. mathematics ﬁw\o\w

Article

Closed-Form Solutions and Conserved Vectors of a
Generalized (3+1)-Dimensional Breaking Soliton
Equation of Engineering and Nonlinear Science

Chaudry Masood Khalique »*%*{ and Oke Davies Adeyemo !

1 International Institute for Symmetry Analysis and Mathematical Modelling, Department of Mathematical

Sciences, North-West University, Mafikeng Campus, Private Bag X 2046, Mmabatho 2735, South Africa;
adeyemodaviz@gmail.com

College of Mathematics and Systems Science, Shandong University of Science and Technology,
Qingdao 266590, Shandong, China

Department of Mathematics and Informatics, Azerbaijan University, Jeyhun Hajibeyli str., 71,

Baku AZ1007, Azerbaijan

*  Correspondence: Masood.Khalique@nwu.ac.za

check for

Received: 21 August 2020; Accepted: 21 September 2020; Published: 1 October 2020 updates

Abstract: In this article, we examine a (3+1)-dimensional generalized breaking soliton equation which
is highly applicable in the fields of engineering and nonlinear sciences. Closed-form solutions in
the form of Jacobi elliptic functions of the underlying equation are derived by the method of Lie
symmetry reductions together with direct integration. Moreover, the (G’ /G)-expansion technique is
engaged, which consequently guarantees closed-form solutions of the equation structured in the form
of trigonometric and hyperbolic functions. In addition, we secure a power series analytical solution
of the underlying equation. Finally, we construct local conserved vectors of the aforementioned
equation by employing two approaches: the general multiplier method and Ibragimov’s theorem.

Keywords: (3+1)-dimensional breaking soliton equation; Lie point symmetries; closed-form solutions;
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1. Introduction

It is an indisputable fact that nonlinear evolutionary equations (NLEEs) have provided a great
deal of assistance in modeling several real-world problems consisting of diffusion, dispersion and
convection that possess nonlinear effects. Achievements in solving these NLEEs through analytical
approaches or numerical techniques guarantee a better understanding of the physical phenomena
which form the background for the models [1-23].

Solitons are defined as localized wave disturbances which are propagated with their shape neither
changing nor even spreading out. Soliton notion was first established by Zabusky and Kruskal in the
year 1965 [8]. Solitons play crucial roles in engineering and nonlinear sciences applications and furnish
us with the sagacity of the pertinent phenomena in nonlinear science. Here, we give an example of a
soliton-related equation.

The popularly celebrated Korteweg-de Vrie (KdV) equation ascribed to nonlinear dispersive
partial differential equation (NLDPDE),

Uy — 6uux + Uxxx — 0, (1)

is a mathematical model that describes the special waves that are referred to as solitons on shallow
water surfaces [8]. The KdV equation possesses numerous inter-connectivities with physical problems
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that comprise long embedded waves submerged in a density-partitioned ocean alongside waves in
shallow water characterized by nonlinear weak reinstating forces, acoustic waves on a crystal lattice
and plasma-accompanying ion-acoustic waves.

Besides the inverse scattering transform [9], which was developed to find solutions to the
KdV Equation (1), many other essential approaches were introduced by researchers. Lately,
many mathematicians and physicists have established effective and efficient techniques for constructing
viable analytic solutions to NLEEs, namely, the Painlévé expansion technique [10], the mapping method
and extended mapping technique [11,12], the Backlund transformation [13], the rational expansion
method [14], the F—expansion technique [15], the tanh and sine-cosine method [16], the extended
simplest equation method [17], Hirota’s technique [18], Lie symmetry analysis [19,20], the bifurcation
technique [21], the (G’ / G)-expansion method [22], the Darboux transformation [23], the sine-Gordon
equation expansion technique [24] and Kudryashov’s method [25], just to mention a few.

The existent physical models are basically related via NLEEs depending on space variables in
three dimensions and one other time variable. Furthermore, the paramount goal of the mathematicians
has moved away from nonlinear models involving two-dimensions or three-dimensions [26,27] to
non-linear models with dimensions higher than three [28-30].

Here, in this work our target is to consider the generalized (3+1)-dimensional breaking soliton
Equation (3D-gBSe) [31]

A= uy + aux(uxy + uxz) + ,Buxx(uy + uz) + 'Y(uxxxy + uxxxz) =0 (2)

with parameters «, § and y which are nonzero real-valued constants. If y =1, = —2,a4 = —4 and
u = u(x,y,t), Equation (2) converts to two-dimensional breaking soliton equation [32]:

Uyt — Aty llyy — 2UyxUy — Uxxxy = 0.

A good number of different kinds of results have been obtained in the literature for breaking
solitons in two dimensions [33-35] that describe the interconnections between the long wave and the
Riemann wave, which propagate respectively along x-axis and y-axis.

It is pertinent to discuss briefly some special cases of the equation under study.
If y=1,p=2a=4 and u = u(x,yt), then Equation (2) reduces to a potential form of
two-dimensional Calogero-Bogoyavlenskii-Schiff equation [36]. With constants in Equation (2) taken
asy = —1,8 = —2,a = —4 and the dependent variable u = u(x,y,t), Darvishi et al. [37] obtained the
solution of Equation (2) by employing a three-wave method. Al-Amr [38] constructed closed-form
solutions of another version of (2) when v = 1, 8 = 4,a = 4 with u independent of t via modified
simple equation method. Pallavi et al. [31] found some exact solutions of 3D-gBSe (2) by engaging
the extended exp(—¢(¢))-expansion method. In addition, the authors in [39] engaged the symmetry
analysis to procure the residual symmetry of a special case of Equation (2) when 7 = —1,8 = —2 and
« = —4. They further proved that the (3+1)-dimensional breaking soliton equation is integrable in the
sense of its consistent possession of Riccati expansion.

Symmetry analysis is one of the most systematic techniques with which to find closed-form
solutions of differential equations. It was pioneered, towards the end of the nineteenth century by a
Norwegian mathematician, Sophus Lie (1842-1899), who realized that the ad hoc methods for solving
differential equations could be unified. This technique has found applications in many areas of
mathematically-based sciences [19,20].

Conservation laws are basic laws of nature that do not change in an isolated system and have a
wide range of applications in physics and in other fields, such as engineering, applied sciences and so
on. They can be used in the study of numerical techniques and as well as to determine whether the
solution of a differential equation exists and is unique [40—45].

In this work, we catalog our article in the following way. In Section 2, we carry out symmetry
analysis of 3D-gBSe (2) and perform symmetry reduction of the equation. We find closed-form
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solutions in the form of elliptic functions by direct integration of the reduced ordinary differential
equation. Moreover, the (G’ /G)-expansion method and the power series method are employed to
obtain more solutions of Equation (2). Furthermore, in Section 3, we present conserved vectors of the
underlying equation by implementing the general multiplier method and Ibragimov’s theorem. In the
end, concluding remarks are given.

2. Solutions of the 3D-gBSe (2)

This section is concerned with the construction of closed-form solutions of 3D-gBSe (2) which
are obtained by using Lie symmetry analysis, the (G'/G)-expansion method and the power
series approach.

2.1. Lie Symmetry Analysis of Equation (2)

Here we calculate the Lie point symmetries of (2) and eventually utilize them to generate exact
solutions for the Equation (2).

2.1.1. Lie Point Symmetries of Equation (2)

We take into consideration a one-parameter Lie group of infinitesimal transformations furnished
with a parameter (€) that acts on the independent and dependent variables of the equation, thereby
keeping equation invariant. The infinitesimal transformations are

¥=ux+4e & (x,yztu)+0(e?),
y+e & (xyztu)+0(e)
z+e &(x,y,ztu) +0(e?)
t+e & (x,y,ztu) +0(e),
i=u+e¢(xyztu)+0(),

<
|

7
7

A SN
Il

wherein the parameter |e| < 1 (a small expansion term) is the group parameter; and ¢, &2, &%, &* and
¢ are infinitesimal coefficients. Thus, related infinitesimal Lie algebra is spanned by the vector field

0 0 0 d
1 2 3 4
W=2¢ (x,y,z,t,u)—ax +¢ (x,y,z,t,u)—aerC (x,y,z,t,u)az +¢ (x,y,z,t,u)at

+¢(x,y,2,t,u) 9
47 /]// 7ty au°
The vector field W secures a symmetry of 3D-gBSe (2) provided
pridW(A)[a=o = 0. 3)
Here pr(*)}} denotes the fourth prolongation of VW, which is defines as [19]
pr(4>W =W+ (anux + ¢yauy + (Pzauz + (Ptaut + ¢xxauxx + (nyauxy + (szauxz
+ (thauxt + (Pxxxyauxxxy + (Pxxxzauxxxz’ (4)
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with (Px, (Py, 4)2, (Pt/ (th/ 4)xx, (ny, (sz/ (Pxxxy and (Pxxxz given by

