
mathematics

Article

Closed-Form Solutions and Conserved Vectors of a
Generalized (3+1)-Dimensional Breaking Soliton
Equation of Engineering and Nonlinear Science

Chaudry Masood Khalique 1,2,3,* and Oke Davies Adeyemo 1

1 International Institute for Symmetry Analysis and Mathematical Modelling, Department of Mathematical
Sciences, North-West University, Mafikeng Campus, Private Bag X 2046, Mmabatho 2735, South Africa;
adeyemodaviz@gmail.com

2 College of Mathematics and Systems Science, Shandong University of Science and Technology,
Qingdao 266590, Shandong, China

3 Department of Mathematics and Informatics, Azerbaijan University, Jeyhun Hajibeyli str., 71,
Baku AZ1007, Azerbaijan

* Correspondence: Masood.Khalique@nwu.ac.za

Received: 21 August 2020; Accepted: 21 September 2020; Published: 1 October 2020
����������
�������

Abstract: In this article, we examine a (3+1)-dimensional generalized breaking soliton equation which
is highly applicable in the fields of engineering and nonlinear sciences. Closed-form solutions in
the form of Jacobi elliptic functions of the underlying equation are derived by the method of Lie
symmetry reductions together with direct integration. Moreover, the (G′/G)-expansion technique is
engaged, which consequently guarantees closed-form solutions of the equation structured in the form
of trigonometric and hyperbolic functions. In addition, we secure a power series analytical solution
of the underlying equation. Finally, we construct local conserved vectors of the aforementioned
equation by employing two approaches: the general multiplier method and Ibragimov’s theorem.

Keywords: (3+1)-dimensional breaking soliton equation; Lie point symmetries; closed-form solutions;
(G′/G)-expansion method; power series solution; conserved vectors

1. Introduction

It is an indisputable fact that nonlinear evolutionary equations (NLEEs) have provided a great
deal of assistance in modeling several real-world problems consisting of diffusion, dispersion and
convection that possess nonlinear effects. Achievements in solving these NLEEs through analytical
approaches or numerical techniques guarantee a better understanding of the physical phenomena
which form the background for the models [1–23].

Solitons are defined as localized wave disturbances which are propagated with their shape neither
changing nor even spreading out. Soliton notion was first established by Zabusky and Kruskal in the
year 1965 [8]. Solitons play crucial roles in engineering and nonlinear sciences applications and furnish
us with the sagacity of the pertinent phenomena in nonlinear science. Here, we give an example of a
soliton-related equation.

The popularly celebrated Korteweg-de Vrie (KdV) equation ascribed to nonlinear dispersive
partial differential equation (NLDPDE),

ut − 6uux + uxxx = 0, (1)

is a mathematical model that describes the special waves that are referred to as solitons on shallow
water surfaces [8]. The KdV equation possesses numerous inter-connectivities with physical problems
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that comprise long embedded waves submerged in a density-partitioned ocean alongside waves in
shallow water characterized by nonlinear weak reinstating forces, acoustic waves on a crystal lattice
and plasma-accompanying ion-acoustic waves.

Besides the inverse scattering transform [9], which was developed to find solutions to the
KdV Equation (1), many other essential approaches were introduced by researchers. Lately,
many mathematicians and physicists have established effective and efficient techniques for constructing
viable analytic solutions to NLEEs, namely, the Painlévé expansion technique [10], the mapping method
and extended mapping technique [11,12], the Bäcklund transformation [13], the rational expansion
method [14], the F−expansion technique [15], the tanh and sine-cosine method [16], the extended
simplest equation method [17], Hirota’s technique [18], Lie symmetry analysis [19,20], the bifurcation
technique [21], the (G′/G)-expansion method [22], the Darboux transformation [23], the sine-Gordon
equation expansion technique [24] and Kudryashov’s method [25] , just to mention a few.

The existent physical models are basically related via NLEEs depending on space variables in
three dimensions and one other time variable. Furthermore, the paramount goal of the mathematicians
has moved away from nonlinear models involving two-dimensions or three-dimensions [26,27] to
non-linear models with dimensions higher than three [28–30].

Here, in this work our target is to consider the generalized (3+1)-dimensional breaking soliton
Equation (3D-gBSe) [31]

∆ ≡ uxt + αux(uxy + uxz) + βuxx(uy + uz) + γ(uxxxy + uxxxz) = 0 (2)

with parameters α, β and γ which are nonzero real-valued constants. If γ = 1, β = −2, α = −4 and
u = u(x, y, t), Equation (2) converts to two-dimensional breaking soliton equation [32]:

uxt − 4uxuxy − 2uxxuy − uxxxy = 0.

A good number of different kinds of results have been obtained in the literature for breaking
solitons in two dimensions [33–35] that describe the interconnections between the long wave and the
Riemann wave, which propagate respectively along x-axis and y-axis.

It is pertinent to discuss briefly some special cases of the equation under study.
If γ = 1, β = 2, α = 4 and u = u(x, y, t), then Equation (2) reduces to a potential form of
two-dimensional Calogero–Bogoyavlenskii–Schiff equation [36]. With constants in Equation (2) taken
as γ = −1, β = −2, α = −4 and the dependent variable u = u(x, y, t), Darvishi et al. [37] obtained the
solution of Equation (2) by employing a three-wave method. Al-Amr [38] constructed closed-form
solutions of another version of (2) when γ = 1, β = 4, α = 4 with u independent of t via modified
simple equation method. Pallavi et al. [31] found some exact solutions of 3D-gBSe (2) by engaging
the extended exp(−φ(ξ))-expansion method. In addition, the authors in [39] engaged the symmetry
analysis to procure the residual symmetry of a special case of Equation (2) when γ = −1, β = −2 and
α = −4. They further proved that the (3+1)-dimensional breaking soliton equation is integrable in the
sense of its consistent possession of Riccati expansion.

Symmetry analysis is one of the most systematic techniques with which to find closed-form
solutions of differential equations. It was pioneered, towards the end of the nineteenth century by a
Norwegian mathematician, Sophus Lie (1842–1899), who realized that the ad hoc methods for solving
differential equations could be unified. This technique has found applications in many areas of
mathematically-based sciences [19,20].

