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1. Introduction

Fitting a cubic smoothing spline, which was developed by [1,2] and others, is a typical smoothing
method. The cubic smoothing spline fitted to a scatter plot of ordered pairs (x;,y;) fori =1,...,nisa
function such that

n b
- . )
F) = arg min Y- {vi — f(x) Y+ A [ {£"(x)} a, )
few i3 a
where xq,...,x, are points satisfying a < x; < --- < x, < b, W denotes a function space that

contains all functions of which the second derivative is square integrable over [4, b], and A is a positive
smoothing/tuning parameter, which controls the trade-off between goodness of fit and smoothness.

Let f = [f(x1),..., f(x4)]T. Then, given f(x) is a natural cubic spline of which the knots are
X1,...,Xq (see, e.g., [3,4]), it follows that

f=arg min [ly - fI?+AfTc' R cf )
-1
- (In+ACTR‘1C> v, G)

where y = [y1,...,yn] ", I, denotes the n x n identity matrix, and C and R are explicitly presented
later. Then, as shown in [3], f(x f(x) in (1) is uniquely determined by f € R" in (3). Thus, estimating f (x)
is equivalent to estimating f

Let IT = [ty,x] € R"*2 where 1, = [1,...,1]T € R*and x = [xl,...,xn]T. Note that since
x1 < -+ < Xy, Ly and x are linearly independent and thus IT is of full column rank. Let

= 'm)tay. (4)
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Denote the difference between fand T (resp. y and f) by ¢ (resp. ):
e=f-7, @a=y-f (5)
Accordingly, we have
y=T+C+1i Q)

In this paper, we present a comprehensive list of penalized least squares regressions relating to
(6). One such example is the ridge regression [5] that leads to ¢. Then, we reveal a principle of duality
in them. In addition, based on them, we provide a number of theoretical results, for example, lIE =0.

This paper is organized as follows. Section 2 fixes some notations and gives key preliminary
results used to derive the main results in the paper. Section 3 provides a comprehensive list of penalized
least squares regressions relating to (6), and reveals a principle of duality in them. Section 4 shows
some results that are obtainable from the regressions shown in Section 3. Section 5 illustrates some
results provided in Sections 3 and 4 by a real data example. Section 6 deals with the cases such that the
other right-inverse matrices are used. Section 7 concludes the paper.

2. Preliminaries

In this section, we give key preliminary results used to derive the main results of this paper.
Before stating them, we fix some notations.

2.1. Notations

Let ﬁ (resp. T;) denote the ith entry of f(resp. T)fori=1,...,n,6; = xj+1 — x;, which is positive
by definition, fori =1,...,n —1, A = diag(dy,...,0,-1) € R=1x(=1) and for a full-row-rank matrix
M e R™" MT(MM'")~! € R*™™, which is a right-inverse matrix of M, be denoted by M, !. For a
full-column-rank matrix W € R"*?, let S(W) (resp. S+ (W)) denote the column space of W (resp.
the orthogonal complement of S(W)) and Py (resp. Qw) denote the orthogonal projection matrix
to the space S(W) (resp. S+ (W)). Explicitly, they are Py = W(W W) 'WT and Qi = I, — Py.
D € R(#=)x(n=i+1) js a Toeplitz matrix of which the first (resp. last) row is [~1,1,0,...,0] (resp.
[0,...,0,—1,1]) and we define matrices C € R("=2*" and R € R(*~2*(1-2) 35 follows:

I N S S N USRS 0
0 I . bl e . I
€= |-md-mm oot T ?
Co ’ [ R . 0
S — - - — - F——4t - = - - == — = — — | - - = -
0 B o e R
and
[ L5 4+8) 0 e, 10 | T
3@Gitd)r gh 1O e o .
g2 3%t e
R= 0 T 0 : ®
7777777 5
| | | | %(5”72
7777777 iy . e
0 | 0 1 g6u2 ! 3(0u2+bu-1)

Finally, we denote the eigenvalues of R by wy, . .., w,_» in descending order.
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2.2. Key Preliminary Results

Lemma 1.

(i) C can be factorized as C = D(2)A’1D(1).
(ii) ~ We have the following inequalities:

1 1
(02 +33),. (On—3+0n-2),=6p2+ 5n—1} > 0.

6 3

1 1.1 1
wn2>min{(51—|—(52, g

3 6 76

Proof of Lemma 1.