¢* = Dx(¢) — ”xDX(gl) - ”ny(gz) uz Dy (¢ &) —uDy (8" ),

¢y = Dy(‘l’) ”ny(gl) - ”yDy(f;z) ”sz( ) - ”tDy( )/

¢* = Dz(¢) — uxD( 1) - ”yDZ(gz) - ”zDZ(é ) — ”tDZ(§4)f

¢ = Di(¢) — uxDr(§") — uyDr(§?) — uzD1(2%) —wDi(Z%),

¢™ = Dy(¢') — unDx (&) — uyt Dy (& &%) — uxDx (&%) — upDy (&), )
o™ = Dx(¢") — ”xxDX(‘:l) - ”xyDX(‘: ) — uxsz(‘:3) - uxth(§4),

v Awfmm@%wwﬂ»wmmﬁfwmwx

9 (w—mm@%mpwﬁwﬂmﬁ—wmﬁm

4>x"xy D (¢™) — thxrxy D (&) — thxryy D (€%) — thzyxxDx (&) — thraye D1 (EY),

¢ = Dy (¢™) — thrxazDx (&) = thzyxx D (%) — tzzxx D2 (%) — tizxnt D1 (E),

and Dy, Dy, D, and D; are total derivatives with respect to independent variables x, y, z and ¢
respectively [19]. For illustrative purposes, it can be indicated that

Di: axi+ui8u+uij8uj+--- , i,j:1,2,3,4 (6)

where (x!,x2,x%,x*) = (x,y,2,t). Thus, by expanding Equation (3), one gets an overdetermined

system of linear PDEs:

Gi=0 &=0 &=0 §&=0 §=0 &=0 g+&=0
F—apr=0, 5G=0, ¢x=0, Put=0, ¢x=0, ¢uy+¢r: =0,
Pux =0, Puy + Puz =0, g;y + ZC;Z +&,=0, Oy + Pzz +2¢y: = 0,
Guu =0 & +2pu—E—& =0, & —Pldy+¢:) =0, & —ape=0,
G+¢u=0, Z+E=0 G+E-E-5=0

The solutions of the system give infinitesimal generators of one-parameter Lie group of
symmetries for Equation (2) as

§'=—xFP(z—y)+BF(tz—y) + PPz —y),
F=uatFl(z—y) +yF(z—y) + F(z—y),
F=atFl(z—y) +FP(z—y) +yF(z—y),

¢t = —24F(z —y) +tF(z —y) + F'(z—y)

¢ = xF'(z—y) +uF*(z—y) + FP(tz—y) + yFA(t,z —y),

where Fi,i = 1,2,---,9 are arbitrary functions of their arguments. Hence, the Lie algebra of
infinitesimal symmetries of Equation (2) is spanned by the vector fields

B

G
We = BF!(tz —y)5 - +yF (2= y)

Wy = F2(z —y) xa—l—Zta—uau}, 7)
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0 d d
W8:P6(Z*y) {yay +yaz+tat},

0 0 0
—rl, _ —
Wo =F (z—y) {atay+ataz+xau}.

If we take F!, - - -, FY to be equal to 1, then 3D-gBSe (2) admits an eight-dimensional Lie algebra
Lg spanned by the vectors

d 0 d d
Xl gl XZ - @/ XB — aizl X4 — &/

d d d d
X5—£, X6—2t§+X£—M£,

d d d d d d
X7—y@ +y$+f§, Xg—ﬂéf@ +at$+x£.

2.1.2. Symmetry Reduction of 3D-gBSe (2)

Here we perform symmetry reduction of the 3D-gBSe (2). In the first place, we use the symmetry
X = &) +vA, + A5 + &y with nonzero constant v to reduce the 3D-gBSe (2) to a PDE containing three
independent variables. As a result, solving the associated Lagrange system for X" gives rise to four
invariants, viz.,
f=y—vt, g=t—x, h=y—vz, 0 =u 8)
Now regarding 6 as the new dependent variable, and f, g and / as new independent variables,
the 3D-gBSe (2) then transforms into

+ 7 (VOgggn — bgger — Oggen) =0, ©)

which is a nonlinear PDE in three independent variables. By exploiting the symmetries of Equation (9),
we transform Equation (9) into a PDE with two independent variables. Equation (9) possesses eight
point symmetries, which include the three translation symmetries ¥ = 9/9df, Xy = 9d/9g and
X3 = d/0h. The symmetry Z = £; + X + 3 has three invariants r = f — g, s=h—gand 6 = H,
and using these invariants, Equation (9) transforms to

— Hyy — 2Hps — Hys — vHyy — vHps + “(Hr + Hs) [(Hrr +2H;s + Hss)
- V(Hrs + Hss)} + ,B(Hrr +2H;s + Hss) [Hr + Hs — VHSj| +y { (Hrrrr + 6H,yss

+ 4HT’T’YS + 4H7‘SSS + HSSSS) -V (HYI’I’S + 3HT’SSS + 3H7‘7‘SS + HSSSS):| = 0/ (10)

which is a NLPE in two independent variables. Equation (10) has four point symmetries that
include )y = 9/9r, )y = 9/9s. The symmetry Q) = 1 + w ), with w # 0 has two invariants
{ =s—wr and H = G, which leads to the group-invariant solution H = G({), where G satisfies the
fourth-order nonlinear ordinary differential equation (NLODE)

(W? + 2w +vw — vw? —1)G" — apv((w — 1) (w? — 2w +1)(1 — w —v))G'G"

—|—7(7w2+vw3—4w3—4w—|—3vw—3vw2—v—l—l)G"” = (11)
For simplicity, we write Equation (11) as

PG//(g) _ QG,(g)GN(g) + RGII//(g) — 0, (12)
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where P = w(w(1—v) +v+2)—1,Q = afv((w — 1) (w? =20 +1)(1 —w —v)), R = y(w?(w(v —
4) -3v+7)+w@Bv—4)—v+1l)and { = (w(v+1) - 1)t — (w—1)x+ (1 —w)y —vz.

2.1.3. Solution of Equation (2) by Direct Integration of Equation (12)

Integrating Equation (12) with respect to { once gets a third-order ODE
1
PG — EQ(G’)2 +RG" +C, =0, (13)
where C; is a constant of integration. By multiplying Equation (13) by G”, and integrating and

simplifying the resulting equation, we have the second-order NLODE

%P( "2 — fQ( "3+ %R(G”)z +CG +C=0 (14)

with C; an integration constant. Equation (14) can be rewritten as

_r

"2 __ Q / N2 -1~ 22
Suppose ® = G’. Equation (15) becomes
072 = %@3 - g@z ch@ - % (16)
We consider the cubic equation
@L%@Zf%@f%:o (17)

and assume that the roots of the equation are rj,ro and r3 such that r3 < 1 < .
Then Equation (16) becomes

Q

2 _ X
© - 3R

(©@—7r1)(©@—12)(0—r3) (18)

and the solution to Equation (16) can be expressed in terms of Jacobi elliptic function [46—48] as

) =1+ (r — rz)cnz{ %g 52}, $2 = % (19)

with cn denoting the cosine elliptic function. By integrating Equation (19) and then returning to the
original variables (x,y, z, t), the 3D-gBSe (2) possesses a periodic solution

u(x,y,z,t) = M{ElhptlcE [sn (Q(rllZR)€ 52> ] }

_ 4
+{r2—(71—72)1545}€+c3, (20)

where sn represents the sine elliptic function, { = (w(v+1) —1)f — (w —1)x + (1 —w)y — vz, C3 is
an integration constant and EllipticE[gq, v] denotes the incomplete elliptic integral given by [48]

— m2p2
EllipticE[g, v] / 11 _vnz
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To view the dynamics of solution (20) graphically, we sketched its graphs in Figures 1-3, for certain
values of the parameters and for t = —10and z = —1—t = —1land z = Oand t = —25 and
z = —9, respectively.

|
ot —

oo

Figure 2. Evolution of periodic solution (20) att = —11 and z = 0.

Figure 3. Evolution of periodic solution (20) at t = —25and z = —9.

2.2. Exact Solutions of Equation (2) by (G'/ G)-Expansion Method

This subsection engages the (G’/G)-expansion method [22] to get exact solutions of the 3D-gBSe
(2). We consider a solution of the form

= EB (Frte) )i @)
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where H(() satisfies
H"(Z) +AH'(0) + pH(Z) =0 (22)

with A and yu taken as constants. In this case, the constant M is generated by balancing the nonlinear
term with the highest order as well as the highest order derivatives emerging in Equation (2).
Here By, - - - , By, are parameters to be determined.

Engagement of the balancing procedure for Equation (11) gives M = 1, and consequently,
the solution of Equation (11) assumes the form

G(¢) =By + By <II§((§))) . (23)

Substituting the value of G({) from Equation (23) into Equation (11) and using Equation (22)
leads to an algebraic equation in By and Bj, which splits over various powers of H({) to give a system
of algebraic equations:

aApPvw? BY — 2aAp?vwB? + aAp?vB3 + aAp?w’BY — 3aAp’w? B + 3aAp’wB]

— aAp?B? + BAPPvw?BE — 2BAuPvwB? + BAUPVBZ + BAUP W3 B? — 3BA U W’ B2

+ 3BA P2 wB? — BAU?B2 4+ yA3uvw? By — 39A3uvw? By + 3vA3uvwBy — yAuvBy
+ A3 uw* By — 4yA3uwd By + 6yA3uw? By — 4yA3uwBy + yA3uBy + 8yAutuw? By
— 24yA VW By + 24yApPvwBy — 8yApPUBy + 8yAptw*By — 329Auw®B,

+ 487A]42w231 — 327/\;12(031 + 87/\;{231 — /\vazBl + ApvwBy — Ayszl
+2AuwBy — AuB; =0,

200 ?uvw?B? — 4aA*pvwB? + 20A?uvB? + 20A?uw® B3 — 6aA*uw?® B3

+ 6aA uwB? — 2aA?uB? 4 2ap’vw?B? — dapPvwB? + 2au*vB? + 2ap*w’B?

