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Abstract: In this paper, we propose a fuzzy differential-difference equation for modeling of mixed
continuous-discrete phenomena. In the special case, we present the general solution of linear
fuzzy differential-difference equations. The dynamical process in the intervals is presented by the
corresponding fuzzy differential equation and with impulsive jumps in some points. We illustrate
the applicability of the model to study the time value of money.
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1. Introduction

Differential and difference equations play a relevant role in modeling problems that arise in
physics, engineering, biology, economics, finance, and many other areas. However, in some cases,
these equations are restricted in their ability to describe phenomena due to the imprecise or incomplete
information about the parameters, variables and initial conditions available. This can result from errors
in measurement, observation, or experimental data; application of different operating conditions;
or maintenance induced errors [1]. To overcome uncertainties or lack of precision, one can use a
fuzzy environment in parameters, variables and initial conditions in place of exact (fixed) ones,
by turning general differential and difference equations into fuzzy differential and difference equations,
respectively [1–7]. These uncertainties may be modeled by fuzzy set theory when an abundance of
data is not available. Accordingly, there is often a need to model, solve and interpret the problems one
encounters in the world of uncertainty. The governing differential and difference equations will then
become uncertain. Therefore, recently many researchers have studied fuzzy differential equations and
fuzzy difference equations in different approaches [8–12].

Fuzzy set theory refers to the uncertainty when we have a lack of knowledge or incomplete
information about the variables and parameters. In the financial markets there are elements of
uncertainties and lack of precision associates to fluctuation and votality of financial markets. We cannot
make forecasts easily, we have incomplete information or some type of uncertainty, about the values of
financial factors such as taxes, inflation, interest rate, price change rate among other factors [4,13,14].
In this direction, some problems of the financial field can be approached via fuzzy difference
equations [4]. In particular, Papadopoulos at al. in Reference [4] demonstrated the applicability of fuzzy
difference equations to the problems of time value of money. The results obtained in the article [4] were
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motivated by models introduced by Kwapisz in Reference [15], where several difference equations to
study the basic problems of finance such as capital deposits and capital investments were presented.

Although small discrete systems are easy to work with, the continuous models are easier to deal
with than large discrete systems. Whether or not nature is fundamentally discrete, the most useful
models are often continuous because the discreteness can only occur in very small scales. Discrete
models are probably useful if nature has genuinely discrete structure. But on larger scales a discrete
model would contain some parameters that we cannot measure and might not even be interested in.
This is related to the observation that continuous models often work well for large discrete systems.
Discreteness is useful to include in the model if it occurs in the situation we are interested in. Therefore,
a mixed continuous-discrete model and, in a special case, a differential-difference equation can possess
the inherent properties and advantages of both discrete and continuous models which are useful
for modeling of real-world phenomena. In this direction, Kwapisz in Reference [15] introduced
and studied a general mixed continuous-discrete model describing dynamical processes in some
problems that arise in finance. In this model, the dynamical process in each interval is presented by the
corresponding differential equation and it displays impulsive jumps, obtained by the corresponding
difference equation. Therefore, proposing a mixed continuous-discrete model is a natural way to study
a phenomenon which is continuous on some sub-intervals and it has discontinuities in some points.

Motived by the results obatined in Reference [15], on continuous-discrete models, and the recent
advances on fuzzy differential equations [2,8], in this article we introduce fuzzy differential-difference
equations. We present some results on existence and uniqueness of solutions for this class of models.
Finally, we give an example on the time value of money to demonstrate the effectiveness of theoretical
results.

2. Preliminaries

We start by recalling some preliminaries about the fuzzy sets defined on R. A fuzzy set on R is
a mapping u : R → [0, 1], where the value u(x) denotes the degree of membership of the element x
to the fuzzy set u. For 0 < α ≤ 1, the α-level of u is defined by the set [u]α = {x ∈ R | u(x) ≥ α}.
For α = 0, the support of u is defined as the set [u]0 = supp(u) = {x ∈ R | u(x) > 0}. We denote

RF = {u : R→ [0, 1]|u satisfies (i)− (iv) below} ,

where

(i) u is normal, that is, there exists x0 ∈ R such that u(x0) = 1.
(ii) u is fuzzy convex, that is, u(λx + (1− λ)y) ≥ min{u(x), u(y)}, for any x, y ∈ R and 0 ≤ λ ≤ 1.

(iii) u is upper semicontinuous.
(iv) [u]0 is compact.