(i) Letw = [wy,..., wn]T be an n-dimensional column vector. Then, by definition of C, it follows

that
_ Wy —wWq w3 —wy Wy —wWq
5 T 5 —wi + wp
— . _ . _ -1
Cw = : = D(Z) : = D(z)A
_ Wy 1=Wp—2 Wn—Wn—1 Wp—Wn—1 _
5}172 + ‘5?1—] (57,,,] Wn-1 + Wn

=D A 'Dyw € R,

which leads to C = D(z)A’lD(l).
(i) The first inequality follows by applying the Gershgorin circle theorem and the second inequality
holds from ¢; > O0fori=1,...,n—1.
O

Remark 1. In Appendix A, we give some remarks on a special case such that x = [1,...,n]".

Lemma 2.

(i)  S(C") equals S* (1) and
(i)  S(C1) equals S*(10).

Proof of Lemma 2.

(i) Giventhatd; > 0fori = 1,...,n—1, both IT and C' are of full column rank. In addition,
[IT, C "] is a square matrix. Thus, if (C")"II = CII = 0, then it follows that S(C") = S+(II).
From D (1)1, = 0, we have Ct, = D(Z)A_lD(l)Ln = 0. Likewise, from A‘lD(l)x =A 1AL | =
1,—1 and Dgytp—1 = 0, we obtain Cx = D(Z)A_lD(l)x = 0. Accordingly, we have CII = 0,
which completes the proof.

(ii) Recall that C;1 = CT(CCT)~L. It is clear that C; ! is a full-column-rank matrix such that
[II, C; 1] is a square matrix. In addition, (C;1)'IT = (CC")~'CII = 0. Thus, it follows that
S(C) = SH(1m).

Denote the spectral decomposition of R by VQV T and let R~1/2 = VQ~1/2V T, where Q~1/2 =
diag (1/w/w1,...,1/,/wn,2). Then, R 1/2 is a positive definite matrix such that RV2R-1/2 —
R~ Define

D =R 2C. )

(n—2)xn

Then, given that C T is of full column rank and R~1/2 is nonsingular, D € R is also of full row

rank. In addition, we have

D'D=cCc'R'C. (10)
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(We provide Matlab/GNU Octave and R functions for calculating C, R, and D in Appendix A).

Lemma 3.
(i) S(D")equals S*(IT) and
(i)  S(D;') equals S*(IT).

Proof of Lemma 3. Both (i) and (ii) may be proved similarly to Lemma 2 (ii). For example, given
Cll =0,wehave (D")TII = DI = R"/2Cl1 =0. O

Denote the eigenvalues of C'R™!C by g1,...,¢n in ascending order and the spectral
decomposition of C'R™!1C by UGU ", where U = [uy,...,u,] and G = diag(g1,...,n)- Let T =
[, 2] € R™2ET = [u3,...,uy) € R"*(1=2) and § = diag(gs,...,qn) € R(1=2)x(n-2)

Lemma 4.

(i) S(T) equals S(IT),
(i)  S(ET) equals S*(11), and
(iii) S(E; ') equals S*(11).

Proof of Lemma 4. (i) Since CTR™!1C € R"*" is a nonnegative definite matrix of which the rank
isn—2 wehave 0 = g1 = ¢ < g3 < -+ < gp. In addition, given CIT = 0, it follows that
C"R™ICIT = 0- 11, which completes the proof. (ii) and (iii) may be proved similarly to Lemma 2
(). O

Given g1 = g2 = 0, we have
E'SE=C'R'C. (11)
Define
F = S'2E, (12)
where §1/2 = diag(\/83,---,\/n) € R(1=2)x(n=2) Then, we have
F'F=Cc'R'c. (13)

Lemma 5.

(i)  S(FT)equals S*+(1) and
(i)  S(E') equals S*(11).

Proof of Lemma 5. Both (i) and (ii) may be proved similarly to Lemma 2 (ii). For example, given EII =
0, we have (FT)TIT = FIT = SY2EIT = 0. [

Lemma 6. There exists an orthogonal matrix Y € R0"=2)%(=2) sych that FT = DTY.

Proof of Lemma 6. Recall that both DT € R"™("=2) and FT € R"*("2) are of full column rank
and S(D") = S(F"). Accordingly, there exists a nonsingular matrix Y € R("=2)%(=2) sych that
F' =D'"Y.Giventhat D'D = F'F,wehave D' (I, » — YY")D = 0. Then, from D; ' "D (I,,_» —
YY')DD; ! =1, ,—YY' =0, wehaveY' =Y. O

Let (i) A = D, F, (ii) (B, Q) = (C,R), (E,S™ 1), (iii) D = C,D, E, F, and (iv) P = II, T. From the
results above, we immediately obtain the following results:
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Proposition 1.

