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Abstract: In this work, the new model of photothermal and elastic waves, with and without energy
dissipation, under a hyperbolic two-temperature model, is used to compute the displacement, carrier
density, thermodynamic temperature, conductive temperature and stress in a semiconductor medium.
The medium is considered in the presence of the coupling of plasma and thermoelastic waves. To get
the complete analytical expressions of the main physical fields, Laplace transforms and the eigenvalue
scheme are used. The outcomes are presented graphically to display the differences between the
classical two-temperature theory and the new hyperbolic two-temperature theory, with and without
energy dissipation. Based on the numerical results, the hyperbolic two-temperature thermoelastic
theory offers a finite speed of mechanical waves and propagation of thermal waves.

Keywords: new hyperbolic two-temperature model; photothermal theory; eigenvalue scheme; with
and without energy dissipation

1. Introduction

Most previous studies considering the thermal and elastic properties of semiconducting elastic
medium are isotropic and homogeneous. However, plasma, thermal and elastic wave equations
are partially coupled, and the coupling between them has also been neglected. Solving the system
with the coupling of plasma, thermal and elastic equations is very complex. However, analysis
with partially coupled equations is enough in most experimental studies that neglect the coupling
between plasma, thermal and elastic waves. In particular cases, the problems of thermoelastic
and electronic distortion were taken into account. The effect of coupling was studied in terms of
approximately quantitative analysis. Studying the excitations of short elastic pulses by photothermal
means is important for physicists and engineers because it is applied in many areas, such as the
formation of images by thermal waves, determination of the parameters of thermoelastic materials,
monitoring of laser drilling, laser annealing and fusion phenomena, and in photoacoustic microscopes.
The different influences of thermoelastic and electronic deformations in semiconductor mediums have
been analyzed without taking into account the coupling between the plasma and the thermoelastic
equations. Todorovic [1,2] investigated photothermal and elastic waves in a semiconductor medium.
The change in the propagation of photothermal and elastic waves going back to the linear coupling
between heat and mass transport (i.e., thermodiffusion) was included.

The thermoelastic (TE) machining of elastic waves is explained as a result of the propagation
of an elastic perturbation toward the surface of the material subjected to the heating waves in that
material. Song et al. [3,4] studied thermoelastic vibrations due to optically excited semiconductor
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microcantilevers. Complementing that, the reflections of plane waves in a semiconducting material
upon photothermal theories [5,6] were also explored. Lotfy [7] investigated elastic wave propagation
for a photothermoelastic medium under the influence of an internal heat source and gravitational field
upon the dual-phase-lag (DPL) model. Hobiny and Abbas [8] studied photothermal and elastic waves
in an unbounded semiconductor medium with a cylindrical hole.

The thermoelastic model under two classical temperatures was established by Chen and Gurtin [9],
Chen et al. [10] and Williams and Gurtin [11]. When another model is used, depending on the
classic two-temperature model (thermodynamic temperature T∗ and conductivity temperature
φ∗), the classical Clausius–Duhem inequality is replaced. The first is subjected to an inherent
mechanical process, and the second is subjected to a thermal process through the particles and
the elastic material layer. Ezzat et al. [12] studied the effect of the two-temperature parameter
with fractional order in magneto-thermoelasticity under the dual-phase-lag model. Abbas and
Youssef [13] applied a finite element approach to investigate the generalized thermoelasticity problem
under a two-temperature model. Youssef and El-Bary [14] investigated thermoelastic interaction
with hyperbolic two-temperature models with one relaxation time. Kumar et al. [15] studied the
thermoelastic interaction on hyperbolic two-temperature generalized thermoelasticity in an unbounded
medium with a cylindrical cavity. Prasad and Kumar [16] investigated the characterizations and stability
of a plane wave under hyperbolic two-temperature generalized thermoelasticity. Ezzat [17] studied
hyperbolic thermal-plasma wave propagation in a semiconductor of organic materials. Alzahrani and
Abbas [18] solved the two-dimensional semiconductor problem under the photothermoelastic model
without energy dissipation. Hobiny and Abbas [19] investigated the photothermoelastic interaction in
a 2D semiconducting medium under the Green and Naghdi model with energy dissipation (GN III)
model. Lotfy et al. [20] investigated the electromagnetic and Thomson effect under a photothermoelastic
model in a rotator semiconductor medium. Ali et al. [21] investigated the reflections of a wave in a
rotating semiconductor nanostructure material under torsion-free boundary conditions. Alzahrani and
Abbas [22] applied the hyperbolic two-temperature theory to study photothermoelastic interactions in
semiconductor medium with a spherical cavity. Lotfy et al. [23] investigated the impacts of variable
thermal conduction of a semiconductor hole under fractional-order photothermal with magnetic
field models. Several authors [24–32] have obtained the numerical and analytical solution of many
thermoelastic problems. Abd-Elaziz et al. [33] studied the effects of Thomson and initial stresses in a
thermal porous elastic material under the Green–Naghdi electromagnetic model. Itu et al. [34] studied
the improvement of the rigidity of composite circular plates through radial ribs. Vlase et al. [35]
investigated the equation of motion for a flexible one-dimension element used in the dynamic analysis
of a multibody system. Abbas and Marin [36] investigated the analytical solutions of thermoelastic
interactions in a plate due to pulsed laser heating. In fact, without any assumed restriction on the
factual physical fields, the eigenvalue scheme gives the analytical solution in the Laplace domain.

