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1. Introduction

The concentration-compactness principle (CCP) by Lions [1] has been a fundamental tool to study
solutions of different kinds of elliptic PDEs with critical growth (in the sense of Sobolev embeddings),
see [2-5] for some of its applications. Later on, in [6,7] Lions CCP was generalized by considering a
general growth at infinity.

Consider

— D pv =g(x,0), 1

where A, yv = div(|Vo|P(*)=2Vv) is known as p(x)—Laplacian operator. The above problem
naturally arises in studying models like electroheological fluids. Many researchers studied it with
different boundary conditions (Neumann, Dirichlet, nonlinear, etc.), see [8-12] and references therein.

Let Q) be a bounded sub domain of RN, for an exponent p(x) we will use p~ := inf,cq p(x),
pt = sup,.qp(x) and p*(x) := I\]]\]f’(fi) when p(x) < N. An exponent q(x) < p*(x) is said to be

P
critical if x € C := {x € O : q(x) = p*(x) }. In order to deal with the critical growth at infinity of the
source function g that is
g(x,8)| < e(1+ 570, )

with q(x) < p*(x), Bonder and Silva [13] and Yongqiang [14] extended Lions CCP to variable exponent
settings, independently. Their method of proof followed the same lines as the ones that originated in
Lions work.

Let G : R — R be an upper semicontinuous, not zero in L! sense and satisfying the
growth condition

0<G(s) < cmin{|5|"+, |s|"7} fors € R, (3)
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where p < q < p*,1<p~ < p(x) <pt < N. This paper aims to study the Problem (1) with a general
growth at infinity by extending the work of Flucher and Miiller [6] to variable exponent Lebesgue
spaces LP(*) (Q)) and W'P(¥) (Q). To be more precise, we study the concentration/compactness of the
sequence G(ve) for v, € W&’p (=) (Q) (closure of the set of test functions in variable exponent Sobolev
space), whereas, Bonder and Silva [13] studied |v¢|7). Thus, our work considerably contributes to the
existing literature and it allows us to study Bernoulli’s free-boundary problem, plasma problem and
others in the variable exponent settings, see [7] for more details. We prove that in a extreme case either
the sequence of measures concentrate to a dirac measure or have a convergent subsequence.

In addition, we analyse the asymptotic behaviour of solutions of the following variational problem,
related to low energies

" G(v o(x
Ge(p(a0) =sup { [ Slariv e (@), Vol <€ @

when € — 0. Problem (4) and its other variants for a constant exponent were rigorously studied,
see [6,7,15-17] and references therein. To establish the concentration or compactness of low energy
extremals, another version of CCP is proved for the variable exponent Lebesgue spaces. When G is
smooth i.e.,, G’ = g, solutions of (4) satisfy the following Dirichlet problem

{ —Apyv=g(v), inQy
v=0, on 0Q).

For a detailed study on nonlinear PDEs with variable exponent, we refer [18].

Organisation of this paper: Section 2 collects some necessary primary results to be used in later
sections. Section 3 deals with the proof of generalized CCP and concentration/compactness result.
Section 4 is committed to the variational problem of low energy extremals. Finally, Section 5 ends the
manuscript with some concluding remarks.

2. Preliminary and Known Results

We present some preliminary concepts of variable exponent Lebesgue and Sobolev spaces. Let p :
Q — [1,0] be a measurable function and Q) be a bounded smooth subset of RN. Then LF(*)(Q) is
defined as
LP9(Q) = {o € L () [ [o(x)[PWdx < co},

endowed with the norm

o(x) p(x)
A

<1}

HUHLP(’C)(Q) =inf{A >0: /Q

In addition, p’(x) = p(x)/(p(x) — 1) is known as conjugate exponent of p(x), further

+

p- = igfp(x), p" = supp(x)
Q

will be used throughout the paper and

b ()= | W P <N;
0, if p(x) > N.

The exponent p(x) is called log-Holder continuous if

sup |(p(x) — p(y))log(lx —y|)| < oco. (5)
x,yeQ)
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Let p(v) := [ |v(x)|P (¥)dx then the following proposition proved in [19] is quite useful.