— bap*w?B? + 6auwB? — 2au®B? + 2N pvw? B — 4BA*uvwB? + 2pA%uvB3

+ 2BA%uw®B? — 6BA%uw?B? 4 6BA* uwB? — 2BA*uB3 + 2Bp*vw? B — 4ButvwB?
+ 2Bu*vB? + 2BuPw’ B — 6Buw? BT + 6BuwBT — 2By By + yAtvw® B,

— 392 Ww? By + 3yAwwBy — YAMBy + YA W By — 4yAtWw3 By + 6vA w2 By

— 492 *wBy + YA By 4+ 229A2uvw® By — 66yA2pvw? By + 66yA2vwBy

— 229A% By + 229A%puw* By — 88yA2uw? By + 1329A%uw?By — 88yA%uwB;

+ 229A%uBy 4 167 u*vw’ By — 48y vw? By + 48y u*vwBy — 16qu*vB;

+ 167y2w4B1 — 64'yyzw3B1 + 967;12sz1 — 647y2wB1 + 167y2B1 - A2vw2B1

+ A2vwBy — A2w?By + 2A2wB; — A?By — 2uvw?By 4 2uvwBy — 2uw*B;

+4uwBy —2uB; =0,

aA3vw?Bf — 20A3vwB? 4 aA’vB3 + 0w B? — 3aA3w?B? + 3aA3wB? — aASB?

+ 6aApvw? B3 — 120A pvwB? + 6aApvB? + 6aAuw®B? — 18aApuw? B2 + 18aAuwB?
— 6aApuB? + BASvw? BY — 2BA3vwB? + BASUB? + BA3w?B? — 3BA3w?B? + 3BA3wB?
— BA®B? + 6BAuvw? B3 — 12BAuvewB? + 6BAuvB? + 6BAuw’ B3 — 18BAuw?*BS

+ 18BApuwB? — 6BAUBT + 159A%vw®By — 459A%vw? By + 459 A3vwB; — 159A%vB,
+ 15’7)\3w431 - 607/\3w3B1 + 90')//\3(02B1 - 607)\3wB1 + 157/\331 + 607Ava3B1
— 180yAuvw?By + 180yAuvwBy — 60yAuvBy 4+ 60yAuw*B; — 240y A uw?B;

+ 360y Auw?By — 240y A uwBy + 609AuB; — 3Avw?By 4 3AvwB; — 3Aw?B;
+6AwB; —3AB; =0,

4aA*vw?B? — 8aA*vwB? + 4aA?vB? + 4aA*w®B? — 12aA%w?B? + 12aA%wB?
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— 4aA?B} + dapvw?® B — 8apvwB? + 4auvBi + dapw’ B} — 120w BS

+ 12apwB? — 4apB? + 4BA%vw? BT — 8BA*VwB? + 4BA%VBE + 4N WP BE

— 12BA%w?B? 4+ 12BA\?wB? — 4BA%B? + 4Buvw?*B? — 8BuvwB? + 4BuvB3

+ 4Buw’B? — 12Buw?B? + 12BuwB? — 4BuB? + 509A%vw’ By — 1509A%vw?B;
+1507A%vwBy — 50A2vBy + 507A2w? By — 2009A%w? By + 300yA%w? By

— 2007)\2wB1 +509A%By + 407;41/60331 - 1207;11/00231 + 120ypuvwB,

— 40yuvBy + 407;40.)431 - 160’yyw3Bl + 240'Ww2B1 —160ypwBy + 40yuBy
— 2vw?By 4 2vwBy — 2w?By + 4wBy — 2B; = 0,

S5aAvw?B? — 10aAvwB? 4 5aAvB? + 5aAw’B? — 15aAw?B? + 150 AwB?

— 5aAB? + 58Avw?B? — 10BAvwB? + 58AvB3 + 58Aw®B? — 158Aw?B?
+158AwB? — 5BAB3 + 607Avw® By — 180yAvw? By + 18097AvwBy — 60yAvB;
+ 607 Aw*By — 2407Aw’B; + 360yAw?B; — 2409AwB; + 60YAB; = 0,
20vw?®B} — davwB? + 2avB? 4 20w’ BF — 6aw? B3 + 6awB; — 20B?

+ 2Bvw?B? — 4BvwB? + 2BvB? + 2Bw’B? — 6Bw?B? 4 6BwB? — 2pB2

+ 24yvw® By — 729vw? By 4 72yvwBy — 24qvBq + 24yw* By — 967w’ B,

+ 144yw?By — 96ywB + 24vB; = 0.

The solution of the above system of equations via Mathematica is given by

CR2y(w—1) and v — vw+w-—1
atp TS w12 —d) (vt w 1)

By =By, B1=

Thus, we have two types of solutions of the 3D-gBSe (2) according to the sign of A2 — 4y:

When A% — 4y > 0, we gain the hyperbolic function solution

A C1 sinh (A10) 4+ Cp cosh (A1) ) (24)

=B Bi| —=+A
u(x,y,zt) = Bo+ 1( 2 T 21C cosh (A1) + Cysinh (A10)

where { = (w(v+1) — 1)t — (w— 1)x + (1 — w)y — vz, Ay = /A2 — 4y together with C; and C;
arbitrary constants.

When A? — 4p < 0, we achieve the trigonometric function solution

A
u(x,y,zt) —Bo+B1(—+Az (25)

—Cysin (Ay0) + Cp cos (A2§)>
7 ,

Ci cos (Ax0) + Cysin (A0)

where { = (w(v+1) — 1)t — (w—Dx+ (1 —w)y —vz; Ay = 3\/4p— A% and C; and C; are
arbitrary constants.

In a bid to see the behavior of solution (24), we sketched graphs of solution (24) for various
parameter values in Figures 46—t = land z = 0;t = 2and z = —3.5;and t = —0.2 and z = 20,
respectively.

Likewise, in Figures 7-9 we present the profiles of solution (25) for various parameter values,
fort =21andz = —3;t = —6and z = 25;and t = 4 and z = 30, respectively.
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Figure 7. Evolution of traveling wave of singular soliton solution (25) at t = 2.1 and z = —3.
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Figure 9. Evolution of traveling wave of singular soliton solution (25) at t = 4 and z = 30.

2.3. The Jacobi Elliptic Function Solutions of Equation (2)

In this subsection, by using the auxiliary ordinary differential equations, we obtain the
Jacobi function solutions to the 3D-gBSe (2) with the help of symbolic computation system Maple.
Recall that the cosine-amplitude function, cn(g; m), and the sine amplitude function, sn({; m), satisfy,
respectively [48], the ordinary differential equations:

H"(Z) +2mH(Z)> + (1 —2m)H(Z) =0,
H"(Z) —2mH(Z)® + (m +1)H(Z) = 0. (26)

We now engage the ODEs (26) instead of the ODE (22) in the (G'/G)-expansion technique. As a
consequence, following the procedure of the previous subsection we secure new closed-form solutions
of the 3D-gBSe (2), which are periodic solutions in terms of the Jacobi elliptic functions; that is,

dn(¢; m)sn((; m
snn = - ()
with parameters
B _ 2y(w-1) 1-w—vw
Bo=Bo B == o " o 1Rw v 1)

o dyv — 4y +vw + 129w — 8yvw — 129w? + dyvw? + dywd + w — 1
N 8y(w—1)2(w+v—1)

and

u(x,y,2,t) = By + By (Cn(§;r’:1<)g;1:1(>é;m)> , (28)
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where we have

2y(w—-1) 1-w—vw
atp T Hw- 12 wrv_1)

o 4y —dyv —vw — 127w + 8yvw + 127w? — dyvw? — dyw® —w + 1
N dy(w—1)2(w+v—1) '

By = By, By = —

The profiles of solutions (27) and (28), for different values of the parameters and t and x, are shown

in Figures 10-15, respectively.
L : | | |
| | i H i
| | / ,
mew = o O R R , ’ Ii’ l’

Figure 10. Profile of traveling wave solution (27) with parameters t = 1 and x = 2.

\

\
\

ga

Figure 12. Profile of traveling wave solution (27) with parameters t = —1 and x = —4.
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Figure 14. Profile of traveling wave solution (28) when t = 0 and x = —4.

P

Figure 15. Profile of traveling wave solution (28) whent = —6and x = 7.