(i) C'RIC=ATA=BTQB

(i) DP=D;!"P =0y,

(iii) both [P,D"| and [P, D; '] are nonsingular, and

(iv) Ppr = PD;1 = Qp.

3. Several Regressions Relating to (6) and Principle of Duality in Them

In this section, we provide a comprehensive list of penalized least squares regressions relating
to (6), and reveal a principle of duality in them. The penalized regressions are, more precisely, those to
compute ¢, #, T, T+ ¢, ¢+, and T + 1.

3.1. Penalized Regressions to Compute T + €

Concerning T + ¢, we have the following results:

Lemma 7. It follows that

=~ = - 2 2 TN\t
t+c=arg min |y — FI2+ AAfIP = (L +AATA) y (14)
feR
-1
= arg min [ly — fI* + AfTBTQ7Bf = (L +AB7Q7'B) . (15)

Proof of Lemma 7. From Proposition 1, we have C'R™1C = AT A = BT Q~!B. Then, (2) and (3) can
be represented as follows:

r_ . o 2 2 _ T -1
f=arg min |y = fIF + AJASI? = (1 +AATA) "y

-1
= arg min [}y — £ +AfTBTQBf = (L +ABTQ'B) .

In addition, by definition of ¢, we have f = T + ¢. Hence, we obtain (14) and (15). O

3.2. Penalized Regressions to Compute ¢

Concerning ¢, we have the following results:

Lemma 8. Consider the following penalized regressions:

y=arg min, ly— Ay P AP = (AT AT+ AL) A Ty, (16)
K = arg nf]ll%in2 ly — B %2+ A" Q7 e = (BT B+ AQ )BTy, (17)
KER"™

Then, we have

c=A'5=5% (18)
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Proof of Lemma 8. LetK = [P, A, 1}. From Proposition 1, it follows that AP = 0, A TP =0,and K
is nonsingular. Accordingly, given that K'K = diag(P'P, A, 1T A1) and AK = [AP, AA[ Y] =
[0, I, 7], it follows that

Ff=K (KTK + AKTATAK> KTy

(PTpP)-t 0 P
0 (A;lTA;l +/\In—2)7l A;lT y

=PP P PTy+ A HATTAT 4 AL o) TA Ty =7+ A 17,

=[P, A ]

from which we have f — 7 = A; 4. Given f — T = ¢, we thus obtain ¢ = A; 7. Similarly, we can
obtain ¢ = B, '%. [

Lemma 9. ¢ can be calculated by the following penalized regressions:

-1
¢ =arg min [[(y — %) — el + A Ac|? = (L +AATA)  (y - 7) (19)
-1
= arg 2161]% l(y—7) —c|>+Ac"'B"Q 1Bc = (In +ABT Q*18> (y—7). (20)

~

Proof of Lemma 9. Given (14), f = T+ ¢, and AP = 0, we have
y=(Li+AATA)f= L+ ATA)(T+6) =T+ (I, + AT A)G,
which leads to (19). Similarly, we can obtain (20). O
Remark 2. We add some more exposition about (16). Let K = [P, A:!] as before. In addition, let 8 =
[B",9"]" € R" beavector such that f = KO = PB+ A; 1. Then, it follows that Af = A(PB+ A7 ly) =

7. Given that f = PB+ A; 'y and Af = v, the minimization problem in (14) can be represented as follows:

min —PB— Ay |12 + Ayl 21
. ly —PB— A vl vl (21)

It is noteworthy that B is not penalized in (21) and (A;1) TP = 0. Thus, the minimization problem (21) can
be decomposed into (16) and (40). Moreover, (21) gives the best linear unbiased predictors of B and -y of the
following linear mixed model:

y=PB+ Ay +u, [u7,97]7 ~ N (0,diag(o3L,, 021, 2) ), (22)
where A = 02 /032.
Remark 3. By using C; ', ref. [6] derived the following expressions in our notations:
f=7+C'% wx=(C'"Cc;'+AR ) I Ty, (23)
Here, we make the following remarks on (23).
(i) First, K is the solution of the following penalized regression:

min_ |ly — C; x> + Ax 'R k. (24)
xeR"—2

(i)  Moreover, (23) is a special case of ¢ = B; % in (18).
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3.3. Penalized Regressions to Compute i