If u ∈ RF, we say that u is a fuzzy number.
According to Zadeh’s Extension Principle [2], operations of addition and scalar multiplication on

RF are defined as:

(u + v)(x) = sup
y+z=x

min{u(y), v(z)}, and (λu)(x) =

{
u( x

λ ) λ 6= 0,

χ{0}(x) λ = 0,

where χ{0} is the characteristic function of {0}. Moreover, the following relations hold:

[u + v]α = [u]α + [v]α, and [λu]α = λ[u]α, ∀u, v ∈ RF, ∀α ∈ [0, 1].

Definition 1. Let u, v, w ∈ RF. An element w is called the Hukuhara difference (H-difference, for short) of u
and v, if it verifies the equation u = v + w. If the H-difference exists, it will be denoted by u	H v. Clearly,
u	H u = {0}, and if u	H v exists, it is unique.
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The space RF is a complete metric space with the distance D(u, v) given by

D(u, v) = sup
α∈[0,1]

d([u]α, [v]α), ∀u, v ∈ RF,

where d(·, ·) is the well known Pompeiu-Hausdorff distance on the space Kn
c of all nonempty, compact

and convex subsets of the n-dimensional Euclidean space Rn.
We need the following theorem in this paper.

Theorem 1 ([2]). (i) For any u, v, w ∈ RF, we have

[(u + v)w]α ⊆ [uw]α + [vw]α, ∀α ∈ [0, 1],

and, in general, distributivity does not hold.
(ii) For any u, v, w ∈ RF such that none of the supports of u, v, w contain 0, we have

u(vw) = (uv)w.

In the sequel, we fix I = (0, T), for T ∈ R. There are several approaches to study fuzzy differential
equations [10,12,13,16–19]. In the following, we use the generalized Hukuhara differentiability concept
of fuzzy functions [3,8].

Definition 2. Let F : I → RF and t0 ∈ I be fixed. Then, we say that F is differentiable at t0 if there exists an
element F′(t0) ∈ RF such that either

(i) For all h > 0 sufficiently small, the H-differences F(t0 + h)	 F(t0), F(t0)	 F(t0 − h) exist and the
limits (in the metric D)

lim
h→0+

F(t0 + h)	 F(t0)

h
= lim

h→0+

F(t0)	 F(t0 − h)
h

= F′(t0),

or

(ii) For all h > 0 sufficiently small, the H-differences F(t0)	 F(t0 + h), F(t0 − h)	 F(t0) exist and the
limits (in the metric D)

lim
h→0+

F(t0)	 F(t0 + h)
−h

= lim
h→0+

F(t0 − h)	 F(t0)

−h
= F′(t0).

We say that F is (i)-differentiable on I if F is differentiable in the sense (i) of Definition 2. Similarly,
we say that F is (ii)-differentiable on I if F is differentiable in the sense (ii) of Definition 2. In this paper,
we make use of the following theorem [10].

Theorem 2 ([10]). Let F : I → RF be a fuzzy function such that [F(t)]α = [ fα(t), gα(t)] for each α ∈ [0, 1].
Then, we have

(i) If F is (i)-differentiable, then fα and gα are differentiable functions and we have

[F′(t)]α = [ f
′
α(t), g

′
α(t)].

(ii) If F is (ii)-differentiable, then fα and gα are differentiable functions and we have

[F′(t)]α = [g
′
α(t), f

′
α(t)].
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Let us consider the initial value problem to fuzzy differential equation{
y′(t) = f (t, y(t)), t ∈ I,

y(0) = y0,
(1)

where f : I ×RF → RF is a continuous fuzzy mapping and y0 is a fuzzy number. It is well known from
Reference [10] that the sufficient conditions for the existence and uniqueness of the (i)-differentiable
solution to the initial value problem (1) are

(a) The fuzzy mapping f is continuous on I ×RF;
(b) The fuzzy mapping f satisfies Lipschitz condition

D( f (t, u), f (t, v) ≤ LD(u, v), L > 0, ∀u, v ∈ RF, t ∈ I.

In Reference [2], the sufficient conditions for the unique existence of the (ii)-differentiable solution
to the initial value problem (1) are presented.

Now, we consider the first-order fuzzy linear differential equation{
y′(t) = a(t)y(t) + b(t), t ∈ I,

y(0) = y0,
(2)

where a, b : I → R are fuzzy mappings and y0 ∈ RF is the fuzzy initial condition. The initial value
problem (2) was studied in Reference [8] by Bede, Rudas and Bencsik. They have presented the general
solution of the problem in some special cases. Later, in Reference [20], the authors have presented the
solution of the problem (2) with general conditions.