2.4. Solution of Equation (2) Using the Power Series Method

Here we shall present the analytic solution to ordinary differential Equation (12) by utilizing the
power series method [49-51]. In this case we procure a solution of Equation (12) in a power series
which assumes the structure

G(g) =) cplt, (29)
p=0
where ¢g = G(0) # 0. Furthermore
=2 et G = L p(p — ey,
p=1 p=2
(@) = ¥ plp—1(p —2)(p — e,

p=4
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By inserting the values of G’, G” and G into Equation (12), the equation is transformed to

p i (P+1)(p+2)cp28’ —Q (i (r+ 1)%1?’) <i (p+1(p+ 2)CP+ZCP>
p=0 p=0 p=0

[0 9)

+RY (p+1)(p+2)(p+3)(p+4)cpral” =0, (30)
p=0
which simplifies further to

p <2cz+ i(p+l)(p+2)cp+2§p> — Q(chcz — i i(k—i—l)(p—i—l —k)

p=1 p=1k=0
(p+2- k)Ck+1cp+z_kC”> +R (24C4 +Y (p+)(p+2)(p+3)(p+ 4)cp+4€p>
p=1
—0. (31)

Comparing coefficients in Equation (31), for p = 0, one obtains

_102Q — P

“4= 7R (32)
In a more general way, if we consider p > 1, we get a recursive relation
1 p
R e e PSR ARR
(p+ 2= Klesacyas = P(p+ 1(p+2)cpi2 ). 33)

One can calculate all the coefficients ¢, (p > 4) from Equations (32) and recursive Formula (33).
Successive determination of other terms can as well be made from Equation (32) and Equation (33)
in a unique way. Furthermore, it can be ascertained that power series Equation (29) converges along
side the coefficients c;,s stated in Equation (32) and (33), which will not be considered here see [50].
Therefore, this power series solution can be considered as a closed-form solution. Thus,

G(Z) = co+ 1l +l? +c30® +cal* + Y cprall ™,
p=1
c162Q — ¢ P
=co+cil+ Czéz + Cgr,g3 + 121QT2€4

+p§1 R(p+D)(p+2)(p+3)(p+4) {Qk_zo(k—Fl)(p+1 — k)

(p+2— K)chsiCppai — P<p+1><p+2>cp+z}gp+4.

Therefore, the power series solution of the 3D-gBSe (2) is

u(x,y,z,t) =co+c1((wiv+1) -1t — (w—1x+ (1 —w)y —vz)
+o((wv+1) =1t — (w—1)x + (1 — w)y — vz)?
+a((wv+1) =1t — (w—1x + (1 - w)y —vz)?
+e((wlv+1) =1t — (w0 —1)x+ (1 —w)y —vz)*
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+ Y el 1) = D = (@ = 1)x+ (1 - w)y — vz)
p=1

=cp+c((wv+1) -1t —(w—1)x+ (1 —w)y —vz)

+o((wv+1) =1t —(w—1)x+ (1 —w)y —vz)?

+a((wlv+1) =1t — (w—1)x+ (1 —w)y —vz)®

Qcicp — Py

15R (W +1) =t — (w—Dx+ (1 - w)y —vz)*

S 1 p
+p);1 R(p+1)(p+2)(p+3)(p+4) {Qlc);%)(k+1)(p+1 —k)
(P+2—k)ekpacprok —P(p+1)(p +2)Cp+2}((a](y +1)— 1)t

—(w—1Dx+(1—w)y —vz)P™,

where ¢;, (i = 0,1,2,3,4) are constants. Other relevant coefficients Cp (p > 4) can be then obtained
from Equations (32) and (33). In physical applications, we can approximately give the series solution as

u(x,y,z,t) =co+c1((wv+1) -1t — (w—1)x+ (1 —w)y —vz)
+o((wv+1) =1t —(w—1)x+ (1 —w)y —vz)?
+a((wv+1) =1t — (w0 —1x+ (1 —w)y —vz)®

—P
—l—%((w(v—l—l)—1)t—(w—l)x+(1—w)y—vz)4+---, (34)
which is the power series solution of the 3D-gBSe (2).
To demonstrate the behaviour of power series solution (34) pictorially, we present its profile

in Figures 16-18 for certain values of the parameters, fort = 1.6andz = 1.1;t = —l and z = —§;

and t = 5 and z = 4, respectively.

Figure 16. Evolution of traveling wave of series solution (34) att = 1.6 and z = 1.1.

5 =
|
|
/|
|
|
|
|
|
| /
. I
] /
br
4
)
1 ]
4 [
|
b y n n n n g
= =2 o 2 4 3 g

Figure 17. Evolution of traveling wave of series solution (34) att = —1 and z = —8.
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o 1 2 3 @

Figure 18. Evolution of traveling wave of series solution (34) at f = 5 and z = 4.

Remark 1. We note here that the assumption that co = G(0) # 0 in the power series solution (29) is germane
for our argument; otherwise, we would not be able to secure exact analytic solution for the underlying equation
by using this method.

3. Conserved Vectors of 3D-gBSe (2)

This section provides the conserved vectors for the 3D-gBSe (2). In this study, we utilize the
general multiplier technique [19] and the Ibragimov’s theorem [44] to derive the conserved vectors.

3.1. Multiplier Technique

The multiplier approach happens to be one of the most sturdy and robust in deriving the conserved
vectors of a differential equation [19,52-56]. We seek the third-order multipliers represented by A and
so write down its determining equation [56]

)
E[A(Mxt + Oéllx(uxy + sz) + ﬁllxx<uy + uz) + ')’(uxxxy + uxxxz))] =0 (35)

with the Euler operator

5 0 ) 0 0 9 9
2 = -Dy— —Dy— —D,— + D? D,D D,D
ou ouy  You,  “ou - TP TP xy+ T Qs 36)
+D,D J +D3D J +D3D J
x ta yauxxxy Zauxxxz.

The expansion of Equation (35), after splitting and simplifying the result with regard to the
various derivatives of () involved, yields equations which when solved give the value of Equation A
as determining

1 +
A=F'(tz—y)+uF*(t,z—y) + myl—"tz(t,z —y) + e FP(z —y) + %u%l—"g(z -y), (37

where F!, F2 and F? are arbitrary functions. The conserved quantities are then obtained by invoking the
divergence identity DTt + D, T* + DyTY + D,T* = AA with T! as conserved density and (T*, TY, T#)
being spatial fluxes [40]. Thus, after some calculations, we obtain the following three local conserved
vectors of (2):

Casel. A =F(t,z—y).

C{ = %Fl(t,z — )y,

1
Cy = 4{ [(oc —2B) (thxy + Uz )b + a1ty + vz )uy + 2Bty + 1z )ty + 3 (Uxxy
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Fllges) + zut} Fi(t,z —y) — 2F} (t,z — y)u},

1

C% = 4{04(1,1)2( — Ullyy) + 2BUllyy + 'yuxxx}Fl(t,z —y),

1
Ci = 4{0{(1{% — Ullyy ) + 2PUllyyx + 'yuxxx}Fl(t,z —y).

Case2. A= Lyth(i,‘,z —y) +uF3(t,z —y).

B—a
ct= Ll(;_m{m—ﬁ)(uum )Pz y) +2F3<t,z—y>yux},
G = 24(,81—00{9(“ - B) lg/}ux (u(uxy +tyz) — Uy (uy + uz)) — gzxux<%(uy
+ uz)”x + ”(uxy + uxz)) - g“x (')’(”xxy + uxxz) - %”t) + %’}/(3uxx“xy

2
+ Buxylyz — ”(”xxxy + ”xxxz) - uxxx(”y + uz)) - 3u“tx‘| Fz(t/Z - ]/)

+ (((—614 + (12uy + 1202 )y ux — 120y (11 + 10x2) ) B+ 6y ((uy + tz) 1y

1ty + tyz) )+ (18urny + 18Uyrz )y — 6lxy )y + 12yut) F?(t,z — )

— 12Ft2t(t,z — y)uy},

1 8 4 8
C = wpa) { b l (St = 312) = Gt (st

— 2UxUyxy + u)%x)‘| (ﬁ - OC)FQ(t,Z - ]/) + 6_1/((11?( — Lluxx)lx + 2Bubiyy
2
+ 'Y“xxX)Ft (tz— 3/)}/
1 8 4 8
= up-w { N [ <3 - 3”53) R O
2 2 2
— Uy Uyxy + uxx)] (B—a)F(t,z—y) + 6y((ux — Ul )& + 2BUllyy

+'Yuxxx)Ft2(trZ_y)}-

1
Case3. A3 = 2 {(oc + B)u3 +2fyuxxx} F(z—v).

1 1 2
C§ = 47{ — §u,%(oc +B) + (g(oc + Bty — Ylxxx + 'yuuxxxx) }F3(z -v),

1
Céf = *g {F3 (Z - y) |:)’2 ((zuxxxxy + 2”xxxz) - u(uxxxxxy + uxxxxxz) - 3“xx“xxxy
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2
— BUyxUxxxz — 3uxxx(uxxy + Uyyz) + 2UyyUxxxx + 2T/lxzuxxxx) — Y UyUxxxxx

7 1
- 72uzuxxxxx +v| — 3 <,B - 7“) (uxxy + uxxz)ugzc - zauuxxxy — 20Ul xxy

—u gu +Eu
3 xXxXxy 3 XXXz

4
+ AUy p + 0 — guxxuxxy

2 4
_ guix(uy + uz)} + ,B{u [3uxxuxxy

2 2
-+ ux{zx [(3Mxy + 31/lxz> Uxy — 2Mxxx(uy + uz):| + ﬁ

10 10 2
+ Uxx guxy + guxz - guxxx(uy + uz)

4
- guxxuxxz - zuxxx(uxy + sz)

4 2 0
+ guxxuxxz - guxxx(uxy + uxz) - ?’“&x(’“‘y + uz)} — 2Ulpxxx — 2UpUxxy
2 1 3
— Aty | + (a+ Bluxd —uz ( B+ S (ty + uz) + 1y (—szu(uxy + Uyz)

!