Concerning #, we have the following results:
Lemma 10. Consider the following penalized regressions:
7=arg min, [y - A2+ A7 g)> = (AAT + A7, ) Ay, (25)
U = arg vggﬁz ly—B o> +A7 0" Qv = (BB" +171Q) ' By. (26)
Then, it follows that
i=A"=B"0. 27)
Proof of Lemma 10. Applying the matrix inversion lemma to (I, + A.A" A) 71, we have
(b4 2ATA) =1 AT(AAT £ 2L, ) 1A 28)

Postmultiplying (28) by y yields y — f = AT#. Given y — f = i, we thus have # = AT#. Similarly,
we can obtain## = B'9. O

Lemma 11. i can be calculated by the following penalized regressions:

it = arg min ||(y — ) —ul* + A7 A T ul?

ucR"
-1
= (L 4+ A7 AT (g - %) (29)
and
il = arg m%Rfl (y—7) —ul>+ A" u"B,1OB T
ucR”"
-1

- (In + /\*18;1Q8;1T) (y— 7). (30)

Proof of Lemma 11. Given (34), g =7 + 4, and A ITP = 0, we have

(L +ATTAT AT g = (I + AT AT AT ) (4 0)
T4+ (L +ATAT ATz,

Yy

which leads to (29). Similarly, we can obtain (30). O

Remark 4. In [2] and ([3], p. 20), there are equations expressed in our notation as follows:
(R+ACC)p=Cy, f=y—AC'gp. (31)

Here, we make the following remarks on (31).

(i) First, these lead to a penalized least squares problem. Given that # = y — f, removing ¢ from the above
equations leads to

i=y—f=AC"(R+AcC")'Cy
=c'(cc" +1 'R Icy=C'y, (32)
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where

U = arg vglgnrlz ly — CTol|> + A v Ro. (33)

(ii)  Moreover, (32) is a special case of # = B in (27).

3.4. Penalized Regression to Compute T + i

Concerning T + i1, we have the following results:

Lemma 12. Let § = T + #. Then, it follows that

-1
g=arg min [ly — g2+ A A Tgl? = (L+ATTATATT) Ty (34)
geRTl
-1
= arg ‘;IelIier ly—gl>+A " 1g"B1oB 1 Tg = (In + A1t QB;lT) y. (35)

Proof of Lemma 12. Let J = [P, A']. From Proposition 1, it follows that AP =0, A TP =0,and J
is nonsingular. Accordingly, given that J ' J = diag(P"P, AAT)and A;1T] = [A;7 VTP, ATTTAT) =
[0, I,,_5], it follows that

(In +A—1Ar—1Ar—1T)’1y
=T (AT AT AT Ty

_ (PTP)! 0 "
=PATI (AATJr?tlIn—Z)l] [Al ’

PP P) P y+ AT (AAT + A, ) Ay =7+ AT

Given u = .ATii, we obtain (34). Similarly, we can obtain (35). O

Remark 5. Similarly to Remark 2, we add some more exposition about (25). Let & = [B', 5] " € R" be such
that g = J& = PB+ A'n. Asstated, A; 1T ] = [0, I,_5]. Then, it follows that

A g =AM T =1 (36)
Given g = PB+ A'yand A; 1T g =y, the minimization problem (34) can be represented as follows:

i —PB— ATy + 71|y 37
P ly —PB Ul ] (37)

Aguain, it is noteworthy that B is not penalized in (37). Moreover, it follows that (A7) P = AP = 0. Thus,
the minimization problem (37) can be decomposed into (25) and (40).

3.5. Ordinary Regressions to Compute ¢ + # and T

Concerning ¢ + # and T, we have the following results:

Lemma 13.

(i) Leth= D&, where

& =arg min |ly—D'a|?>=(DD") 'Dy. (38)

acRn—2
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Then, it follows that

c+a=nh (39)
(i) It follows that T = P B, where
B =arg min [ly—PB|* = (P'P)'Py. (40)
BeR?

