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Abstract


We investigate the existence and multiplicity of positive solutions for a system of Riemann–Liouville fractional differential equations with singular nonnegative nonlinearities and p-Laplacian operators, subject to nonlocal boundary conditions which contain fractional derivatives and Riemann–Stieltjes integrals.
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1. Introduction


We consider the system of fractional differential equations


       D  0 +   α 1    (  φ  r 1    (  D  0 +   β 1   u  ( t )  )  )  + f  ( t , u  ( t )  , v  ( t )  )  = 0 , t ∈  ( 0 , 1 )  ,        D  0 +   α 2    (  φ  r 2    (  D  0 +   β 2   v  ( t )  )  )  + g  ( t , u  ( t )  , v  ( t )  )  = 0 , t ∈  ( 0 , 1 )  ,      



(1)




with the nonlocal boundary conditions


       u  ( j )    ( 0 )  = 0 , j = 0 , … , n − 2 ;  D  0 +   β 1   u  ( 0 )  = 0 ,  D  0 +   γ 0   u  ( 1 )  =   ∑  i = 1  p    ∫ 0 1   D  0 +   γ i   u  ( t )  d  H i   ( t )  ,        v  ( j )    ( 0 )  = 0 , j = 0 , … , m − 2 ;  D  0 +   β 2   v  ( 0 )  = 0 ,  D  0 +   δ 0   v  ( 1 )  =   ∑  i = 1  q    ∫ 0 1   D  0 +   δ i   v  ( t )  d  K i   ( t )  ,      



(2)




where    α 1  ,  α 2  ∈  ( 0 , 1 ]   ,    β 1  ∈  ( n − 1 , n ]   ,    β 2  ∈  ( m − 1 , m ]   ,   n , m ∈ ℕ  ,   n , m ≥ 3  ,   p , q ∈ N  ,    γ i  ∈ R   for all   i = 0 , … , p  ,   0 ≤  γ 1  <  γ 2  < ⋯ <  γ p  ≤  γ 0  <  β 1  − 1  ,    γ 0  ≥ 1  ,    δ i  ∈ R   for all   i = 0 , … , q  ,   0 ≤  δ 1  <  δ 2  < ⋯ <  δ q  ≤  δ 0  <  β 2  − 1  ,    δ 0  ≥ 1  ,    r 1  ,  r 2  > 1  ,    φ  r i    ( τ )  =   | τ |    r i  − 2   τ  ,    φ   r i    − 1   =  φ  ϱ i    ,    ϱ i  =   r i    r i  − 1   , i = 1 , 2  , the functions f and g are nonnegative and they may be singular at   t = 0   and/or   t = 1  , the integrals from the boundary conditions (2) are Riemann–Stieltjes integrals with   H i  ,   i = 1 , … , p   and   K j  ,   j = 1 , ⋯ , q   functions of bounded variation, and    D  0 +  θ  u   denotes the Riemann–Liouville fractional derivative of order  θ  of function u (for   θ =  α 1  ,  β 1  ,  α 2  ,  β 2  ,  γ i    for   i = 0 , … , p  ,   δ j   for   j = 0 , … , q  ). The fractional derivative    D  0 +  θ  u   is defined by    D  0 +  θ  u  ( t )  =  1  Γ ( r − θ )      d  d t    r   ∫ 0 t    ( t − s )   r − θ − 1   u  ( s )  d s  ,   t > 0  , where   r = ⌊ θ ⌋ + 1  ,   ⌊ θ ⌋   stands for the largest integer not greater than  θ , and   Γ  ( ζ )  =  ∫ 0 ∞   t  ζ − 1    e  − t   d t , ζ > 0  , is the gamma function (the Euler function of second type). This work is motivated by the application of p-Laplacian operator in several fields such as nonlinear elasticity, fluid flow through porous media, glaciology, nonlinear electrorheological fluids, etc., for details, see [1] and the references cited therein.



Under some assumptions on the functions f and g, we present existence and multiplicity results for the positive solutions of problem (1) and (2). By a positive solution of problem (1) and (2) we mean a pair of functions    ( u , v )  ∈   ( C  (  [ 0 , 1 ]  ,  R +  )  )  2   , satisfying the system (1) and the boundary conditions (2), with   u ( t ) > 0   for all   t ∈ ( 0 , 1 ]  , or   v ( t ) > 0   for all   t ∈ ( 0 , 1 ]  , (   R +  =  [ 0 , ∞ )   ). In the proof of our main theorems we use the Guo–Krasnosel’skii fixed point theorem (see [2]). The existence and nonexistence of positive solutions for the system (1) with two positive parameters  λ  and  μ , and nonsingular and nonnegative nonlinearities, supplemented with the multi-point boundary conditions


       u  ( j )    ( 0 )  = 0 , j = 0 , … , n − 2 ;  D   0 +    β 1   u  ( 0 )  = 0 ,  D   0 +    p 1   u  ( 1 )  =  ∑  i = 1  N   a i   D   0 +    q 1   u  (  ξ i  )  ,        v  ( j )    ( 0 )  = 0 , j = 0 , … , m − 2 ;  D   0 +    β 2   v  ( 0 )  = 0 ,  D   0 +    p 2   v  ( 1 )  =  ∑  i = 1  M   b i   D   0 +    q 2   v  (  η i  )  ,      








where    p 1  ,  p 2  ,  q 1  ,  q 2  ∈ R  ,    p 1  ∈  [ 1 , n − 2 ]   ,    p 2  ∈  [ 1 , m − 2 ]   ,    q 1  ∈  [ 0 ,  p 1  ]   ,    q 2  ∈  [ 0 ,  p 2  ]   ,    ξ i  ,  a i  ∈ R   for all   i = 1 , … , N   (  N ∈ N  ),   0 <  ξ 1  < ⋯ <  ξ N  ≤ 1  ,    η i  ,  b i  ∈ R   for all   i = 1 , … , M   (  M ∈ N  ),   0 <  η 1  < ⋯ <  η M  ≤ 1  , was investigated in [3], by applying the Guo–Krasnosel’skii theorem. In the paper [4], the authors studied the system (1) with positive parameters, and nonsingular and nonnegative nonlinearities, subject to the nonlocal coupled boundary conditions


        u  ( j )    ( 0 )  = 0 , j = 0 , … , n − 2 ;  D  0 +   β 1   u  ( 0 )  = 0 ,  D  0 +   γ 0   u  ( 1 )  =  ∑  i = 1  p   ∫ 0 1   D  0 +   γ i   v  ( t )  d  H i   ( t )  ,          v  ( j )    ( 0 )  = 0 , j = 0 , … , m − 2 ;  D  0 +   β 2   v  ( 0 )  = 0 ,  D  0 +   δ 0   v  ( 1 )  =  ∑  i = 1  q   ∫ 0 1   D  0 +   δ i   u  ( t )  d  K i   ( t )  ,       








where   p , q ∈ N  ,    γ i  ∈ R   for all   i = 0 , 1 , … , p  ,   0 ≤  γ 1  <  γ 2  < ⋯ <  γ p  ≤  δ 0  <  β 2  − 1  ,    δ 0  ≥ 1  ,    δ i  ∈ R   for all   i = 0 , 1 , … , q  ,   0 ≤  δ 1  <  δ 2  < ⋯ <  δ q  ≤  γ 0  <  β 1  − 1  ,    γ 0  ≥ 1  .



In [5], by applying the fixed point theorem for mixed monotone operators, the authors proved the existence of positive solutions for the multi-point boundary value problem for nonlinear Riemann–Liouville fractional differential equations


       D  0 +  β   φ p   (  D  0 +  α  u  ( t )  )  = f  ( t , u  ( t )  )  , 0 < t < 1 ,       u  ( 0 )  = 0 ,  D  0 +  γ  u  ( 1 )  =  ∑  i = 1   m − 2    ξ i   D  0 +  γ  u  (  η i  )  ,  D  0 +  α  u  ( 0 )  = 0 ,        φ p   (  D  0 +  α  u  ( 1 )  )  =  ∑  i = 1   m − 2    ζ i   φ p   (  D  0 +  α  u  (  η i  )  )  ,      








where   α , β ∈ ( 1 , 2 ]  ,   γ ∈ ( 0 , 1 ]  ,    ξ i  ,  η i  ,  ζ i  ∈  ( 0 , 1 )   ,   i = 1 , … , m − 2  , and f is a nonnegative function which may be singular at   x = 0  . In [6], the authors investigated the existence and uniqueness of positive solutions for the fractional boundary value problem


        c   D  0 +  α   φ p   D  0 +  β  u  ( t )  +  φ q   (  I  0 +  r  h  ( t ,  I  0 +   ρ 1   u  ( t )  ,  D  0 +  γ  u  ( t )  )  )          + f ( t ,  I  0 +   ρ 2   u  ( t )  ,  D  0 +  γ  u  ( t )  ) = 0 , t ∈  ( 0 , 1 )  ,       u  ( 0 )  =  D  0 +   δ 1   u  ( 0 )  = ⋯ =  D  0 +   δ  n − 2    u  ( 0 )  =  D  0 +  β  u  ( 0 )  = 0 ,        D  0 +   k 0   u  ( 1 )  =  λ 1   ∫ 0 1   l 1   ( τ )   D  0 +   k 1   u  ( τ )  d  A 1   ( τ )  +  λ 2   ∫ 0 ζ   l 2   ( τ )   D  0 +   k 2   u  ( τ )  d  A 2   ( τ )          +  λ 3   ∑  i = 1  ∞   μ i   D  0 +   k 3   u  (  η i  )  ,     








where   α ∈ ( 0 , 1 ]  ,   β ∈ ( n − 1 , n ]  ,   n ≥ 3  ,     c   D  0 +  α  u   denotes the Caputo fractional derivative of order  α  of function u defined by     c   D  0 +  α  u  ( t )  =  1  Γ ( 1 − α )    ∫ 0 t    ( t − s )   − α    u ′   ( s )  d s , t > 0  , for   α ∈ ( 0 , 1 )  , and     c   D  0 +  α  u  ( t )  =  u ′   ( t )  , t > 0  , for   α = 1  , and the nonlinear terms f and h may be singular on the time variable and space variables. The authors used in [6] the theory of mixed monotone operators, and they also discussed there the dependence of solutions upon a parameter.



Systems with fractional differential equations without p-Laplacian operators, with parameters or without parameters, subject to various multi-point or Riemann–Stieltjes integral boundary conditions were studied in the last years in [7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27]. For various applications of the fractional differential equations in many scientific and engineering domains we refer the reader to the books [28,29,30,31,32,33,34], and their references.



The paper is organized as follows. In Section 2, we study two nonlocal boundary value problems for fractional differential equations with p-Laplacian operators, and we present some properties of the associated Green functions. Section 3 contains the main existence theorems for the positive solutions for our problem (1) and (2), and in Section 4, we give two examples which illustrate our results.




2. Auxiliary Results


We consider firstly the nonlinear fractional differential equation


   D  0 +   α 1    (  φ  r 1    (  D  0 +   β 1   u  ( t )  )  )  + h  ( t )  = 0 , t ∈  ( 0 , 1 )  ,  



(3)




with the boundary conditions


       u  ( j )    ( 0 )  = 0 , j = 0 , … , n − 2 ;  D  0 +   β 1   u  ( 0 )  = 0 ,         D  0 +   γ 0   u  ( 1 )  =  ∑  i = 1  p   ∫ 0 1   D  0 +   γ i   u  ( t )  d  H i   ( t )  ,       



(4)




where    α 1  ∈  ( 0 , 1 ]   ,    β 1  ∈  ( n − 1 , n ]   ,   n ∈ N  ,   n ≥ 3  ,   p ∈ N  ,    γ i  ∈ R   for all   i = 0 , … , p  ,   0 ≤  γ 1  <  γ 2  < ⋯ <  γ p  ≤  γ 0  <  β 1  − 1  ,    γ 0  ≥ 1  ,    H i  , i = 1 , … , p   are bounded variation functions, and   h ∈ C  ( 0 , 1 )  ∩  L 1   ( 0 , 1 )   . We denote by


   Δ 1  =   Γ (  β 1  )   Γ (  β 1  −  γ 0  )   −  ∑  i = 1  p    Γ (  β 1  )   Γ (  β 1  −  γ i  )    ∫ 0 1   s   β 1  −  γ i  − 1   d  H i   ( s )  .  