Proposition 1. For v € LP(™)(Q) and {v,},en € LPY)(Q), we have

v

v#0= (HUHLV(X)(Q) :Aﬁp(X) :1)- (6)
ol < H=1:> 1)  p(0) < U= 1> 1. %
o] > 1 ol ) < 0(0) < [0l ®)

Lr®(Q) P Q) = P = P& Q)
ollry < 1= 1ol gy < PE) < ol ©)
nlgl;‘o HUHHLP(X)(Q) =0 nlglgop(vn) =0. (10)
nlg{}o anHLp(x)(Q) =0 = nlgrolop(vn) = 0. (11)

The variable exponent Sobolev space W'?(*) (Q)) is defined as
W) = {fo e WY u e LPM(Q) and |Vo| € LPW(Q)}.

loc *

Moreover, the norm for variable exponent Sobolev spaces is known as
”vHerP(X)(Q) = ||v||LP(X)(Q) + ||vv||LP(X)(Q)'

Wg’p(x)(ﬂ) is defined to be the closure of C(Q) in WP (Q). If 1 < p~ < p* < oo then all the
spaces LP(¥) (Q), WP (Q) and Wé’p(x) (Q)) are separable and reflexive Banach spaces.

Proposition 2 (Holder-type inequality). Let u € LP®¥) (Q)) and v € LV’ () (Q)). Then,

| 100 dx < Cyllullyio gy oo

Proposition 3 (Sobolev embedding). Let p,q € C(Q) be log-Holder continuous and 1 < q(x) < p*(x) for
all x € Q. Then,
WP (Q) < L9 (Q),

also, the above embedding is compact if inf (p*(x) —gq(x)) > 0.
Proposition 4 (Poincaré inequality). For all v in Wé’p =) (Q)) we have

||UHLP(X)(Q) < CHVUHLP(X)(Q)

By the above proposition for Wé b ) (Q) both norms || Vo ||, ) (o) and o/l wree () are equivalent.
Lastly, we present a localized sobolev type inequality from [14]. By B,(x) we mean a ball of radius r
centered at x in ).
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Proposition 5. Tuake x( in Q). For every § > 0 there is a constant k(5) independent of x in Q) such that if
0 < r < Rwith & < k(6) then there is a cut-off test function X in W&’p(x)(()) with ¢’ = 1in B,(x),
@R = 0 outside Br(xo) and

R P(X) gy < / p(x) r* P

forall vin Wg’p(x) (Q).

3. Generalized Concentration-Compactness Principle

The exponent g(.) is critical when x € C. The version of CCP proved in [14], only considered
the critical case, whereas, in [13] g(.) was allowed to be subcritical as well. Later on, in [20] CCP was
refined a bit to study immersion problem for the variable exponent Sobolev space.

Now, we introduce some more notations in order to present the main results.

e  Best Sobolev constant
1,
S(p(.),q(.), Q) = sup {/Q [01"@dx : v € Wy (Q), V0] oy ) < 1} . (13)
e  Generalized Sobolev constant

G*(p(),q(.), Q) = sup {./Q G(o)dx v € W™ (Q) and [|V0]l o < 1} )

GO+ := limsup G(S), G, :=liminf @,
s

s—0

G& :=limsup G(S?, G = liminf G(s)

5] =00 |s|—o0 |S|q7,
moreover, denote Gy := G = G, and Ge := G, = G in case of equality.
. . L. . 1,
By Sobolev embedding and Poincaré inequality for all v € W, px) (Q)
+ -
/Q [o()|"Mdx < Smax {[IVoll T, 190170 - (15)

By Growth condition (3) and Inequality (15), we have

. ]
| /Q Go)dx < G max { | V0|7, o/ 1Vl )} (16)

forallv € WS P) (Q)). Now, we present the generalized CCP in form of following theorem. Let M (Q))

be a set of all nonnegative finite Borel measures on Q and 77 — 7 in the sense of measure if Jq Predx —
[5 ¢ndx for all ¢ in C(Q2).