In this article, we applied the Green and Naghdi model (type III) to deal with the photothermal
interaction in a semiconductor medium under a new hyperbolic two-temperature model. Laplace
transforms and numerical Laplace inverses were used to solve the problem. Silicon (Si) material
was used to make a simulation and obtain the numerical results. The outcomes are presented
graphically to depict the differences between the new hyperbolic two-temperature theory and the
classical two-temperature theory with and without energy dissipation.

2. Basic Equations

For a homogeneous, isotropic semiconductor material, the governing equations for the
photothermal waves, with and without energy dissipation, under a new hyperbolic two-temperature
model in the absence of thermal sources and body forces are presented by [14,37]:

µui, j j + (λ+ µ)u j,i j − γnN,i − γtT,i = ρ
∂2ui

∂t2 (1)
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DeN, j j −
N
τ
+

k
τ

T =
∂N
∂t

, (2)

K∗φ, j j + K
∂
∂t
φ, j j +

Eg

τ
∂N
∂t

=

ρce
∂2T
∂t2 + γtTo

∂2u j, j

∂t2

 (3)

..
φ−

..
T = aφ, j j, (4)

σi j = µ
(
ui, j + u j,i

)
−

(
γnN + γtT − λuk,k

)
δi j, (5)

where a > 0 is the two-temperature parameter, To is the reference temperature, i, j, k = 1, 2, 3, ui is the
displacement component, λ,µ are the Lamé constants, K is the thermal conductivity, ce is the specific
heat at constant strain, K∗ is the characteristic material constant of the model, σi j is the stress component,
γn = (3λ+ 2µ)dn, dn is the electronic deformation coefficient, γt = (3λ+ 2µ)αt, αt is the coefficient of
linear thermal expansion, φ = φ∗ − To, ϕ∗ is the conductive temperature increment, T = T∗ − To, T∗ is
the increment of thermodynamic temperature, ρ is the density of the medium, N = n− no, no is the
carrier concentration at equilibrium, De is the coefficient of carrier diffusion, τ is the lifetime of the
photogenerated carrier, t is the time and f = ∂no

∂T is the thermal activation coupling parameter [38].
An unbounded semiconductor medium x ≥ 0 is considered, which mean that the medium depends on
x and t only, as in Figure 1. Subsequently, the Equations (1)–(5) are expressed as:

(λ+ 2µ)
∂2u
∂x2 − γn

∂N
∂x
− γt

∂T
∂x

= ρ
∂2u
∂t2 , (6)

De
∂2N
∂x2 −

N
τ
+

f
τ

T =
∂N
∂t

, (7)

K∗
∂2φ

∂x2 + K
∂3φ

∂t∂x2 +
Eg

τ
∂N
∂t

= ρce
∂2T
∂t2 + γtTo

∂3u
∂t2∂x

, (8)

∂2T
∂t2 =

∂2φ

∂t2 − a
∂2φ

∂x2 , (9)

σxx = (2µ+ λ)
∂u
∂x
− γnN − γtT. (10)
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3. Application

The problem initial conditions are assumed to be homogeneous and the boundary conditions are
expressed as:

u(0, t) = 0, (11)

De
∂N(x, t)
∂x

∣∣∣∣∣∣
x=0

= soN(0, t), (12)
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−K
∂φ(x, t)
∂x

∣∣∣∣∣∣
x=0

= qo
t2e
−

t
tp

16t2
p

, (13)

where qo is a constant, so is the velocity of recombination on the surface and tp is the characteristic time
of pulsing heat flux. It is convenient to write the basic equations in their nondimensional forms. Thus,
the nondimensional parameters are given by:

(x∗, u∗) = ηc(x, u),
(
t∗, τ∗, t∗p

)
= ηc2

(
t, τ, tp

)
, T∗ = T

To
, ϕ∗ = ϕ

To
,

a∗ = a
c2 , N∗ = N

no
, σ∗xx = σxx

λ+2µ , ,
(14)

where η = ρce
K and c2 =

λ+2µ
ρ . The non-dimensional forms of variables (14) are substituted in the basic

equations, which can be rewritten as follows (the stars have been ignored for convenience):