Proof of Lemma 13. Given Proposition 1, both results are easily obtainable. For example, the former
result can be proved as follows:

ﬁ:DTﬁ:PDTy: Qpy=y—T=C+1.
O
Remark 6. From Proposition 1, we also have ﬁ(z ¢+ 1) = D 'p, where

p=arg min_ iy Dl = (Do) D Ty (41)

3.6. Principle of Duality in the Penalized Regressions

See the second columns of Tables 1 and 2. In the columns, the penalized regressions shown above
are arranged in pairs that mirror one another. We reveal a principle of duality in the penalized
regressions. As stated in Section 1, (D1) is obtainable by replacing A", in (P1) by A; 1, A1,
respectively. Likewise, for example, (D6) in Table 2 is obtainable by replacing BT,9,A 1in (P6)
by B; 1, 971, A, respectively. In Tables 1 and 2, we may observe five other pairs of regressions that are
duals of each other. From the seven dual pairs shown in Tables 1 and 2, we observe that the following
principle exists:

Proposition 2 (Principle of duality). The regressions labeled with the letter D in Tables 1 and 2, for example,
(D1), are obtainable by replacing each occurrence of AT, BT, DT,0,0° L A, A7t in the regressions labeled
with the letter P, for example, (P1), by A; L By 1 D 101 9 A1 4, respectively.
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Table 1. Most of the main results (I).

Regressions Relating to the Cubic Smoothing Spline Average A —o00 A—>0 y€S(P) Sum L
N -1 R
(P1)  f(=7+8) =arg mingeps ly — fI2 + AJAFI2 = (L +AATA) g 7 z y y 1
(=743 ; 2 1| A=1T 4|2 141 417! o =
(DY) (=% +1) = arg mingep [ly — gl + A 1A g2 = (L +ATTATAT) Ty 7 y g y 1
(P2) = A'#, where7j = arg min,cgi-2 [y — ATg2 4+ A7 g% = (AAT + 2711, ) T Ay 0 y—T 0 0 0 o
(D2) €= A; 'y, where § = arg min,cgi-2 [ly — Ay |2+ Afly]? = (AFTTATT AL ) TAS Ty 0 0 y—7T 0 0 o
-1
(P3) €= arg mingeps ||(y — %) — ¢l + A Ac|? = (1n+AATA) (y—7) 0 0 y-7 0 0 o
-1
(D3) i = arg minyeps |[(y — %) — u2 + A~ A T w2 = (1,1 + A—lA;lA;”) (y—7) 0 y—7 0 0 0 o
(P4) h(=c¢+i) =D & where® = arg mingcge2 |y —D'a|?> = (DDT)"'Dy 0 y—-T y—7 0 0
(D4) h(=¢+ 1) = D; 'p, where p = arg min, g2 ||y — Dy p|? = (DT D) D Ty 0 y—-7T y-—7 0 0
T = PP, where B = arg mingeg: ||y — PRI = (P TP)"1PTy 7 T T y 1

y=T+¢+a. A=D,F.D=CD,EF M'=M"(MM")™! for M= A,D.P=1IIT. A > 0is a smoothing/tuning parameter. 7 = 1 ¥ | y;. S(P) denotes the column space
of P. ‘Sum’ denotes the sum of the entries in each row of the hat matrices. o indicates that the corresponding component belongs to the orthogonal complement of S(P).

Table 2. Most of the main results (II).

Regressions Relating to the Cubic Smoothing Spline Average A —o0 A—0 yeS(P) Sum L
. -1
(P5)  f(=7+¢) = arg mingep |y — fIP +AfTBTQ1Bf = (L, +ABTQ1B) 'y 7 g y y 1
(== ; 2 1T T 1 1) ! =
(D5) g(=7+u) =arg mingepn |ly —gl*+A7'g B 1oB 1Tg= (In +AT1IB OB ) Y 7 y T y 1
(P6) 4= B, where v = arg min,cpn2 [y — B v|>? + A7 1w Qu = (BBT +171Q) 1By 0 y—7 0 0 0
(D6) €= B; %, where & = arg min,cpn2 ||y — By 'k|? + Ax T Q I = (BB +AQ 1) 18 1Ty 0 0 y—7 0 0
~1
(P7) €= arg mingeps ||(y — %) — |2+ AcTBTQ 1Bc = (In + ABTQ*B) (y— %) 0 0 y—7 0 0 o
-1
(D7) i = arg mingeps ||(y — %) —u|2 + A~ B 10BN Tu = (I,, +A71B1 QB;”) (y—7) 0 y—7 0 0 0 o

y=7+c+i. (B,Q) = (CR),(ES™). Byl = BT(BBT)~1. A > 0is a smoothing/tuning parameter. 7 = 1 Y"* ; y;. S(P) denotes the column space of P, where P = II, T.
‘Sum’ denotes the sum of the entries in each row of the hat matrices. o indicates that the corresponding component belongs to the orthogonal complement of S(P).
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4. Results That Are Obtainable from the Regressions

In this section, we show how the regressions listed in the previous section are of use to obtain a
deeper understanding of the fitting a cubic smoothing spline. Before proceeding, recall f=7+¢and
SO on.