Theorem 1. Let p and q be log-Holder continuous exponents with
1<p <p <N, p<q<p*inQandC=:{xeQ:q(x)=p*(x)} # 2.
Let {ve } be a sequence in Wé’p(x)(()) with ||Vv€||L,,(X)(Q) <1lIf

o U — vweakly in W&’p(x) (Q),

o |Vue|PX) Xy in the sense of measure in M(Q),
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o G(ve) = ( in the sense of measure in M(QY).

Then, for a countable index set |

n=|VolP™ + 7+ Y oy, n(Q) <1, (17)
j€]
§=h+) gy, (Q) <G, (18)
j€J

where {xj}jc; C C, 7] is a positive nonatomic measure in M(QY) and h € L*(CY). Moreover, atomic and regular
parts satisfy the following generalized Sobolev type inequalities

e
Q<G*max{17jp ,17]-” }, (19)

} (20)

Al o
/thxgG*max{</0|VU|P<x>dx+i7(Q)>” ,(/Q|Vv|”(")dx+17(0)>p } 1)

The strategy of the proof is analogous to that of [6,7], adapted to the variable exponent settings.
In order to prove generalized CCP, first we prove two types of local generalized Sobolev inequalities,
given in the following lemma.

+

\\"
=
eI

7(Q) < G* max {17(0) Q)7

Lemma 1. Take § > 0 and r < R satisfying < k(J) as in the Proposition 5. For xo € Q) and G satisfying
the growth condition (3) following inequalities hold

qt

< G* p(x) pr P 4
/Br(m G0y = Gma { </B[<(xo) [Vol"dx + dmax { IV ol ”W”LM(Q)}) '

q_
pt P r
</BR(Xo) |Vo|PMdx 4 § max {||VU||LP(X)(Q)’ HVUHLp(x)(Q)}) } ,

(22)

+

* p(x) rt p-
/Q\BR(xo) G(v)dx < G* max { (/Q\B,(xo) |[Vo|PY dx + (5max{||Vv||U,(X)(Q), ||VZ)HLP(X)(Q)}) ,

g
P
(/Q\B,<x0>‘v”|p Vx4 smax {[[Voll2 ) 17200 }) }

Proof. Without loss, assume xo = 0 and let ¢R be a cutoff test function as in Proposition 5 i.e., pX = 1
in B,(0) and ¢R = 0 outside B (0). Then, for v in W&,P(X) Q)

==
|

(23)

R * Ryt R
S0y G [ Glgfoldr < G max { IV @O g, ) IV OF0) M 5,0 )
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If HV((PTI'QU)HLP(X)(BR(O)) Z 1 then
q"/p”
Ro)|17 / Roy) (p(2)
||v(¢r v)HLp(x)(BR(O)) S < BR(O) |v(¢r Z))| dx)

<(

: N -
/ |VolP®)dx + 5max{||Vv||ip(x>(O), ||Vv\|zp(x)(ﬂ) })

"

Br(xo)
Similarly, for ||V(<p§v)||L,,(x)(BR(O)) < 1 we have

.
2

Ry Pt P 4
IV (¢r v)||LP<X)(BR(O)) < </BR(Xo) \VUV’(")dx +5max{||VU||Lp(x)(Q), ||Vv||mx)(0)})
For the cutoff function ¢ = (1 — (pf)cpﬁlz with0 <7 < R < Rj; <Ry

G(v)dx g/ G(yo)dx

/gRlﬁn\BR(0> B, (0)\B,(0)

=

" p) 4 ’
<G* max </13R2(0)\Br(0)|vv| dx+5max{||VU|Lp<x)(Q),|VU|Ln<x>(Q)}> ,

1

o

p(x) pt P
(/B o7 dx +smax { Vo)l o IVl (m})

Inequality (23) follows by letting Ry — co, Ry — 0 in a way that Ry/R; — oo and extending v as
zero outside (2. [J

Now, we proceed to prove generalized CCP.