Theorem 3 ([8]). Consider the initial value problem (2). Then, we have

(a) If a > 0, then the (i)-differentiable solution to the problem (2) is given by

y(t) = e
∫ t

0 a(u)du
(

y0 +
∫ t

0
b(s)e−

∫ s
0 a(u)duds

)
.

(b) If a < 0, then the (ii)-differentiable solution to the problem (2) is given by

y(t) = e
∫ t

0 a(u)du
(

y0 	 (−1)
∫ t

0
b(s)e−

∫ s
0 a(u)duds

)
,

provided the H-difference exists.

Fuzzy difference equation is a difference equation whose parameters or initial data are fuzzy
numbers and its solutions are given in the form of fuzzy number sequences. Due to the applicability of
fuzzy difference equations in the analysis of phenomena where imprecision is inherent, this class of
difference equations is an interesting topic from theoretical point of view. Deeba et al. [9] have studied
the first-order fuzzy difference equation xn+1 = wxn + q, n = 0, 1, . . . to investigate the population
genetics, where {xn} is a sequence of positive fuzzy numbers and w, q, x0 ∈ R+

F . In Reference [21],
Papaschinopoulos et. al. studied the existence and some related properties of the positive solutions
of the fuzzy difference equation xn+1 = A + B/xn, n = 0, 1, . . . , where {xn} is a sequence of positive
fuzzy numbers and A, B ∈ R+

F .
In the following, we consider the first-order fuzzy difference equation

zn+1 = µnzn + νn, n = 0, 1, 2, . . . (3)
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where {µn} and {νn} are sequences of positive fuzzy numbers and z0 ∈ R+
F . The difference Equation (3)

is a generalization of the following fuzzy difference equations, studied in Reference [4]

Fn+1 = Fn + IF0, and Fn+1 = Fn(I′ + 1) + bn, n = 0, 1, 2, . . .

where I, I′, bn ∈ R+
F . Furthermore, the Equation (3) is also a generalization of the fuzzy difference

equation xn+1 = wxn + q, which was studied in Reference [5,9]. In the following, we study the existence
of positive solution to the difference Equation (3).

Since µn, νn, z0 are positive fuzzy numbers for each n = 0, 1, . . . , then the α−cuts of zn+1 is
given by

[zn+1, zn+1]
α = [µ

n
zn + νn, µnzn + νn], n = 0, 1, 2, . . .

Then, we have two classical difference equations

zn+1 = µ
n
zn + νn, n = 0, 1, 2, . . .

and

zn+1 = µnzn + νn, n = 0, 1, 2, . . .

Therefore, by using the results of classic difference equations [22], we have

zn = z0

n−1

∏
i=0

µ
i
+

n−1

∑
i=0

νi

n−1

∏
j=i+1

µ
j
, n = 0, 1, . . .

and

zn = z0

n−1

∏
i=0

µi +
n−1

∑
i=0

νi

n−1

∏
j=i+1

µj, n = 0, 1, . . .

Consequently, we obtain

[zn, zn]
α =

[
z0

n−1

∏
i=0

µ
i
+

n−1

∑
i=0

νi

n−1

∏
j=i+1

µ
j
, z0

n−1

∏
i=0

µi +
n−1

∑
i=0

νi

n−1

∏
j=i+1

µj

]
.

Additionally, since µn, νn, z0 are positive fuzzy numbers, we have the following result

Theorem 4. For each n ∈ N, let z0, νn, µn ∈ R+
F . Then, the positive solution of the first-order fuzzy difference

Equation (3) is given by

zn = z0

n−1

∏
i=0

µi +
n−1

∑
i=0

νi

n−1

∏
j=i+1

µj, n = 0, 1, . . .

There are various methods to compare and arrange fuzzy numbers. In the theoretical point of view,
the set of fuzzy numbers can only be partially ordered and hence, it cannot be compared. However,
in practical applications such as decision making, scheduling, market analysis or optimization with
fuzzy uncertainties, the comparison of fuzzy numbers becomes crucial [23]. In this study, we use the
following definition for ordering fuzzy numbers.

Definition 3. For each u, v ∈ RF, we say that the fuzzy number u is greater than the fuzzy number v, denoted
by u� v, if and only if uα > vα and uα > vα for all α ∈ [0, 1].
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It is well-known that u ∈ R+
F if and only if u � 0̃, that is, uα ≥ uα > 0 for all α ∈ [0, 1],

where 0̃ = χ{0}. Similarly, u ∈ R−F if and only if 0̃� u, that is, uα ≤ uα < 0 for all α ∈ [0, 1].

