 2, with the
corresponding regions.

Equivalently, fos e~%" cosRrdr > N fos e~%"sin Rrdr, for s € (0,1). Integrating by parts, we get the
equivalent expression:

_agsinRs
S~

S a
/ e 2" cosRrdr =e
0 R

s a s a
+ i/ e 2" sin Rrdr > N/ e"2"sin Rrdr,
2R Jo 0

fors e (0,1),0r,

a s a
e 2°sinRs > c/ e 2"sinRrdr, Vs € (0,1).
0

Taking u(s) = e~2%sinRs — ¢ fos e~ 2" sin Rr dr, and proceeding similarly to Remark A2, conditions (A12)
and (A13) can be written with this formulation in the following equivalent way:

a Sk a
e~ 2% sin Rsy > c/ e 2"sin Rrdr, for every k odd with s, € (0,1), if N >0,
0

and
a Sk a
e~ 2% sin Rsy > c/ e~ 2"sin Rrdr, for every k even with s, € (0,1), if N <O0.
0

Appendix C. Technical Results Concerning the Properties of Function g

Lemma A7. Ifb=0,a #0,then g > 0and g’ > 0on (0,1).

Proof. In this case, g(z) = %, and it is easy to check that ¢(0) =0, ¢/(z) = e ™ > 0. O
Lemma A8. Ifb=0,a =0, then g > 0and g’ > 00n (0,1).

Proof. Obvious from the expression of g, g(z) =z. O

Lemma A9. Ifb # 0, a? = 4b, then g > 0o0n (0,1). Moreover, ifa < 2, then g’ > 0on (0,1), and, ifa > 2,
g >00n(0,2)and g’ <0on (2,1).

Proof. Using that g(z) = ze™ 27, then g’ (z) = e~ 2% (1 — %z), which is equal to zero at zg = 2. If a < 2,
theng’ > 0on (0,1). Ifa > 2, theng’ > 0on (0,2) and ¢’ < 0in (2,1). However, in any case, g > 0
on (0,1). O

Lemma A10. Consider the case b # 0, a*> > 4b. Then g > 0on (0,1).

o Ifone of the following properties holds:
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* a=0,
x a#£0,andb <0,
x a<0,andb >0,

* a>0,b>0,and g > P that is,

+eV
\/az 4b

a < +\/a? 1

(A15)

then ¢’ > 0on (0,1).
o  Ontheother hand, if a > 0,b > 0, and g < e P, that is,

+e\/u2 —4b
NaEdb

a>\a 1
6

then g’ > 0on (0,7) and g’ < 0on (y,1), where j = ﬁ In (g) € (0,1).

ePz _ oz
B—«
On the other hand, ¢'(z) = ﬁ%zx (BeP* — ne™?), z € (0,1), where p— a < 0.
Ifa=0,then b <0,0a =+ —band B = —v/—b, thus ,Beﬁz —we* = —+/—be —V=bz vV - eV bz —
—\/—b(fz\/j’Z + e*\/j’z) < 0,thus g’ > 0on (0,1).
Suppose that a # 0. Note that, under the hypotheses of this lemma, « and B are necessarily
different from zero. Indeed, if & = —5 41/ (% ) — b =0, then b = 0, which is absurd, and analogously

for B. We are interested in proving that Bef? < we*?, for z € (0,1). We distinguish three cases,
taking into account that & > f:

Proof. Now g(z) = , and taking into account that & > B, we obtain that ¢ > 0 on (0,1).

Casel: « > 0 > B. Ifa > 0, then B = —§ — (%)2 — b is trivially negative and « > 0 means

\/(%)27_1, > 4, which is equivalent to b < 0.

If a <0, > 0is trivially valid and g < 0 if and only if —5 < (%)2 — b, which is the same as
b < 0. Hence, ifa #0,b < 0, ,Beﬂz < e, forevery z € (0,1) and g’ > 0 on (0,1).
Case 2: « > B > 0. In this case, Bef* < we*® if and only if g < e(®=P)z, which holds for ﬁ In (g) <z
Since 0 < g < 1, then Lﬁln (§> < 0,hence ¢’ > 0on (0,1).