Proof of Theorem 1. Step 1: (Estimations of atomic part)
Let {x;} jc; be atoms of {. For x € ) by Lemma 1

‘Q

G(ve) (Br(x)) < G*max{(|VveP<x><BR<x>> +6)7, (IVoel'™) (Br(x) +4)" }

H

passing the limits

2({x}) < 8(Br(x)) < G" max { (7(Br(x)) +0)

+
:\
=
—~
o]
=
—~
=
~—
~—
_|_
>
~—
= =
W
——

takingr -+ 0,R -+ 0and J — 0

=
|
‘a

{({x}) < G" max {ﬂ({x})” /77({96})”1 }

In particular
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where {; = {({x;}) and 77; = n({x;}). Therefore, all the atoms of { are atoms of 7. By Inequality (16)

s .
lLG@JM < cnmxmv%mwmwnv%MWMn}

Il P
G* max { (/Q |VZ)€|P(X)dx> " </Q |VU€|P(X)dx> ¥ } '

IN

Taking € goes to zero

Step 2: (Decomposition of 77)
Consider a functional Q : Wé’p (x) (Q)—R

Qo) = [ |Vol"@gdx,

for a fix test function ¢. It is differentiable and convex and hence weakly semicontinuous. Thus,
dx < liminf [ [Voel/Wgdx.
/Q|Vv|¢ x < limin Q|Vve| ¢pdx

Therefore, 7 > |Vo|P(¥) and 77 := 5 — |Vo|P(¥) — Yjey 110%; is a positive nonatomic measure.

Step 3: (Decomposition of )

There is a subsequence such that [v¢[1) X 7* in M(Q). By the CCP ([13], Theorem 1.1),
we know that

g* - |’U‘q(X) + Zg;kéxj/
i€l

with x; € C forall j € J. By Growth condition (3) { < ¢{* and { is absolutely continuous with respect
Z*. Thus, by Radon-Nikodym theorem there is 1 in L!(Q)) such that

g=h+) 0oy
i€l

Step 4: (Estimation of regular part)

Fix 6 > 0, choose jo such that }; .;#; < J and take R in a way that Bg(x;) are disjoints for all
j < jo. Consider,

g =k [T =97 —x)),
I<jo

where ¢R is a cutoff test function having support in Bg(0), as in Proposition 5 and 0 < Ry < R,. Then,
support of ¢ is in Bg, (0)\ Uj<j, Br(xj). By Lemma 1
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hdx < BR BR
/BKl(O)\Uj</’0 Br(xj) ( ! ]go )
gt
I
< G*max Bg,(0)\ U Br(xj) | +9 ,
i<jo
a_
=
J<jo
gt
- =

G*max{(/oVv|p(x)dx+77(0)—|—(5>p ,

<./(.2|Vv|” Jdx +77(Q )+(5>q}.

Taking R — 0, Ry — o0 and 6 — 0, we get our desired generalized Sobolev type inequality for
regular part. [

Like in [13,14], generalized CCP can be used to prove the existence of solutions of different
kinds of PDEs, but here we focus on the concentration/compactness of the maximizing sequence of
generalized Sobolev constant G* i.e.,

/Q G(ve)dx — G* whene — 0.

As we know {(Q)) < G*, but when we have equality, then there are two possibilities, either the
limit measure is non-atomic, or the sequence concentrates to a single point, see the following result.
Our idea is to use a type of convexity argument to prove it.

Theorem 2. In addition to assumptions of Theorem 1, if {(Q) = G* then (Q) = 1 and one of the following
statements are true.

(a) Concentration: for some xq in Q1 = 0y, { = G*dx, and v = 0.

(b) Compactness: v is an extremal of G*, 1§ = |Vo|P™), ve — v in Wé’p(x)(()) and G(ve) — G(v) in LY(Q).
Proof. Let 7y := [, |Vo|[P™dx +7(Q) and {o = [, hdx. By Inequality (20)

+

=
\

G* ={(Q) < G* max {W(Q) 17(0);1*} <G".