Lemma 1.

If    Δ 1  ≠ 0  , then the unique solution   u ∈ C [ 0 , 1 ]   of problem (3) and (4) is given by


    u  ( t )  =  ∫ 0 1   G 1   ( t , s )   φ  ϱ 1    (  I  0 +   α 1   h  ( s )  )  d s , t ∈  [ 0 , 1 ]  ,    



(5)




where the Green function   G 1   is given by


     G 1   ( t , s )  =  g 1   ( t , s )  +   t   β 1  − 1    Δ 1    ∑  i = 1  p     ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )    , t , s ∈  [ 0 , 1 ]  ,    



(6)




with


        g 1   ( t , ζ )  =  1  Γ (  β 1  )         t   β 1  − 1     ( 1 − ζ )    β 1  −  γ 0  − 1   −   ( t − ζ )    β 1  − 1   , 0 ≤ ζ ≤ t ≤ 1 ,        t   β 1  − 1     ( 1 − ζ )    β 1  −  γ 0  − 1   , 0 ≤ t ≤ ζ ≤ 1 ,               g  2 i    ( τ , ζ )  =  1  Γ (  β 1  −  γ i  )          τ    β 1  −  γ i  − 1     ( 1 − ζ )    β 1  −  γ 0  − 1   −   ( τ − ζ )    β 1  −  γ i  − 1   ,       0 ≤ ζ ≤ τ ≤ 1 ,         τ    β 1  −  γ i  − 1     ( 1 − ζ )    β 1  −  γ 0  − 1   , 0 ≤ τ ≤ ζ ≤ 1 ,               i = 1 , … , p .      



(7)









Proof. 

We denote by    φ  r 1    (  D  0 +   β 1   u  ( t )  )  = x  ( t )   . Then problem (3) and (4) is equivalent to the following two boundary value problems


   D  0 +   α 1   x  ( t )  + h  ( t )  = 0 , 0 < t < 1 ; x  ( 0 )  = 0 ,  



(8)




and


       D  0 +   β 1   u  ( t )  =  φ  ϱ 1    ( x  ( t )  )  , 0 < t < 1 ;         u  ( j )    ( 0 )  = 0 , j = 0 , … , n − 2 ;  D  0 +   γ 0   u  ( 1 )  =  ∑  i = 1  p   ∫ 0 1   D  0 +   γ i   u  ( t )  d  H i   ( t )  .       



(9)







For the first problem (8), the function


   x  ( t )  = −  I  0 +   α 1   h  ( t )  = −  1  Γ (  α 1  )    ∫ 0 t    ( t − s )    α 1  − 1   h  ( s )  d s , t ∈  [ 0 , 1 ]  ,   



(10)




is the unique solution   x ∈ C [ 0 , 1 ]   of (8). For the second problem (9), if    Δ 1  ≠ 0 ,   then by [7] (Lemma 2.2), we deduce that the function


   u  ( t )  = −  ∫ 0 1   G 1   ( t , s )   φ  ϱ 1    ( x  ( s )  )  d s , t ∈  [ 0 , 1 ]  ,   



(11)




where   G 1   is given by (6), is the unique solution   u ∈ C [ 0 , 1 ]   of problem (9). Now, by using relations (10) and (11), we find formula (5) for the unique solution   u ∈ C [ 0 , 1 ]   of problem (3) and (4). □





Next we consider the nonlinear fractional differential equation


   D  0 +   α 2    (  φ  r 2    (  D  0 +   β 2   v  ( t )  )  )  + k  ( t )  = 0 , t ∈  ( 0 , 1 )  ,  



(12)




with the boundary conditions


       v  ( j )    ( 0 )  = 0 , j = 0 , … , m − 2 ;  D  0 +   β 2   v  ( 0 )  = 0 ,         D  0 +   δ 0   v  ( 1 )  =  ∑  i = 1  q   ∫ 0 1   D  0 +   δ i   v  ( t )  d  K i   ( t )  ,       



(13)




where    α 2  ∈  ( 0 , 1 ]   ,    β 2  ∈  ( m − 1 , m ]   ,   m ∈ N  ,   m ≥ 3  ,   q ∈ N  ,    δ i  ∈ R   for all   i = 0 , … , q  ,   0 ≤  δ 1  <  δ 2  < ⋯ <  δ q  ≤  δ 0  <  β 2  − 1  ,    δ 0  ≥ 1  ,    K i  , i = 1 , … , q   are bounded variation functions, and   k ∈ C  ( 0 , 1 )  ∩  L 1   ( 0 , 1 )   . We denote by


   Δ 2  =   Γ (  β 2  )   Γ (  β 2  −  δ 0  )   −  ∑  i = 1  q    Γ (  β 2  )   Γ (  β 2  −  δ i  )    ∫ 0 1   s   β 2  −  δ i  − 1   d  K i   ( s )  .  








In a similar manner as above we obtain the following result.



Lemma 2.

If    Δ 2  ≠ 0  , then the unique solution   v ∈ C [ 0 , 1 ]   of problem (12) and (13) is given by


    v  ( t )  =  ∫ 0 1   G 2   ( t , s )   φ  ϱ 2    (  I  0 +   α 2   k  ( s )  )  d s , t ∈  [ 0 , 1 ]  ,    



(14)




where the Green function   G 2   is given by


     G 2   ( t , s )  =  g 3   ( t , s )  +   t   β 2  − 1    Δ 2    ∑  i = 1  q     ∫ 0 1   g  4 i    ( τ , s )  d  K i   ( τ )    , t , s ∈  [ 0 , 1 ]  ,    



(15)




with


        g 3   ( t , ζ )  =  1  Γ (  β 2  )         t   β 2  − 1     ( 1 − ζ )    β 2  −  δ 0  − 1   −   ( t − ζ )    β 2  − 1   , 0 ≤ ζ ≤ t ≤ 1 ,        t   β 2  − 1     ( 1 − ζ )    β 2  −  δ 0  − 1   , 0 ≤ t ≤ ζ ≤ 1 ,               g  4 i    ( τ , ζ )  =  1  Γ (  β 2  −  δ i  )          τ    β 2  −  δ i  − 1     ( 1 − ζ )    β 2  −  δ 0  − 1   −   ( τ − ζ )    β 2  −  δ i  − 1   ,       0 ≤ ζ ≤ τ ≤ 1 ,         τ    β 2  −  δ i  − 1     ( 1 − ζ )    β 2  −  δ 0  − 1   , 0 ≤ τ ≤ ζ ≤ 1 ,               i = 1 , … , q .      



(16)









By using the properties of the functions   g 1  ,   g  2 i   ,   i = 1 , … , p  ,   g 3  ,   g  4 i   ,   i = 1 , … , q   given by (7) and (16) (see [7,17]), we obtain the following properties of the Green functions   G 1   and   G 2   that we will use in the next section.



Lemma 3.

Assume that    H i  :  [ 0 , 1 ]  → ℝ  ,   i = 1 , … , p  , and    K j  :  [ 0 , 1 ]  → ℝ  ,   j = 1 , … , q   are nondecreasing functions and    Δ 1  > 0 ,  Δ 2  > 0  . Then the Green functions   G 1   and   G 2   given by (6) and (15) have the properties:




	(a) 

	
    G 1  ,  G 2  :  [ 0 , 1 ]  ×  [ 0 , 1 ]  →  [ 0 , ∞ )    are continuous functions;




	(b) 

	
    G 1   ( t , s )  ≤  J 1   ( s )    for all   t , s ∈ [ 0 , 1 ]   , where



    J 1   ( s )  =  h 1   ( s )  +  1  Δ 1    ∑  i = 1  p   ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )  ,   with



   h 1   ( s )  =  1  Γ (  β 1  )    [   ( 1 − s )    β 1  −  γ 0  − 1   −   ( 1 − s )    β 1  − 1   ]  ,    s ∈ [ 0 , 1 ]  ;




	(c) 

	
   G 1   ( t , s )  ≥  t   β 1  − 1    J 1   ( s )   for all  t , s ∈ [ 0 , 1 ]  ;




	(d) 

	
    G 2   ( t , s )  ≤  J 2   ( s )    for all   t , s ∈ [ 0 , 1 ]   , where



    J 2   ( s )  =  h 2   ( s )  +  1  Δ 2    ∑  i = 1  q   ∫ 0 1   g  4 i    ( τ , s )  d  K i   ( τ )  ,   with



   h 2   ( s )  =  1  Γ (  β 2  )    [   ( 1 − s )    β 2  −  δ 0  − 1   −   ( 1 − s )    β 2  − 1   ]  ,    s ∈ [ 0 , 1 ]  ;




	(e) 

	
   G 2   ( t , s )  ≥  t   β 2  − 1    J 2   ( s )   for all  t , s ∈ [ 0 , 1 ]  .











By similar arguments used in the proof of [17] (Lemma 2.5), we deduce the next lemma.



Lemma 4.

Assume that    H i  :  [ 0 , 1 ]  → R  ,   i = 1 , … , p   and    K j  :  [ 0 , 1 ]  → R  ,   j = 1 , … , q   are nondecreasing functions,    Δ 1  > 0  ,    Δ 2  > 0  ,   h ∈ C  ( 0 , 1 )  ∩  L 1   ( 0 , 1 )   ,   k ∈ C  ( 0 , 1 )  ∩  L 1   ( 0 , 1 )   ,   h ( t ) ≥ 0   for all   t ∈ ( 0 , 1 )  ,   k ( t ) ≥ 0   for all   t ∈ ( 0 , 1 )  . Then the solutions u and v of problems (3), (4), (12) and (13), respectively, satisfy the inequalities   u ( t ) ≥ 0  ,   v ( t ) ≥ 0   for all   t ∈ [ 0 , 1 ]  . In addition, we have the inequalities   u  ( t )  ≥  t   β 1  − 1   u  ( τ )   ,   v  ( t )  ≥  t   β 2  − 1   v  ( τ )    for all   t , τ ∈ [ 0 , 1 ]  .






3. Existence of Positive Solutions


In this section, we investigate the existence of positive solutions for problem (1) and (2) under various assumptions on the functions f and g which may be singular at   t = 0   and/or   t = 1  . We present the basic assumptions that we will use in the main theorems.



	(I1)

	
   α 1  ,  α 2  ∈  ( 0 , 1 ]   ,    β 1  ∈  ( n − 1 , n ]   ,    β 2  ∈  ( m − 1 , m ]   ,   n , m ∈ N  ,   n , m ≥ 3  ,   p , q ∈ N  ,    γ i  ∈ R   for all   i = 0 , … , p  ,   0 ≤  γ 1  <  γ 2  < ⋯ <  γ p  ≤  γ 0  <  β 1  − 1  ,    γ 0  ≥ 1  ,    δ i  ∈ R   for all   i = 0 , … , q  ,   0 ≤  δ 1  <  δ 2  < ⋯ <  δ q  ≤  δ 0  <  β 2  − 1  ,    δ 0  ≥ 1  ,    H i  , i = 1 , … , p  ,    K j  , j = 1 , … , q   are nondecreasing functions,    Δ 1  > 0  ,    Δ 2  > 0  ,    r i  > 1  ,    φ  r i    ( s )  =   | s |    r i  − 2   s  ,    φ   r i    − 1   =  φ  ϱ i    ,    ϱ i  =   r i    r i  − 1    ,   i = 1 , 2  .