Conservation laws are basic laws of nature that do not change in an isolated system and have a
wide range of applications in physics and in other fields, such as engineering, applied sciences and so
on. They can be used in the study of numerical techniques and as well as to determine whether the
solution of a differential equation exists and is unique [40–45].

In this work, we catalog our article in the following way. In Section 2, we carry out symmetry
analysis of 3D-gBSe (2) and perform symmetry reduction of the equation. We find closed-form
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solutions in the form of elliptic functions by direct integration of the reduced ordinary differential
equation. Moreover, the (G′/G)-expansion method and the power series method are employed to
obtain more solutions of Equation (2). Furthermore, in Section 3, we present conserved vectors of the
underlying equation by implementing the general multiplier method and Ibragimov’s theorem. In the
end, concluding remarks are given.

2. Solutions of the 3D-gBSe (2)

This section is concerned with the construction of closed-form solutions of 3D-gBSe (2) which
are obtained by using Lie symmetry analysis, the (G′/G)-expansion method and the power
series approach.

2.1. Lie Symmetry Analysis of Equation (2)

Here we calculate the Lie point symmetries of (2) and eventually utilize them to generate exact
solutions for the Equation (2).

2.1.1. Lie Point Symmetries of Equation (2)

We take into consideration a one-parameter Lie group of infinitesimal transformations furnished
with a parameter (ε) that acts on the independent and dependent variables of the equation, thereby
keeping equation invariant. The infinitesimal transformations are

x̃ = x + ε ξ1(x, y, z, t, u) + O(ε2),

ỹ = y + ε ξ2(x, y, z, t, u) + O(ε2),

z̃ = z + ε ξ3(x, y, z, t, u) + O(ε2),

t̃ = t + ε ξ4(x, y, z, t, u) + O(ε2),

ũ = u + ε φ(x, y, z, t, u) + O(ε2),

wherein the parameter
∣∣ε∣∣� 1 (a small expansion term) is the group parameter; and ξ1, ξ2, ξ3, ξ4 and

φ are infinitesimal coefficients. Thus, related infinitesimal Lie algebra is spanned by the vector field

W = ξ1(x, y, z, t, u)
∂

∂x
+ ξ2(x, y, z, t, u)

∂

∂y
+ ξ3(x, y, z, t, u)

∂

∂z
+ ξ4(x, y, z, t, u)

∂

∂t

+ φ(x, y, z, t, u)
∂

∂u
.

The vector fieldW secures a symmetry of 3D-gBSe (2) provided

pr(4)W(∆)|∆=0 = 0. (3)

Here pr(4)W denotes the fourth prolongation ofW , which is defines as [19]

pr(4)W = W + φx∂ux + φy∂uy + φz∂uz + φt∂ut + φxx∂uxx + φxy∂uxy + φxz∂uxz

+ φxt∂uxt + φxxxy∂uxxxy + φxxxz∂uxxxz , (4)
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with φx, φy, φz, φt, φxt, φxx, φxy, φxz, φxxxy and φxxxz given by

φx = Dx(φ)− uxDx(ξ
1)− uyDx(ξ

2)− uzDx(ξ
3)− utDx(ξ

4),

φy = Dy(φ)− uxDy(ξ
1)− uyDy(ξ

2)− uzDy(ξ
3)− utDy(ξ

4),

φz = Dz(φ)− uxDz(ξ
1)− uyDz(ξ

2)− uzDz(ξ
3)− utDz(ξ

4),

φt = Dt(φ)− uxDt(ξ
1)− uyDt(ξ

2)− uzDt(ξ
3)− utDt(ξ

4),

φxt = Dx(φ
t)− uxtDx(ξ

1)− uytDx(ξ
2)− uztDx(ξ

3)− uttDx(ξ
4),

φxx = Dx(φ
x)− uxxDx(ξ

1)− uxyDx(ξ
2)− uxzDx(ξ

3)− uxtDx(ξ
4),

φxy = Dx(φ
y)− uxyDx(ξ

1)− uyyDx(ξ
2)− uzyDx(ξ

3)− uytDx(ξ
4),

φxz = Dx(φ
z)− uxzDx(ξ

1)− uzyDx(ξ
2)− uzzDx(ξ

3)− uztDx(ξ
4),

φxxxy = Dx(φ
xxy)− uxxxyDx(ξ

1)− uxxyyDx(ξ
2)− uzyxxDx(ξ

3)− uxxytDx(ξ
4),

φxxxz = Dx(φ
xxz)− uxxxzDx(ξ

1)− uzyxxDx(ξ
2)− uzzxxDx(ξ

3)− uzxxtDx(ξ
4),

(5)

and Dx, Dy, Dz and Dt are total derivatives with respect to independent variables x, y, z and t
respectively [19]. For illustrative purposes, it can be indicated that

Di = ∂xi + ui∂u + uij∂uj + · · · , i, j = 1, 2, 3, 4 (6)

where (x1, x2, x3, x4) = (x, y, z, t). Thus, by expanding Equation (3), one gets an overdetermined
system of linear PDEs:

ξ1
u = 0, ξ3

u = 0, ξ2
u = 0, ξ3

x = 0, ξ4
u = 0, ξ4

x = 0, ξ4
y + ξ4

z = 0,

ξ2
t − αφx = 0, ξ2

x = 0, φtx = 0, φut = 0, φxx = 0, φxy + φxz = 0,

φux = 0, φuy + φuz = 0, ξ3
yy + 2ξ3

yz + ξ3
zz = 0, φyy + φzz + 2φyz = 0,

φuu = 0 ξ4
t + 2φu − ξ3

z − ξ3
y = 0, ξ1

t − β(φy + φz) = 0, ξ3
t − αφx = 0,

ξ1
x + φu = 0, ξ1

y + ξ1
z = 0, ξ2

y + ξ2
z − ξ3

z − ξ3
y = 0.