Proposition 1. Let u, v, w ∈ R+
F and v	 w exist such that v� w. Then, we have

u(v	 w) = uv	 uw.

Proof. Since v	 w exists such that v� w, it implies that
v > w,

v > w

v− w < v− w.

Thus, it implies that 0 < v− w < v− w and hence, v	 w� 0̃.
Finally, for each α ∈ [0, 1], we have

[u(v	 w)]α = [u(v− w), u(v− w)]

= [uv− uw, uv− uw]

= [uv, uv]	 [uw, uw]

= [uv	 uw]α.

We have the following lemma.

Lemma 1. Let u, v, w ∈ RF and the H-differences u	 v, (u	 v)	w exist. Then, the H-difference u	 (v+w)

exist and we have (u	 v)	 w = u	 (v + w).

Proof. Let u 	 v = τ1 and (u 	 v) 	 w = τ2. Then, τ2 + w = u 	 v. So, we have τ2 + w + v = u.
Therefore, τ2 = u	 (v + w).

Theorem 5. Assume that the numbers µn, νn, z0 ∈ R+
F be such that the H-differences µnzn 	 νn exist and

µnzn � νn for all n ≥ 0. Then, the fuzzy solution of the fuzzy difference equation

zn+1 = µnzn 	 νn, n = 0, 1, . . . (4)

is given by

zn = z0

n−1

∏
i=0

µi 	
n−1

∑
i=0

νi

n−1

∏
j=i+1

µj, n = 0, 1, . . .

Proof. By the assumption that z0 ∈ R+
F , µnzn � νn for each n ∈ N and the H-differences µnzn 	 νn

exist, it implies that µnzn 	 νn � 0̃ and hence, we have zn+1 ∈ R+
F for each n ∈ N. On the other hand,

since µn and νn are positive fuzzy numbers for n = 0, 1, . . ., the α-cuts of zn+1 are given by

[zn+1, zn+1]
α =

[
µ

n
zn − νn, µnzn − νn

]
, for n = 0, 1, . . . and α ∈ [0, 1].

Then, we have two classical difference equations

zn+1 = µ
n
zn − νn, n = 0, 1, . . .

and
zn+1 = µnzn − νn, n = 0, 1, . . .



Mathematics 2020, 8, 1808 7 of 15

Therefore, by using the results of classic difference equations [22], we have

zn = z0

n−1

∏
i=0

µ
i
−

n−1

∑
i=0

νi

n−1

∏
j=i+1

µ
j
, n = 0, 1, . . .

and

zn = z0

n−1

∏
i=0

µi −
n−1

∑
i=0

νi

n−1

∏
j=i+1

µj, n = 0, 1, . . .

Therefore, we obtain

zn = z0

n−1

∏
i=0

µi 	
n−1

∑
i=0

νi

n−1

∏
j=i+1

µj, n = 0, 1, . . . (5)

It is easy to check that the H-difference in (5) exists. Indeed, the corresponding H-differences z1 =

µ0z0	 ν0 and z2 = µ1z1	 ν1 = µ1(µ0z0	 ν0)	 ν1 exist. Therefore, by using Lemma 1, the H-difference
µ1µ0z0 	 (µ1ν0 + ν1) exists and we have

z2 = µ1µ0z0 	 (µ1ν0 + ν1).

By mathematical induction principle, we can see that the H-difference in (5) exists and hence, the proof
is complete.

3. General Mixed Continuous-Discrete Fuzzy Model

The fuzzy difference equations introduced in Reference [4] are the special cases of the following
linear fuzzy difference equation

Fn+1 = anFn + bnFγn + fn, n = 0, 1, . . . (6)

where {an}, {bn}, { fn} are given sequences of fuzzy numbers and γn = kδn with δn = [ n
k ] for some

integer k > 0.
In the following, we consider a positive increasing sequence {tn} satisfying tn → +∞, a sequence

of fuzzy functions { fn} ⊂ C(Jn ×RF,RF), Jn = (tn, tn+1], the fuzzy functions dn : RF×RF×RF → RF
for each n = 0, 1, . . . and the initial value F0 ∈ RF. We introduce a dynamical process as a mixed
continuous-discrete fuzzy model by the set of fuzzy differential equations and fuzzy difference
equations as follows: {

y′n(t; Fn) = fn(t, yn(t; Fn)), t ∈ Jn,

yn(t+n ; Fn) = Fn, n = 0, 1, . . .
(7)

and
Fn+1 = dn(Fn, Fγn , yn(tn+1; Fn)). (8)

Here, we assume that
yn(t+n ; Fn) = lim

h→0+
yn(tn + h; Fn).