	(I2)

	
The functions   f , g ∈ C (  ( 0 , 1 )  ×  R +  ×  R +  ,  R +  )   and there exist the functions    ζ i  ∈ C  (  ( 0 , 1 )  ,  R +  )    and    χ i  ∈ C  (  [ 0 , 1 ]  ×  R +  ×  R +  ,  R +  )   ,   i = 1 , 2  , with    Λ 1  ,  Λ 2  ∈  ( 0 , ∞ )    such that


  f  ( t , x , y )  ≤  ζ 1   ( t )   χ 1   ( t , x , y )  , g  ( t , x , y )  ≤  ζ 2   ( t )   χ 2   ( t , x , y )  , ∀ t ∈  ( 0 , 1 )  , x , y ∈  R +  ,  



(17)




where    Λ 1  =  ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s  ,    Λ 2  =  ∫ 0 1    ( 1 − s )    β 2  −  δ 0  − 1    φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s  .







Remark 1.

We present below two cases in which    Λ 1  ,  Λ 2  ∈  ( 0 , ∞ )   ; for other cases see the examples from Section 4.



a) If   f , g ∈ C (  [ 0 , 1 ]  ×  R +  ×  R +  ,  R +  )  , that is    ζ i   ( s )  = 1   for all   s ∈ [ 0 , 1 ]  ,   i = 1 , 2  ,    χ 1  = f ,  χ 2  = g  , then the inequalities (17) are satisfied with equality. In addition, the conditions    Λ 1  ,  Λ 2  ∈  ( 0 , ∞ )    are also satisfied, because in this nonsingular case, we obtain


        Λ 1  =  ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s =  ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1     (  I  0 +   α 1    ζ 1   ( s )  )    ϱ 1  − 1   d s         =  1   ( Γ  (  α 1  )  )    ϱ 1  − 1     ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1       ∫ 0 s    ( s − τ )    α 1  − 1   d τ     ϱ 1  − 1   d s         =  1   ( Γ  (  α 1  + 1 )  )    ϱ 1  − 1     ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    s   α 1   (  ϱ 1  − 1 )    d s         =  1   ( Γ  (  α 1  + 1 )  )    ϱ 1  − 1    B  (  α 1   (  ϱ 1  − 1 )  + 1 ,  β 1  −  γ 0  )  ∈  ( 0 , ∞ )  ,       








where   B  (  θ 1  ,  θ 2  )  =  ∫ 0 1   t   θ 1  − 1     ( 1 − t )    θ 2  − 1   d t   is the beta function (the Euler function of first type), with    θ 1  ,  θ 2  > 0  . In a similar manner we have    Λ 2  =  1   ( Γ  (  α 2  + 1 )  )    ϱ 2  − 1    B  (  α 2   (  ϱ 2  − 1 )  + 1 ,  β 2  −  δ 0  )  ∈  ( 0 , ∞ )   .



b) If    ζ 1  ,  ζ 2  ∈  L 2   ( 0 , 1 )   ,    ζ 1  ≢ 0  ,    ζ 2  ≢ 0  , and    α 1  ,  α 2  ∈  ( 1 / 2 , 1 ]   , then by using the Cauchy inequality we find


       0 <  Λ 1  ≤  1   ( Γ  (  α 1  )  )    ϱ 1  − 1     ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1       ∫ 0 s    ( s − τ )   2 (  α 1  − 1 )   d τ      ϱ 1  − 1  2       ∫ 0 s   ζ 1 2   ( τ )  d τ      ϱ 1  − 1  2   d s         ≤    ∥   ζ 1    ∥  2   ϱ 1  − 1       ( Γ  (  α 1  )  )    ϱ 1  − 1     ( 2  α 1  − 1 )     ϱ 1  − 1  2      ∫ 0 1   s    ( 2  α 1  − 1 )   (  ϱ 1  − 1 )   2     ( 1 − s )    β 1  −  γ 0  − 1   d s         =    ∥   ζ 1    ∥  2   ϱ 1  − 1       ( Γ  (  α 1  )  )    ϱ 1  − 1     ( 2  α 1  − 1 )     ϱ 1  − 1  2     B     ( 2  α 1  − 1 )   (  ϱ 1  − 1 )   2  + 1 ,  β 1  −  γ 0   < ∞ ,       








where    ∥   ζ 1    ∥  2    is the norm of   ζ 1   in the space    L 2   ( 0 , 1 )   . In a similar manner we obtain    Λ 2  ∈  ( 0 , ∞ )   .





By using Lemmas 1 and 2 (the relations (5) and (14)),   ( u , v )   is a solution of problem (1) and (2) if and only if   ( u , v )   is a solution of the nonlinear system of integral equations


       u  ( t )  =  ∫ 0 1   G 1   ( t , s )   φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s , t ∈  [ 0 , 1 ]  ,         v  ( t )  =  ∫ 0 1   G 2   ( t , s )   φ  ϱ 2    (  I  0 +   α 2   g  ( s , u  ( s )  , v  ( s )  )  )  d s , t ∈  [ 0 , 1 ]  .       











We consider the Banach space   X = C [ 0 , 1 ]   with supremum norm    ∥ u ∥  =  sup  t ∈ [ 0 , 1 ]    | u  ( t )  |   , and the Banach space   Y = X × X   with the norm     ∥  ( u , v )  ∥  Y  =  ∥ u ∥  +  ∥ v ∥   . We define the cone   Q ⊂ Y   by


  Q = { ( u , v ) ∈ Y , u ( t ) ≥ 0 , v ( t ) ≥ 0 , ∀ t ∈ [ 0 , 1 ] } .  











We also define the operators    A 1  ,  A 2  : Y → X   and   A : Y → Y   by


        A 1   ( u , v )   ( t )  =  ∫ 0 1   G 1   ( t , s )   φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s , t ∈  [ 0 , 1 ]  ,          A 2   ( u , v )   ( t )  =  ∫ 0 1   G 2   ( t , s )   φ  ϱ 2    (  I  0 +   α 2   g  ( s , u  ( s )  , v  ( s )  )  )  d s , t ∈  [ 0 , 1 ]  ,       








and   A  ( u , v )  = (  A 1   ( u , v )  ,  A 2   ( u , v )  ) ,  ( u , v )  ∈ Y  . Then   ( u , v )   is a solution of problem (1) and (2) if and only if   ( u , v )   is a fixed point of operator  A .



Lemma 5.

Assume that   ( I 1 )   and   ( I 2 )   hold. Then   A : Q → Q   is a completely continuous operator (continuous, and it maps bounded sets into relatively compact sets).





Proof. 

We denote by    M i  =  ∫ 0 1   J i   ( s )   φ  ϱ i    (  I  0 +   α i    ζ i   ( s )  )  d s  ,   i = 1 , 2  . Using   ( I 2 )   and Lemma 3, we deduce that    M i  > 0  ,   i = 1 , 2  . In addition, we find


       M 1  =  ∫ 0 1     h 1   ( s )  +  1  Δ 1    ∑  i = 1  p   ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s         =  ∫ 0 1   1  Γ (  β 1  )     ( 1 − s )    β 1  −  γ 0  − 1    ( 1 −   ( 1 − s )   γ 0   )   φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s           +  1  Δ 1    ∫ 0 1     ∑  i = 1  p   ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s         ≤  1  Γ (  β 1  )    ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s           +  1  Δ 1    ∫ 0 1     ∑  i = 1  p   ∫ 0 1   1  Γ (  β 1  −  γ i  )    τ   β 1  −  γ i  − 1     ( 1 − s )    β 1  −  γ 0  − 1   d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s        =  Λ 1     1  Γ (  β 1  )   +  1  Δ 1    ∑  i = 1  p   1  Γ (  β 1  −  γ i  )    ∫ 0 1   τ   β 1  −  γ i  − 1   d  H i   ( τ )    < ∞ ,         M 2  =  ∫ 0 1     h 2   ( s )  +  1  Δ 2    ∑  i = 1  q   ∫ 0 1   g  4 i    ( τ , s )  d  K i   ( τ )     φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s         =  ∫ 0 1   1  Γ (  β 2  )     ( 1 − s )    β 2  −  δ 0  − 1    ( 1 −   ( 1 − s )   δ 0   )   φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s           +  1  Δ 2    ∫ 0 1     ∑  i = 1  q   ∫ 0 1   g  4 i    ( τ , s )  d  K i   ( τ )     φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s         ≤  1  Γ (  β 2  )    ∫ 0 1    ( 1 − s )    β 2  −  δ 0  − 1    φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s           +  1  Δ 2    ∫ 0 1     ∑  i = 1  q   ∫ 0 1   1  Γ (  β 2  −  δ i  )    τ   β 2  −  δ i  − 1     ( 1 − s )    β 2  −  δ 0  − 1   d  K i   ( τ )     φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s        =  Λ 2     1  Γ (  β 2  )   +  1  Δ 2    ∑  i = 1  q   1  Γ (  β 2  −  δ i  )    ∫ 0 1   τ   β 2  −  δ i  − 1   d  K i   ( τ )    < ∞ .     











By Lemma 3 we conclude that  A  maps  Q  into  Q .



We will show that  A  maps bounded sets into relatively compact sets. Suppose   S ⊂ Q   is an arbitrary bounded set. Then there exists    L 1  > 0   such that     ∥  ( u , v )  ∥  Y  ≤  L 1    for all   ( u , v ) ∈ S  . By the continuity of   χ 1   and   χ 2   we deduce that there exists    L 2  > 0   such that    L 2  = max  {  sup  t ∈  [ 0 , 1 ]  , u , v ∈  [ 0 ,  L 1  ]     χ 1   ( t , u , v )  ,  sup  t ∈  [ 0 , 1 ]  , u , v ∈  [ 0 ,  L 1  ]     χ 2   ( t , u , v )  }   . By using Lemma 3, for any   ( u , v ) ∈ S   and   t ∈ [ 0 , 1 ]  , we obtain


       A 1   ( u , v )   ( t )  ≤  ∫ 0 1   J 1   ( s )   φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s         ≤  ∫ 0 1   J 1   ( s )   φ  ϱ 1      1  Γ (  α 1  )    ∫ 0 s    ( s − τ )    α 1  − 1    ζ 1   ( τ )   χ 1   ( τ , u  ( τ )  , v  ( τ )  )  d τ   d s         ≤  L 2   ϱ 1  − 1    ∫ 0 1   J 1   ( s )   φ  ϱ 1      1  Γ (  α 1  )    ∫ 0 s    ( s − τ )    α 1  − 1    ζ 1   ( τ )  d τ   d s         =  L 2   ϱ 1  − 1    ∫ 0 1   J 1   ( s )   φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s =  M 1   L 2   ϱ 1  − 1   ,          A 2   ( u , v )   ( t )  ≤  ∫ 0 1   J 2   ( s )   φ  ϱ 2    (  I  0 +   α 2   g  ( s , u  ( s )  , v  ( s )  )  )  d s         ≤  ∫ 0 1   J 2   ( s )   φ  ϱ 2      1  Γ (  α 2  )    ∫ 0 s    ( s − τ )    α 2  − 1    ζ 2   ( τ )   χ 2   ( τ , u  ( τ )  , v  ( τ )  )  d τ   d s         ≤  L 2   ϱ 2  − 1    ∫ 0 1   J 2   ( s )   φ  ϱ 2      1  Γ (  α 2  )    ∫ 0 s    ( s − τ )    α 2  − 1    ζ 2   ( τ )  d τ   d s         =  L 2   ϱ 2  − 1    ∫ 0 1   J 2   ( s )   φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s =  M 2   L 2   ϱ 2  − 1   .      











Then    ∥   A 1    ( u , v )  ∥ ≤   M 1   L 2   ϱ 1  − 1    ,    ∥   A 2    ( u , v )  ∥ ≤   M 2   L 2   ϱ 2  − 1     for all   ( u , v ) ∈ S  , and so    A 1   ( S )   ,    A 2   ( S )    and   A ( S )   are bounded.