The solutions of the system give infinitesimal generators of one-parameter Lie group of
symmetries for Equation (2) as

ξ1 = −xF2(z− y) + βF4(t, z− y) + F8(z− y),

ξ2 = αtF1(z− y) + yF6(z− y) + F7(z− y),

ξ3 = αtF1(z− y) + F5(z− y) + yF6(z− y),

ξ4 = −2tF2(z− y) + tF6(z− y) + F9(z− y)

φ = xF1(z− y) + uF2(z− y) + F3(t, z− y) + yF4
t (t, z− y),

where Fi, i = 1, 2, · · · , 9 are arbitrary functions of their arguments. Hence, the Lie algebra of
infinitesimal symmetries of Equation (2) is spanned by the vector fields

W1 = F8(z− y)
∂

∂x
, W2 = F7(z− y)

∂

∂y
,

W3 = F5(z− y)
∂

∂z
, W4 = F9(z− y)

∂

∂t
,

W5 = F3(t, z− y)
∂

∂u
, W6 = βF4(t, z− y)

∂

∂x
+ yF4

t (t, z− y)
∂

∂u
,

W7 = F2(z− y)
{

x
∂

∂x
+ 2t

∂

∂t
− u

∂

∂u

}
, (7)
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W8 = F6(z− y)
{

y
∂

∂y
+ y

∂

∂z
+ t

∂

∂t

}
,

W9 = F1(z− y)
{

αt
∂

∂y
+ αt

∂

∂z
+ x

∂

∂u

}
.

If we take F1, · · · , F9 to be equal to 1, then 3D-gBSe (2) admits an eight-dimensional Lie algebra
L8 spanned by the vectors

X1 =
∂

∂x
, X2 =

∂

∂y
, X3 =

∂

∂z
, X4 =

∂

∂t
,

X5 =
∂

∂u
, X6 = 2t

∂

∂t
+ x

∂

∂x
− u

∂

∂u
,

X7 = y
∂

∂y
+ y

∂

∂z
+ t

∂

∂t
, X8 = αt

∂

∂y
+ αt

∂

∂z
+ x

∂

∂u
.

2.1.2. Symmetry Reduction of 3D-gBSe (2)

Here we perform symmetry reduction of the 3D-gBSe (2). In the first place, we use the symmetry
X = X1 + νX2 +X3 +X4 with nonzero constant ν to reduce the 3D-gBSe (2) to a PDE containing three
independent variables. As a result, solving the associated Lagrange system for X gives rise to four
invariants, viz.,

f = y− νt, g = t− x, h = y− νz, θ = u. (8)

Now regarding θ as the new dependent variable, and f , g and h as new independent variables,
the 3D-gBSe (2) then transforms into

νθg f − θgg + α(θgθg f + θgθgh − νθgθgh) + β(θ f θgg + θhθgg − νθhθgg)

+ γ(νθgggh − θggg f − θgggh) = 0, (9)

which is a nonlinear PDE in three independent variables. By exploiting the symmetries of Equation (9),
we transform Equation (9) into a PDE with two independent variables. Equation (9) possesses eight
point symmetries, which include the three translation symmetries Σ1 = ∂/∂ f , Σ2 = ∂/∂g and
Σ3 = ∂/∂h. The symmetry Σ = Σ1 + Σ2 + Σ3 has three invariants r = f − g, s = h− g and θ = H,
and using these invariants, Equation (9) transforms to

− Hrr − 2Hrs − Hss − νHrr − νHrs + α(Hr + Hs)
[
(Hrr + 2Hrs + Hss)

− ν(Hrs + Hss)
]
+ β(Hrr + 2Hrs + Hss)

[
Hr + Hs − νHs

]
+ γ

[(
Hrrrr + 6Hrrss

+ 4Hrrrs + 4Hrsss + Hssss

)
− ν
(

Hrrrs + 3Hrsss + 3Hrrss + Hssss

)]
= 0, (10)

which is a NLPE in two independent variables. Equation (10) has four point symmetries that
include Ω1 = ∂/∂r, Ω2 = ∂/∂s. The symmetry Ω = Ω1 + ωΩ2, with ω 6= 0 has two invariants
ζ = s−ωr and H = G, which leads to the group-invariant solution H = G(ζ), where G satisfies the
fourth-order nonlinear ordinary differential equation (NLODE)

(ω2 + 2ω + νω− νω2 − 1)G′′ − αβν((ω− 1)(ω2 − 2ω + 1)(1−ω− ν))G′G′′

+ γ(7ω2 + νω3 − 4ω3 − 4ω + 3νω− 3νω2 − ν + 1)G′′′′ = 0. (11)

For simplicity, we write Equation (11) as

PG′′(ζ)−QG′(ζ)G′′(ζ) + RG′′′′(ζ) = 0, (12)
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where P = ω(ω(1− ν) + ν + 2)− 1, Q = αβν((ω − 1)(ω2 − 2ω + 1)(1− ω − ν)), R = γ(ω2(ω(ν−
4)− 3ν + 7) + ω(3ν− 4)− ν + 1) and ζ = (ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz.

2.1.3. Solution of Equation (2) by Direct Integration of Equation (12)

Integrating Equation (12) with respect to ζ once gets a third-order ODE

PG′ − 1
2

Q(G′)2 + RG′′′ + C1 = 0, (13)

where C1 is a constant of integration. By multiplying Equation (13) by G′′, and integrating and
simplifying the resulting equation, we have the second-order NLODE

1
2

P(G′)2 − 1
6

Q(G′)3 +
1
2

R(G′′)2 + C1G′ + C2 = 0 (14)

with C2 an integration constant. Equation (14) can be rewritten as

(G′′)2 =
Q
3R

(G′)3 − P
R
(G′)2 − 2C1

R
G′ − 2C2

R
. (15)

Suppose Θ = G′. Equation (15) becomes

Θ′2 =
Q
3R

Θ3 − P
R

Θ2 − 2C1

R
Θ− 2C2

R
. (16)

We consider the cubic equation

Θ3 − 3P
Q

Θ2 − 6C1

Q
Θ− 6C2

Q
= 0 (17)

and assume that the roots of the equation are r1, r2 and r3 such that r3 ≤ r2 ≤ r1.
Then Equation (16) becomes

Θ′2 =
Q
3R

(Θ− r1)(Θ− r2)(Θ− r3) (18)

and the solution to Equation (16) can be expressed in terms of Jacobi elliptic function [46–48] as

Θ(ζ) = r2 + (r1 − r2)cn2

{√
Q(r1 − r2)