In order to get the uniqueness of the process, we assume that the sufficient conditions for the existence
of (i)-differentiable and (ii)-differentiable solutions are fulfilled (see References [2,10]). Then the unique
process in each type of differentiability is defined as

y(t; F0) = yn(t; Fn), t ∈ (tn, tn+1], n = 0, 1, . . .

Therefore, the dynamical process in interval Jn is presented by the corresponding fuzzy differential
equation and it displays impulsive jumps in the points of the sequence {tn}. It is easy to see that when
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the functions dn do not depend on the third variable or fn(t, y) ≡ 0, n = 0, 1, . . . , we have a purely
discrete process described by the fuzzy difference equations. For instance, if we assume

dn(x, y, z) = anx + bny + fn,

then the fuzzy differential-difference Equations (7) and (8) are transformed into (6). On the other hand,
if we assume fn(t, x) ≡ f (t, x) and dn(x, y, z) = z, then we obtain a continuous dynamical process
formulated by the fuzzy initial value problem{

y′(t) = f (t, y(t)), t ≥ t0,

y(t0) = F0.

4. Linear Fuzzy Differential-Difference Equations

In this section, we consider the equation of linear form

f (t, y) = a(t)y + b(t), (9)

where a : [0,+∞)→ R and b : [0,+∞)→ RF are continuous functions and

dn(x, y, z) = dnz + en, n = 0, 1, . . . (10)

is a fuzzy difference equation w.r.t. the sequences {dn} and {en} of positive fuzzy numbers. Hence,
the problem (7)–(8) is transformed into the following fuzzy model{

y′n(t; Fn) = a(t)yn(t; Fn) + b(t), t ∈ (tn, tn+1],

yn(t+n ; Fn) = Fn, n = 0, 1, . . .
(11)

Fn+1 = dnyn(tn+1; Fn) + en, n = 0, 1, . . . (12)

where the initial value F0 ∈ R+
F . In the following, we will present an explicit formula for the solution

yn(t; Fn) on each interval Jn = (tn, tn+1]. For this aim, we consider three different cases of the real
function a(t).

Theorem 6. Consider the linear mixed continuous-discrete fuzzy model (11)–(12) where dn, en, F0 ∈ R+
F and

a : [0,+∞) → R+, b : [0,+∞) → R+
F are continuous functions. Then, the (i)-differentiable solution to the

model (11)–(12) is given by

yn(t; Fn) = F0e
∫ t

t0
a(u)du

n−1

∏
i=0

di +
n−1

∑
i=0

[(
n−1

∏
j=i

dj

) ∫ ti+1

ti

b(s)e
∫ t

s a(u)duds

]

+
n−1

∑
i=0

[
eie
∫ t

ti+1
a(u)du n−1

∏
j=i+1

dj

]
+
∫ t

tn
b(s)e

∫ t
s a(u)duds, (13)

for each t ∈ (tn, tn+1] and each n = 0, 1, . . .

Proof. If the function a(t) is positive, then according to Theorem 3, the (i)-differentiable solution of
the fuzzy differential-difference Equations (11) and (12) is given by

yn(t; Fn) = e
∫ t

tn a(u)du
(

Fn +
∫ t

tn
b(s)e−

∫ s
tn a(u)duds

)
,

or equivalently,

yn(t; Fn) = Fne
∫ t

tn a(u)du +
∫ t

tn
b(s)e

∫ t
s a(u)duds, (14)
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for all tn < t ≤ tn+1 and n = 0, 1, . . . Therefore, by using the difference Equation (12), we directly have

Fn+1 = dn

[
Fne

∫ tn+1
tn a(u)du +

∫ tn+1

tn
b(s)e

∫ tn+1
s a(u)duds

]
+ en.

For each n ≥ 1, since the terms dn, Fne
∫ tn+1

tn a(u)du and
∫ tn+1

tn
b(s)e

∫ tn+1
s a(u)duds are in R+

F , then Theorem 1

implies that

Fn+1 = Fndne
∫ tn+1

tn a(u)du + dn

∫ tn+1

tn
b(s)e

∫ tn+1
s a(u)duds + en,

or equivalently,
Fn+1 = AnFn + Bn, n = 0, 1, . . . , (15)

where

An = dne
∫ tn+1

tn a(u)du,

Bn = dn

∫ tn+1

tn
b(s)e

∫ tn+1
s a(u)duds + en.