We will prove next that   A ( S )   is equicontinuous. By using Lemma 1, for   ( u , v ) ∈ S   and   t ∈ [ 0 , 1 ]   we deduce


       A 1   ( u , v )   ( t )  =  ∫ 0 1     g 1   ( t , s )  +   t   β 1  − 1    Δ 1    ∑  i = 1  p   ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s         =  ∫ 0 t   1  Γ (  β 1  )     t   β 1  − 1     ( 1 − s )    β 1  −  γ 0  − 1   −   ( t − s )    β 1  − 1     φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s           +  ∫ t 1   1  Γ (  β 1  )    t   β 1  − 1     ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s           +   t   β 1  − 1    Δ 1    ∫ 0 1   ∑  i = 1  p     ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s .      











Hence for any   t ∈ ( 0 , 1 )   we find


        (  A 1   ( u , v )  )  ′   ( t )  =  ∫ 0 t   1  Γ (  β 1  )     (  β 1  − 1 )   t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1   −  (  β 1  − 1 )    ( t − s )    β 1  − 2             ×  φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s          +  ∫ t 1   1  Γ (  β 1  )    (  β 1  − 1 )   t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s           +    (  β 1  − 1 )   t   β 1  − 2     Δ 1    ∫ 0 1   ∑  i = 1  p     ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1   f  ( s , u  ( s )  , v  ( s )  )  )  d s .      











Then for any   t ∈ ( 0 , 1 )   we obtain


       |    (  A 1   ( u , v )  )  ′    ( t )  | ≤   1  Γ (  β 1  − 1 )    ∫ 0 t   [  t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1   +   ( t − s )    β 1  − 2   ]           ×  φ  ϱ 1    (  I  0 +   α 1    (  ζ 1   ( s )   χ 1   ( s , u  ( s )  , v  ( s )  )  )  )  d s          +  1  Γ (  β 1  − 1 )    ∫ t 1   t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    (  ζ 1   ( s )   χ 1   ( s , u  ( s )  , v  ( s )  )  )  )  d s           +    (  β 1  − 1 )   t   β 1  − 2     Δ 1    ∫ 0 1   ∑  i = 1  p     ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    (  ζ 1   ( s )   χ 1   ( s , u  ( s )  , v  ( s )  )  )  )  d s .      











Therefore for any   t ∈ ( 0 , 1 )   we deduce


      |    (  A 1   ( u , v )  )  ′    ( t )  | ≤   L 2   ϱ 1  − 1      1  Γ (  β 1  − 1 )    ∫ 0 t   [  t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1   +   ( t − s )    β 1  − 2   ]   φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s            +  1  Γ (  β 1  − 1 )    ∫ t 1   t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s           +    (  β 1  − 1 )   t   β 1  − 2     Δ 1    ∫ 0 1   ∑  i = 1  p     ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s ] .      



(18)







We denote by


       θ 1   ( t )  =  1  Γ (  β 1  − 1 )    ∫ 0 t   [  t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1   +   ( t − s )    β 1  − 2   ]   φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s           +  1  Γ (  β 1  − 1 )    ∫ t 1   t   β 1  − 2     ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s ,          θ 2   ( t )  =  θ 1   ( t )  +    (  β 1  − 1 )   t   β 1  − 2     Δ 1    ∫ 0 1   ∑  i = 1  p     ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s .      











We compute the integral of function   θ 1  , by exchanging the order of integration, and we have


       ∫ 0 1   θ 1   ( t )  d t =  1  Γ (  β 1  )    ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    ( 1 +   ( 1 − s )   γ 0   )   φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s         ≤  2  Γ (  β 1  )    ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s =   2  Λ 1    Γ (  β 1  )   < ∞ .      











For the integral of the function   θ 2  , we obtain


       ∫ 0 1   θ 2   ( t )  d t =  ∫ 0 1   θ 1   ( t )  d t +    ∫ 0 1     (  β 1  − 1 )   t   β 1  − 2     Δ 1   d t            ×    ∫ 0 1   ∑  i = 1  p     ∫ 0 1   g  2 i    ( τ , s )  d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s          ≤  2  Γ (  β 1  )    ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s           +  1  Δ 1      ∫ 0 1   ∑  i = 1  p     ∫ 0 1   1  Γ (  β 1  −  γ i  )    τ   β 1  −  γ i  − 1     ( 1 − s )    β 1  −  γ 0  − 1   d  H i   ( τ )     φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s           =  2  Γ (  β 1  )    ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s           +  1  Δ 1      ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s      ∑  i = 1  p   1  Γ (  β 1  −  γ i  )    ∫ 0 1   τ   β 1  −  γ i  − 1   d  H i   ( τ )    .      











Then we deduce


    ∫ 0 1   θ 2   ( t )  d t ≤  Λ 1     2  Γ (  β 1  )   +  1  Δ 1    ∑  i = 1  p   1  Γ (  β 1  −  γ i  )    ∫ 0 1   τ   β 1  −  γ i  − 1   d  H i   ( τ )    < ∞ .   



(19)







We conclude that    θ 2  ∈  L 1   ( 0 , 1 )   . Hence for any    t 1  ,  t 2  ∈  [ 0 , 1 ]    with    t 1  ≤  t 2    and   ( u , v ) ∈ S  , by (18) and (19), we find


    |   A 1   ( u , v )   (  t 1  )  −  A 1   ( u , v )   (  t 2  )   | =     ∫   t 1    t 2     (  A 1   ( u , v )  )  ′   ( t )  d t   ≤  L 2   ϱ 1  − 1    ∫   t 1    t 2    θ 2   ( t )  d t .   



(20)







By (19), (20) and the absolute continuity of the integral function, we deduce that    A 1   ( S )    is equicontinuous. By a similar approach, we obtain that    A 2   ( S )    is also equicontinuous, and so   A ( S )   is equicontinuous. Using the Ascoli–Arzela theorem, we conclude that    A 1   ( S )    and    A 2   ( S )    are relatively compact sets, and so   A ( S )   is also relatively compact. Besides, we can prove that    A 1  ,  A 2    and  A  are continuous on  Q  (see [16] (Lemma 1.4.1)). Then  A  is a completely continuous operator on  Q . □





We define now the cone


   Q 0   = {  ( u , v )  ∈ Q ,   min  t ∈ [ 0 , 1 ]   u  ( t )  ≥  t   β 1  − 1    ∥ u ∥ ,   min  t ∈ [ 0 , 1 ]   v  ( t )  ≥  t   β 2  − 1    ∥ v ∥ } .   











Under the assumptions   ( I 1 )   and   ( I 2 )  , by using Lemma 4, we obtain   A  ( Q )  ⊂  Q 0   , and so     A |   Q 0   :  Q 0  →  Q 0    (denoted again by  A ) is also a completely continuous operator. For   r > 0   we denote by   B r   the open ball centered at zero of radius r, and by    B ¯  r   and   ∂  B r    its closure and its boundary, respectively.



Theorem 1.

Assume that   ( I 1 )   and   ( I 2 )   hold. In addition, the functions    χ 1  ,  χ 2  , f   and g satisfy the conditions




	(I3)

	
There exist   μ 1  ≥ 1   and    μ 2  ≥ 1   such that


   χ 10  =  lim   x , y ≥ 0   x + y → 0     sup  t ∈ [ 0 , 1 ]      χ 1   ( t , x , y )     φ  r 1    (   ( x + y )   μ 1   )    = 0   a n d    χ 20  =  lim   x , y ≥ 0   x + y → 0     sup  t ∈ [ 0 , 1 ]      χ 2   ( t , x , y )     φ  r 2    (   ( x + y )   μ 2   )    = 0 ;  












	(I4)

	
There exists   [  a 1  ,  a 2  ]  ⊂  [ 0 , 1 ]   ,   0 <  a 1  <  a 2  < 1  such that


   f  ∞  i  =  lim   x , y ≥ 0   x + y → ∞     inf  t ∈ [  a 1  ,  a 2  ]     f ( t , x , y )    φ  r 1    ( x + y )    = ∞   o r    g  ∞  i  =  lim   x , y ≥ 0   x + y → ∞     inf  t ∈ [  a 1  ,  a 2  ]     g ( t , x , y )    φ  r 2    ( x + y )    = ∞ .  

















Then problem (1) and (2) has at least one positive solution   ( u ( t ) , v ( t ) ) , t ∈ [ 0 , 1 ]  . 





Proof. 

We consider the above cone   Q 0  . By   ( I 3 )   we deduce that for    ϵ 1  =  1   ( 2  M 1  )    r 1  − 1      and    ϵ 2  =  1   ( 2  M 2  )    r 2  − 1     , there exists    R 1  ∈  ( 0 , 1 )    such that


   χ i   ( t , x , y )  ≤  ϵ i    ( x + y )    μ i   (  r i  − 1 )    , ∀ t ∈  [ 0 , 1 ]  , x + y ≤  R 1  , i = 1 , 2 ,  



(21)




where    M i  , i = 1 , 2   are defined in the proof of Lemma 5. Then by (21) and Lemma 3, for any    ( u , v )  ∈ ∂  B  R 1   ∩  Q 0    and   t ∈ [ 0 , 1 ]  , we obtain


      A i   ( u , v )   ( t )  ≤  ∫ 0 1   J i   ( s )   φ  ϱ i    (  I  0 +   α i    (  ζ i   ( s )   χ i   ( s , u  ( s )  , v  ( s )  )  )  )  d s       ≤  ∫ 0 1   J i   ( s )   φ  ϱ i    (  I  0 +   α i    (  ζ i   ( s )   ϵ i    ( u  ( s )  + v  ( s )  )    μ i   (  r i  − 1 )    )  )  d s       ≤  ϵ i   ϱ i  − 1    ∫ 0 1   J i   ( s )   φ  ϱ i    (   I  0 +   α i    ζ i    ( s )  ( ∥ u ∥  +   ∥ v ∥ )    μ i   (  r i  − 1 )     ) d s        =  ϵ i   ϱ i  − 1     ∥  ( u , v )  ∥   Y   μ i    ∫ 0 1   J i   ( s )   φ  ϱ i    (  I  0 +   α i    ζ i   ( s )  )  d s       =  M i   ϵ i   ϱ i  − 1     ∥  ( u , v )  ∥   Y   μ i   ≤  M i   ϵ i   ϱ i  − 1     ∥  ( u , v )  ∥  Y  =  1 2    ∥  ( u , v )  ∥  Y  , i = 1 , 2 .     











So we deduce that


    ∥  A (  u , v ) ∥  Y   = ∥   A 1    ( u , v )  ∥ + ∥   A 2     ( u , v )  ∥ ≤ ∥  ( u , v )  ∥  Y  , ∀  ( u , v )  ∈ ∂  B  R 1   ∩  Q 0  .  



(22)







By   ( I 4 )  , we suppose that    f  ∞  i  = ∞   (in a similar manner we can study the case    g  ∞  i  = ∞  ). Then for    ϵ 3  = 2   ( A min  {  a 1   β 1  − 1   ,  a 1   β 2  − 1   }  )   1 −  r 1     , where   A =   a 1   β 1  − 1     ( Γ  (  α 1  + 1 )  )    ϱ 1  − 1     ∫   a 1    a 2    J 1   ( s )    ( s −  a 1  )    α 1   (  ϱ 1  − 1 )    d s  , there exists    C 1  > 0   such that


  f  ( t , x , y )  ≥  ϵ 3    ( x + y )    r 1  − 1   −  C 1  , ∀ t ∈  [  a 1  ,  a 2  ]  , x , y ≥ 0 .  



