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Abstract: This article proposes a space—-time meshless approach based on the transient radial
polynomial series function (TRPSF) for solving convection—diffusion equations. We adopted the TRPSF
as the basis function for the spatial and temporal discretization of the convection—diffusion equation.
The TRPSF is constructed in the space-time domain, which is a combination of #n—dimensional
Euclidean space and time into an n + 1-dimensional manifold. Because the initial and boundary
conditions were applied on the space-time domain boundaries, we converted the transient problem
into an inverse boundary value problem. Additionally, all partial derivatives of the proposed
TRPSF are a series of continuous functions, which are nonsingular and smooth. Solutions were
approximated by solving the system of simultaneous equations formulated from the boundary,
source, and internal collocation points. Numerical examples including stationary and nonstationary
convection-diffusion problems were employed. The numerical solutions revealed that the proposed
space-time meshless approach may achieve more accurate numerical solutions than those obtained
by using the conventional radial basis function (RBF) with the time-marching scheme. Furthermore,
the numerical examples indicated that the TRPSF is more stable and accurate than other RBFs for
solving the convection—diffusion equation.

Keywords: space-time; transient radial basis function; convection—diffusion equation; meshless;
radial polynomials

1. Introduction

The convection—diffusion equation is extensively used in many contexts in scientific and
engineering problems, such as those related to groundwater pollution [1], gas flow after-treatment
systems [2], and methane reformation in catalytic reactors [3]. The convection—diffusion equation is
a combination of diffusion and convection processes that are referred to as substance diffusion and
concentration change, respectively. Numerical solutions for the convection-diffusion equation have
been applied extensively by using conventional mesh-based approaches, such as the finite difference
method (FDM) [4-6], finite volume method [7], finite element method (FEM) [8], and boundary
element method (BEM) [9]. The Lattice Boltzmann method, which does not involve the use of a mesh,
was adopted to simulate fluid flow in an elliptical honeycomb monolith reactor [10]. Greiner et al.
applied X-ray microtomography to simulate the pore geometry and the distribution of the catalyst
in the pores [11]. Li and Evans [12] adopted the BEM to solve heat convection—diffusion problems
in homogeneous and isotropic media. Later, Sacco and Stynes [13] applied the Petrov—Galerkin
FEM to solve the convection—diffusion equation. A global spectral analysis based on the finite
difference scheme [14] was proposed to model the linear convection—diffusion equation in one
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dimension. To increase the accuracy of results, optimal parameters are required for each proposed
numerical scheme.

Unlike conventional mesh-based approaches, meshless approaches have gained attention because
they do not require the tedious work of mesh construction or numerical integration. Among the
meshless methods, the radial basis function (RBF) approach may be one of the simplest [15]. Over the
last decade, research on meshless methods using RBFs to approximate partial differential equations
(PDEs), such as the convection—diffusion equation, has accelerated. The multiquadric (MQ) RBF
was proposed by Hardy [16] as an interpolation function for the analysis of gravitational fields.
Subsequently, the Kansa method [17,18] that directly adopts the MQ RBF has been indicated to be an
effective numerical tool for approximating PDE solutions. Numerous engineering problems, including
Burgers’ equation [19,20], heat transfer [21-23], and groundwater contaminant transport [24], have
been solved using the Kansa method.

In the Kansa method, the optimal shape parameter must be determined. Attempts related to this
topic have been conducted [25,26]. Tsai et al. [27] proposed the golden-section search algorithm to select
the optimal shape parameter of the MQ RBF to solve PDEs. Ng et al. [28] utilized a new higher—order
RBF-FD scheme with optimal variable shape parameters for solving a PDE. The optimum is computed
by using the FDM combined with compact differencing schemes. Although MQ RBF in conjunction
with the time-marching scheme [29-31] is an effective numerical tool for solving time-dependent PDEs,
the time interval must be minimized to increase the result accuracy.