1 3 3 3 3
_m{FS(Z - y) |;)/2 <2MUxxxxxx + EUxxuxxxX — EuquXxxx _ zuyzch>

2 4
+ Bu(thyy + Uxz) — gut) — 3uutx}

3 7
+ ')’{ - Eu;zcuxxx <,B + 304> + uuxxxx(,B + 3D‘>ux - uuxx“xxx(,B - 50‘)}

-3 (;aui + it (ﬁ - izx) (a +ﬁ>ui) ] }

3 3 3 3
T {FS(Z - y) |:YZ <2uuxxxxxx + Euxxuxxxx - Euxuxxxxx - Zuixx>

3 7
+ ')’{ - iuiuxxx (,B + 30‘> + Ullyxxx (,B + 30‘)”): - 7/luxxuxxx(,8 - 50‘)}

- % (;Wi + Uity <ﬁ - ;04> (a + ﬁ)%%) ] }
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3.2. Ibragimov Approach

This approach suggests that every infinitesimal generator is ascribed uniquely to a conserved
quantity. We now compute the conserved vectors of 3D-gBSe (2) by exploiting a new conservation
theorem by Ibragimov [43,44]. The reader is addressed to the given references for a detailed
understanding of the approach. Thus, we have the adjoint of (2) [44] as

H*E(S

E(U(uxt + “ux(uxy + uxz) + ,Buxx(uy + uz) + 'Y(uxxxy + uxxxz))) =0 (38)

with the Euler operator defined in Equation (36). The expansion of Equation (38) gives

H* = 0px + Qtyx0y — PllxxVy + PibyUxx + atly (Uxy + 0xz) + 2B0x (Uxy + Uixz)
+ AUy Uz — BUxxVz + PUzUxx + YOxxxy + YVxxxz = 0. (39)

The formal Lagrangian of 3D-gBSe (2) alongside its adjoint given in Equation (39) is expressed as
L=v (uxt + auxiyy + ﬁuxxuy + allyllyz + Btz + YUxxxy + quxxxz) . (40)

We recall here that 3D-gBSe (2) admits nine Lie point symmetries stated in Equation (7). Hence,
we construct the associated conserved vectors for the stated Lagrangian by making use of the
formula [44]

S oL oL oL
i ij ijk
oL oL L
. o — [ . w DR
+ Dj(W )[au;@; Dkauﬁ}k + ... | + DjDx(W") wi +-, (41)

with the Lie characteristic function W* expressed as W* = n* — @f u}?‘, fora =1,2andj =1,2,3,4. Thus,
by the reckoning of the relation in Equation (41), we achieve the conserved vectors [55] (T}, X, Y;, Z;)
of 3D-gBSe (2) for the respective symmetries in Equation (7) as

1 1
T = EuxvxFl(z —y) - Euxval (z—y),

1
X; = ﬁuxuszFl(z —y)+ ﬁuxuxyvl-"l(z —y)+ ZL'yuxxszFl(z -y)
1 1 1
+ Z’yuxxxval (z—y)+ Eutval(z —y)+ Evtuxl-"l(z -y)
1 1
+ Etxuivzlfl (z—y)+ Eauivylfl(z —y) + Buyu v Fl(z — y)
3 3
+ ﬁuxuyvxFl (z—y)+ Zyuxvxszl (z—y)+ Zyuxvxxylfl (z—y)
1 1 1
- E’)’”xxvszl (z—y)— §'YuxxvxyFl (z—y)— Z'vax”szl (z—y)
1 1 1
- Z'vaxuxypl (Z - ]/) + E')’Uxuxxzpl (Z - y) + E’vauxxypl (Z - y)
1 1
+ Z’Y“xxxUzFl (z—y)+ Z'Y“xxxvylﬂ (z—y),
1 1
Y] = Eauivxl-"l(z —y) — ﬁuxxuxvl-"l(z —y) — Zl'yuxxxval(z -y)
1 1 1
+ 4 TxtxeFl (2 - y) = ;waxvxxlfl(z —y)+ ﬂuxxxvxFl (z—v),

1 1
Z = Z')’uxvxxxpl (z—y) - :Buxxuval (z-y) - 17uxxxva1 ==y
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T, =

X, =

Zy =

T3 =

X3 =

1 1 1
+ Eocu%vxlfl(z —y)— EyuxxvxxFl(z —y)+ E’yuxxxvxFl (z—y);

%uyvxl-"z(z —y) - %uxszFz(z -Y),

,Bvxuﬁl-"z(z —y)+ %avzuxuyl-“z(z —-y)+ %avyuxuyl-"z(z -y)

+ Buzvsuy F2(z — y) — %zxvuxzuyl-"z(z —y) + Bousuy F2(z — )

- %avuxyuylﬂ(z —-y)+ Z’yvxxzuyl-"z(z -y)+ ?L'yvxxyuyl-"z(z —vy)
+ %vtuylﬂ(z —-y)— %rxvuyzuxl-’z(z —y) — %avuwuxl-"z(z =)

- ,Bvuzuxsz(z —y) - %’yvxzuxyl-"z(z —y)— %’yuxyvxyl-"z(z -y)
+ %'yvxuxyzl-“z(z —y)+ %fyvxuxyylﬂ(z —y) — %fyuyzvxxl-"z(z —y)
- %'Wyyvxxlsz(z -y)+ %'sz”xxyFZ(Z -y + i'Yvy”xxsz(Z —-Y)

3 3 1
- Z'yvuxxyze(z —y) — Zyvuxxyylfz(z —y) — Evutsz(z -v),

1 1
= focuxxuvaz(z —y)+ Al Uyz0F? (z—y)+ focuxuxvaZ(z —)

2 2

+ Buxxti;0F% (2 — y) + Yixrz0F? (2 — y) + Z'yuxxxyvlﬂ(z —y)

+ upvF?(z —y) + %ocuxuyvxl-"z(z —y)+ ifyvxuxxyl-"z(z —y)

— %'yvxxuxyl-"z(z —y)+ %'yuyvxxxl-"z(z -v),

%auxxuyvl-‘z(z —-y)— %auxuxyvlfz(z —-y)— /Suxxuvaz(z -y)

— %’yuxxxyvlfz(z —y)+ %auxuyvxlfz(z —y)+ i’yoxu”ylﬂ(z - )
— %’yvxxuxyl-"z(z —-y)+ ivuyvxxxlfz(z —);

%uzvxlﬁ(z —y) — %uxzvl-"?’(z -v),

%“Uzux”zFS(Z —y)+ ,BUx”EFg(Z —y)+ %lwyuxuzlja(z -Y)

+ ,BuyvxuzF3(z —-y)— %rxvuxzuzF‘o’(z —y)— %avuxyuzlfg’(z -y)
+ [Svuxyuzl-"3(z —y)+ %yvxxzuzlﬁ(z —y)+ %’yvxxyuzlf’(z —v)
+ %vtuZPB’(z —y) - %avuzzuxF3(z —-y)— %avuyzuxlﬁ(z —)

— ﬁvuyuxZF3(z —y)— %’yuxzvleﬁ(z —y)+ %’yvxuxzzl-"3(z —y)
— %’yuxzvxylf’(z —-y)+ %vvxuxyzlﬁ(z —-y)— %L')/uzzvxxl-’g’(z - )
- %’Y”yzvxxlja(z -y + i')’vzuxleﬁ(z -y)+ i'ﬂ’y”xle:s(z —-Y)

3 3 1
— Zyvuxxzzl-"?’(z —y) — Zyvuxxyzl-"?’(z —y) — Evutzlﬁ(z —y),



Mathematics 2020, 8, 1692

Y; =

1 1

Eocuxxuzvﬁ(z —-y) - szuxuxva?’(z —y) - ﬁuxxuva3(z —)
1 1 1

— Z’yuxxxzvlﬁ(z —y)+ izxuxuzvxlﬁ(z —y)+ ZL’)/Uxuxszg(Z -y)
1 1

- Z'vaxuxzp:s(z - y) + Z')’uzvxxxpgj(z - y),

1 3 3 1 3

szuxuxzvl-" (z—y) + auyuyvF’(z — y) + Etxuxxuzvl—* (z—y)

3
+ ﬁuxxuva:'" (z—y)+ E’yuxxxzvl-“?’(z —y)+ 'yuxxxva3(z —)
1 1
+ upvF3 (z — y) + Eauxuzvxlﬁ(z —y)+ Z'yvxuxleﬂ(z —v)

1 1
- Z'vaxuxzp:s(z - y) + Z')’uzvxxxpgj(z - y);

Ty = &ttt 0F*(z — y) + ocuxuxva4(z —y) + Byt 0F(z — )

X4 =

+ ﬁuxxuva4(z —y)+ Yitxrxz0FH(z — y) + 'yuxxxva4(z —v)
1 1
+ Eutva‘L(z —y)+ EutvxF‘l(z —y),
1 4 1 4 4
Eavzuxutlf (z—y)+ EavyuxutF (z —y) + Buzvyus F*(z — y)
1
+ Buyvxtn F(z = y) = SavuxiF(z = y) + o FH(z - y)
1 3
— Eocvuxyutl-“‘1 (z—y)+ ﬁvuxyutF4 (z—y)+ Z'yvxxzutl-“‘1 (z—y)
3 1 1
+ Z’yvxxyutl-"‘l(z —y)+ EvtutF‘l(z —y) — EowuxutzF‘l(z —v)
1 1 1
— Zyvxxutzl-"‘l(z —y) — EavuxutyF‘l(z —y) — Z'yvxxutyl-"‘l(z —y)
1
- ﬁvuzuth4(z —y)— ﬁvuyuth4(z —y) — E’yvxzutxlf‘l(z —)
1 1 1
- E'vayutxlﬂ(z — y) + E’YUxMtsz4(Z — y) + E'vautxyl:4(z - ]/)
1 1 3
+ Z'szutxxp4(z - ]/) + Z'Yvyutxxp4(z - y) - Z'Yvutxleﬂ(z - y)
3 1
— nyvutxxyl-"‘1 (z—y)— Evuttl-"‘l (z—vy),