12R
ζ, S2

}
, S2 =

r1 − r2

r1 − r3
(19)

with cn denoting the cosine elliptic function. By integrating Equation (19) and then returning to the
original variables (x, y, z, t), the 3D-gBSe (2) possesses a periodic solution

u(x, y, z, t) =

√
12R(r1 − r2)2

Q(r1 − r3)S8

{
EllipticE

[
sn
(

Q(r1 − r3)

12R
ζ, S2

)
, S2
]}

+

{
r2 − (r1 − r2)

1− S4

S4

}
ζ + C3, (20)

where sn represents the sine elliptic function, ζ = (ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz, C3 is
an integration constant and EllipticE[q, v] denotes the incomplete elliptic integral given by [48]

EllipticE[q, v] =
∫ v

0

√
1− v2n2

1− n2 dn.
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To view the dynamics of solution (20) graphically, we sketched its graphs in Figures 1–3, for certain
values of the parameters and for t = −10 and z = −1—t = −11 and z = 0 and t = −25 and
z = −9, respectively.
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-100
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Figure 1. Evolution of periodic solution (20) at t = −10 and z = −1.
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Figure 2. Evolution of periodic solution (20) at t = −11 and z = 0.
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Figure 3. Evolution of periodic solution (20) at t = −25 and z = −9.

2.2. Exact Solutions of Equation (2) by (G′/G)-Expansion Method

This subsection engages the (G′/G)-expansion method [22] to get exact solutions of the 3D-gBSe
(2). We consider a solution of the form

G(ζ) =
M

∑
j=0

Bj

(
H′(ζ)
H(ζ)

)j

, (21)
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where H(ζ) satisfies
H′′(ζ) + λH′(ζ) + µH(ζ) = 0 (22)

with λ and µ taken as constants. In this case, the constant M is generated by balancing the nonlinear
term with the highest order as well as the highest order derivatives emerging in Equation (2).
Here B0, · · · , BM, are parameters to be determined.

Engagement of the balancing procedure for Equation (11) gives M = 1, and consequently,
the solution of Equation (11) assumes the form

G(ζ) = B0 + B1

(
H′(ζ)
H(ζ)

)
. (23)

Substituting the value of G(ζ) from Equation (23) into Equation (11) and using Equation (22)
leads to an algebraic equation in B0 and B1, which splits over various powers of H(ζ) to give a system
of algebraic equations:

αλµ2νω2B2
1 − 2αλµ2νωB2

1 + αλµ2νB2
1 + αλµ2ω3B2

1 − 3αλµ2ω2B2
1 + 3αλµ2ωB2

1

− αλµ2B2
1 + βλµ2νω2B2

1 − 2βλµ2νωB2
1 + βλµ2νB2

1 + βλµ2ω3B2
1 − 3βλµ2ω2B2

1

+ 3βλµ2ωB2
1 − βλµ2B2

1 + γλ3µνω3B1 − 3γλ3µνω2B1 + 3γλ3µνωB1 − γλ3µνB1

+ γλ3µω4B1 − 4γλ3µω3B1 + 6γλ3µω2B1 − 4γλ3µωB1 + γλ3µB1 + 8γλµ2νω3B1

− 24γλµ2νω2B1 + 24γλµ2νωB1 − 8γλµ2νB1 + 8γλµ2ω4B1 − 32γλµ2ω3B1

+ 48γλµ2ω2B1 − 32γλµ2ωB1 + 8γλµ2B1 − λµνω2B1 + λµνωB1 − λµω2B1

+ 2λµωB1 − λµB1 = 0,

2αλ2µνω2B2
1 − 4αλ2µνωB2

1 + 2αλ2µνB2
1 + 2αλ2µω3B2

1 − 6αλ2µω2B2
1

+ 6αλ2µωB2
1 − 2αλ2µB2

1 + 2αµ2νω2B2
1 − 4αµ2νωB2

1 + 2αµ2νB2
1 + 2αµ2ω3B2

1

− 6αµ2ω2B2
1 + 6αµ2ωB2

1 − 2αµ2B2
1 + 2βλ2µνω2B2

1 − 4βλ2µνωB2
1 + 2βλ2µνB2

1

+ 2βλ2µω3B2
1 − 6βλ2µω2B2

1 + 6βλ2µωB2
1 − 2βλ2µB2

1 + 2βµ2νω2B2
1 − 4βµ2νωB2

1

+ 2βµ2νB2
1 + 2βµ2ω3B2

1 − 6βµ2ω2B2
1 + 6βµ2ωB2

1 − 2βµ2B2
1 + γλ4νω3B1

− 3γλ4νω2B1 + 3γλ4νωB1 − γλ4νB1 + γλ4ω4B1 − 4γλ4ω3B1 + 6γλ4ω2B1

− 4γλ4ωB1 + γλ4B1 + 22γλ2µνω3B1 − 66γλ2µνω2B1 + 66γλ2µνωB1

− 22γλ2µνB1 + 22γλ2µω4B1 − 88γλ2µω3B1 + 132γλ2µω2B1 − 88γλ2µωB1

+ 22γλ2µB1 + 16γµ2νω3B1 − 48γµ2νω2B1 + 48γµ2νωB1 − 16γµ2νB1

+ 16γµ2ω4B1 − 64γµ2ω3B1 + 96γµ2ω2B1 − 64γµ2ωB1 + 16γµ2B1 − λ2νω2B1

+ λ2νωB1 − λ2ω2B1 + 2λ2ωB1 − λ2B1 − 2µνω2B1 + 2µνωB1 − 2µω2B1

+ 4µωB1 − 2µB1 = 0,

αλ3νω2B2
1 − 2αλ3νωB2

1 + αλ3νB2
1 + α3ω3B2

1 − 3αλ3ω2B2
1 + 3αλ3ωB2

1 − αλ3B2
1

+ 6αλµνω2B2
1 − 12αλµνωB2

1 + 6αλµνB2
1 + 6αλµω3B2

1 − 18αλµω2B2
1 + 18αλµωB2

1

− 6αλµB2
1 + βλ3νω2B2

1 − 2βλ3νωB2
1 + βλ3νB2

1 + βλ3ω3B2
1 − 3βλ3ω2B2

1 + 3βλ3ωB2
1

− βλ3B2
1 + 6βλµνω2B2

1 − 12βλµνωB2
1 + 6βλµνB2

1 + 6βλµω3B2
1 − 18βλµω2B2

1

+ 18βλµωB2
1 − 6βλµB2

1 + 15γλ3νω3B1 − 45γλ3νω2B1 + 45γλ3νωB1 − 15γλ3νB1

+ 15γλ3ω4B1 − 60γλ3ω3B1 + 90γλ3ω2B1 − 60γλ3ωB1 + 15γλ3B1 + 60γλµνω3B1

− 180γλµνω2B1 + 180γλµνωB1 − 60γλµνB1 + 60γλµω4B1 − 240γλµω3B1

+ 360γλµω2B1 − 240γλµωB1 + 60γλµB1 − 3λνω2B1 + 3λνωB1 − 3λω2B1

+ 6λωB1 − 3λB1 = 0,

4αλ2νω2B2
1 − 8αλ2νωB2

1 + 4αλ2νB2
1 + 4αλ2ω3B2

1 − 12αλ2ω2B2
1 + 12αλ2ωB2

1



Mathematics 2020, 8, 1692 9 of 30

− 4αλ2B2
1 + 4αµνω2B2

1 − 8αµνωB2
1 + 4αµνB2

1 + 4αµω3B2
1 − 12αµω2B2

1

+ 12αµωB2
1 − 4αµB2

1 + 4βλ2νω2B2
1 − 8βλ2νωB2

1 + 4βλ2νB2
1 + 4βλ2ω3B2

1

− 12βλ2ω2B2
1 + 12βλ2ωB2

1 − 4βλ2B2
1 + 4βµνω2B2

1 − 8βµνωB2
1 + 4βµνB2

1

+ 4βµω3B2
1 − 12βµω2B2

1 + 12βµωB2
1 − 4βµB2

1 + 50γλ2νω3B1 − 150γλ2νω2B1

+ 150γλ2νωB1 − 50γλ2νB1 + 50γλ2ω4B1 − 200γλ2ω3B1 + 300γλ2ω2B1

− 200γλ2ωB1 + 50γλ2B1 + 40γµνω3B1 − 120γµνω2B1 + 120γµνωB1

− 40γµνB1 + 40γµω4B1 − 160γµω3B1 + 240γµω2B1 − 160γµωB1 + 40γµB1

− 2νω2B1 + 2νωB1 − 2ω2B1 + 4ωB1 − 2B1 = 0,

5αλνω2B2
1 − 10αλνωB2

1 + 5αλνB2
1 + 5αλω3B2

1 − 15αλω2B2
1 + 15αλωB2

1

− 5αλB2
1 + 5βλνω2B2

1 − 10βλνωB2
1 + 5βλνB2

1 + 5βλω3B2
1 − 15βλω2B2

1

+ 15βλωB2
1 − 5βλB2

1 + 60γλνω3B1 − 180γλνω2B1 + 180γλνωB1 − 60γλνB1

+ 60γλω4B1 − 240γλω3B1 + 360γλω2B1 − 240γλωB1 + 60γλB1 = 0,

2ανω2B2
1 − 4ανωB2

1 + 2ανB2
1 + 2αω3B2

1 − 6αω2B2
1 + 6αωB2

1 − 2αB2
1

+ 2βνω2B2
1 − 4βνωB2

1 + 2βνB2
1 + 2βω3B2

1 − 6βω2B2
1 + 6βωB2

1 − 2βB2
1

+ 24γνω3B1 − 72γνω2B1 + 72γνωB1 − 24γνB1 + 24γω4B1 − 96γω3B1

+ 144γω2B1 − 96γωB1 + 24γB1 = 0.

The solution of the above system of equations via Mathematica is given by

B0 = B0, B1 = −12γ(ω− 1)
α + β

and γ =
νω + ω− 1

(ω− 1)2 (λ2 − 4µ) (ν + ω− 1)
.

Thus, we have two types of solutions of the 3D-gBSe (2) according to the sign of λ2 − 4µ:

When λ2 − 4µ > 0, we gain the hyperbolic function solution

u(x, y, z, t) = B0 + B1

(
− λ

2
+ ∆1

C1 sinh (∆1ζ) + C2 cosh (∆1ζ)

C1 cosh (∆1ζ) + C2 sinh (∆1ζ)

)
, (24)

where ζ = (ω(ν + 1)− 1)t− (ω − 1)x + (1− ω)y− νz, ∆1 = 1
2

√
λ2 − 4µ together with C1 and C2

arbitrary constants.

When λ2 − 4µ < 0, we achieve the trigonometric function solution

u(x, y, z, t) = B0 + B1

(
− λ

2
+ ∆2

−C1 sin (∆2ζ) + C2 cos (∆2ζ)

C1 cos (∆2ζ) + C2 sin (∆2ζ)

)
, (25)

where ζ = (ω(ν + 1) − 1)t − (ω − 1)x + (1 − ω)y − νz; ∆2 = 1
2

√
4µ− λ2; and C1 and C2 are

arbitrary constants.
In a bid to see the behavior of solution (24), we sketched graphs of solution (24) for various

parameter values in Figures 4–6—t = 1 and z = 0; t = 2 and z = −3.5; and t = −0.2 and z = 20,
respectively.

Likewise, in Figures 7–9 we present the profiles of solution (25) for various parameter values,
for t = 2.1 and z = −3; t = −6 and z = 25; and t = 4 and z = 30, respectively.
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Figure 4. Evolution of traveling wave of singular soliton solution (24) at t = 1 and z = 0.
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Figure 5. Evolution of traveling wave of singular soliton solution (24) at t = 2 and z = −3.5.
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Figure 6. Evolution of traveling wave of singular soliton solution (24) at t = −0.2 and z = 20.
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Figure 7. Evolution of traveling wave of singular soliton solution (25) at t = 2.1 and z = −3.
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Figure 8. Evolution of traveling wave of singular soliton solution (25) at t = −6 and z = 25.
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Figure 9. Evolution of traveling wave of singular soliton solution (25) at t = 4 and z = 30.