(23)







Then by (23), for any    ( u , v )  ∈  Q 0    and   t ∈ [  a 1  ,  a 2  ]  , we find


       A 1   ( u , v )   ( t )  ≥  ∫   a 1    a 2    G 1   ( t , s )      1  Γ (  α 1  )    ∫   a 1   s    ( s − τ )    α 1  − 1   f  ( τ , u  ( τ )  , v  ( τ )  )  d τ     ϱ 1  − 1   d s         ≥  a 1   β 1  − 1    ∫   a 1    a 2      J 1   ( s )     ( Γ  (  α 1  )  )    ϱ 1  − 1        ∫   a 1   s    ( s − τ )    α 1  − 1    (  ϵ 3    ( u  ( τ )  + v  ( τ )  )    r 1  − 1   −  C 1  )  d τ     ϱ 1  − 1   d s         =  a 1   β 1  − 1    ∫   a 1    a 2      J 1   ( s )     ( Γ  (  α 1  )  )    ϱ 1  − 1        ∫   a 1   s    ( s − τ )    α 1  − 1    (   ϵ 3   (   a 1   β 1  − 1    ∥ u ∥  +  a 1   β 2  − 1     ∥ v ∥ )    r 1  − 1   −  C 1   ) d τ      ϱ 1  − 1   d s         =   a 1   β 1  − 1     ( Γ  (  α 1  )  )    ϱ 1  − 1     ∫   a 1    a 2    J 1   ( s )     ϵ 3   (   a 1   β 1  − 1    ∥ u ∥  +  a 1   β 2  − 1     ∥ v ∥ )    r 1  − 1   −  C 1     ϱ 1  − 1      ( s −  a 1  )    α 1   (  ϱ 1  − 1 )     α 1   ϱ 1  − 1    d s         ≥   a 1   β 1  − 1     ( Γ  (  α 1  )  )    ϱ 1  − 1       ϵ 3    min {  a 1   β 1  − 1   ,  a 1   β 2  − 1   }    r 1  − 1     ∥  ( u , v )  ∥   Y    r 1  − 1   −  C 1     ϱ 1  − 1             ×  ∫   a 1    a 2    J 1   ( s )     ( s −  a 1  )    α 1   (  ϱ 1  − 1 )     α 1   ϱ 1  − 1    d s        =    A  1   ϱ 1  − 1     ϵ 3    min {  a 1   β 1  − 1   ,  a 1   β 2  − 1   }    r 1  − 1     ∥  ( u , v )  ∥   Y    r 1  − 1   −  A  1   ϱ 1  − 1     C 1     ϱ 1  − 1         =     2 ∥  ( u , v )  ∥   Y    r 1  − 1   −  C 2     ϱ 1  − 1   ,  C 2  =  A   r 1  − 1    C 1  .     











Hence we deduce


   ∥   A 1     ( u , v )  ∥ ≥ ( 2 ∥  ( u , v )  ∥   Y    r 1  − 1   −  C 2    )    ϱ 1  − 1   , ∀  ( u , v )  ∈  Q 0  .  











We can choose    R 2  ≥ max  1 ,  C 2   ϱ 1  − 1      and then we conclude


    ∥ A  ( u , v )  ∥  Y   ≥ ∥   A 1     ( u , v )  ∥ ≥ ∥  ( u , v )  ∥ |  Y  , ∀  ( u , v )  ∈ ∂  B  R 2   ∩  Q 0  .  



(24)







By using Lemma 5, the relations (22), (24), and the Guo–Krasnosel’skii fixed point theorem, we deduce that  A  has a fixed point    ( u , v )  ∈  (   B ¯   R 2   \  B  R 1   )  ∩  Q 0   , that is    R 1  ≤   ∥  ( u , v )  ∥  Y  ≤  R 2   , and   u  ( t )  ≥  t   β 1  − 1    ∥ u | |    and   v  ( t )  ≥  t   β 2  − 1    ∥ v ∥    for all   t ∈ [ 0 , 1 ]  . Then   ∥ u ∥ > 0   or   ∥ v ∥ > 0  , that is   u ( t ) > 0   for all   t ∈ ( 0 , 1 ]   or   v ( t ) > 0   for all   t ∈ ( 0 , 1 ]  . Hence   ( u ( t ) , v ( t ) ) , t ∈ [ 0 , 1 ]   is a positive solution of problem (1) and (2). □





Remark 2.

Theorem 1 remains valid if the functions    χ 1  ,  χ 2    and f satisfy the inequalities (21) and (23), instead of   ( I 3 )   and   ( I 4 )  .





Theorem 2.

Assume that   ( I 1 )   and   ( I 2 )   hold. In addition the functions    χ 1  ,  χ 2  , f   and g satisfy the conditions




	(I5)

	


    χ  1 ∞   =  lim   x , y ≥ 0   x + y → ∞     sup  t ∈ [ 0 , 1 ]      χ 1   ( t , x , y )     φ  r 1    ( x + y )    = 0   and    χ  2 ∞   =  lim   x , y ≥ 0   x + y → ∞     sup  t ∈ [ 0 , 1 ]      χ 2   ( t , x , y )     φ  r 2    ( x + y )    = 0 ;   












	(I6)

	
There exist    [  a 1  ,  a 2  ]  ⊂  [ 0 , 1 ]   ,   0 <  a 1  <  a 2  < 1  ,    ν 1  ∈  ( 0 , 1 ]    and    ν 2  ∈  ( 0 , 1 ]    such that


   f 0 i  =  lim   x , y ≥ 0   x + y → 0     inf  t ∈ [  a 1  ,  a 2  ]     f ( t , x , y )    φ  r 1    (   ( x + y )   ν 1   )    = ∞   or    g 0 i  =  lim   x , y ≥ 0   x + y → 0     inf  t ∈ [  a 1  ,  a 2  ]     g ( t , x , y )    φ  r 2    (   ( x + y )   ν 2   )    = ∞ .  

















Then problem (1) and (2) has at least one positive solution  ( u ( t ) , v ( t ) ) , t ∈ [ 0 , 1 ]  .





Proof. 

We consider again the cone   Q 0  . By   ( I 5 )   we deduce that for   0 <  ϵ 4  < min   1   ( 2  M 1  )    r 1  − 1    ,  1  2  M 1   r 1  − 1       ,   0 <  ϵ 5  < min   1   ( 2  M 2  )    r 2  − 1    ,  1  2  M 2   r 2  − 1       , there exist    C 3  > 0  ,    C 4  > 0   such that


   χ 1   ( t , x , y )  ≤  ϵ 4    ( x + y )    r 1  − 1   +  C 3  ,  χ 2   ( t , x , y )  ≤  ϵ 5    ( x + y )    r 2  − 1   +  C 4  , ∀ t ∈  [ 0 , 1 ]  , x , y ≥ 0 .  



(25)







By using   ( I 2 )   and (25), for any    ( u , v )  ∈  Q 0   , we obtain


       A 1   ( u , v )   ( t )  ≤  ∫ 0 1   J 1   ( s )   φ  ϱ 1    (  I  0 +   α 1    (  ζ 1   ( s )   χ 1   ( s , u  ( s )  , v  ( s )  )  )  )  d s         ≤  ∫ 0 1   J 1   ( s )   φ  ϱ 1    (  I  0 +   α 1    (  ζ 1   ( s )   (  ϵ 4    ( u  ( s )  + v  ( s )  )    r 1  − 1   +  C 3  )  )  )  d s         ≤  ∫ 0 1   J 1   ( s )   1   ( Γ  (  α 1  )  )    ϱ 1  − 1       ϵ 4    ∥  ( u , v )  ∥   Y    r 1  − 1   +  C 3     ϱ 1  − 1       ∫ 0 s    ( s − τ )    α 1  − 1    ζ 1   ( τ )  d τ     ϱ 1  − 1   d s        =  M 1     ϵ 4    ∥  ( u , v )  ∥   Y    r 1  − 1   +  C 3     ϱ 1  − 1   , ∀ t ∈  [ 0 , 1 ]  ,         A 2   ( u , v )   ( t )  ≤  ∫ 0 1   J 2   ( s )   φ  ϱ 2    (  I  0 +   α 2    (  ζ 2   ( s )   χ 2   ( s , u  ( s )  , v  ( s )  )  )  )  d s         ≤  ∫ 0 1   J 2   ( s )   φ  ϱ 2    (  I  0 +   α 2    (  ζ 2   ( s )   (  ϵ 5    ( u  ( s )  + v  ( s )  )    r 2  − 1   +  C 4  )  )  )  d s         ≤  ∫ 0 1   J 2   ( s )   1   ( Γ  (  α 2  )  )    ϱ 2  − 1       ϵ 5    ∥  ( u , v )  ∥   Y    r 2  − 1   +  C 4     ϱ 2  − 1       ∫ 0 s    ( s − τ )    α 2  − 1    ζ 2   ( τ )  d τ     ϱ 2  − 1   d s        =  M 2     ϵ 5    ∥  ( u , v )  ∥   Y    r 2  − 1   +  C 4     ϱ 2  − 1   , ∀ t ∈  [ 0 , 1 ]  .     











Then we find


      ∥   A 1    ( u , v )  ∥ ≤   M 1     ϵ 4    ∥  ( u , v )  ∥   Y    r 1  − 1   +  C 3     ϱ 1  − 1   ,        ∥   A 2    ( u , v )  ∥ ≤   M 2     ϵ 5    ∥  ( u , v )  ∥   Y    r 2  − 1   +  C 4     ϱ 2  − 1   ,     








and so


    ∥ A  ( u , v )  ∥  Y  ≤  M 1     ϵ 4    ∥  ( u , v )  ∥   Y    r 1  − 1   +  C 3     ϱ 1  − 1   +  M 2     ϵ 5    ∥  ( u , v )  ∥   Y    r 2  − 1   +  C 4     ϱ 2  − 1   ,  








for all    ( u , v )  ∈  Q 0   . We choose


      R 3  > max  1 ,    M 1   C 3   ϱ 1  − 1   +  M 2   C 4   ϱ 2  − 1     1 −   M 1   ϵ 4   ϱ 1  − 1   +  M 2   ϵ 5   ϱ 2  − 1      ,    M 1   2   ϱ 1  − 2    C 3   ϱ 1  − 1   +  M 2   2   ϱ 2  − 2    C 4   ϱ 2  − 1     1 −   M 1   2   ϱ 1  − 2    ϵ 4   ϱ 1  − 1   +  M 2   2   ϱ 2  − 2    ϵ 5   ϱ 2  − 1      ,                M 1   C 3   ϱ 1  − 1   +  M 2   2   ϱ 2  − 2    C 4   ϱ 2  − 1     1 −   M 1   ϵ 4   ϱ 1  − 1   +  M 2   2   ϱ 2  − 2    ϵ 5   ϱ 2  − 1      ,    M 1   2   ϱ 1  − 2    C 3   ϱ 1  − 1   +  M 2   C 4   ϱ 2  − 1     1 −   M 1   2   ϱ 1  − 2    ϵ 4   ϱ 1  − 1   +  M 2   ϵ 5   ϱ 2  − 1       ,     



(26)




and then we deduce


    ∥ A  ( u , v )  ∥  Y  ≤   ∥  ( u , v )  ∥  Y  , ∀  ( u , v )  ∈ ∂  B  R 3   ∩  Q 0  .  



(27)







The choosing of   R 3   above is based on the inequalities     ( a + b )  p  ≤  2  p − 1    (  a p  +  b p  )    for   p ≥ 1   and   a , b ≥ 0  , and     ( a + b )  p  ≤  a p  +  b p    for   p ∈ ( 0 , 1 ]   and   a , b ≥ 0  . Here   p =  ϱ 1  − 1   or    ϱ 2  − 1  . We explain the above inequality (27) in one case, namely    ϱ 1  ≥ 2   and    ϱ 2  ≥ 2  . In this situation, by using (26), and the relations    M 1   2   ϱ 1  − 2    ϵ 4   ϱ 1  − 1   <  1 2   ,    M 2   2   ϱ 2  − 2    ϵ 5   ϱ 2  − 1   <  1 2    (from the definition of   ϵ 4   and   ϵ 5  ), we have the inequalities


      M 1    (  ϵ 4   R 3   r 1  − 1   +  C 3  )    ϱ 1  − 1   +  M 2    (  ϵ 5   R 3   r 2  − 1   +  C 4  )    ϱ 2  − 1         ≤  M 1   2   ϱ 1  − 2    (  ϵ 4   ϱ 1  − 1    R 3  +  C 3   ϱ 1  − 1   )  +  M 2   2   ϱ 2  − 2    (  ϵ 5   ϱ 2  − 1    R 3  +  C 4   ϱ 2  − 1   )        =  (  M 1   2   ϱ 1  − 2    ϵ 4   ϱ 1  − 1   +  M 2   2   ϱ 2  − 2    ϵ 5   ϱ 2  − 1   )   R 3  +  M 1   2   ϱ 1  − 2    C 3   ϱ 1  − 1   +  M 2   2   ϱ 2  − 1    C 4   ϱ 2  − 1   <  R 3  .     