1 1
= szutuxxvl-"‘l(z —y) — Eauxutva‘l(z —y) — BusivF(z — )

1 1 1
— Z’yutxxxvl:‘*(z —y)+ szutuxvxlf‘l(z —y)+ Zyutvxxxlf‘l(z =)

1 1
— Zvvxxuth“(z —y)+ ZL')/UxutxxF4(Z —y),

1 1
= f(xutuxxvl-"l(z —y) — ftxuxutva‘l(z —-y) - /Butuxva4(z -y)

2 2

1 1 1
— Z’yutxxxvlﬂ(z —y)+ ivcutuxvxl-"‘l(z —y)+ Zlfyutvxxxlﬂ(z —)

1 1
— Z'yv,ocutxl-"‘L(z —y)+ ZL’YUxutxxF4(Z —-Y)

1
- vaFS(t,z —Y),

1 1 1
— Eauxvzlﬁ(t,z —y) — Eauxvyl-"s(t,z —y)+ EauszFS(t,z —v)

21 of 30
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Ts =

+ %ocuxva5(t,z —y)— ﬁuzvxF5(t,z —y) - ﬁuyvxFS(t,z =)
— Buy0F°(t,z —y) — ﬁuxva5(t,z —-y)— Z'yvxsz5(t,z —)

- %’yvxxyFS(t,z —y)+ %vFE’(t,z —y) — %vtFS(t,z —y),

— %auxvxFS(t,z —y) — %ucuxxvlﬁ(t,z —-y)+ ,BuxvaS(t,z -y)
- %'vaxxl:s(trz -v),

— %auxvxl—ﬁ(t,z —y) — %auxvaS(t,z —y) + BuyvF> (t,z — )

1
- Z'vaxxrﬁ(trz - y);

1 1 1
E,BuxvxFé(t,z —y)— Eﬁuxxvlfé(t,z —y)— Eyvthé(t,z -Y),

Xe = ,Bzuzuxvxl-“é(t,z —-y)+ ﬁZMyuxeF6(t,Z —-y)+ ,Bzuxuxzvl-"é(t,z -y)

Yy =

+ [Szuxuxva6(t,z —y)+ %aﬁvzu§F6(t,z —y)+ %aﬁvyuilf‘s(t,z - )
1
- Eﬁ”xvpf — ByuzvxF (1,2 — y) — ByuyvFf (1,2 — y)
1
- ﬁyvuszf(t,z -y)— ,Byvuxyl-"f(t,z —y) - E’szuxxﬁF6(t’Z -y)
1 1 1
— E'yﬁvxyuxxl-"6(t,z —y) — Zl'yﬁuxzvxxlﬁ(t,z —y) — Zyﬁuxyvxxl-"é(t,z -y)
1 6 3 6 1 6
+ E’yﬁvxuxle-" (tz—y)+ E'Yﬁuxvxsz (tz—y)+ E'Yﬁvxuxxylj (t,z—y)
3 6 1 6 1 6
+ Z’Yﬁ”xvxxyl: (tz—y)+ ZL’Y,BUzuxxxF (tz—y)+ ZL’Y,BUy”xxxF (t,z—y)
1 6 1 6 1 6
+ Z’Y,Bvuxxxzp (t/Z - y) + Z'Y,Bv”xxxyp (t/Z - y) + E,Buxvtp (trz - y)
1 1 1
+ Eﬁwth6(t,Z —y)+ Evatét(t,z —y)+ Eacuxvl-"f(t,z —v)
1 1 1
- szyvzuxl-"f(t,z —y) — anvyufo(t,z —y)+ Ewyuxvaf(t,z -y)
1 1 3
+ Sy O (t2 = y) + 1 10n (b2 = y) — J1yone R (L2 —y)
3 1 1
= WOy F (62 —y) = Sy (t,z — y) + SyooRt (t 2 — y),
1 1
E(xﬁu%vxlfé(t,z —-y)— ﬁzuxuxxvl-“é(t,z —y)— Z/S'yuxxvxxl-"f’(t,z -y)
1 6 1 6 1 6
+ ZIB'Y”xxxeF (tz—y)+ ZL.B'Y“xexxF (tz—y)— Zﬁ')’”xxxxUF (t,z—y)
1 6 1 6 6
— Eocyuxvth (t,z—y)— szyuxxvl-"t (t,z —y) + ByuxxvFP (t,z — y)

1
- ZWUxxfo(trZ —-Y),

1 1
= Eaﬁu,zcvxlfé(t,z —y)— [Szuxuxxvl-"é(t,z —y) — Z,B'yuxxvxxl-"6(t,z -y)

1 1 1
+ Zﬁ'Y”xxxvxF6(t/Z —y)+ ;lﬁwxvxxxF6(t,z —y) — Zﬁwxxxvaé(t,z —v)

1 1
- szyuxvxl—f(t,z —-y)— Eocyuxxvl-"f(t,z —y)+ ,Byuxxvl-"f(t,z - )
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1
- 1'vixxth6(trZ —y);

Ty = 20tuytty0F (z — y) + 20(tuxunyF7(Z —y) + 2Btur 1 0F (z — y)
+ Zﬁtuxxuyvl-"7(z —y) + 29ty 0F (z — y) + 27tuxxxva7(z —v)

—u0F (z —y) + %vxulﬂ(z —y) — %xuxxvlﬂ(z —y) + tupoF (z — )
+ tuv  F7 (z — y) + %xuxvxl—”(z —v),
Xy = %zxxvzu,zclﬂ(z -y)+ %axvyuilﬂ(z —-y)— %zxvuzuxlﬂ(z -y)
— 2BvuuF’ (z — y) + %wuvzuxﬂ(z —y)— %wvuyuxﬂ(z =)
— 2BvuyucF’ (z —y) + %auvyuxlﬂ(z —y) + Bxuvxu F (z — )
+ ﬁxuyvxuxl-"7(z —y)+ ﬁxvuxzuxF7(z —y)— 'yvxzuxF7(z =)
+ ﬁxvuxyuxl-"7(z —y) — 'yvxyuxl-"7(z —y)+ Z'yxvxxzuxlﬂ(z -y)
+ Z’yxvxxyuxlﬂ(z —-y)+ atvzutuxlf7(z —y)+ actvyutuxl-"7(z -y)
+ %xvtuxlﬂ(z —y)— atvutzuxl-"7(z —y) - octvutyuxl-"7(z —y)
+ Buu v F (z — y) + ﬁuuyvxF7(z —-y)— %auvuleﬂ(z —y)
+ Buviy F7 (z — y) + yogur F (z — y) — %auvuxylﬂ(z —v)
+ ﬁuvuxyF7(z -y)+ 'va”xyp7(z -y)+ Z'sz”xxlﬂ(z - )
+ Z’yvyuxxlﬂ(z —y) - %’yxvxzuxxlﬂ(z —y)— %’yxvxyuxxﬂ(z —Y)
— %'yuzvxxlﬂ(z —y) — %'yuyvxxlﬂ(z —y) — %'yxuxzvxxlﬂ(z -y)
— iyxuxyvxxlﬂ(z —y) — nyvuxxzﬁ(z —y)+ %'yxvxuxxzﬁ(z —v)
+ %’yuvxleﬂ(z —y) — Z’yvuxxylﬂ(z —y)+ %’yxvxuxxylﬂ(z —y)
+ Z’yuvxxylﬂ(z —y)+ %'yxvzuxxxlﬂ(z —-y)+ %l'yxvyuxxxlﬂ(z —v)

1 1 3
+ Iyxvuxmlﬂ(z —y)+ Z'yxvuxxxylﬂ(z —y) — Evutlﬂ(z —v)
+ Zﬁtuzvxutlﬂ(z —y)+ ZﬁtuyvxutF7(z —y) - uctvuxzutlﬂ(z -y)
+ ZﬁtvuxzutF7(z —-y)— octvuxyutF7(z —-y)+ Zﬁtvuxyutl-"7(z -y)

3 3 1
+ E'ytvxxzutlﬂ(z —y)+ E'ytvxxyutlﬂ(z —y)+ Euvtl—”(z —v)

+ tutvtF7(z —-y)— %'ytvxxutzlﬂ(z —-y)— %’ytvxxutyﬂ(z - )

+ %xvutxlﬂ(z —y)— Zﬁtvuzutxlﬂ(z —y) — Zﬁtvuyutxl-”7(z -y)
- 'ytvxzutxlﬂ(z —y)— 'ytvxyuth7(z —y)+ 'ytvxutsz7(z —)

+ ’ytvxutxyF7(z —y)+ %ytvzutxxlﬂ(z —y)+ %7tvyutxx137(z —v)

3 3
- Efytvutxleﬂ(z —y)— Efytvutxxyﬁ(z —y)— tvuttl-"7(z -v),
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1
Y; = Eauxvxuﬂ(z —y) — auoF (z — y) — atuyupoF (z — y)

1

+ Etxuxxuvlﬂ(z —y)+ atutuxxUF7(z —y) - ,Bxuxxuva7(Z —y)