2.3. The Jacobi Elliptic Function Solutions of Equation (2)

In this subsection, by using the auxiliary ordinary differential equations, we obtain the
Jacobi function solutions to the 3D-gBSe (2) with the help of symbolic computation system Maple.
Recall that the cosine-amplitude function, cn(ζ; m), and the sine amplitude function, sn(ζ; m), satisfy,
respectively [48], the ordinary differential equations:

H′′(ζ) + 2mH(ζ)3 + (1− 2m)H(ζ) = 0,

H′′(ζ)− 2mH(ζ)3 + (m + 1)H(ζ) = 0. (26)

We now engage the ODEs (26) instead of the ODE (22) in the (G′/G)-expansion technique. As a
consequence, following the procedure of the previous subsection we secure new closed-form solutions
of the 3D-gBSe (2), which are periodic solutions in terms of the Jacobi elliptic functions; that is,

u(x, y, z, t) = B0 − B1

(
dn(ζ; m)sn(ζ; m)

cn(ζ; m)

)
, (27)

with parameters

B0 = B0, B1 = −12γ(ω− 1)
α + β

, γ =
1−ω− νω

4(ω− 1)2(ω + ν− 1)
,

m =
4γν− 4γ + νω + 12γω− 8γνω− 12γω2 + 4γνω2 + 4γω3 + ω− 1

8γ(ω− 1)2(ω + ν− 1)

and

u(x, y, z, t) = B0 + B1

(
cn(ζ; m)dn(ζ; m)

sn(ζ; m)

)
, (28)
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where we have

B0 = B0, B1 = −12γ(ω− 1)
α + β

, γ =
1−ω− νω

4(ω− 1)2(ω + ν− 1)
,

m =
4γ− 4γν− νω− 12γω + 8γνω + 12γω2 − 4γνω2 − 4γω3 −ω + 1

4γ(ω− 1)2(ω + ν− 1)
.

The profiles of solutions (27) and (28), for different values of the parameters and t and x, are shown
in Figures 10–15, respectively.

Figure 10. Profile of traveling wave solution (27) with parameters t = 1 and x = 2.

Figure 11. Profile of traveling wave solution (27) with parameters t = 0 and x = 3.

Figure 12. Profile of traveling wave solution (27) with parameters t = −1 and x = −4.
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Figure 13. Profile of traveling wave solution (28) when t = 1 and x = 4.
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Figure 14. Profile of traveling wave solution (28) when t = 0 and x = −4.
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Figure 15. Profile of traveling wave solution (28) when t = −6 and x = 7.

2.4. Solution of Equation (2) Using the Power Series Method

Here we shall present the analytic solution to ordinary differential Equation (12) by utilizing the
power series method [49–51]. In this case we procure a solution of Equation (12) in a power series
which assumes the structure

G(ζ) =
∞

∑
p=0

cpζ p, (29)

where c0 = G(0) 6= 0. Furthermore

G′(ζ) =
∞

∑
p=1

pcpζ p−1, G′′(ζ) =
∞

∑
p=2

p(p− 1)cpζ p−2,

G′′′′(ζ) =
∞

∑
p=4

p(p− 1)(p− 2)(p− 3)cpζ p−4.
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By inserting the values of G′, G′′ and G′′′′ into Equation (12), the equation is transformed to

P
∞

∑
p=0

(p + 1)(p + 2)cp+2ζ p −Q

(
∞

∑
p=0

(p + 1)cp+1ζ p

)(
∞

∑
p=0

(p + 1)(p + 2)cp+2ζ p

)

+ R
∞

∑
p=0

(p + 1)(p + 2)(p + 3)(p + 4)cp+4ζ p = 0, (30)

which simplifies further to

P

(
2c2 +

∞

∑
p=1

(p + 1)(p + 2)cp+2ζ p

)
−Q

(
2c1c2 −

∞

∑
p=1

p

∑
k=0

(k + 1)(p + 1− k)

(p + 2− k)ck+1cp+2−kζ p

)
+ R

(
24c4 +

∞

∑
p=1

(p + 1)(p + 2)(p + 3)(p + 4)cp+4ζ p

)
= 0. (31)

Comparing coefficients in Equation (31), for p = 0, one obtains

c4 =
c1c2Q− c2P

12R
. (32)

In a more general way, if we consider p ≥ 1, we get a recursive relation

cp+4 =
1

R(p + 1)(p + 2)(p + 3)(p + 4)

{
Q

p

∑
k=0

(k + 1)(p + 1− k)

(p + 2− k)ck+1cp+2−k − P(p + 1)(p + 2)cp+2

}
. (33)

One can calculate all the coefficients cp (p ≥ 4) from Equations (32) and recursive Formula (33).
Successive determination of other terms can as well be made from Equation (32) and Equation (33)
in a unique way. Furthermore, it can be ascertained that power series Equation (29) converges along
side the coefficients c′ps stated in Equation (32) and (33), which will not be considered here see [50].
Therefore, this power series solution can be considered as a closed-form solution. Thus,

G(ζ) = c0 + c1ζ + c2ζ2 + c3ζ3 + c4ζ4 +
∞

∑
p=1

cp+4ζ p+4,

= c0 + c1ζ + c2ζ2 + c3ζ3 +
c1c2Q− c2P

12R
ζ4

+
∞

∑
p=1

1
R(p + 1)(p + 2)(p + 3)(p + 4)

{
Q

p

∑
k=0

(k + 1)(p + 1− k)

(p + 2− k)ck+1cp+2−k − P(p + 1)(p + 2)cp+2

}
ζ p+4.

Therefore, the power series solution of the 3D-gBSe (2) is

u(x, y, z, t) = c0 + c1((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)

+ c2((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)2

+ c3((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)3

+ c4((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)4
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+
∞

∑
p=1

cp+4((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)p+4

= c0 + c1((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)

+ c2((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)2

+ c3((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)3

+
Qc1c2 − Pc2

12R
((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)4

+
∞

∑
p=1

1
R(p + 1)(p + 2)(p + 3)(p + 4)

{
Q

p

∑
k=0

(k + 1)(p + 1− k)

(p + 2− k)ck+1cp+2−k − P(p + 1)(p + 2)cp+2

}
((ω(ν + 1)− 1)t

− (ω− 1)x + (1−ω)y− νz)p+4,

where ci, (i = 0, 1, 2, 3, 4) are constants. Other relevant coefficients cp (p ≥ 4) can be then obtained
from Equations (32) and (33). In physical applications, we can approximately give the series solution as

u(x, y, z, t) = c0 + c1((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)

+ c2((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)2

+ c3((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)3

+
Qc1c2 − Pc2

12R
((ω(ν + 1)− 1)t− (ω− 1)x + (1−ω)y− νz)4 + · · · , (34)

which is the power series solution of the 3D-gBSe (2).
To demonstrate the behaviour of power series solution (34) pictorially, we present its profile

in Figures 16–18 for certain values of the parameters, for t = 1.6 and z = 1.1; t = −1 and z = −8;
and t = 5 and z = 4, respectively.
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Figure 16. Evolution of traveling wave of series solution (34) at t = 1.6 and z = 1.1.
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Figure 17. Evolution of traveling wave of series solution (34) at t = −1 and z = −8.
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Figure 18. Evolution of traveling wave of series solution (34) at t = 5 and z = 4.