Now, =2 +1/(4)> =b > —% —/(4)* = b > 0 implies that a < 0, b > 0 and conversely.
Case 3: 0 > a > B. In this case, ,Beﬁz < we** if and only ifg > e(@=P)z, and this holds for z < ﬁ In (S)
If al—ﬁ In (g) > 1, that is, g > e* P, then g’ > 0on (0,1).
(g) >0.1f Zigln (g) <1(E < e F) theng’ >0

Note that, in this case, B 1,thus 7 =

x aiﬁ
on (0,7) and ¢’ < 0on (7,1).
Moreover, 0 > —§ +1/ (% ) -b>—-5— (%)Z—bisequivalenttoa>O,b>0.

Finally, ¥ > 1, or g > ¢*~P can be written as:

—a—+a*—4b g, 2vaer—4b 2va?% — NP
—a++Va?—4b —a+ Va?

or

Va=dh - 2va% — 4b

1—e e —
T —a++Va?—4b
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Multiplying by 2a = —a + va? — 4b < 0, we get:
(1 —eV “2_‘”’) <—a + Va2 — 4b) <2+ a? — 4b,

which is equivalent to (A15). O

Lemma A11. Consider b # 0, a®> < 4b, and take R := /b — % > 0. Then g > 0on (0,1) if and only if
R < 1. Moreover:

If one of the following conditions holds:

* R< Zanda <0,
* R < Z,and0 < § < Rcot(R),
*  Z <R<mand§ < Rcot(R) <0,

then g’ > 0on (0,1), and, thus, g > 0 on (0,1).
o Ifone of the following conditions holds:

R = ZFanda > 0;or

R < % and § > Rcot (R); or

R e (7, ] and a > 0; or

Re (m, %), and 0 < & < R cot (R),

O S S

then g’ > 0on (0,29), and g’ < 0on (zo,1), where zg = %arctan (%) )
e Ifone of the following conditions hold:

37”21{27(,11711111<0;0r
* S <R<mand0> 4§ > Rcot(R),

then ¢’ > 0o0n [0,z1) and ¢’ < 0 on (z1,1), where

1 2R
Zl:ﬁ arctan - +T.

o Ifone of the following conditions hold:

x* Re(m %), and & > R cot(R) > 0; or
R = 327T,anda>0,

then g’ > 0on (0,29), ¢’ <0on (zp,z1),and ¢ > 0on (z1,1).
e Ifa # 0, then the zeros of ¢’ in R are

1 2R
Zp = R (arctan (a) —|—kn> , keZ.

In consequence, if R < Z,a < 0, then g’ > 0 on ( 1).
o Ifa=0,then g > 0in the interval ((Zk— 1) ( k+ ) ) for k € Z even, and g’ < 0 in that
interval for k € Z odd. In consequence, ifa = 0 and R<Z,t hen ¢ >00n(0,1).

Proof. The expression of g is given by g(z) = e 2* R Z, Vz. If R <, then0 < Rz < 7, for every
€ (0,1),and g > Oon (0,1). In fact, it is clear that g > 0 on (0,1) if and only if R < 7.
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The derivative of g is given by:

/ . —4z _i .
g (z)=e"2 {cost 7R stz}, Vz.

£

Note that the study of the sign of g’ is similar to the study of the sign of 1, in Lemma A6, taking N = IR
instead of N (conditions are obtained just by considering ¢ = 0 in the conditions in Lemma A6). [

We remark that the sign of ¢’ coincides with the sign of ¢, given by
¢(z) = cos Rz — % sin Rz.

Remark A4. For the case a = 0 (b > 0), we obtain that §'(z) = cos Rz > 0in ((2k — 1) 3%, (2k + 1) 5% ) for
k even,and g’ < 0in ((2k — 1) 7%, (2k+ 1) 7g) for k odd.