- ﬁuxxqu7(z —y)— Zﬁtutuxxvl-"7(z —y) — 'yuxxva7(z —Y)
1 1 1

+ Zyvxxxulﬂ(z —y) — Z'yxuxxxxvlﬂ(z —y) — E'ytutxxxvlﬂ(z -y)

7 1 7 1 7

+ atupuy v F (z — y) + E’ytutvxxxl-" (z—y)— i'ytvxxutxl-" (z—y)
1 1 1

+ E'ytvxutxxlﬂ(z —y)+ Etxxuyzcvxlﬂ(z —y) — Eyuxvxxlﬂ(z —y)
1 3 1

+ Z’yxuxvxxxlﬂ(z —-y)+ ZL’YMxxeﬂ(Z —y) — Z’yxuxxvxxlﬂ(z -y)
1 7

+ Z'quxxxvxl: (z—vy),

1

Z7 = Eauxvxulﬂ(z —y) — auoF (z — y) — atuyupoF (z — y)

1

+ Etxuxxuvlﬂ(z —y)+ vctutuxxvl-”7(z —y) - ﬁxuxxuva7(z =)

- ﬁuxxuvl-"7(z —-y)— ZBtutuxxvlﬂ(z —-y)— 'yuxxva7(z =)
1 1 1

+ Z’yvxxxuﬂ(z —y)— Z'yxuxxxxvlﬂ(z —y) — E'ytutxxxvlﬂ(z =)

7 1 7 1 7

+ atupu v F (z — y) + E'ytutvxxxl-" (z—y)— E'ytvxxutxl-“ (z—y)
1 1 1

+ E’)/tvxutxxl:7(z —y)+ izxxufcvxlﬂ(z —y)— Efyuxvxxlﬂ(z —v)
1 3 1

+ Z’yxuxvxxxlﬂ(z —y)+ Zyuxxvxlﬂ(z —y) — Zyxuxxvxxlﬂ(z —v)

1
+ E’quxxxvxlﬂ(z - ]/)}

Tg = atuyux0F>(z — y) + atiixtiy0F®(z — y) + Btuxsiz0F (z — y)

+ ,Btuxxuyvl-"s (z — ) + Ytixrrz0F (z — y) + ')/tuxxxvaS(z —v)
1 1 1
- Eyuxzvl-"s(z —-y)— EyuxvaS(z —y)+ EtutvaS(z —)

+ %tutvxFS(z —y)+ %yuzvxPS(z —y)+ %yuyvxlfg(z —v),
Xg = By ulF8(z —y) — %avuxuzFS(z —y)+ %ocyvzuxuzl-“g(z —-y)
+ %txyvyuxuzl?g(z — ) + 2ByuyvsuF(z — y) — %ayvuxzuzl-"s(z —)
— %ayvuxyuzlfg(z —y)— %'yvxxuzFS(z —y)+ Z'yyvxxzuzlfg(z =)
+ Z’yyvxxyuzFS(z —y)+ ,BtvxutuZFS(z —y)+ %yvtust(z -y)
- ,BtvutxuzFS(z —y) — %ayvuzzuxl-"g(z —y)— %twuyuxlfg(z —y)
+ %zxyvzuyuxl-"s(z —-y)+ %zxyuyvyuxl-"s(z —y) — ocyvuyzuxFS(z -y)
- %txyvuyyuxlfg(z —y)+ ﬁyuivxlfg(z —y)— %zxyvuyule-"s (z—y)

1 1 1
+ E’)’Ux“szS(Z —y) - E'yyuxzvle-"g(z -y)+ §7y0x“xzzF8(Z -Y)
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- %wyvuyuxylfg(z —y)+ %’Wx”xyl:s(z —y) — 5 TRy F(z — )
- 1’)’y“xzvxyFS(Z —y)— 1’Yy“xyvxyFS(Z —y)+ 'Y]/UxuxyzFS(Z —-y)
2 2

+ %’vixuxyylfs(z —-y)— i'yyuzzvxxlfg(z —y) — %’yuyvxxl-"s(z —y)

— O (2 — ) — Tyt oY — ) — S0t E(z - )

+ %yyvzu”ng(z —y)+ %’yyvyuxlefg(z —y)+ Zvyuyvxle-"s(z —v)

otz — y) — oty P(z — y) + J1yosttey Pz )

—+ i’)’yvy”xxylrs(z —y)+ Z'Wuyvxxylrs(z —y) - g’WU”xxyzFS(z -y)

- Z’yyvuxxyyl-”s(z —y)— %vutl-"s(z —-y)+ %rxtvzuxuth(z -y)

+ %txtvyuxutl-"s(z —y)+ ,Btuyvxutl-"g(z —y) — %atvuxzutl-"s(z —v)

+ Btouu F8(z — y) — %atvuxyutl-"g(z -y)+ ,BtvuxyutFS(z —-y)

+ thvxxzutPS(z —y)+ Z’ytvxxyutFS(z —y)+ %yuyvtPS(z —v)

+ %tutvtFS(z —y) — %yvutzFS(z —y) - %atvuxutzFS(z —y)

- %’ytvxxutst(z —-y)— %yvutyl-“g(z —y)— %(xtvuxutyl-“s(z - )
- %’ytvxxutyFS(z —y) - ﬁtvuyuthS(z —y)— %’ytvxzutxlfg(z )
- %'ytvxyutxl-"s(z —y)+ %'ytvxutle-"s(z —-y)+ %'ytvxutxyFS(z —y)
+ %'ytvzutxxl-"s(z —y)+ ifytvyutxxlffs(z —y) — ?I'ytvutxszg(z —v)
— %ytvutxxyl-"s(z —y) — %tvuttl-"s(z —y),

Yg = %(xyuzuxvxlfs(z —y)+ %zxyuyuxvxlfs(z —y)+ %’yyuxxzvxlfs(z =)
+ %’quxnyxFS(Z —y)+ %atuxutvxl-"s(z —y)+ %L’ytutxxvxl-"g(z )
+ %zxyvuxule-“g(z —y)+ %zxyvuxuxyl-“g(z —y)+ %ocyvuzuxxl-“s(z —y)
+ %txyvuyuxxlfs(z —y) — ifyyuxzvxxlfs(z —y)— ifyyuxyvxxl-"g(z -y)
+ %’)’y“zvxxxpg(z —y)+ i')’y”yvxxxFB(Z -y)+ Z’WU”meS(Z -Y)
+ %yyvuxxxylfs(z —y)+ %rxtvuxxutlfs(z —-y)— ﬁtvuxxutFS(z —)
+ %’ytvxxxutl-"g(z —y) +youp F(z —y) — %atvuxutxl-"s(z —v)
- %vtvxxuthS(z —y) - 317tvutxxxF8 (z—y),

73 = %txyuzuxvxlfs(z —y)+ %zxyuyuxvxlfs(z —y)+ i'yyuxxzvxlfg(z )
+ %'yyuxxyvxlfs(z —y)+ %atuxutvxFS(z —y)+ }L'ytutxxvxFS(z - )

1 1 1
+ Eocyvuxuszg(z —y)+ szyvuxuxng(z —y)+ Eocyvuzuxxlfg(z —v)
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Ty =

Yy =

1 1 1

+ EocyvuyuxxFS(z —y)— ZyyuxzvxxFS(z —y)— Efyyuxyvxth;(z -y)
1 1 3

+ Z’W”zvxxxFS(Z -y + Z'Wuyvxxxl:g(z -y + ZL’WU”meS(Z —y)
3 1

+ Zyyvuxxxyl-"s(z —-y)+ Erxtvuxxutl-“s(z —-y)— /StvuxxutFS(z —)
1 8 8 1 8

+ Z’ytvxxxutlf (z—y) +youpF°(z—y) — Eatvuxutxl-" (z—v)

1 1
— Zytvxxutxl-"g(z —y) — Zlfytvutxxxl-"g(z -y);

- %octuxzvlfg(z —-y)— %rxtuxyvlﬂ(z —y)+ %ng(z —Y)

+ %txtuzvxlfg (z—y)+ %atuyvxF9(z —y) — %xvxlﬁ(z —v),
%aztuzvzuxl-"g(z —y) — %aztvuzzuxl-“g(z —y)+ %zxztvzuyuxl-"g(z —y)

+ %ogtuzvyuxlfg(z —y)+ %aZtuyvyuxl—@(z —y)— ucztvuyzuxl-"g (z—y)
— aZ%tvuyyung(z —y) — %aztvuzule-"g(z —y)— %wztvuyule-"g(z —v)
- %aztvuzuxylfg(z —-y)— %aztvuyuxylfg(z —-y)— %twung(z -y)

- %zxvuyl:g(z —y) — %txxvzuxl-"g(z —y) — %txxvyuxlfg(z —y)

+ aptuto, FP(z — y) + ocﬁtuﬁvxlf9 (z — y) + 2aBtuzuy o F (z — y)

+ %ocxvule-“g (z—y)— %a’ytuxzvlefg(z —-y)+ %a'ytvxuxzzlfg(z =)

+ %txxvuxyl—@(z —y) - %zx'ytvxzuxylfg(z —y)— %oc'ytuxzvxyl-"g(z -y)