Remark 1. We note here that the assumption that c0 = G(0) 6= 0 in the power series solution (29) is germane
for our argument; otherwise, we would not be able to secure exact analytic solution for the underlying equation
by using this method.

3. Conserved Vectors of 3D-gBSe (2)

This section provides the conserved vectors for the 3D-gBSe (2). In this study, we utilize the
general multiplier technique [19] and the Ibragimov’s theorem [44] to derive the conserved vectors.

3.1. Multiplier Technique

The multiplier approach happens to be one of the most sturdy and robust in deriving the conserved
vectors of a differential equation [19,52–56]. We seek the third-order multipliers represented by Λ and
so write down its determining equation [56]

δ

δu
[Λ(uxt + αux(uxy + uxz) + βuxx(uy + uz) + γ(uxxxy + uxxxz))] = 0 (35)

with the Euler operator

δ

δu
= − Dx

∂

∂ux
− Dy

∂

∂uy
− Dz

∂

∂uz
+ D2

x
∂

∂uxx
+ DxDy

∂

∂uxy
+ DxDz

∂

∂uxz
(36)

+ DxDt
∂

∂uxt
+ D3

xDy
∂

∂uxxxy
+ D3

xDz
∂

∂uxxxz
.

The expansion of Equation (35), after splitting and simplifying the result with regard to the
various derivatives of (u) involved, yields equations which when solved give the value of Equation Λ
as determining

Λ = F1(t, z− y) + uxF2(t, z− y) +
1

β− α
yF2

t (t, z− y) + uxxxF3(z− y) +
α + β

2γ
u2

xF3(z− y), (37)

where F1, F2 and F3 are arbitrary functions. The conserved quantities are then obtained by invoking the
divergence identity DtTt + DxTx + DyTy + DzTz = ∆Λ with Tt as conserved density and (Tx, Ty, Tz)

being spatial fluxes [40]. Thus, after some calculations, we obtain the following three local conserved
vectors of (2):

Case 1. Λ1 = F1(t, z− y).

Ct
1 =

1
2

F1(t, z− y)ux,

Cx
1 =

1
4

{[
(α− 2β)(uxy + uxz)u + α(uy + uz)ux + 2β(uy + uz)ux + 3γ(uxxy
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+ uxxz) + 2ut

]
F1(t, z− y)− 2F1

t (t, z− y)u

}
,

Cy
1 =

1
4

{
α(u2

x − uuxx) + 2βuuxx + γuxxx

}
F1(t, z− y),

Cz
1 =

1
4

{
α(u2

x − uuxx) + 2βuuxx + γuxxx

}
F1(t, z− y).

Case 2. Λ2 =
1

β− α
yF2

t (t, z− y) + uxF2(t, z− y).

Ct
2 =

1
4(β− α)

{
(α− β)(uuxx − u2

x)F2(t, z− y) + 2F2
t (t, z− y)yux

}
,

Cx
2 =

1
24(β− α)

{
9(α− β)

[
8
9

βux

(
u(uxy + uxz)− ux(uy + uz)

)
− 8

9
αux

(1
2
(uy

+ uz

)
ux + u(uxy + uxz)

)
− 5

3
ux

(
γ(uxxy + uxxz)−

2
5

ut

)
+

1
3

γ
(

3uxxuxy

+ 3uxxuxz − u(uxxxy + uxxxz)− uxxx(uy + uz)
)
− 2

3
uutx

]
F2(t, z− y)

+
(
((−6u + (12uy + 12uz)y)ux − 12uy(uxy + uxz))β + 6y((uy + uz)ux

+ u(uxy + uxz))α + ((18uxxy + 18uxxz)y− 6uxx)γ + 12yut

)
F2

t (t, z− y)

− 12F2
tt(t, z− y)uy

}
,

Cy
2 =

1
24(β− α)

{
− 3

[
α

(
8
3

uuxuxx −
4
3

u3
x

)
− 8

3
βuuxuxx + γ

(
uuxxxx

− 2uxuxxx + u2
xx

)]
(β− α)F2(t, z− y) + 6y

(
(u2

x − uuxx)α + 2βuuxx

+ γuxxx

)
F2

t (t, z− y)

}
,

Cz
2 =

1
24(β− α)

{
− 3

[
α

(
8
3

uuxuxx −
4
3

u3
x

)
− 8

3
βuuxuxx + γ

(
uuxxxx

− 2uxuxxx + u2
xx

)]
(β− α)F2(t, z− y) + 6y

(
(u2

x − uuxx)α + 2βuuxx

+ γuxxx

)
F2

t (t, z− y)

}
.

Case 3. Λ3 =
1

2γ

{
(α + β)u2

x + 2γuxxx

}
F3(z− y).