∂2u
∂x2 − z1

∂N
∂x
− z2

∂T
∂x

=
∂2u
∂t2 , (15)

z3
∂N
∂t

=
∂2N
∂x2 −

z3

τ
N +

β

τ
T, (16)

∂2T
∂t2 =

(
ε+

∂
∂t

)
∂2ϕ

∂x2 +
z4

τ
∂N
∂t
− z5

∂3u
∂t2∂x

. (17)

∂2T
∂t2 =

∂2φ

∂t2 − a
∂2ϕ

∂x2 , (18)

σxx =
∂u
∂x
− z1N − z2T, (19)

∂ϕ

∂x
= −qo

t2e
−

t
tp

16t2
p

, u = 0,
∂N
∂x

= z6N,on x = 0, (20)

where

z1 =
noγn

λ+ 2µ
, z2 =

Toγt

λ+ 2µ
, z3 =

1
ηDe

, β =
f To

noη2c2De
, ε =

K∗

ρcec2 , z4 =
noEg

ρceTo
, z5 =

γt

ρce
and z6 =

so

ηcDe
.

The X(x, t) function Laplace transform is given by:

X(x, s) = L[X(x, t)] =
∫
∞

0
X(x, t)e−stdt, (21)

where s is the Laplace transform parameter. Therefore, the governing equations can be given by the
following forms:

d2u
dx2 − z1

dN
dx
− z2

dT
dx

= s2u, (22)

d2N
dx2 −

z3

τ
N +

β

τ
T = z3sN, (23)

(ε+ s)
d2φ

dx2 + s
z4

τ
N − z5s2 du

dx
= s2T, (24)

T = φ−
a
s2

d2φ

dx2 , (25)

σxx =
du
dx
− z1N − z2T, (26)
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dφ
dx

=
−qotp

8
(
stp + 1

)3 , u = 0,
dN
dx

= z6N, (27)

The solutions of Equations (22)–(24) with (27) are obtained by using the eigenvalue approach as
in [39,40]. By substituting Equations (22)–(25), they can be obtained the following forms:

d2u
dx2 = c41u + c45

dN
dx

+ c46
dφ
dx

, (28)

d2N
dx2 = c52N + c53φ+ c54

du
dx

(29)

d2φ

dx2 = c62N + c63φ+ c64
du
dx

(30)

where

c41 =
s2(

1 + z2c64
a
s2

) , c45 =

(
z1 −

a
s2 z2c62

)(
1 + z2c64

a
s2

) , c46 =
z2

(
1− c63

a
s2

)(
1 + z2c64

a
s2

) ,

c52 =

(
z3s +

z3

τ
+
β

τ
a
s2 c62

)
, c53 = −

β

τ

(
1− c63

a
s2

)
, c54 = c64

a
s2

β

τ
,

c62 = −
z4s

τ(ε+ s + a)
, c63 =

s2

(ε+ s + a)
, c64 =

z5s2

(ε+ s + a)
.

Therefore, the vector-matrix form of Equations (28)–(30) can be written as:

dF
dx

= CF, (31)

where

F =
[

u N φ du
dx

dN
dx

dφ
dx

]T
and C =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

c41 0 0 0 c45 c46

0 c52 c53 c54 0 0
0 c62 c63 c64 0 0


Thus, the characteristic equation of matrix C is expressed as:

ξ6
− s1ξ

4 + s2ξ
2 + s3 = 0, (32)

where
s1 = c54c45 + c64c46 + c52 + c63 + c41,

s2 = c52c63 − c45c62 + c52c41 + c63c41 − c54c62c46 + c52c64c46 + c54c63c45 − c53c64c45

s3 = c41c53c62 − c63c41c52



Mathematics 2020, 8, 1711 6 of 11

The solutions of Equation (31) are the eigenvalues of matrix C, which have the forms ±ξ1,±ξ2,±ξ3.
Then, the eigenvector Y corresponding to eigenvalue ξ is calculated as:

Y =



ξc46
(
c52 − ξ2

)
− ξc45c53

c53
(
c41 − ξ2

)
− ξ2c46c54

ξ2
(
c54c45 − ξ2 + c41

)
+ c52

(
ξ2
− c41

)
ξ2

(
c52 − ξ2

)
c46 − ξ2c53c45

ξc53
(
c41 − ξ2

)
− ξ3c54c46

ξ3
(
c54c45 + c41 − ξ2

)
+ ξc52

(
ξ2
− c41

)


, (33)