First, given that (16) is a ridge regression, it immediately follows that lim,_,, 4/ = 0, which leads
to lim) o ¢ = A; 11lim,_, 7 = 0 and at the same time we have

lim f=7+ lim =7, (42)
A—00 A—o0
lim=y—7T—limc=y—7, (43)
A—00 A—ro0

=T+(y—7)=y. (44)

A—ro0 A—o0

Second, (25) is again a ridge regression, we have lim,_,o% = 0, which yields lim,_,o# =
AT lim,_ 77 = 0 and accordingly we obtain

limf =y — limii =y, 45
fimf =y = fim i =y N
lme—y—%— limii—y— 7% 16
fmemy -7 fma-y-t 4o
m & — %4 B G — & "
fmg =7+ fima == @)

Third, from (19) and # = y — T — ¢, we have

-1
c= (1n n /\ATA) (y—%), (48)
i = {1n - (In+/\ATA)‘1} (y — 7). (49)
Thus, fcan be represented as
- T AL N
f=t+(L+2474) (y-7). (50)

Here, we remark that, given that (I, + /\AT.A)_l is a smoother matrix, the second term on the
right-hand side of (50) represents a low-frequency part of y — T. In addition, from (49), # represents a
high-frequency part of y — T. Thus, ¢is generally smoother than .

Fourth, given AP =0, A TP =0,6= A;'9,and # = A'#, we have

{'t=0, [=¢ih (51)
Fifth, given AP =0, A, TP =0, (28), and
(In T A—lA;lA;”) - AN AT AT 4 AL, )t AT, (52)
if y € S(P), or in other words, if y = P, then we have

T=y, f:y, g=y, ¢=0, u=0, h=o0. (53)
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Sixth, given 1, € S(P), we have

Ppuy, = 1y, (54)

(L + A AT A) 1y = 1, (55)

(L +ATTAT ATy, = 0, (56)
AT ATTTAT AL, o) A T = 0, (57)
ATAAT + 27, )T A, =0, (58)
Ppri, = 0. (59)

Note that (I, + /\ATA) 1y, =1, for example, indicates that the sum of the entries in each row of the
hat matrix of f equals unity.
Seventh, given (54)-(59), we have

)

)

wi=9 0=

l;Z: 0,

7 7 AI (60)

Jh

o)
&)

)

(61)

7

~

S|~

where 7 = 1y, y;. %LI]?: 7, for example, shows that 1 ¥, fi=1.

5. Illustrations of Some Results

In this section, we illustrate some of the results in the previous sections by a real data example.

Panel A of Figure 1 shows a scatter plot of North Pacific sea surface temperature (SST)
anomalies (1891-2018). SST is an essential climate variable and has been used for the detection
of climate change. See, for example, Hoyer and Karagali [7] and the references therein. We obtained
the data from the website of the Japan Meteorological Agency. The solid line in the panel plots
(x;,T;) fori = 1,...,n, where T = [7,...,T;] in (4) and n = 128. Panel B of Figure 1 depicts a
scatter plot of (x;,y; — 7;) fori = 1,...,n. The solid line in the panel plots (x;,¢;) fori = 1,...,n,
where ¢ = [¢},...,Cy]" is calculated by (18) with A = 10%. The solid line in Panel C denotes
(xi, fi), where f = [fi,..., fu]" is calculated by (14) with A = 10%. Panel D illustrates a scatter
plot of (x;,y; — ;) fori = 1,...,n. The solid line in the panel plots (x;,i;) fori = 1,...,n, where
il = [ily,...,1y]" is calculated by (27) with A = 103. Figures 2-4 correspond to the cases such that
A =10%,10'°,1071°, respectively.