Thus, 17(Q) = 170 + Ljej 17 = 1, further, if more than one #; for j € J' := J U {0} are less than one,
then due to strict convexity of function s” forn > 1 and s € [0, 1]

1 =max (Zﬂj) p,<xﬂj>p :Cé* G* ZgJ

jer
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therefore, only one of the 7; is equal one and the rest of them are zeros. Statement (a) follows if 77 = 0
otherwise, we prove statement (b). Let 179 # 0 then y7; = {; = Oforallj € ], [, |VolPMdx +7(Q) = 1
and [, hdx = G*. There is a subsequence v, pomntwise, v a.e in O and [0]9) X 7% in M(Q)). As G is
upper semicontinuous, we have

G(v) = limsup G(ve) a.e. (24)

e—0
Fatou’s lemma applied to sequence c|v|1*) — G(v,) gives us
G =lim [ G(ve)dx < [ limsup Gloe)dx < [ Go)dx
lim f G(ve)dx < | im sup (ve)dx < | G(o)

* qt q *
SG maX{vaHLp(x)(Q)/ HVUHLp(r)(Q)} S G*.

Hence, HVUHLW)(Q) = 1,7 = 0and [,G(v) = G*. As, we have already discussed {* =
|0]7(%). So, .
/ |Vve|p(x)dx—>/ |Vv|P(x>dxand/ |ve|‘7(x)dx—>/ |07 dx.
Ja Jo o) Q

Then v — v strongly in Wé’p(x)(Q) and L1%)(Q) due to the fact that v — v in W&’p(x)(()).
In other wards, |0¢|7®) — |v] in L'(Q)) and Growth condition (3) implies the sequence G(v¢)
is equi-integrable and hence weakly compact due to the Dunford-Pettis compactness theorem,
whereas G(ve) — h implies there is a subsequence such that

G(ve) — h weakly in L' (Q). (25)

Upper semicontinuity of G gives us i < G(v), but on the other hand [, G(w)dx = G* = [ hdx
which implies equality & = G(v) a.e. in Q. Moreover, (24) implies [G(ve) — G(v)]" — 0a.e., G(ve) <
c|ve|1™) due to Growth condition (3) and |vc|7¥) — |9]7() in L'(Q). So, by Lebesgue dominated
convergence theorem

/Q [G(ve) — G(o)]t dx — 0.

In addition, due to the weak convergence (25)

/Q[G(ve)—G(v)]fdx:/Q[G(ve)—G(v)]dx—/Q[G(ve)—G(v)}+dx—>0.

Together
/Q |G(ve) — G(v)|dx — 0,
the proof is complete. [

4. Generalized Concentration Compactness Principle for Low Energies

In a model without external energy source, internal energies will run out eventually. We deal

with possible limit of low energy extremals of (4) and determine its shape. For v in W(} P) (Q)) with
Vol px) () < € consider w := v/e then by Growth condition (3) and Sobolev embedding (15)

G(U) " q+ g
/Q ey dx < G maX{HVLUHLp(x)(Q), ||vaLP(X)(Q)}' (26)

Theorem 3. Let p and q be log-Holder continuous exponents with

1<p <p <N, p<q<p*inQandC=:{xeQ:q(x)=p*(x)} # .
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Let {ve} be a sequence in Wé’p(x)(()) with ||Vv€||L,,(x)(Q) < e. Take we := ve /€, If

o we — wweakly in W&'p(x)(Q),
o |Vwe|P®) Xy in the sense of measure in M(Q),
o e 1G(ve) = in the sense of measure in M(QY).

Then, for a countable index set |

= VoY + 7+ Y 5oy, n(Q) <1, 27)
j€J
{=h+Y 70y, 0(Q) <G, (28)
j€]

where {x;}jc; C C, 7 is a positive nonatomic measure in M(Q) and h € L' (CY). Moreover, atomic and regular
parts satisfy the following generalized Sobolev type inequalities

AR
g < G" max {ij /’7]‘p }/ (29)
_ _

¢(Q) < G*max {W(Q)” Q)P } (30)

- =

<G P& gy 70 ) < p(x) )”
/thx < G* max { (/Q Vol dx+77(0)) , /O (Ve Xdx +7(0) . @
h < G |lw|1™ ae. inQ, (32)
o

q_
/thx < c;0+smax{(/O wr’<x)dx>” ,</Q|w|p(x)dx> a } (33)

In order to prove generalized CCP of low energies, first we prove couple of auxiliary lemmas.