Therefore, if g((2k +1) 5% ) > O, for every k odd with (2k 4+ 1) 75 € (0,1), then g > 0 on (0,1). That is,
we have to check the sign of function g at the points (2k + 1) 5, for k odd with *71 < k< % - %, that is,
k=13,...withk <X -1

Remark A5. Consider a®> < 4b. Ifa # 0 (b > 0), the zeros of §' coincide with the zeros of ¢, that is, the points

Zp = % (arctan <Zf> +k7t> € ((Zk — 1)%/ (2k + 1)%) kel

Therefore, the situation is analogous to the study made in Remark A2, just by replacing N by N = -
Function ¢ is also 2%—periodic.

In consequence,

* Ifa >0, then ¢ > 0on (zpx_1,22k), for k € Z, and ¢ < 0 on (2o, 2ok 11), for k € Z.
* Ifa <0, then ¢ > 0on (zp, zok11), for k € Z, and ¢ < 0 on (zpx_1,2px), for k € Z.

Summarizing, if one of the following conditions holds:

a>0,and g(zx) > 0, for every k odd with z; € (0,1); or
a <0,and g(zx) > 0, for every k even with z € (0,1),

then ¢ > 0 on (0,1). If the inequalities above are strict, then g is strictly positive on (0,1).
The points zj of our interest are the following:

° Ifa>0:

x  koddwith1 <k <& —1:and
x if2 > Rcot(R) >0,k > loddwith 8 — 1 <k < R thatis, R € (krm, (2k+1)F) withk > 1 odd.

o Ifa<O:

x  kevenwithl < k < %; and
x if Rcot(R) < & < 0,k > 1even with B < k < B 41 that is, R € ((2k —1)%,kn),
with k > 1 even.

References

1.  Halanay, A.; Safta, C.A. A critical case for stability of equilibria of delay differential equations and the study
of a model for an electrohydraulic servomechanism. Syst. Control Lett. 2020, 142, 104722. [CrossRef]

2. Karatza, E.; Karalis, V. Delay differential equations for the description of Irbesartan pharmacokinetics:
A population approach to model absorption complexities leading to dual peaks. Eur. ]. Pharm. Sci.
2020, 153, 105498. [CrossRef] [PubMed]


http://dx.doi.org/10.1016/j.sysconle.2020.104722
http://dx.doi.org/10.1016/j.ejps.2020.105498
http://www.ncbi.nlm.nih.gov/pubmed/32736091

Mathematics 2020, 8, 1953 34 of 34

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Rameh, RB.; Cherry, EM.; dos Santos, R.W. Single-variable delay-differential equation approximations of the
Fitzhugh-Nagumo and Hodgkin-Huxley models. Commun. Nonlinear Sci. Numer. Simul. 2020, 82, 105066. [CrossRef]
Shu, H.; Xu, W,; Wang X.-S.; Wu J. Complex dynamics in a delay differential equation with two delays in tick
growth with diapause. J. Differ. Equ. 2020, 269, 10937-10963. [CrossRef]

Wurm, J.; Bachler, S.; Woittennek, F. On delay partial differential and delay differential thermal models for
variable pipe flow. Int. J. Heat Mass Transf. 2020, 152, 119403. [CrossRef]

Gy6ri, I; Horvéth, L. Explicit estimates and limit formulae for the solutions of linear delay functional
differential systems with non-negative Volterra type operators. Appl. Math. Comput. 2020, 385, 125451.
Bodnar, M. The nonnegativity of solutions of delay differential equations. Appl. Math. Lett. 2000, 13, 91-95. [CrossRef]
Pituk, M. Existence of Nonnegative Solutions of Linear Autonomous Functional Differential Equations.
Mathematics 2020, 8, 1098. [CrossRef]

Kunisch, K.; Schappacher, W. Order preserving evolution operators of functional differential equations.
Boll. Unione Mat. Ital. B 1979, 16, 480-500.