Recall that concerning y, T, ¢, f, and #, the following equations hold:

T+c=f, c+u=y—7, limec=0 Ilim f=7
A—o0 A—o0
m

limi=y-7, lmé=y-% limf=y I
A—roo y A—=0 Y A—=0 f=y A=0
From Figures 1-4, we can observe that these theoretical results are well illustrated in these figures.
For example, from Panel D in Figure 4, we can observe that # almost equals 0 when A = 10710,



Mathematics 2020, 8, 1839 13 of 19

Panel A Panel B

05| o (ziyi— ﬁ').ﬁ

1900 1950 2000 1900 1950 2000

Panel C Panel D
05| o (ziyi— ﬁ').ﬁ

1900 1950 2000

Figure 1. Panel A shows a scatter plot of North Pacific sea surface temperature anomalies (1891-2018).
The solid line in the panel plots (x;,7;) fori = 1,...,n, where T = [7,. .. ,?n]T in (4) and n = 128.
Panel B depicts a scatter plot of (x;,y; — T;) fori = 1,...,n. The solid line in the panel plots (x;, ¢;)
fori =1,...,n, where ¢ = [¢},...,5y] " is calculated by (18) with A = 103. The solid line in Panel
C denotes (x;, f;), where f = [fi,..., fa] T is calculated by (14) with A = 10%. Panel D illustrates a
scatter plot of (x;,y; — T;) fori = 1,...,n. The solid line in the panel plots (x;, ;) fori = 1,...,n,
where # = [ify, ... ,ﬁn]T is calculated by (27) with A = 108.

1900 1950 2000
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1900 1950 2000 1900 1950 2000
Panel C Panel D
05 e (ziyi — 721').
o 00
Q,
0
05
1900 1950 2000 1900 1950 2000

Figure 2. This figure corresponds to the case where A = 10°. For the other explanations, see Figure 1.

Panel A Panel B

o (zi,yi —Ti)g

0.5

1900 1950 2000 1900 1950 2000

Panel D
0.5 o (wiy—7)
0
-0.5
1900 1950 2000 ~ 1900 1950 2000

Figure 3. This figure corresponds to the case where A = 10'°. For the other explanations, see Figure 1.
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Panel B

o (Tiyi—1Ti)g)

1 L L L L L L
1900 1950 2000 1900 1950 2000

Panel C Panel D

o (ziyi— Ti)g)

. Y
OE:;' Ry I
‘e.' ‘00"

1 L L L L L L
1900 1950 2000 1900 1950 2000
Figure 4. This figure corresponds to the case where A = 1071, For the other explanations, see Figure 1.

6. The Cases Such That the Other Right-Inverse Matrices Are Used

In this section, we illustrate what happens if the other right-inverse matrices are used.
Let M € R™*" be of full row rank. Recall that in this paper M; ! denotes M " (MM ")~!, which is
a right-inverse matrix of a full-row-rank matrix M € R™*". Define a set of matrices

Ty ={EcR"”": ME = I,}.
T'y1 denotes the set of right-inverse matrices of M and accordingly M, ! belongs to I'y;.
Lemma14. N = M; ' ifand only if N € Tpyand S(N) = S(M").

Proof of Lemma 14. It is clear that if N = M, !, then N € Tj; and S(N) = S(M"). Conversely,
suppose that N € Ty and S(N) = S(M"). Then, MN = I, and there exists a nonsingular matrix
L € R™" such that N = M'Z. By removing N from these equations, we have £ = (MM ")~}
whichleadstoN =M (MM ")"1 = M 1. O

From Lemma 14, if N # M; !, then N ¢ T'p; or S(N) # S(M"). Accordingly, we have the
following result:
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Proposition 3. If N € Ty/\{M; '}, then S(N) # S(M").

Based on the result, we illustrate what happens if the other right-inverse matrices are used.
We give an example. Let Z € T'p\{D;'}. Then, from Proposition 3 and Lemma 3, it follows that
S(Z) # S(D; ') = St(IM). Accordingly, letting L = [I1, Z], it follows that Z'IT # 0 and DL =
[DIT,DZ] = [0, I,_,]. In addition, given that DII = 0, DZ = I,,_,, and IT is of full column rank, L is
nonsingular. Thus, from [8], for example, we have

f=LIL"L+AL'D'DL) LTy = lI7 + Z¢, (62)
where
7T = arg min |(y — Z&) — || = (M)~ (y — Z8) (63)
meR
and
g=arg min [|Quy— QuZe|*+ Alle|*
ecRn—2
= (Z2'QuZ+ AL, 2)'Z Quy, (64)

which shows that we may obtain (penalized) regressions relating to the cubic smoothing spline even if
we use the other right-inverse matrices of D such that Z € Tp\{D; !}. Nevertheless, as illustrated
here, they are more complex than those shown in Tables 1 and 2.