By using Equation (33), the eigenvectors Y corresponding to eigenvalues ξ j, j = 1, . . . , 6 are computed.
The solution of Equation (31) takes the following form:

F(x, s) =
3∑

i=1

(
AiYie−ξix + Ai+1Yi+1eξix

)
, (34)

Due to the regularity condition of the solution, the increasing exponential nature of the spatial variable
x is eliminated to infinity, so the general solutions of Equation (31) can be written in the form:

F(x, s) =
3∑

i=1

AiYie−ξix (35)

where the constants A1, A2 and A3 are calculated using the presented problem boundary conditions.
From Equation (35) in (31), the general solutions of the physical fields with respect to x and s can be
expressed by:

u(x, s) =
3∑

i=1

AiUie−ξix (36)

N(x, s) =
3∑

i=1

AiNie−ξix (37)

ϕ(x, s) =
3∑

i=1

AiTie−ξix (38)

T(x, s) =
3∑

i=1

AiTi

(
1−

a
s2 ξ

2
i

)
e−ξix (39)

σxx(x, s) = −
3∑

i=1

Ai(ξiUi + z1Ni + z2Ti)e−ξix (40)

Now, the numerical inverse approach is adopted for the general solutions of the carrier density,
displacement, thermodynamic temperature, conductive temperature and the stress distribution. The
Stehfest [41] numerical inversion approach is taken. In this approach, the inverse Laplace transform
for S(x, s) is approximated by:

S(x, t) =
ln(2)

t

N∑
n=1

VnS
(
x, n

ln(2)
t

)
(41)
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where

Vn = (−1)(
N
2 +1)

min(n, N
2 )∑

p= n+1
2

(2p)!p(
N
2 +1)

p!(n− p)!
(

N
2 − p

)
!(2n− 1)!

where N is the number of terms.

4. Numerical Result and Discussion

Numerical examples for the computation purpose similar to silicon (Si) media are considered
with the physical parameters as in [4]:

Based on the values of physical constants as in Table 1, the computation of physical fields along the
distance x under the new hyperbolic two-temperature model and the classical two-temperature model
(see Abbas and Hobiny [42]) are given in Figures 2–6. Figures 2–6 depict the variations of physical
fields along the distance x at t = 4.4470ps. The conductive and the thermodynamic temperature, stress
distributions, carrier density and the displacement with respect to the x-direction in the context of the
photothermoelastic model without energy dissipation (Type II) and with energy dissipation (Type III)
are computed numerically. Figure 2 shows the variation of displacement along x for various types. It is
shown that the displacement starts from zero, with the appropriate boundary condition of the problem.
After that, it increases up to the maximum value in a particular place near the surface. Figure 3 shows
the variation of thermodynamic temperature along the distance x. It is observed that it has maximum
values at the boundary condition x = 0, and after that, it reduces gradually with the rising of x to come
to the reference temperature

(
To = 300K

◦
)
. Figure 4 depicts the variation of conductive temperature

with respect to the distance x. It is observed that it has the maximum value at the boundary condition
x = 0, and after that, it gradually reduces with the rising of x to reach to the reference temperature(
To = 300K

◦
)
. Figure 5 displays the variation of carrier density along the distance x for various types.

It is noticed that it starts with its maximum values at x = 0, and after that, it progressively decreases
with the rising x until it comes to the equilibrium carrier concentration no = 1020

(
m−3

)
. Figure 6 shows

the distribution of stress along the distances x for various types. It is clear that the magnitudes of
stress always begin from its ultimate values and then decrease with the increasing x to come to zero.
Finally, in comparisons between the solutions, one can conclude that the coupled photothermoelastic
models in the context of the photothermoelastic model without energy dissipation (Type II) and with
energy dissipation (Type III) under the new hyperbolic two-temperature model are major phenomena
and have a great effect on the distributions of field quantities. The values of the conductive and
the thermodynamic temperature, stress distributions, carrier density and displacement are evidently
smaller with the inclusion of GN II when compared to that GN III. Based on the numerical results,
the hyperbolic two-temperature thermoelastic theory offers a finite speed of mechanical waves and
propagation of thermal waves.

Table 1. The values of physical parameters.

ρ 2330(kg)
(
m−3

)
ce 695(J)

(
kg−1

)(
K−1

)
, b 100nm

Eg 1.11(eV) αt 3× 10−6
(
K−1

)
τ 5× 10−5(s)

tp 2(ps) dn −9× 10−31
(
m3

)
µ 5.46× 1010(N)

(
m−2

)
λ 3.64× 1010(N)

(
m−2

)
so 2(m)

(
s−1

)
no 1020

(
m−3

)
De 2.510−3

(
m2

)(
s−1

)
To 300(K)
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