Arugaslan Cingin, D.; Cengiz, N. Qualitative behavior of a Liénard-type differential equation with piecewise
constant delays. Iran. J. Sci. Technol. Trans. Sci. 2020, 44, 1439-1446. [CrossRef]

Seifert, G. Second order scalar functional differential equations with piecewise constant arguments. J. Differ.
Equ. Appl. 2002, 8, 427-445. [CrossRef]

Seifert, G. Second-order neutral delay-differential equations with piecewise constant time dependence.
J. Math. Anal. Appl. 2003, 281, 1-9. [CrossRef]

Yuan, R. Pseudo-almost periodic solutions of second-order neutral delay differential equations with
piecewise constant argument. Nonlinear Anal. 2000, 41, 871-890. [CrossRef]

Yuan, R. On the second-order differential equation with piecewise constant argument and almost periodic
coefficients. Nonlinear Anal. 2003, 52, 1411-1440. [CrossRef]

Zhang, F.Q. Boundary value problems for second order differential equations with piecewise constant
arguments. Ann. Differ. Equ. 1993, 9, 369-374.

Jankowski, T.; Szatanik, W. Second-order differential equations with deviating arguments. Bound. Value Probl.
2006, 2006, 23092. [CrossRef]

Mukhigulashvili, S. On a periodic boundary value problem for second-order linear functional differential
equations. Bound. Value Probl. 2005, 2005, 960698. [CrossRef]

Cabada, A.; Ferreiro, ].B.; Nieto J.J. Green’s function and comparison principles for first order periodic
differential equations with piecewise constant arguments. J. Math. Anal. Appl. 2004, 291, 690-697. [CrossRef]
Nieto, J.J. A comparison result for a linear differential equation with piecewise constant delay. Glas. Mat.
Ser. 111 2004, 39, 73-76. [CrossRef]

Nieto, J.J.; Rodriguez-Lépez, R. Green’s function for second-order periodic boundary value problems with
piecewise constant arguments. J. Math. Anal. Appl. 2005, 304, 33-57. [CrossRef]

Akhmet, M.U.; Buiyiikadali, C.; Ergeng, T. Periodic solutions of the hybrid system with small parameter.
Nonlinear Anal. Hybrid Syst. 2008, 2, 532-543. [CrossRef]

Akhmet, M.U. On the reduction principle for differential equations with piecewise constant argument of
generalized type. . Math. Anal. Appl. 2007, 336, 646—-663. [CrossRef]

Yang, P; Liu, Y.; Ge, W. Green’s function for second order differential equations with piecewise constant
arguments. Nonlinear Anal. 2006, 64, 1812-1830. [CrossRef]

Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

® (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.cnsns.2019.105066
http://dx.doi.org/10.1016/j.jde.2020.07.029
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2020.119403
http://dx.doi.org/10.1016/S0893-9659(00)00061-6
http://dx.doi.org/10.3390/math8071098
http://dx.doi.org/10.1007/s40995-020-00946-9
http://dx.doi.org/10.1080/10236190290017469
http://dx.doi.org/10.1016/S0022-247X(02)00303-7
http://dx.doi.org/10.1016/S0362-546X(98)00316-2
http://dx.doi.org/10.1016/S0362-546X(02)00172-4
http://dx.doi.org/10.1155/BVP/2006/23092
http://dx.doi.org/10.1155/BVP.2005.247
http://dx.doi.org/10.1016/j.jmaa.2003.11.022
http://dx.doi.org/10.3336/gm.39.1.07
http://dx.doi.org/10.1016/j.jmaa.2004.09.023
http://dx.doi.org/10.1016/j.nahs.2006.07.005
http://dx.doi.org/10.1016/j.jmaa.2007.03.010
http://dx.doi.org/10.1016/j.na.2005.07.019
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Main Results
	Examples
	Some Preliminary Results
	Technical Results Concerning the Properties of Functions h1 and h2
	Technical Results Concerning the Properties of Function g
	References