7. Concluding Remarks

In this paper, we provided a comprehensive list of penalized least squares regressions relating
to the cubic smoothing spline, and then revealed a principle of duality in them. This is the main
contribution of this study. Such penalized regressions are tabulated in Tables 1 and 2 and the principle
of duality revealed is stated in Proposition 2. In addition, we also provided a number of results derived
from them, most of which are also tabulated in Tables 1 and 2 and some of which are illustrated in
Figures 1-4.
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Appendix A

Appendix A.1. Some Remarks on a Special Case Such That x = [1,...,n]"

(i) Ifx=1[1,...,n]", thenC = D)D) € R(=2)%1 wwhich is a Toeplitz matrix of which the first
(resp. last) row is [1,—-2,1,0,...,0] (resp. [0,...,0,1, —2,1]).

(i) Ifx =[1,...,n]T, then (I, + ACTR'C)~! is bisymmetric (i.e., symmetric centrosymmetric),
which may be proved as in Yamada (2020a).

(iii) Ifx = [1,...,n]", then R in (8) is not only a symmetric tridiagonal matrix but also a Toeplitz
matrix. In the case, we have

2 1 k
wk:3+3cos<n_n1>, k=1,...,n-2, (A1)
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and thus w;,_», which is the smallest eigenvalue of R, satisfies the following inequality (see,
e.g., [9]):

2 -2 1
Wy—2 = = + = cos <Z7r) > 3 (A2)

(iv) Ifx=1[1,...,n]"T and R = I,,_5 in (2) and (3), then (2) and (3) reduce to

o~

f=arg }l;ﬁ? ly — £II*> + D) Dy £1I°

-1
= {In + )‘(D(Z)D(l))T(D(Z)D(l))} y. (A3)

It is a type of the Whittaker—-Henderson (WH) method of graduation, which was developed by
Bohlmann [10], Whittaker [11] and others. See Weinert [12] for a historical review of the WH method
of graduation. (A3) is also referred to as the Hodrick—Prescott (HP) [13] filtering in econometrics.
For more details about the HP filtering, see, for example, Schlicht [14], Kim et al. [15], Paige and
Trindade [16], and Yamada [17-21].

Appendix A.2. User-Defined Functions

Appendix A.2.1. A Matlab/GNU Octave Function to Make C in (7)

function C=makeCmat(x)
n=length (x); Dl=diff (eye(n)); D2=diff(eye(n—1));
delta=diff(x); invDelta=diag(1l./ delta);
C=D2xinvDeltaxD1;

end

Appendix A.2.2. A Matlab/GNU Octave Function to Make R in (8)

function R=makeRmat(x)
n=length (x); delta=diff(x);
RO=diag(delta(1:n—2)+delta(2:n—1))/3;
Rl=diag(delta(2:n—2),1)/6;
R=R1’+R0+R1;

end

Appendix A.2.3. A Matlab/GNU Octave Function to Make D in (9)

function D=makeDmat(x)
C=makeCmat(x); R=makeRmat(x); [P,L]=eig(R);
invsqrtR=Pxdiag(1./sqrt(diag(L)))*P’;
D=invsqrtR«C;

end

Appendix A.2.4. A R Function to Make C in (7)

makeCmat <— function (x) {
# Note: x is an n x 1 matrix (not a vector).
n <— length(x)
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D1 <— diff(diag(n)); D2 <— diff(diag(n—1))

delta <— diff(x); invDelta <— diag(l/delta[1l:(n—-1),1])
C <— D2%%invDelta%+%D1

return (C)

Appendix A.2.5. A R Function to Make R in (8)

makeRmat <— function (x) {
# Note: x is an n x 1 matrix (not a vector).

n <— length(x); delta <— diff(x)

RO <— diag((delta[l:(n—2),1]+delta[2:(n—1),1])/3)
R1 <— diag(0,n—2)

R1[row (R1)==col (R1)—1] <— delta[2:(n—-2),1]/6

R <— t(R1)+R0+R1

return (R)

Appendix A.2.6. A R Function to Make D in (9)

makeDmat <— function (x) {
# Note: x is an n x 1 matrix (not a vector).

n <— length(x); C <— makeCmat(x); R <— makeRmat(x)
z <— eigen(R); P <— z$vectors

invsqrtR <— P%%diag(l/sqrt(z$values))%*%t (P)

D <— invsqrtR%%C

return (D)

}
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