In a similar manner we treat the cases:    ϱ 1  ∈  ( 1 , 2 ]    and    ϱ 2  ∈  ( 1 , 2 ]   ;    ϱ 1  ≥ 2   and    ϱ 2  ∈  ( 1 , 2 ]   ;    ϱ 1  ∈  ( 1 , 2 ]    and    ϱ 2  ≥ 2  .



By   ( I 6 )  , we suppose that    g 0 i  = ∞   (in a similar manner we can study the case    f 0 i  = ∞  ). We deduce that for    ϵ 6   = ( min    {  a 1   β 1  − 1   ,  a 1   β 2  − 1   )    ν 2   ( 1 −  r 2  )      A ˜   1 −  r 2     , where    A ˜  =   a 1   β 2  − 1     ( Γ  (  α 2  + 1 )  )    ϱ 2  − 1     ∫   a 1    a 2     ( s −  a 1  )    α 2   (  ϱ 2  − 1 )     J 2   ( s )  d s  , there exists    R 4  ∈  ( 0 , 1 ]    such that


  g  ( t , x , y )  ≥  ϵ 6    ( x + y )    ν 2   (  r 2  − 1 )    , ∀ t ∈  [  a 1  ,  a 2  ]  , x , y ≥ 0 , x + y ≤  R 4  .  



(28)







Then by using (28), for any    ( u , v )  ∈ ∂  B  R 4   ∩  Q 0    and   t ∈ [  a 1  ,  a 2  ]  , we find


       A 2   ( u , v )   ( t )  ≥  ∫   a 1    a 2    G 2   ( t , s )   1  Γ (  α 2  )    ∫   a 1   s    ( s − τ )    α 2  − 1   g  ( τ , u  ( τ )  , v  ( τ )  )  d τ   ϱ 2  − 1  d s        ≥  a 1   β 2  − 1    ∫   a 1    a 2    J 2   ( s )   1   ( Γ  (  α 2  )  )    ϱ 2  − 1     ∫   a 1   s    ( s − τ )    α 2  − 1    ϵ 6    ( u  ( τ )  + v  ( τ )  )    ν 2   (  r 2  − 1 )    d τ   ϱ 2  − 1  d s       ≥  a 1   β 2  − 1    ∫   a 1    a 2    J 2   ( s )   1   ( Γ  (  α 2  )  )    ϱ 2  − 1     ∫   a 1   s    ( s − τ )    α 2  − 1    ϵ 6   (   a 1   β 1  − 1    ∥ u ∥  +  a 1   β 2  − 1     ∥ v ∥ )    ν 2   (  r 2  − 1 )    d τ   ϱ 2  − 1  d s       ≥  a 1   β 2  − 1    ϵ 6   ϱ 2  − 1     ( min {  a 1   β 1  − 1   ,  a 1   β 2  − 1   } )    ν 2       ∥  ( u , v )  ∥   Y    ν 2      ( Γ  (  α 2  + 1 )  )    ϱ 2  − 1     ∫   a 1    a 2     ( s −  a 1  )    α 2   (  ϱ 2  − 1 )     J 2   ( s )  d s       =   ∥  ( u , v )  ∥   Y   ν 2   ≥   ∥  ( u , v )  ∥  Y  .     











Therefore    ∥   A 2     ( u , v )  ∥ ≥ ∥  ( u , v )  ∥  Y    for all    ( u , v )  ∈ ∂  B  R 4   ∩  Q 0   , and then


    ∥ A  ( u , v )  ∥  Y   ≥ ∥   A 2     ( u , v )  ∥ ≥ ∥  ( u , v )  ∥  Y  , ∀  ( u , v )  ∈ ∂  B  R 4   ∩  Q 0  .  



(29)







By Lemma 5, the relations (27), (29), and the Guo–Krasnosl’skii fixed point theorem, we conclude that  A  has at least one fixed point    ( u , v )  ∈  (   B ¯   R 3   \  B  R 4   )  ∩  Q 0   , that is    R 4  ≤   ∥  ( u , v )  ∥  Y  ≤  R 3   , which is a positive solution of problem (1) and (2). □





Remark 3.

Theorem 2 remains valid if the functions    χ 1  ,  χ 2    and g satisfy the inequalities (25) and (28), instead of   ( I 5 )   and   ( I 6 )  . 





Theorem 3.

Assume that  ( I 1 )  ,   ( I 2 )  ,   ( I 4 )  and  ( I 6 )  hold. In addition, the functions  χ 1  and  χ 2  satisfy the condition




	(I7)

	
   D 0   ϱ 1  − 1    M 1  <  1 2  ,  D 0   ϱ 2  − 1    M 2  <  1 2  ,  where



   D 0  = max  {  max  t , x , y ∈ [ 0 , 1 ]    χ 1   ( t , x , y )  ,  max  t , x , y ∈ [ 0 , 1 ]    χ 2   ( t , x , y )  }  .  









Then problem (1) and (2) has at least two positive solutions   (  u 1   ( t )  ,  v 1   ( t )  )  ,  (  u 2   ( t )  ,  v 2   ( t )  )  , t ∈  [ 0 , 1 ]   .





Proof. 

We consider the operators    A 1  ,  A 2  , A  , and the cone   Q 0   defined in this section. If   ( I 1 )  ,   ( I 2 )   and   ( I 4 )   hold, then by the proof of Theorem 1, we deduce that there exists    R 2  > 1   (we can consider    R 2  > 1  ) such that


    ∥ A  ( u , v )  ∥  Y  ≥   ∥  ( u , v )  ∥  Y  , ∀  ( u , v )  ∈ ∂  B  R 2   ∩  Q 0  .  



(30)







If   ( I 1 )  ,   ( I 2 )   and   ( I 6 )   hold, then by the proof of Theorem 2 we find that there exists    R 4  < 1   (we can consider    R 4  < 1  ) such that


    ∥ A  ( u , v )  ∥  Y  ≥   ∥  ( u , v )  ∥  Y  , ∀  ( u , v )  ∈ ∂  B  R 4   ∩  Q 0  .  



(31)







We consider now the set    B 1  =   {  ( u , v )  ∈ Y , ∥  ( u , v )  ∥  Y   < 1 }   . By   ( I 7 )  , for any    ( u , v )  ∈ ∂  B 1  ∩  Q 0    and   t ∈ [ 0 , 1 ]  , we obtain


       A i   ( u , v )   ( t )  ≤  ∫ 0 1   J i   ( s )      1  Γ (  α i  )    ∫ 0 s    ( s − τ )    α i  − 1    ζ i   ( τ )   χ i   ( τ , u  ( τ )  , v  ( τ )  )  d τ     ϱ i  − 1   d s         ≤  D 0   ϱ i  − 1    ∫ 0 1   J i   ( s )      1  Γ (  α i  )    ∫ 0 s    ( s − τ )    α i  − 1    ζ i   ( τ )  d τ     ϱ i  − 1   d s         =  D 0   ϱ i  − 1    ∫ 0 1   J i   ( s )   φ  ϱ i    (  I  0 +   α i    ζ i   ( s )  )  d s =  D 0   ϱ i  − 1    M i  <  1 2  , i = 1 , 2 .      











So    ∥   A i    ( u , v )  ∥ <   1 2   , for all    ( u , v )  ∈ ∂  B 1  ∩  Q 0   ,   i = 1 , 2  . Then


    ∥ A  ( u , v )  ∥  Y   = ∥   A 1    ( u , v )  ∥ + ∥   A 2     ( u , v )  ∥ < 1 = ∥  ( u , v )  ∥  Y  , ∀  ( u , v )  ∈ ∂  B 1  ∩  Q 0  .  



(32)







Therefore, by (30), (32) and the Guo–Krasnosel’skii fixed point theorem, we conclude that problem (1), (2) has one positive solution    (  u 1  ,  v 1  )  ∈  Q 0    with    1 < ∥   (  u 1  ,  v 1  )    ∥  Y  ≤  R 2   . By (31), (32) and the Guo–Krasnosel’skii fixed point theorem, we deduce that problem (1), (2) has another positive solution    (  u 2  ,  v 2  )  ∈  Q 0    with    R 4  ≤   ∥  (  u 2  ,  v 2  )  ∥  Y  < 1  . Then problem (1) and (2) has at least two positive solutions    (  u 1   ( t )  ,  v 1   ( t )  )  ,  (  u 2   ( t )  ,  v 2   ( t )  )  , t ∈  [ 0 , 1 ]   . □





Remark 4.

Theorem 3 remains valid if the functions f and g satisfy the inequalities (23) and (28), instead of   ( I 4 )   and   ( I 6 )  .






4. Examples


Let    α 1  = 1 / 3  ,    α 2  = 1 / 2  ,    β 1  = 5 / 2  , (  n = 3  ),    β 2  = 13 / 4  , (  m = 4  ),    r 1  = 4  ,    ϱ 1  = 4 / 3  ,    r 2  = 5  ,    ϱ 2  = 5 / 4  ,   p = 2  ,   q = 1  ,    γ 0  = 4 / 3  ,    γ 1  = 1 / 4  ,    γ 2  = 6 / 5  ,    δ 0  = 11 / 5  ,    δ 1  = 7 / 6  ,    H 1   ( t )  = t / 3   for all   t ∈ [ 0 , 1 ]  ,    H 2   ( t )  =  { 1 / 6 , t ∈  [ 0 , 2 / 3 )  ; 2 / 3 , t ∈  [ 2 / 3 , 1 ]  }   ,    K 1   ( t )  =  { 1 / 4 , t ∈  [ 0 , 1 / 3 )  ; 9 / 4 , t ∈  [ 1 / 3 , 1 ]  }   .



We consider the system of fractional differential equations


       D  0 +   1 / 3    (  φ 4   (  D  0 +   5 / 2   u  ( t )  )  )  + f  ( t , u  ( t )  , v  ( t )  )  = 0 ,   t ∈  ( 0 , 1 )  ,        D  0 +   1 / 2    (  φ 5   (  D  0 +   13 / 4   v  ( t )  )  )  + g  ( t , u  ( t )  , v  ( t )  )  = 0 ,   t ∈  ( 0 , 1 )  ,      



(33)




with the nonlocal boundary conditions


       u  ( 0 )  =  u ′   ( 0 )  = 0 ,  D  0 +   5 / 2   u  ( 0 )  = 0 ,  D  0 +   4 / 3   u  ( 1 )  =  1 3   ∫ 0 1   D  0 +   1 / 4   u  ( t )  d t +  1 2   D  0 +   6 / 5   u   2 3   ,        v  ( 0 )  =  v ′   ( 0 )  =  v  ″    ( 0 )  = 0 ,  D  0 +   13 / 4   v  ( 0 )  = 0 ,  D  0 +   11 / 5   v  ( 1 )  = 2  D  0 +   7 / 6   v    1 3    .      