This study adopted the transient radial polynomial series function (TRPSF) as the basis function
for spatial and temporal discretization. The TRPSF is based on the space-time domain, which is a
combination of n—dimensional Euclidean space and time into an # + 1-dimensional manifold. Because
both initial and boundary conditions are assigned in the space-time domain, we transformed an initial
value problem to an inverse boundary value problem. Accordingly, the time-marching algorithm is not
required in the presented approach. Several numerical implementations were conducted and compared
with the Kansa method as well as other methods. The remainder of this paper is structured as follows.
Section 2 introduces the mathematical formulation. To demonstrate the robustness and effectiveness of
the proposed method, Section 3 presents the validation and convergence analysis. Section 4 presents
numerical examples. Finally, concluding remarks are drawn in Section 5. The formulation of the
proposed method is presented subsequently.

2. Mathematical Formulation

The governing equation of the convection-diffusion equation is expressed as follows:

du(x, )

DAu(x, ) +a(x) == +b(x) oulx t)

dy

+e(x)u(x,t) = %u(x,t),x €O, t € [ty, tf], 1)

where D is the diffusivity coefficient; A represents the Laplace operator; u(x, t) is to be determined;
a(x), b(x), and c(x) are given functions; fo and ¢ denote the initial and final times, respectively; and Q
is a bounded domain with boundary dQ). The initial condition is adopted using the following equation:

u(x,t =0) =up(x,0), ()
where 1y denotes the initial value. The boundary condition is expressed as
u(x,t) = g(xt), to <t <ty ©)]

where g(x, t) denotes the known function. Equation (1) can be regarded as a steady-state problem if
du(x,t)/dt = 0. The unknown du(x, t) can be expressed using the RBF as

M
u(x t) = ZAJ»@]-(X), i=1,2,...,M, 4)
=1
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where @ i denotes the RBF and A j represents unknown vectors for j = 1,2,..., M. M = Mj + Mg, where
M is the total number of boundary and internal points; M; is the internal point number; and Mg is the
boundary point number. Herein, we propose the following transient radial polynomial series function

(TRPSF) as the RBF:
M,

pil0t) = ) A, (5)

k=1
where M, denotes the terms for the TRPSEF, and k is the order of the TRPSE. In the proposed method,
the approximate solution for u(x,t) can be obtained through the linear combination of the TRPSF,

expressed as
Ms M,

—Y Y A ©)

i=1k=1

where M; is source point number. The first derivative of x and y for Equation (6) is expressed as

(G
% = Z Z/\j’ke‘kt(kJrZ)(x—xj)r]]? , (7)
j=1\k=1
o G
—k
5y~ Zl kzlftj,ke "(k+2)(y - )"k | (®)
j= =

Similarly, we obtain the second derivative of x and y for Equations (7) and (8) as

321/{ M (& _k k 2 k—
5= ;/\jlke 'k +2)7 + k(e +2) (x—x))A72) | ©

Ms

u _
7 = Y, ZA],ke (k42 +k(k+2)(y - )72 | (10)
j=1\k

The first derivative of t for Equation (6) is expressed as
T
—kt _ —kt k+2
=) {Z /\]k( (k+2)(t 1) — ke 7t )] (11)

j=1\k=1

The convection—diffusion equation can then be rewritten as follows:

Af(Z Ae M (k+2)(k+2)r ) a(x )%(Z A/E‘kt(k+2)( ])rk.)

j=1\k=1 i=1\k=1
M (Mo Mq (M,
+b(x) Y (Z A e—kt(k+ 2)(y— y.)r.) +c(x) Y ( y /\'ke—ktrlf+2) 12)
]7 1) j:1 k=1 Iz ]
—k b ) ekt k2))
B(E w2l w0

The Dirichlet boundary conditions can be expressed as follows:

Ms M,

ZZ/\]ke = g(x). (13)

j=1k=1
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The following system can be obtained by using Equations (12) and (13):
PA = B, (14)

in which P represents a matrix (size of M X N) from the TRPSFE, in which M = M; +Mpand N = M, X M;.
A denotes an N X 1 vector of unknowns to be determined, and B represents an M X 1 vector. This study
used MATLAB for programing. To solve the system of linear equations, the backslash operator in
MATLAB was adopted. The root mean square error (RMSE) was adopted to measure the accuracy of
the obtained approximations and defined as follows:

1

RMSE = Jn_tZ(ﬁ(xi)_”(xi))Z/ (15)
i—1

where n; represents the number of internal points and u(x;) and #(x;) are the exact and approximate

th

solutions at the i collocation point, respectively.