— %oc')rwxyvxyl-"9 (z —y) + aytoxuyF(z —y) + %a'ytvxuxyyl-"g(z —y)
- %o«ytuzzvmlﬂ(z —y)— %a’ytuyzvxxl-@(z —y)— izx’ytuwvmlﬂ(z =)
+ %a’ytvzuxlefg(z —y)+ ia’ytvyuxlefg(z —y)+ Zoc’ytuzvxle-"g (z—y)
+ Zoc'ytuyvxlefg(z —y) — Za'ytvuxxzzlfg(z —-y)+ %zx’ytvzuxxyl-"g(z =)
+ ioc'ytvyumylf9 (z—vy)+ Zo«ytuzvxwl—"g (z—vy)+ thfytuyvxxylf9 (z—y)
- ga'ytvuxxyzl-"g(z —y) — %a'ytvuxxyyl-"g(z -y)+ %atuzvtlfg(z —y)

+ %octuyvtF9(z —y)— %atvutzﬁ(z —y) — %txtvutng(z —)

+ BouF2(z — y) + ﬁvung(z —y) — Bruzv F(z —y) — ,Bxuyvxl-"g(z =)
— ,vaule-"g(z —y)+ %’yvle-"g (z—y)— ,vauxng(z —y)+ %’yvxylﬂ(z - )
— Z'yxvxle-"g(z —y) — %yxvxxyl-"g(z —y) — %xvth(z —y),
%zxztuxuxzvlfg(z —y)+ %zxztuxuxyvlﬂ(z —y)+ %txztuxxuzvlfg(z —v)

+ %aztuxxuyvlﬂ(z —y)+ Zaytuxxxzvl-"g(z —y)+ sz'ytuxxxyvlfg(z —y)
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1 1
+ EocuxUFg(z —y) — Eocxuxxvﬁ(z —y) + atupvF (z — y)
1 1
+ Bxuy,vF? (z — y) + Etxztuxuzvxlfg(z —y)+ Eocztuxuyvxlfg(z —v)
1 1 1
— Zoc'ytvxxuleﬂ(z —y) — Zoc'ytvxxuxyl-"g(z —-y)+ Zlac'ytvxuxle-"g(z -y)
1 9 1 9 1 9
+ th'ytvxuxxyl-" (z—y)+ Zvc'ytuzvxxxl-" (z—y)+ Zlvc'ytuyvxxxl—* (z—y)
1 1 1
- Eaxuxvng(z —y)+ Zyvxng(z —y) — Zyxvxxxl-“g(z -y),

1 1 1
Zg = Eozztuxuxzvlfg(z —y)+ Etxztuxuxyvﬁ(z —y)+ Eaztuxxuzvlfg(z —)

1 3 3

+ szztuxxuyvlﬂ(z —y)+ Za'ytuxxxzvl-"g(z —y)+ Zwytuxxxyvlfg(z —v)
1 1

+ Eocuvag(z —y) — Eocxuxvag(z —y) + atupvF (z — y)

1 1

+ BxuyvF? (z — y) + Etxztuxuzvxl—@(z —y)+ Etxztuxuyvxl—@(z —v)
1 1 1

— Za'ytvxxule-"g(z —y) — Za'ytvxxuxyl-"g(z —y)+ 10c'ytvxuxle-"9(z —y)
1 9 1 9 1 9

+ Zavtvxuxxyl-" (z—y)+ izx'ytuzvxxxl-" (z—y)+ sz'ytuyvxxxl? (z—y)
1 1 1

— Eocxuxvng(z —y)+ Z'yvxng(z —y) — Z’yxvxxng(z —v).

Remark 2. We notice that the conserved vectors obtained using multiplier as well as Ibragimov’s theorem
contain arbitrary functions. Moreover, this approach also secures nine conserved quantities corresponding to the
nine Lie symmetries obtained. All these attest to the fact that the 3D-gBSe (2) possesses conserved vectors that
are infinitely many in number. Theoretically speaking, the obtained conserved vectors could be used to find exact
solutions of the3D-gBSe (2). However, this task is not so simple and could be possibly done in the future work.

4. Discussion of the Graphical Representations of Solutions Obtained for 3D-gBSe (2)

The dynamics of solutions in the model of the generalized (3+1)-dimensional breaking soliton
equation are described graphically. In a bid to gain better knowledge regarding the physical properties
of the secured results, the derived solutions were depicted by choosing different values of parameters.
For instance, the 3D-plot, density plot and 2D-plot of the periodic soliton solution (20) are represented
with different values of parameters in Figure 1, where we assign values to the constants; in Figure 1,
weletw = 02, v = 0.6, 71 = 100, r = 50.05, r3 = 20.05, Q = 10, R = 70 and C3 = 1; in Figure 1
wemade w = 0.2, v = 0.6, r; = 90, r; = 40.05, r3 = 0.05, Q = 10, R = 70 and C3 = 1; and in
Figure 3 we assumed w = 0.2, v = 0.6, 1 = 100, r; = 50.05, 13 = —80, Q =10, R =70and C3 = 1,.
In addition, we varied the values of t and z such that they were allocated values t = —10,z = —1,
t = —11,and z = 0; and t = —25 and z = —9 for the Figures respectively. It is observable that the wave
deflection changes as time t reduces from —10 to —25.

Furthermore, the singular soliton solutions (24) obtained in the form of hyperbolic and
trigonometric functions were plotted. 3D, density and 2D plots of (24) were done by setting positive
values to the constants; in Figure 4 we supposed A = —0.08, w = 2.02, v = 2.02, « = 30, u = 10.125,
B =20.2,C; =0.5and C; = 2.3; in Figure 5 we let A = —0.08, w = 2.02, v = 0.02, « = 30, u = 10.125,
B =20.2,C; =1and C; = 2; and in Figure 6 we assumed A = 0.0008, w = —0.02, v = 0.02, « = 300,
u = 0.125, § = 200.2, C; = 1 and C; = 0.8. More so, we randomized ¢ and z in which the figures
respectively havet =1,z =0,t =2and z = —3.5; and t = —0.2 and z = 20. Figure 7 shows the 3D,
density and 2D-plots of solution (25) with a singularity when t = 2.1 and z = —3; Figure 8 reflects the
same with a singularity when t = —6 and z = 25; and Figure 9 exhibits (25) with a singularity at t = 4,
z = 30. Other parameters involved were allotted values: A = —0.02, w = 2.02, v = 0.02, » = —0.005,
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a =0025pB=1C =0and C; = 2;in Figure 7, A = —0.02, w = 2.02, v = 0.02 and u = —0.005;
in Figure 8, « = 0.025, 8 =1, C; = 0.1 and C; = 2; and in Figure 9, A = —0.02, w = 2.02, v = 0.02,
u=—0.005a=0.025p=1C =01land C; = 2.

In addition, we made graphical demonstrations of the soliton solution (27) with singularities,
by using 3D-plots, density plots and 2D-plots. In this case, we allocated values to the constants; for
instance, in Figure 10 we let w = 048, v =0,04 = 0.2, § =4, By = 0,t = 1 and x = 2; in Figure 11 we
putw =051, v=0,a =058=4, By =0,t =0and x = 3. In Figure 12 we assumed w = 0.51, v =0,
a«=05p=4By=0,t=—-1land x = —4.

Moreover, Figure 13 displays 3D, density and 2D-plots pictorial representation of soliton solution
(28) with singularities when w = 0.48,v =0, a2 = 0.2, 3 =4, By = 0, t = 1 and x = 4. Figure 14 also
reveals the 3D-plot, density and 2D-plots graphic display of (28) with singularities when w = 0.48,
v=0,a4=028=4,By=0,t=0and x = —4. Besides, withw =0.6,v =0, =02, =4, By =0,
t = —6 and x = 7, we show 3D, density and 2D-plots of Figure 15.

Finally, we show the solitary wave profile of series solution (34) with 3D-plot, density plot and
2D-plot in Figure 16 when w = 1.6, v = 0.3, c9p = 0,c1 = —0.2, ¢ = 7.825, c3 = —0.125, P = 1.8,
Q =83, R=25t=1.6and z = 1.1. Figure 17 exhibits the 3D, density and 2D plots of solution (34)
whenw =1.6,v =04,¢9 =0,¢c1 = —0.2, ¢ = 10.825,c3 = —0.125, P =10.8,Q =83, R =25,t = —1
andz = —8. Whenw = 0.1, v =04,cyg =0,¢c; = —0.2, co = 8.825, c3 = —0.125, P = 10.8, Q = 83,
R = 25,t = 5and z = 4 Figure 18 shows 3D-plot, density and 2D-plots of series solution (34).

We can see that the changes in the parameters cause clear and obvious effects on the dynamics of
the solitons and the series solutions. By making a comparison of the results secured in this work and
those of the previous studies, it was revealed that the solutions gained here are completely different.

5. Conclusions

In this article, we investigated a (3+1)-dimensional generalized breaking soliton Equation (2).
We constructed exact solutions for Equation (2) via the implementation of Lie symmetry reductions,
direct integration, (G'/G)-expansion and power series solution methods. Solutions obtained were in
the form of trigonometric, hyperbolic functions and Jacobi elliptic functions. Moreover, the graphical
representations of the solutions were shown with various values of the parameters and ¢, x and z to
give a view of the wave dynamical appearances of the solutions. Lastly, we constructed the conserved
vectors of Equation (2) through the engagement of the general multiplier method and Ibragimov’s
theorem. The results of this paper could be of interest to scientists working in the fields of engineering
and nonlinear sciences.
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