Therefore, according to Theorem 4, the solution of the fuzzy difference Equation (15) is

Fn = F0

n−1

∏
i=0

Ai +
n−1

∑
i=0

Bi

n−1

∏
j=i+1

Aj, n = 0, 1, . . .

and the proof is complete.

Remark 1. It is well-known that the Hukuhara differentiable functions have increasing length of support,
that is, when the time goes by, the diameter of the fuzzy functions increases, see Reference [10]. Therefore, the
solution of the model (11)–(12) has increasing length of support with some impulsive jumps in the points of
sequence {tn}.

For a < 0, we have the following result.

Theorem 7. Consider the linear mixed continuous-discrete fuzzy model (11)–(12) where dn, en, F0 ∈ R+
F and

a : [0,+∞)→ R−, b : [0,+∞)→ R−F are continuous functions. Assume that for each n ≥ 0, the H-differences

Fne
∫ t

tn a(u)du 	 (−1)
∫ t

tn
b(s)e

∫ tn+1
s a(u)duds

exist and

Fne
∫ t

tn a(u)du � (−1)
∫ t

tn
b(s)e

∫ tn+1
s a(u)duds.

Then, the (ii)-differentiable solution to the model (11)–(12) is given by

yn(t; Fn) = F0e
∫ t

t0
a(u)du

n−1

∏
i=0

di 	
n−1

∑
i=0

[(
n−1

∏
j=i

dj

) ∫ ti+1

ti

b(s)e
∫ t

s a(u)duds

]

+
n−1

∑
i=0

[
eie
∫ t

ti+1
a(u)du n−1

∏
j=i+1

dj

]
+
∫ t

tn
b(s)e

∫ t
s a(u)duds, (16)

for each tn < t ≤ tn+1 and each n = 0, 1, . . .
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Proof. According to Theorem 3, the (ii)-differentiable solution of (11) is given by

yn(t; Fn) = e
∫ t

tn a(u)du
(

Fn 	 (−1)
∫ t

tn
b(s)e−

∫ s
tn a(u)duds

)
,

or equivalently,

yn(t; Fn) = Fne
∫ t

tn a(u)du 	 (−1)
∫ t

tn
b(s)e

∫ tn+1
s a(u)duds, (17)

for each tn < t ≤ tn+1, and each n = 0, 1, . . . . Therefore, by using the difference Equation (12), we have

Fn+1 = dn

[
Fne

∫ tn+1
tn a(u)du 	 (−1)

∫ tn+1

tn
b(s)e

∫ tn+1
s a(u)duds

]
+ en.

Then, since dn, Fn ∈ R+
F and b : [0, ∞)→ R−F , Proposition 1 follows that

Fn+1 = Fndne
∫ tn+1

tn a(u)du 	 (−1)dn

∫ tn+1

tn
b(s)e

∫ tn+1
s a(u)duds + en,

or equivalently
Fn+1 = AnFn 	 Bn, n = 0, 1, . . . (18)

where

An = dne
∫ tn+1

tn a(u)du, n = 0, 1, . . .

Bn = (−1)dn

∫ tn+1

tn
b(s)e

∫ tn+1
s a(u)duds + en.

Thus, by Theorem 5, we obtain the solution as

Fn = F0

n−1

∏
i=0

Ai 	
n−1

∑
i=0

Bi

n−1

∏
j=i+1

Aj, n = 0, 1, . . .

which completes the proof.

Remark 2. It is well-known that the (ii)-differentiable functions have non-increasing length of support, that
is, when the time goes by, the diameter of the fuzzy functions decrease, see Reference [2]. Therefore, the solution
of the model (11)–(12) under the differentiability in type (ii) has non-increasing length of support with some
impulsive jumps in the points of sequence {tn}.

In the case a(t) = 0, we have the mixed continuous-discrete fuzzy model{
y′n(t; Fn) = b(t), t ∈ (tn, tn+1],

yn(t+n ; Fn) = Fn, n = 0, 1, . . .
(19)

Fn+1 = dnyn(tn+1; Fn) + en, n = 0, 1, . . . (20)

where F0 ∈ R+
F , b : [0,+∞) → RF is a continuous function and {dn}, {en} are sequences of positive

fuzzy numbers. We have the following results for a(t) = 0.