3. Validation and Convergence Analysis

To validate the proposed approach, we conduct an example and compared the numerical results
with other RBFs, namely the Gaussian, MQ, inverse MQ (IMQ) and conical RBFs. The following
convection—diffusion equation was considered:

DAu + a(x)g—z + b(x)g—; +e(x)u=f(x,y),(x,y) €Q, (16)

where D represents the diffusivity coefficient ranging from 0.001 to 1000; a(x) = y cos(x), b(x) = sinh(x),
and c(x) = x? + y?. In Equation (17), f(x,y) can be obtained by substituting the exact solution into
Equation (16).

f(x,y) = D((-=m* + 1) (sin(mx) cosh(y)) + (% — 1) (cos(mx)sinh(y)))+
(y cos x) (m cos(mx) cosh(y) + msin(mx)sinh(y))+

sinh(x) (sin(7x)sinh(y) — cos(mx) cosh(y))+ A7)
(x? + y?) (sin(mx) cosh(y) — cos(mx)sinh(y)).
The boundary JQ of the irregular domain is defined by the following parametric equation:
90 ={(x,y)|x = p(6) cos 6,y = p(6) sin6), p = ‘sec(39)5m6e ,0<0<2m. (18)
The analytical solution in this example is expressed as
u(x,y) = sin(nx) cosh(y) — cos(mx)sinh(y). (19)
The Dirichlet boundary condition is considered using the analytical solution
u(x,y) = sin(nx) cosh(y) — cos(mx)sinh(y), (x, y) € IQ. (20)

In the numerical implementation, the Dirichlet boundary conditions are provided on the boundary
by using the analytical solution. We first examined the accuracy of the position of the sources to the
results. Two layouts of possible locations for the source points, depicted in Figures 1 and 2, are called
the internal and external source collocation schemes, respectively. For the external source space-time
collocation scheme, the sources are collocated away from the domain on the basis of the following
equation:

yi = nrj(cos 0,sin Gj),j =1,..., M, (21)
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where 1) represents the dilation parameter; i) > 1, 6; represents the angle of the source point, and ; is
the radius of the source point.

O : boundary point
@ : inner point
A : source point

O : boundary point
@ : inner point
A : source point

Figure 2. External source collocation scheme for the proposed method.

The computed RMSE with respect to the TRPSF terms is plotted in Figure 3. According to
Figure 3, the highest accuracy occurred when M, > 10. Moreover, the external source space-time
collocation scheme was obviously more accurate than the internal source space-time collocation
scheme. Consequently, the proposed method with an external source collocation scheme was adopted
in this study. Figure 4 plots the dilation parameter against the RMSE. Highly accurate solutions could
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be obtained when the dilation parameter was greater than 4. The convergence analysis demonstrated
that the dilation parameter is not sensitive to the accuracy level. Because the presented approach
and the radial basis function collocation method (RBFCM) have a similar mathematical background,
these methods were adopted to solve the same problem. The RBFCM with the optimal shape parameter
was considered using the Gaussian, MQ, IMQ, and conical RBFs. Table 1 presents the results of the
example comparison. All cases in Table 1 demonstrate that the proposed method is more accurate than
is the conventional RBFCM with the optimal shape parameter. A parameter study when the diffusivity
coefficient D varies from 0.001 to 1000 was also conducted. Table 2 presents the numerical results with
different values by using the RPSF as well as the MQ RBF. More stable and accurate results could be
obtained using the numerical model compared with the MQ RBF even when a large range of D values
is considered. A comparison with the exact solution is presented in Figure 5. The numerical solution is
consistent with the analytical solution.

107!