Lemma 2. Consider G*(p(.),q(.),RN) and € < 1. Then:
(@ Ge(p(),4q(), Q) <G%
(b) G* =lime 0 G(p(.),q(.), Q).

Proof. Take v € W&’p(x)(ﬂ) with Hv||L,,(X)(Q) < e. Consider w = v(e7 /Nx), then w is admissible for
G* and we have

~ e el
* _ gt
G* > /[RN G(w)dx =€ /Q G(v)dx > /Q =) dx,

taking supremum for all such v gives us (a) and

limsup G¢(p(.),q(.), Q) < G™.

e—0

On the other hand fix 6 > 0, x( in Q). There exists w in Wé’p () (Q) such that

/ G(w)dx > G* — 6.
RN
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For sufficiently large r > 0
/ G(w)dx > G* — 26
+(0)

By Proposition 5 there exist a cutoff test function ¢X, supported in Bg(0) with

V(¢Rw)[PDdx <1+ 4.
Jy o [V <14

1/(N-p™)
w=<¢%o<<“*ﬁ}ﬂvp><x—xw),

for sufficiently small €, v is supported in Q and || Vo[, ) () < € Now,

Define

“ G(v) 1
G(p0,90,0) = [ Z x> — [ G()
—N _N
=(1+5)N-r" G(prw)dx > (1+8)Nr" (G* — 20).
(1+0)%7 [ Glgfw)dr= (149577 (6"~ 2)
Hence,
_— e
liminf G (p(),90, Q) > G
O

Lemma 3. Let v in W&’p(x)(ﬂ) with ||Vv||Lp(x)(Q) <e Takew =v/€, 6 > 0and r < Rsatisfying < k(J)
as in the Proposition 5. For xg € Q) and G satisfying the growth condition (3), following inequalities hold

qt
=

G(v) * (x) p+ p_
/BV(XU) e dx < G} max { (/BR(Xo) |Vaw|PF)dx + 5max{|\Vw||Lp(x)(Q), ||Vw\|mx>(0)} ,

(34)

9
pt p- r
</BR(Xo) |Vw|P(x)dx—|—5max{HVwHLp(X)(Q), ||Vw|mx)(0)}> },

4

G(U) * p(x) p* P
/Q\BR(XO) eq(x) dx < G¢ max { (/Q\B,-(XU) |Vw|P¥dx + 6 max { vaHU(x)(Q)r vaHUJ(x) (Q)} ,

= =
|

(35)

1
x + - r
(/Q\B,(xo) Vel W + smax { | Vo[, HVwHZM(Q)}) } :

Proof. The proof is similar as of Lemma 1. O
The generalized CCP for low energies is proved in the same manner of Theorem 1.

Proof of Theorem 3. Steps 1-4 are analogous with the use of Lemmas 2 and 3, as in proof of Theorem 1,
we just need to prove pointwise estimate (32) and Inequality (33) for the regular part. Indeed,
there exists a subsequence such that

e 1) 2 0 = ] 1) 4 g7y, or [we — w|'®) 2 Y z7s.
j€l j€J
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ForAC Qands >0

/hdx <2(A) < liminf [ S0 gy
A e—0 Ja e1x)

§limsu/ M| we| 1) 4 clim sup |we |10 dx
e—0  JAN{[we[<s} ellx ‘wew e—0  JAN{[we[>s}

<(Gf +0(1))Z*(A) +cli / 9(x) g / Cwl1®gdy ) |
<(G§ + o) (@) +ctimsup ([ fultdx [ etz