(34)







We obtain here    Δ 1  ≈ 0.60331103 > 0   and    Δ 2  ≈ 1.12479609 > 0  . We also find


       g 1   ( t , s )  =  1  Γ ( 5 / 2 )         t  3 / 2     ( 1 − s )   1 / 6   −   ( t − s )   3 / 2   , 0 ≤ s ≤ t ≤ 1 ,        t  3 / 2     ( 1 − s )   1 / 6   , 0 ≤ t ≤ s ≤ 1 ,               g 21   ( t , s )  =  1  Γ ( 9 / 4 )         t  5 / 4     ( 1 − s )   1 / 6   −   ( t − s )   5 / 4   , 0 ≤ s ≤ t ≤ 1 ,        t  5 / 4     ( 1 − s )   1 / 6   , 0 ≤ t ≤ s ≤ 1 ,               g 22   ( t , s )  =  1  Γ ( 13 / 10 )         t  3 / 10     ( 1 − s )   1 / 6   −   ( t − s )   3 / 10   , 0 ≤ s ≤ t ≤ 1 ,        t  3 / 10     ( 1 − s )   1 / 6   , 0 ≤ t ≤ s ≤ 1 ,               g 3   ( t , s )  =  1  Γ ( 13 / 4 )         t  9 / 4     ( 1 − s )   1 / 20   −   ( t − s )   9 / 4   , 0 ≤ s ≤ t ≤ 1 ,        t  9 / 4     ( 1 − s )   1 / 20   , 0 ≤ t ≤ s ≤ 1 ,               g 41   ( t , s )  =  1  Γ ( 25 / 12 )         t  13 / 12     ( 1 − s )   1 / 20   −   ( t − s )   13 / 12   , 0 ≤ s ≤ t ≤ 1 ,        t  13 / 12     ( 1 − s )   1 / 20   , 0 ≤ t ≤ s ≤ 1 ,               G 1   ( t , s )  =  g 1   ( t , s )  +   t  3 / 2    Δ 1      1 3   ∫ 0 1   g 21   ( τ , s )  d τ +  1 2   g 22    2 3  , s    , t , s ∈  [ 0 , 1 ]  ,          G 2   ( t , s )  =  g 3   ( t , s )  +   2  t  9 / 4     Δ 2    g 41    1 3  , s  , t , s ∈  [ 0 , 1 ]  ,          h 1   ( s )  =  1  Γ ( 5 / 2 )    [   ( 1 − s )   1 / 6   −   ( 1 − s )   3 / 2   ]  , s ∈  [ 0 , 1 ]  ,          h 2   ( s )  =  1  Γ ( 13 / 4 )    [   ( 1 − s )   1 / 20   −   ( 1 − s )   9 / 4   ]  , s ∈  [ 0 , 1 ]  .      











In addition we deduce


      J 1   ( s )  =       h 1   ( s )  +  1  Δ 1     4  27 Γ ( 9 / 4 )     ( 1 − s )   1 / 6   −  4  27 Γ ( 9 / 4 )     ( 1 − s )   9 / 4   +  1  2 Γ ( 13 / 10 )             ×     2 3    3 / 10     ( 1 − s )   1 / 6   −    2 3  − s   3 / 10     , 0 ≤ s <  2 3  ,        h 1   ( s )  +  1  Δ 1     4  27 Γ ( 9 / 4 )     ( 1 − s )   1 / 6   −  4  27 Γ ( 9 / 4 )     ( 1 − s )   9 / 4   +  1  2 Γ ( 13 / 10 )             ×    2 3    3 / 10     ( 1 − s )   1 / 6    , 2 / 3 ≤ s ≤ 1 ,             J 2   ( s )  =       h 2   ( s )  +  2   Δ 2  Γ  ( 25 / 12 )        1 3    13 / 12     ( 1 − s )   1 / 20   −    1 3  − s   13 / 12    , 0 ≤ s <  1 3  ,        h 2   ( s )  +  2   Δ 2  Γ  ( 25 / 12 )       1 3    13 / 12     ( 1 − s )   1 / 20   ,  1 3  ≤ s ≤ 1 .          











Example 1.

We consider the functions


   f  ( t , x , y )  =    ( x + y )   3 a     t  η 1     ( 1 − t )   η 2     , g  ( t , x , y )  =    ( x + y )   4 b     t  η 3     ( 1 − t )   η 4     , t ∈  ( 0 , 1 )  , x , y ≥ 0 ,   



(35)




where   a > 1  ,   b > 1  ,    η 1  ,  η 2  ∈  ( 0 , 1 / 4 )   ,    η 3  ,  η 4  ∈  ( 0 , 1 / 3 )   . Here   f  ( t , x , y )  =  ζ 1   ( t )   χ 1   ( t , x , y )   ,   g  ( t , x , y )  =  ζ 2   ( t )   χ 2   ( t , x , y )   ,    ζ 1   ( t )  =  1   t  η 1     ( 1 − t )   η 2      ,    ζ 2   ( t )  =  1   t  η 3     ( 1 − t )   η 4       for all   t ∈ ( 0 , 1 )  ,    χ 1   ( t , x , y )  =   ( x + y )   3 a    ,   χ 2   ( t , x , y )  =   ( x + y )   4 b     for all   t ∈ [ 0 , 1 ] , x , y ≥ 0  . By using the Hölder inequality, we obtain


       0 <  Λ 1  =  ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s =  ∫ 0 1    ( 1 − s )   1 / 6      I  0 +   1 / 3    ζ 1    ( s )  )    1 / 3   d s         =  1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1    ( 1 − s )   1 / 6       ∫ 0 s    ( s − τ )   − 2 / 3    1   τ  η 1     ( 1 − τ )   η 2     d τ    1 / 3   d s         ≤  1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1    ( 1 − s )   1 / 6         ∫ 0 s    ( s − τ )   − 8 / 9   d τ    3 / 4       ∫ 0 s      1   τ  η 1     ( 1 − τ )   η 2       4  d τ    1 / 4     1 / 3   d s         ≤  1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1    ( 1 − s )   1 / 6       ( 9  s  1 / 9   )   3 / 4     ( B  ( 1 − 4  η 1  , 1 − 4  η 2  )  )   1 / 4     1 / 3   d s         =   3  1 / 2     ( Γ  ( 1 / 3 )  )   1 / 3      ( B  ( 1 − 4  η 1  , 1 − 4  η 2  )  )   1 / 12   B   37 36  ,  7 6   < ∞ ,         0 <  Λ 2  =  ∫ 0 1    ( 1 − s )    β 2  −  δ 0  − 1    φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s =  ∫ 0 1    ( 1 − s )   1 / 20      I  0 +   1 / 2    ζ 2   ( s )    1 / 4   d s         =  1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1    ( 1 − s )   1 / 20       ∫ 0 s    ( s − τ )   − 1 / 2    1   τ  η 3     ( 1 − τ )   η 4     d τ    1 / 4   d s         ≤  1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1    ( 1 − s )   1 / 20         ∫ 0 s    ( s − τ )   − 3 / 4   d τ    2 / 3       ∫ 0 s   τ  − 3  η 3      ( 1 − τ )   − 3  η 4    d τ    1 / 3     1 / 4   d s         ≤  1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1    ( 1 − s )   1 / 20     [   ( 4  s  1 / 4   )   2 / 3     ( B  ( 1 − 3  η 3  , 1 − 3  η 4  )  )   1 / 3   ]   1 / 4   d s         =   2  1 / 3     ( Γ  ( 1 / 2 )  )   1 / 4      ( B  ( 1 − 3  η 3  , 1 − 3  η 4  )  )   1 / 12   B   25 24  ,  21 20   < ∞ .       













Hence assumptions   ( I 1 )   and   ( I 2 )   are satisfied.



In addition, in   ( I 3 )  , for    μ 1  =  μ 2  = 1  , we obtain    χ 10  =  χ 20  = 0  , and in   ( I 4 )   for    [  a 1  ,  a 2  ]  ⊂  ( 0 , 1 )    we have    f  ∞  i  = ∞   (and    g  ∞  i  = ∞  ). Then by Theorem 1, we conclude that problem (33) and (34) with the nonlinearities (35) has at least one positive solution   ( u ( t ) , v ( t ) ) , t ∈ [ 0 , 1 ]  .



Example 2.

We consider the functions


       f  ( t , x , y )  =    c 0   ( t + 1 )     (  t 2  + 4 )   t 5     [   ( x + y )   σ 1   +   ( x + y )   σ 2   ]  , t ∈  ( 0 , 1 ]  , x , y ≥ 0 ,         g  ( t , x , y )  =    d 0   ( 2 + sin t )      ( t + 3 )  4    1 − t  4     (  x  σ 3   +  y  σ 4   )  , t ∈  [ 0 , 1 )  , x , y ≥ 0 ,       



(36)




where    c 0  > 0  ,    d 0  > 0  ,    σ 1  > 3  ,    σ 2  ∈  ( 0 , 3 )   ,    σ 3  > 0  ,    σ 4  > 0  . Here we have    ζ 1   ( t )  =  1  t 5   , t ∈  ( 0 , 1 ]   ,    χ 1   ( t , x , y )  =    c 0   ( t + 1 )     t 2  + 4    [   ( x + y )   σ 1   +   ( x + y )   σ 2   ]  , t ∈  [ 0 , 1 ]  , x , y ≥ 0  ,    ζ 2   ( t )  =  1   1 − t  4   , t ∈  [ 0 , 1 )   ,    χ 2   ( t , x , y )  =    d 0   ( 2 + sin t )     ( t + 3 )  4    (  x  σ 3   +  y  σ 4   )  , t ∈  [ 0 , 1 ]  , x , y ≥ 0  . By using a computer program, we obtain


       Λ 1  =  ∫ 0 1    ( 1 − s )    β 1  −  γ 0  − 1    φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s =  ∫ 0 1    ( 1 − s )   1 / 6     (  I  0 +   1 / 3    ζ 1   ( s )  )   1 / 3   d s        =  1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1    ( 1 − s )   1 / 6    ∫ 0 s   τ  − 1 / 5     ( s − τ )   − 2 / 3   d τ  1 / 3  d s          =  τ = s x    1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1    ( 1 − s )   1 / 6    ∫ 0 1    ( s x )   − 1 / 5     ( s − s x )   − 2 / 3   s d x  1 / 3  d s         =  1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1   s  2 / 45     ( 1 − s )   1 / 6   d s     ∫ 0 1   x  − 1 / 5     ( 1 − x )   − 2 / 3   d x    1 / 3           =  1   ( Γ  ( 1 / 3 )  )   1 / 3    B   47 45  ,  7 6     B   4 5  ,  1 3     1 / 3   ≈ 0.877777 ,          Λ 2  =  ∫ 0 1    ( 1 − s )    β 2  −  δ 0  − 1    φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s =  ∫ 0 1    ( 1 − s )   1 / 20     (  I  0 +   1 / 2    ζ 2   ( s )  )   1 / 4   d s         =  1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1    ( 1 − s )   1 / 20       ∫ 0 s    ( s − τ )   − 1 / 2     ( 1 − τ )   − 1 / 4   d τ    1 / 4   d s          =  τ = s x    1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1    ( 1 − s )   1 / 20       ∫ 0 1    ( s − s x )   − 1 / 2     ( 1 − s x )   − 1 / 4   s d x    1 / 4   d s         =  1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1    ( 1 − s )   1 / 20       s  1 / 2    ∫ 0 1    ( 1 − x )   − 1 / 2     ( 1 − s x )   − 1 / 4   d x    1 / 4   d s         =  1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1    ( 1 − s )   1 / 20      s  1 / 2       π    2   F 1    1 4  , 1 ,  3 2  , s    1 / 4   d s ≈ 0.901313 ,       








where      2   F 1   [ a , b , c , z ]  =  1  Γ ( b ) Γ ( c − b )    ∫ 0 1   s  b − 1     ( 1 − s )   c − b − 1     ( 1 − s z )   − a   d s    is the regularized hypergeometric function. So    Λ i  ∈  ( 0 , ∞ )  , i = 1 , 2  , and then assumptions   ( I 1 )   and   ( I 2 )   are satisfied.