/e w\ Internal source collocation scheme

<) External source collocation scheme

| HHH\‘ | H\HH‘ HHHH‘ | H\HH‘ HHHH‘ H‘\HHH“ | H\HH‘ HHHH‘r\\ LU

4 6 8 10 12 14 16 18 20 22 24
The terms of the TRPSF

Figure 3. Transient radial polynomial series function (TRPSF) terms versus RMSE.
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Figure 4. Dilation parameter versus RMSE.

Table 1. Root mean square errors (RMSEs) of the proposed approach and other radial basis functions

(RBFs).
RMSE
. . Inverse
Mp My This Study M?ﬁlg;l;{d];;hc Multiquadriatic Gaussian Conical RBF ()
(IMQ) RBF
1916 514 9.53 x 10710 268x1074 (c=02) 1.35x107%(c=05) 576x107* (c=0.5) 2.85x 1074
2058 642 5.85x 10710 238x107% (c=02) 1.28x107%(c=105) 5.68x107*(c=05) 2.72x1074
2308 982 3.88x10710 265x1074 (c=0.1) 120x107*(c=0.5) 5.33x107* (c =0.5) 246x 1074
2500 1280 6.14 x 10710 247x1074 (¢ =0.1) 141x107%(c=0.5) 5.07x107 (c = 0.5) 1.86x 1074
2642 1678 2.63x10710 212x1074 (¢ =0.1) 130x107%(c=0.6) 4.86x107 (c = 0.5) 1.76 x 1074
2761 2369 7.65x 10710 240%1074 (c=01) 1.29x107%(c=05) 457x107 (c =0.5) 1.35x 1074

Table 2. RMSE of the proposed approach and the MQ RBF for the diffusivity of the coefficient.

RMSE
D
This Study MQ RBF

0.001 4.74x 10710 2.22x1075 (¢ = 0.55)
0.01 4.22x10710 2.69 %1075 (c = 0.60)
0.1 3.46 x 10710 6.01x107® (c = 0.55)
1 5.71x 10710 1.41x107° (c = 0.65)
10 6.11 x 10710 4.07 x 107 (c = 0.55)
100 3.02x 1077 278 x 1074 (c = 2.90)
1000 1.26 x 1078 7.80 x 107* (c = 4.55)
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analytical solution

T T T T T T T T T
-0.5 -04 -03 -02 -01 0 0.1 02 03 04 05
X

Figure 5. Comparison of the numerical solution with the analytical solution.

The second example was a stationary problem enclosed by a Cassini-shaped domain, as depicted
in Figure 6. The governing equation is as follows:

DAu + a(x)g—z + b(x)g—; +e(x)u=f(x,y),(x,y) €Q, (22)

where D = 1; a(x) = xy + x%; b(x) = xsinh(y); and c(x) = sin(x +y). f(x,y) can be obtained by
substituting the exact solution into Equation (22) as follows:

fx,y) = 2T + (xy + x2)e¥ MY + xsinh(y)e¥ Y 4 sin(x 4 y)e* . (23)

The Cassini-shaped domain is expressed as

1/3
0 = {(x, y)|x = p(0)cosO,y = p(0) sin@}, p(0) = (cos(39) + 42— sin2(36)) ,0<60<2m. (24)
The Dirichlet boundary condition is applied using the following analytical solution:

u(x,y) = v, (25)



Mathematics 2020, 8, 1735 9 of 21

A A
R O
*.
A [ ]
*e
A °
[ ]
[ ]
A °
[ ] ° A
4 ° [ ] A
° [ ]
A °
° O A
° [ ]
A
[ ] ... A
[ ]
A ° ° A
° [ ]
A [ ]
° [ ]
A o ®
° [ ] “bound ;
A o O : boundary point
® A @ : inner point
A A A : source point

Figure 6. Layout of collocation points.