However, as we know
lim |[{x € A:|we| > s} =0,
S—r00

it yields that
/ hix < GJT"(A) +¢ ¥ O §G+/ w"@dx + (1+¢) ¥ ¢

eA eA

By Radon-Nikodym theorem, we deduce that i < Gj |w]|7) a.e. in Q. Lastly, Inequality (33)
follows from integration and Sobolev inequality (15). O

Lastly, we know {(Q)) < G*, but in case of equality and G, = G, in comparison to Theorem 2
compactness of low energies results into an approximation of Sobolev constant S i.e.,

A

Theorem 4. In addition to assumptions of Theorem 3, if {(Q)) = G* then, 1(Q) = 1 and one of the following
statements hold.

q(x)

e dx — Swhene — 0.

(a) Concentration: for some xg in Q17 = dx,, { = G*6x, and w = 0.
(b) Compactness:

n = |Vw[P® +7, (36)
we — win L19)(Q), G* < c/ |w] 7 dx, (37)
e 10 F(v.) — hweakly in L*(Q)), G / hdx < G S. (38)

If in addition G = G, then we — w in Wg’p(x) (Q)), G* = GoS and w is an extremal for S.

Proof. Let o := [, |[Vo|? ®dx +7(Q) and o = Jq hdx. By similar arguments in proof of Theorem 2,
7(Q)) = 1 and only one of the 7; in ]’ = J U {0} is one, and rest of them are zeros. If 17 = 0 then we
deduce (a). Let 179 # 0 then 7; = {; = Oforall jin J. [, |Vo[®™Wdx +7(Q) = 1 and [, hdx = G*.

t _
There is a subsequence v PO, & aein Q and |o[1¥) & 7% in M(Q). Then, * = |w|7™) and

we — w strongly in L1%)(Q)).
By Growth condition (3)
= /Q hdx < ¢ /Q |w|7*)dx and sequence e ~7¥) G(v,) is equi-integrable.
Therefore, by Dunford-Pettis compactness theorem for a subsequence

g—‘?(x)G(ve) — h weakly in Ll(Q)/
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in comparison with Theorem 2, convergence is not strong, the main reason for which is L! norm is not
strictly convex.

Let that Gar = G, = Gg > 0, Gg cannot be zero. By Fatou’s lemma, we have G, S < G* and
together with Inequality (33) yield

Tt i
G" = {o < G" max (/Q |w|”(">dx) " (/Q |w|p(x)dx> a < G*.

The equality in above implies || Vw|| 1) () = 1, therefore 77 = |w|P¥) and we — w strongly in
Wy (Q). Fixs > 0

/ G(ve)dx S/ G(ewe)dx+c/ |we| 1) dx
a ei®) {|we|<s} 4(x) {lwe[>s}

< (cg+o(1))/0|we|@<X>dx+/Qgs(we)dx,
where for v in Wé’pm (Q)

0, otherwise.

vq("), if [v] > s;
gs(v):{|| ||_

. . . . . ointwise .
Indeed, g is upper semicontinuous, in a way that if v, POTOEE, 4 ace in Q) then

gs(v) = limsup gs(ve) a.e. in Q.

e—0

Applying Fatou’s lemma to |we |10) — g5(we) results into

limsup | gs(we)dx < . lim sup g (we )dx
e—0 JQ IO 0

< - (%) 4.
_/Qgs(w)dx /{Iw\ES} |w]1) dx

Therefore, taking s — oo

GyS <G = lim/ Cloe) g < lim/ |we1¥)dx < G'S.
e—0Ja e1(x) e—0.J/0O

Hence,
lim / we| ¥ dx = 5.
Q

e—0

O

5. Conclusions and Future Work

The main work of this paper is to study a class of elliptic equations with general growth at
infinity for variable exponent Lebesgue spaces. The main results nicely determine the limit measures.
Therefore, with the proposed work, we can study several models in variable exponent settings,
for many fields like plasma physics, fluid mechanics and control systems. As future lines of research,
one can also explored concentration compactness principles for fractional Sobolev spaces and fractional
PDEs, we refer [21-26] for basic theory. One can also study the convergence of low energy extremals
with variational methods.
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