Theorem 8. Consider the mixed continuous-discrete fuzzy model (19)–(20), where the parameters dn, en, F0 ∈
R+

F and b : [0,+∞)→ RF is a continuous function. Then,

(i) If the function b : [0,+∞) → R+
F is continuous, then the (i)-differentiable solution of the fuzzy model

(19)–(20) is given by
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yn(t; Fn) = F0

n−1

∏
i=0

di +
n−1

∑
i=0

[
n−1

∏
j=i

dj

∫ ti+1

ti

b(s)ds

]
+

n−1

∑
i=0

[
ei

n−1

∏
j=i+1

dj

]
+
∫ t

tn
b(s)ds,

for each tn < t ≤ tn+1 and each n = 0, 1, . . .
(ii) If b : [0,+∞)→ R−F is a continuous function such that the H-difference Fn 	 (−1)

∫ t
tn

b(s)ds exists and
the following term holds

Fn � (−1)
∫ t

tn
b(s)ds,

then, the (ii)-differentiable solution of the model (19)–(20) is given by

yn(t; Fn) = F0

n−1

∏
i=0

di 	
n−1

∑
i=0

[
n−1

∏
j=i

dj

∫ ti+1

ti

b(s)ds

]
+

n−1

∑
i=0

[
ei

n−1

∏
j=i+1

dj

]
+
∫ t

tn
b(s)ds,

for each tn < t ≤ tn+1 and each n = 0, 1, . . .

Proof. By similar arguments as in the case a(t) > 0, we obtain the (i)-differentiable solution if
b : [0,+∞)→ R+

F , while in the case a(t) < 0, we receive the (ii)-differentiable solution of the model
with b : [0,+∞)→ R−F .

Example 1. Consider the following fuzzy differential-difference equation{
y′n(t, Fn) = yn(t, Fn) + [α + 1, 3− α]t, t ∈ (tn, tn+1],

yn(t+n , Fn) = Fn, n = 0, 1, . . .
(21)

Fn+1 = 1.1yn(tn+1, Fn) + 0.1(n + 1)[α + 1, 3− α], n = 0, 1, . . . (22)

where F0 = [2 + α, 4− α], tn = 0.2n, n = 0, 1, . . . Then, the solution of the fuzzy differential-difference
Equations (21) and (22) is determined by the formula (13) and its graphical representation is given in Figure 1
for α = 0, 1. As we see in Figure 1, the length of the support of the solution is increasing. Starting from the
triangular fuzzy initial value (2, 3, 4), the diameter of the solution increases as time goes by and in the point
t1 = 0.2, according to Equation (22), we have a jump. Again, starting from the point t1 and using FDE (21),
we obtain the solution on (0.2, 0.4]. We can follow this procedure for (0.4, 0.6].

Figure 1. The solution of the fuzzy differential-difference Equations (21) and (22) for α = 0.1.
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5. Application: Time Value of Money

It is a fact that a fixed amount of money to get after some years is worth less than the same amount
today. The main reason is that money due in the future or locked in a fixed term account cannot be
spent right away. Meanwhile, prices may rise and the amount will not have the same purchasing power
as it would have at present. In addition, there is always a risk that the money will never be received.
Therefore, whenever a future payment is uncertain, its value today will be reduced to compensate for
the risk. We mention that in this paper, we shall consider situations free from such risk. Bank deposit
and bond are generic examples of risk-free assets [24]. A bank deposit is a specific sum of money taken
and held on account by a bank, as a service to its customers. Some banks pay the customer through the
interest of the funds deposited while others may charge a fee for this service. Therefore a bank deposit
is a type of asset. There are many ways that a bank can pay interest on the funds deposited, see for
example Reference [24].

Many mathematical methodologies have been developed to study the uncertainty in the estimation
of the time value of money. An important effort has been made by Buckley [13] where he has developed
fuzzy analogues of the elementary compound interest problem in financial mathematics. Later, in
Reference [4], the authors have presented an alternative methodology using fuzzy difference equations.
Their method has some advantages such as simplicity and capacity in studying the uncertain factors
which cause the change of value of money in different time periods. In this paper, we consider this
topic in three following cases:

Case I. Simple Interest: Chrysasif et al. [4] considered a simple capitalization problem. Let us assume
that an amount of money is deposited in a bank account to obtain the interest. Then, the future value
of this investment consists of the initial value of deposit P, namely the principal, plus all the interest
earned during the period of investment. The authors considered the case when the interest is received
only by the principal. This motivates the following fuzzy difference equation of simple interest [4]

Vn+1 = Vn + IP, n = 0, 1, . . .

where I is the rate of interest and V0 = P.

Case II. Periodic Compounding: Let us assume that an amount of money P is deposited in a bank
account to receive interest at a constant rate I. Here, in contrast to the case of simple interest, we assume
that the interest earned will be added to the initial principal periodically. Consequently, the interest
will be received not only by the principal, but also by all the interest earned so far. This motivates the
following fuzzy difference equation [4]

Vn+1 = Vn(1 + I), V0 = P, n = 0, 1, . . .