The Dirichlet boundary condition is imposed on the Cassini-shaped domain by using the
analytical solution. The layout of the collocation points is presented in Figure 6. Figure 7 depicts the
computed results with the analytical solution. The convergence analysis of the presented approach
was conducted with different TRPSF terms. Figure 8 demonstrates that the RMSE is decreases as the
RPSF terms increase. Highly accurate results could be obtained when the TRPSF terms were greater
than 9. Figure 9 presents the dilation parameter versus the RMSE. Similar to that of the previous
example, the convergence analysis of the present example demonstrated that the dilation parameter
is not sensitive to accuracy. A convergence analysis of the collocation point number was performed.
The RMSE decreased as the number of boundary and internal points increased, as presented in
Figures 10 and 11. In summary, highly accurate results could be obtained using the proposed method.

analytical solution ————this study =e=e=======

Figure 7. Comparison of the numerical solution with the exact solution.
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Figure 9. Dilation parameter versus RMSE.
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4. Numerical Examples.

4.1. Diffusion Equation Modeling in Two Dimensions

In this example, the numerical solution of the time-dependent diffusion equation was investigated.
Because the proposed method is advantageous for domains with complicated shapes, a problem with
a gear-like shape was used. Consider the following governing equation:

zu(x, t),xe Q,tet, tf], (26)

DAu(x,t) = 3

where D = 1. The two—-dimensional object boundary is expressed as

o0 = {(x, y)(x =p(0)cosO,y = p(0) sin@}, p(0) =1+ 11—0tanh(10 sin(120)),0< 60 <2n.  (27)
Given the initial data,
u(x,t = 0) = sin(x) cos(y). (28)

The Dirichlet boundary condition is imposed on the boundary by using Equation (29).

u(x,t) = e~ sin(x) cos(y). (29)

In this case, there are 8 TRPSF terms. The final elapsed time under consideration is from 1
to 5. The numbers of source, boundary, and internal points were 312, 478, and 1392, respectively.
The diffusivity coefficient is 1. Figure 12a shows the original two-dimensional problem enclosed by a
gear-like shape. Without consideration of the time-marching algorithm, we transformed the domain of
the two-dimensional problem into a three-dimensional space-time domain, as depicted in Figure 12b.
Table 3 lists the RMSE for dilation parameters ranging from 1.5-6.5 as well as at different elapsed times.
Highly accurate results could be obtained in the presented approach.

Table 3. RMSE:s for different n values.

Time n=1.5 n=3.0 n=4.5 n=5.0 n=6.5

F=10 124x10° 790x10° 556x10°% 1.01x1077 297x1077
t=20 278x107% 880x10°% 857x10® 326%x107  5.18x1077
t=30 342x108 891x108 1.67x107 6.16x107 4.12x1077
F=40 177x107 275x107 538x1077 1.67x1077  3.58x1077
F=50 669%x107 292x107 221x107 223x1077  298x107/
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Figure 12. Collocation scheme of the proposed approach for example 4.1 projected on (a) an x-y plane
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4.2. Modeling the Two-Dimensional Convection—Diffusion Equation: Case 1

In this example, the numerical solution of the convection—diffusion equation was investigated.
The governing equation is expressed as

DAu(x, t) + a(x)% + b(x)%);t) + f(x,t) = %u(x,t),x €O, teftoty], (30)

where D = 1, a(x) = —cos(y), and b(x) = —sin(x); f(x, ) can be obtained on the basis of the exact
solution as

f(x,t) = sin(x) sin(y) (—sin(¢) + 2D cos(t)) + cos(t)(cos(y) cos(x) sin(y) + sin(x) sin(x) cos(y)). (31)
The two-dimensional parametric equation is expressed as follows:

~ 3+4cos(0—m/7)sin(40)
B 5 +sin(26)

90 ={(x,y,H)|x = p(0) cos 6,y = p(6) sin 0}, p(0) 0<0<2m. (32)

Given the initial boundary conditions,
u(x,t = 0) = sin(x) sin(y). (33)
The Dirichlet data is designated on the boundary by adopting Equation (34).
u(x,t) = sin(x) sin(y) cos(t). (34)