For    [  a 1  ,  a 2  ]  ⊂  ( 0 , 1 )   , we find    f  ∞  i  = ∞  , and if we consider   0 <  ν 1  ≤ 1 , 3  ν 1  >  σ 2    we obtain    f 0 i  = ∞  , and then assumptions   ( I 4 )   and   ( I 6 )   are satisfied. After some computations we deduce


       M 1  =  ∫ 0 1   J 1   ( s )   φ  ϱ 1    (  I  0 +   α 1    ζ 1   ( s )  )  d s =  ∫ 0 1   J 1   ( s )   φ  4 / 3     I  0 +   1 / 3    1  s 5    d s         =  1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1   J 1   ( s )      ∫ 0 s    ( s − τ )   − 2 / 3    τ  − 1 / 5   d τ    1 / 3   d s         =  1   ( Γ  ( 1 / 3 )  )   1 / 3     ∫ 0 1   J 1   ( s )     s  2 / 15   B   4 5  ,  1 3     1 / 3   d s ≈ 0.78160052 ,          M 2  =  ∫ 0 1   J 2   ( s )   φ  ϱ 2    (  I  0 +   α 2    ζ 2   ( s )  )  d s =  ∫ 0 1   J 2   ( s )   φ  5 / 4    (  I  0 +   1 / 2    ζ 2   ( s )  )  d s         =  ∫ 0 1   J 2   ( s )      1  Γ ( 1 / 2 )    ∫ 0 s    ( s − τ )   − 1 / 2     ( 1 − τ )   − 1 / 4   d τ    1 / 4   d s         =  1   ( Γ  ( 1 / 2 )  )   1 / 4     ∫ 0 1   J 2   ( s )     s  1 / 2     π  2   F 1    1 4  , 1 ,  3 2  , s    1 / 4   d s ≈ 0.65997289 .      








In addition, we find    D 0  = max    2  c 0   5   (  2  σ 1   +  2  σ 2   )  ,   4  d 0   81    . If    c 0  < min   5  16  M 1 3   (  2  σ 1   +  2  σ 2   )    ,  5  32  M 2 4   (  2  σ 1   +  2  σ 2   )       and    d 0  < min   81  32  M 1 3    ,  81  64  M 2 4      , then the inequalities    D 0  1 / 3    M 1  <  1 2    and    D 0  1 / 4    M 2  <  1 2    are satisfied (that is, assumption   ( I 7 )   is satisfied). For example, if    σ 1  = 4   and    σ 2  = 2  , and    c 0  ≤ 0.032   and    d 0  ≤ 5.301  , then the above inequalities are satisfied. By Theorem 3, we conclude that problem (33) and (34) with the nonlinearities (36) has at least two positive solutions    (  u 1   ( t )  ,  v 1   ( t )  )  ,  (  u 2   ( t )  ,  v 2   ( t )  )  , t ∈  [ 0 , 1 ]   .




5. Conclusions


In this paper, we have discussed the existence and multiplicity of positive solutions for a system of Riemann–Liouville fractional differential equations with singular nonnegative nonlinearities and p-Laplacian operators, complemented with nonlocal boundary conditions involving fractional derivatives and Riemann–Stieltjes integrals. Some properties of the associated Green functions are also presented. Two examples are constructed for the illustration of the obtained results.







Author Contributions


Conceptualization, R.L.; Formal analysis, A.A., R.L. and B.A.; Funding acquisition, A.A.; Methodology, A.A., R.L. and B.A. All authors have read and agreed to the published version of the manuscript.




Funding


The Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah, Saudi Arabia funded this project, under grant no. FP-18-42.




Acknowledgments


The Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah, Saudi Arabia funded this project, under grant no. FP-18-42. The authors thank the reviewers for their constructive remarks on our work.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Wang, G.; Ren, X.; Zhang, L.; Ahmad, B. Explicit iteration and unique positive solution for a Caputo-Hadamard fractional turbulent flow model. IEEE Access 2019, 7, 109833–109839. [Google Scholar] [CrossRef] [Scilit]

	



Guo, D.; Lakshmikantham, V. Nonlinear Problems in Abstract Cones; Academic Press: New York, NY, USA, 1988. [Google Scholar]

	



Luca, R. Positive solutions for a system of fractional differential equations with p-Laplacian operator and multi-point boundary conditions. Nonlinear Anal. Model. Control 2018, 23, 771–801. [Google Scholar] [CrossRef] [Scilit]

	



Tudorache, A.; Luca, R. Positive solutions for a system of Riemann–Liouville fractional boundary value problems with p-Laplacian operators. Adv. Differ. Equ. 2020, 2020, 1–30. [Google Scholar] [CrossRef] [Scilit]

	



Jong, K.S.; Choi, H.C.; Ri, Y.H. Existence of positive solutions of a class of multi-point boundary value problems for p-Laplacian fractional differential equations with singular source terms. Commun. Nonlinear Sci. Numer. Simulat. 2019, 72, 272–281. [Google Scholar] [CrossRef] [Scilit]

	



Wang, F.; Liu, L.; Wu, Y. A numerical algorithm for a class of fractional BVPs with p-Laplacian operator and singularity-the convergence and dependence analysis. Appl. Math. Comput. 2020, 382, 1–13. [Google Scholar] [CrossRef] [Scilit]

	



Agarwal, R.P.; Luca, R. Positive Solutions for a Semipositone Singular Riemann–Liouville Fractional Differential Problem. Int. J. Nonlinear Sci. Numer. Simul. 2019, 20, 823–831. [Google Scholar] [CrossRef] [Scilit]

	



Ahmad, B.; Alsaedi, A.; Aljoudi, S.; Ntouyas, S.K. A six-point nonlocal boundary value problem of nonlinear coupled sequential fractional integro-differential equations and coupled integral boundary conditions. J. Appl. Math. Comput. 2018, 56, 367–389. [Google Scholar] [CrossRef] [Scilit]

	



Ahmad, B.; Alsaedi, A.; Ntouyas, S.K.; Tariboon, J. Hadamard-Type Fractional Differential Equations, Inclusions and Inequalities; Springer: Cham, Switzerland, 2017. [Google Scholar]

	



Ahmad, B.; Luca, R. Existence of solutions for a sequential fractional integro-differential system with coupled integral boundary conditions. Chaos Solitons Fractals 2017, 104, 378–388. [Google Scholar] [CrossRef] [Scilit]

	



Bashir, A.; Luca, R. Existence of solutions for a system of fractional differential equations with coupled nonlocal boundary conditions. Fract. Calc. Appl. Anal. 2018, 21, 423–441. [Google Scholar]

	



Bashir, A.; Luca, R. Existence of solutions for sequential fractional integro-differential equations and inclusions with nonlocal boundary conditions. Appl. Math. Comput. 2018, 339, 516–534. [Google Scholar]

	



Ahmad, B.; Ntouyas, S.; Alsaedi, A. On a coupled system of fractional differential equations with coupled nonlocal and integral boundary conditions. Chaos Solitons Fractals 2016, 83, 234–241. [Google Scholar] [CrossRef] [Scilit]

	



Ahmad, B.; Ntouyas, S.K.; Alsaedi, A. Sequential fractional differential equations and inclusions with semi-periodic and nonlocal integro-multipoint boundary conditions. J. King Saud Univ. Sci. 2019, 31, 184–193. [Google Scholar] [CrossRef] [Scilit]

	



Aljoudi, S.; Ahmad, B.; Nieto, J.J.; Alsaedi, A. A coupled system of Hadamard type sequential fractional differential equations with coupled strip conditions. Chaos Solitons Fractals 2016, 91, 39–46. [Google Scholar] [CrossRef] [Scilit]

	



Henderson, J.; Luca, R. Boundary Value Problems for Systems of Differential, Difference and Fractional Equations. Positive Solutions; Elsevier: Amsterdam, The Netherlands, 2016. [Google Scholar]

	



Henderson, J.; Luca, R. Existence of positive solutions for a singular fractional boundary value problem. Nonlinear Anal. Model. Control 2017, 22, 99–114. [Google Scholar] [CrossRef] [Scilit]

	



Henderson, J.; Luca, R.; Tudorache, A. On a system of fractional differential equations with coupled integral boundary conditions. Fract. Calc. Appl. Anal. 2015, 18, 361–386. [Google Scholar] [CrossRef] [Scilit]

	



Henderson, J.; Luca, R.; Tudorache, A. Existence and nonexistence of positive solutions for coupled Riemann–Liouville fractional boundary value problems. Discrete Dyn. Nature Soc. 2016, 2016, 1–12. [Google Scholar] [CrossRef] [Scilit]

	



Henderson, J.; Luca, R.; Tudorache, A. Existence of positive solutions for a system of fractional boundary value problems. In Differential and Difference Equations with Applications: ICDDEA, Amadora, Portugal, May 2015, Selected Contributions; Sandra, P., Zuzana, D., Ondrej, D., Peter, K., Eds.; Springer: Berlin/Heidelberg, Germany, 2016; pp. 349–357. [Google Scholar]

	



Jiang, J.; Liu, L.; Wu, Y. Symmetric positive solutions to singular system with multi-point coupled boundary conditions. Appl. Math. Comp. 2013, 220, 536–548. [Google Scholar] [CrossRef] [Scilit]

	



Jiang, J.; Liu, L.; Wu, Y. Positive solutions to singular fractional differential system with coupled boundary conditions. Commun. Nonlinear Sci. Numer. Simul. 2013, 18, 3061–3074. [Google Scholar] [CrossRef] [Scilit]

	



Shen, C.; Zhou, H.; Yang, L. Positive solution of a system of integral equations with applications to boundary value problems of differential equations. Adv. Differ. Equ. 2016, 2016, 1–26. [Google Scholar] [CrossRef] [Scilit]

	



Tudorache, A.; Luca, R. Positive solutions for a singular fractional boundary value problem. Math. Meth. Appl. Sci. 2020. [Google Scholar] [CrossRef] [Scilit]

	



Wang, Y.; Liu, L.; Wu, Y. Positive solutions for a class of higher-order singular semipositone fractional differential systems with coupled integral boundary conditions and parameters. Adv. Differ. Equ. 2014, 2014, 1–24. [Google Scholar]

	



Yuan, C. Two positive solutions for (n − 1, 1)-type semipositone integral boundary value problems for coupled systems of nonlinear fractional differential equations. Commun. Nonlinear Sci. Numer. Simulat. 2012, 17, 930–942. [Google Scholar]

	



Yuan, C.; Jiang, D.; O’Regan, D.; Agarwal, R.P. Multiple positive solutions to systems of nonlinear semipositone fractional differential equations with coupled boundary conditions. Electron. J. Qual. Theory Differ. Equ. 2012, 2012, 1–17. [Google Scholar]

	



Baleanu, D.; Diethelm, K.; Scalas, E.; Trujillo, J.J. Fractional Calculus Models and Numerical Methods; Series on Complexity, Nonlinearity and Chaos; World Scientific: Boston, MA, USA, 2012. [Google Scholar]

	



Das, S. Functional Fractional Calculus for System Identification and Controls; Springer: New York, NY, USA, 2008. [Google Scholar]

	



Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; North-Holland Mathematics Studies; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006; Volume 204. [Google Scholar]

	



Klafter, J.; Lim, S.C.; Metzler, R. (Eds.) Fractional Dynamics in Physics; World Scientific: Singapore, 2011. [Google Scholar]

	



Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999. [Google Scholar]

	



Sabatier, J.; Agrawal, O.P.; Machado, J.A.T. (Eds.) Advances in Fractional Calculus: Theoretical Developments and Applications in Physics and Engineering; Springer: Dordrecht, The Netherlands, 2007. [Google Scholar]

	



Samko, S.G.; Kilbas, A.A.; Marichev, O.I. Fractional Integrals and Derivatives; Theory and Applications; Gordon and Breach: Yverdon, Switzerland, 1993. [Google Scholar]












	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).



























nav.xhtml


  mathematics-08-01890


  
    		
      mathematics-08-01890
    


  




  