The authors of Reference [4] have studied the compound interest problem considering a new factor en,
which is added into the equation, denoting the deposits realized during the life of the account

Vn+1 = Vn(1 + I) + en, V0 = P, n = 0, 1, . . .

It is natural to use fuzzy number for the extra deposits because we do not know certainly the number
of deposits that the customer will make during the period of investment.

Case III. Continuous Compounding: In this case, the rate of growth of the deposit is proportional to the
current wealth. In the periodic compounding, if we consider limit case as n→ ∞, we get V(t) = etI P,
which is the solution of the following Cauchy problem [24]

V′(t) = IV(t), V(0) = P.

This is known as the continuous compounding, where the corresponding growth factor is etI .
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Remark 3 ([24]). For the fixed principal P and interest rate I, the continuous compounding produces the higher
future value than periodic compounding with any frequency n.

Example 2. In the following, by using the results of Section 4, we introduce a new mixed continuous-discrete
fuzzy model to study the future value of money. Consider the following fuzzy differential-difference equation{

V′n(t; Fn) = IVn(t; Fn), t ∈ (tn, tn+1],

Vn(t+n ; Fn) = Fn, n = 0, 1, . . .
(23)

Fn+1 = Vn(tn+1; Fn) + en, n = 0, 1, . . . (24)

where the initial value F0 = P. Let us consider triangular fuzzy numbers F0 =
(

φ, (φ+ρ)
2 , ρ

)
and en =

an
(
s, s+t

2 , t
)
, where their membership functions are given by

F0(x) =


−2x+2φ

φ−ρ , x ∈ [φ, (φ+ρ)
2 ),

−2x+2ρ
ρ−φ , x ∈ [ (φ+ρ)

2 , ρ),

0, otherwise,

and

en(x) =


−2x+2ans

an(s−t) , x ∈ [ans, an(s+t)
2 ),

−2x+2ant
an(t−s) , x ∈ [ an(s+t)

2 , ant),

0, otherwise.

Hence, their level sets are given by

[F0]
α =

[
α(ρ− φ) + 2ρ

2
,

α(φ− ρ) + 2φ

2

]
,

[en]
α =

an

2
[α(t− s) + 2s, α(s− t) + 2t] ,

for all α ∈ [0, 1]. Then, according to the Formula (13), we obtain the solution of the fuzzy differential-difference
Equations (23) and (24) is

Vn(t; Fn) = F0eI(t−t0) +
n−1

∑
i=0

eieI(t−ti+1). (25)

In particular, we consider I = 3.5, tn = 0.2n, n = 0, 1, . . . and F0, en are fuzzy numbers whose level sets are
given by

[F0]
α = 50000 + 5000[−1 + α, 1− α],

[en]
α = 200(n + 1)[9 + α, 11− α].

Finally, the solution of fuzzy differential-difference Equations (23) and (24) is determined by the Formula (25)
and its graphical representation with α = 0, 1 is shown in Figure 2.

Here, the initial value of the deposit is the triangular fuzzy number (45, 000, 50, 000, 55, 000). Using the
FDE (23), we obtain the solution on (0, 0.2]. At t = 0.2, we have an impulsive jump such that we can obtain the
value at t+1 by (24). To obtain the solution on (0.2, 0.4], we use the FDE (23) with initial value F1. By following
this procedure, we obtain the solution on [0, 0.6] in Figure 2.
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Figure 2. The solution of fuzzy differential-difference Equations (23) and (24) on the interval [0, 0.6]
with α = 0, 1.

6. Conclusions

In the present paper, a fuzzy differential-difference equation is proposed to model the mixed
continuous-discrete phenomena. We presented the dynamical process in the intervals by a fuzzy
differential equation and impulsive jumps in some points by the corresponding fuzzy difference
equation. This study generalizes the results of Reference [15] to the fuzzy set theory to consider the
uncertain factors in differential equations and difference equations. By this approach, we modeled
the uncertainty in initial values and parameters of the differential-difference equations. The general
solution of linear fuzzy differential-difference equations is presented, too. Finally, the applicability of
the model is illustrated by studying the time value of money in finance.

For further research, we propose to extend these results to study the existence of both (i)-differentiable
and (ii)-differentiable solutions of the mixed continuous-discrete fuzzy model corresponding to each
case of a. The current work opens up many potential results in studying control problems or numerical
algorithms for the fuzzy differential-difference equations, that are inspired by pioneer works [25–29].
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