In this case, there are eight TRPSF terms. The final elapsed time is 1, and the diffusivity coefficient is
1. Figure 13a presents the original two-dimensional problem enclosed in an irregular shape. Figure 13b
presents the proposed three-dimensional space-time domain. We collocated the source points outside
the domain, and the dilation parameter was set to 2.8. To verify the accuracy of the proposed method,
several cases with various collocation points were used, as presented in Table 4. Table 4 also shows the
comparison of this study, the RBFCM using MQ RBF with the implicit scheme and the space-time
meshless method (STMM) [32]. The central processing unit (CPU) times recorded from a computer
using an 3.60-GHz Intel Core i7-7700 CPU (ASUSTeK Computer Inc., Taipei, Taiwan) are also listed in
Table 4. The step size for the MQ RBF with the time-marching scheme was set to 0.1. More accurate
results could be obtained using the proposed method compared with other methods.
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Figure 13. Collocation scheme of the proposed approach for example 4.2 projected on (a) an x—y plane
and (b) space-time coordinates.
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Table 4. RMSEs and CPU times of the presented method and the MQ radial basis function (RBF).

This Study MQ RBF STRBF [32]
M t=0.5 t=1.0 t=0.5 t=1.0 t=05
me SR R
70 WY ey owmy ey S0’
mo SRy SEL AR e
wn CEN RS S e

Note: M = M; + Mp denotes the sum of the boundary and inner point numbers. The step size for the MQ RBF with
the time-marching scheme was set to 0.1.

4.3. Modeling the Two-Dimensional Convection-Diffusion Equation: Case 2

The final investigated example was the numerical solution of the convection—diffusion equation.
The governing equation is expressed as follows:

du(x, t du(x, t d
uf;; ) —b—b(x)% + f(x,t) = Eu(x,t),x €O, tetoty], (35)

DAu(x,t) + a(x)

where D = 1, a(x) = xsin(y), and b(x) = ycos(x); f(x,t) can be obtained on the basis of the exact
solution as

f(x,t) = (ysin(x) + xcos(y))(D cos(t) —sin(t)) — (xsin(y) cos(t))(y cos(x) + cos(y))

—(ycos(x) cos(t))(sin(x) — xsin(y) (36)
The two-dimensional parametric equation is expressed as follows:
90 = {(x,y,t)|x = p(6) cos 0,y = p(0) sin 0}, p(6) = 1 + (cos(40))?,0 < 6 < 2m. (37)
The initial conditions are expressed as
u(x,t =0) = ysin(x) + x cos(y). (38)
We imposed the Dirichlet boundary condition on the boundary by using Equation (39).
u(x, t) = (ysin(x) + xcos(y)) cos(t). (39)

In this case, the TRPSF has eight terms and the final elapsed time is 1. The numbers of source,
boundary, and internal points are 264, 778 and 1032, respectively. The diffusivity coefficient is 1.
Figure 14a presents the original two-dimensional problem enclosed by a star-like shape. Figure 14b
presents the proposed three-dimensional space-time domain. In this case, the dilation parameter is
set to 1.2. A convergence analysis of the number of boundary and internal points was performed.
The RMSE decreased as the number of boundary and internal points increased, as depicted in
Figures 15 and 16. Additionally, highly accurate results were obtained using the proposed method
for the numerical solution of the two-dimensional time-dependent convection—diffusion equation.
Figure 17 compares the computed solutions with the exact solution at different times and indicates
suitable agreement.
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Figure 14. Collocation scheme of the proposed approach for example 4.3 projected on (a) an x—y plane
and (b) space-time coordinates.
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5. Conclusions

This study proposed the TRPSF for solving convection—diffusion equations. The following findings
were obtained:

This study presented a novel spatial and temporal discretization scheme for the
convection—diffusion equation by using the proposed TRPSF. Because the TRPSF and its corresponding
derivatives are smooth and nonsingular series functions, the shape parameter is not required for analysis.

In the proposed method, we transformed an initial value problem into an inverse boundary value
problem. The problem could be solved in space-time coordinates by using the space-time initial and
boundary conditions. Accordingly, the time-marching algorithm may not be required in the presented
approach. The numerical solutions revealed that we could achieve more accurate numerical solutions
than can the RBFCM using the time-marching scheme.

Highly accurate results could be obtained by adopting higher-order space-time radial
polynomial terms using the presented TRPSE. The results indicate that the presented TRPSF is
more accurate than is the RBFCM using different RBFs with optimal shape parameters for solving the
convection—diffusion equation.
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