Ct
3 =

1
4γ

{
− 1

3
u3

x(α + β) +
(2

3
(α + β)uuxx − γuxxx + γuuxxxx

)}
F3(z− y),

Cx
3 = − 1

8γ

{
F3(z− y)

[
γ2
(
(2uxxxxy + 2uxxxz)− u(uxxxxxy + uxxxxxz)− 3uxxuxxxy
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− 3uxxuxxxz − 3uxxx(uxxy + uxxz) + 2uxyuxxxx + 2uxzuxxxx

)
− γ2uyuxxxxx

− γ2uzuxxxxx + γ

[
− 7

3

(
β− 1

7
α

)
(uxxy + uxxz)u2

x − 2αuuxxxy − 2αuuxxxz

+ ux

{
α

[(
2
3

uxy +
2
3

uxz

)
uxx − 2uxxx(uy + uz)

]
+ β

[
− u

(
2
3

uxxxy +
2
3

uxxxz

)

+ uxx

(
10
3

uxy +
10
3

uxz

)
− 2

3
uxxx(uy + uz)

]
+ 4utxx

}
+ α

{
u

[
− 4

3
uxxuxxy

− 4
3

uxxuxxz − 2uxxx(uxy + uxz)

]
− 2

3
u2

xx(uy + uz)

}
+ β

{
u

[
4
3

uxxuxxy

+
4
3

uxxuxxz −
2
3

uxxx(uxy + uxz)

]
− 10

3
u2

xx(uy + uz)

}
− 2uutxxx − 2utuxxx

− 4utxuxx

]
+ (α + β)ux

{
− u2

x

(
β +

1
2

α

)
(uy + uz) + ux

(
−3

2
αu(uxy + uxz)

+ βu(uxy + uxz)−
2
3

ut

)
− 4

3
uutx

}]}
,

Cy
3 = − 1

12γ

{
F3(z− y)

[
γ2
(

3
2

uuxxxxxx +
3
2

uxxuxxxx −
3
2

uxuxxxxx −
3
2

u2
xxx

)

+ γ

{
− 3

2
u2

xuxxx

(
β +

7
3

α

)
+ uuxxxx(β + 3α)ux − uuxxuxxx(β− 5α)

}

− 3
2

(
1
2

αu2
x + uuxx

(
β− 3

2
α

)
(α + β)u2

x

)]}
,

Cz
3 = − 1

12γ

{
F3(z− y)

[
γ2
(

3
2

uuxxxxxx +
3
2

uxxuxxxx −
3
2

uxuxxxxx −
3
2

u2
xxx

)

+ γ

{
− 3

2
u2

xuxxx

(
β +

7
3

α

)
+ uuxxxx(β + 3α)ux − uuxxuxxx(β− 5α)

}

− 3
2

(
1
2

αu2
x + uuxx

(
β− 3

2
α

)
(α + β)u2

x

)]}
.
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3.2. Ibragimov Approach

This approach suggests that every infinitesimal generator is ascribed uniquely to a conserved
quantity. We now compute the conserved vectors of 3D-gBSe (2) by exploiting a new conservation
theorem by Ibragimov [43,44]. The reader is addressed to the given references for a detailed
understanding of the approach. Thus, we have the adjoint of (2) [44] as

H∗ ≡ δ

δu
(v(uxt + αux(uxy + uxz) + βuxx(uy + uz) + γ(uxxxy + uxxxz))) = 0 (38)

with the Euler operator defined in Equation (36). The expansion of Equation (38) gives

H∗ ≡ vtx + αuxxvy − βuxxvy + βuyvxx + αux
(
vxy + vxz

)
+ 2βvx

(
uxy + uxz

)
+ αuxxvz − βuxxvz + βuzvxx + γvxxxy + γvxxxz = 0. (39)

The formal Lagrangian of 3D-gBSe (2) alongside its adjoint given in Equation (39) is expressed as

L = v
(
uxt + αuxuxy + βuxxuy + αuxuxz + βuxxuz + γuxxxy + γuxxxz

)
. (40)

We recall here that 3D-gBSe (2) admits nine Lie point symmetries stated in Equation (7). Hence,
we construct the associated conserved vectors for the stated Lagrangian by making use of the
formula [44]

Ci = ξ iL+ Wα

[
∂L
∂uα

i
− Dj

∂L
∂uα

ij
+ DjDk

(
∂L

∂uα
ijk

)
+ · · ·

]

+ Dj(Wα)

[
∂L
∂uα

ij
− Dk

∂L
∂uα

ijk
+ . . .

]
+ DjDk(Wα)

∂L
∂uijk

+ · · · , (41)

with the Lie characteristic function Wα expressed as Wα = ηα− ξ juα
j , for α = 1, 2 and j = 1, 2, 3, 4. Thus,

by the reckoning of the relation in Equation (41), we achieve the conserved vectors [55] (Ti, Xi, Yi, Zi)

of 3D-gBSe (2) for the respective symmetries in Equation (7) as

T1 =
1
2

uxvxF1(z− y)− 1
2

uxxvF1(z− y),

X1 = βuxuxzvF1(z− y) + βuxuxyvF1(z− y) +
1
4

γuxxxzvF1(z− y)

+
1
4

γuxxxyvF1(z− y) +
1
2

utxvF1(z− y) +
1
2

vtuxF1(z− y)

+
1
2

αu2
xvzF1(z− y) +

1
2

αu2
xvyF1(z− y) + βuxuzvxF1(z− y)

+ βuxuyvxF1(z− y) +
3
4

γuxvxxzF1(z− y) +
3
4

γuxvxxyF1(z− y)

− 1
2

γuxxvxzF1(z− y)− 1
2

γuxxvxyF1(z− y)− 1
4

γvxxuxzF1(z− y)

− 1
4

γvxxuxyF1(z− y) +
1
2

γvxuxxzF1(z− y) +
1
2

γvxuxxyF1(z− y)

+
1
4

γuxxxvzF1(z− y) +
1
4

γuxxxvyF1(z− y),

Y1 =
1
2

αu2
xvxF1(z− y)− βuxxuxvF1(z− y)− 1

4
γuxxxxvF1(z− y)

+
1
4

γuxvxxxF1(z− y)− 1
4

γuxxvxxF1(z− y) +
1
4

γuxxxvxF1(z− y),

Z1 =
1
4

γuxvxxxF1(z− y)− βuxxuxvF1(z− y)− 1
4

γuxxxxvF1(z− y)
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+
1
2

αu2
xvxF1(z− y)− 1

4
γuxxvxxF1(z− y) +

1
4

γuxxxvxF1(z− y);

T2 =
1
2

uyvxF2(z− y)− 1
2

uxyvF2(z− y),

X2 = βvxu2
yF2(z− y) +

1
2

αvzuxuyF2(z− y) +
1
2

αvyuxuyF2(z− y)

+ βuzvxuyF2(z− y)− 1
2

αvuxzuyF2(z− y) + βvuxzuyF2(z− y)

− 1
2

αvuxyuyF2(z− y) +
3
4

γvxxzuyF2(z− y) +
3
4

γvxxyuyF2(z− y)

+
1
2

vtuyF2(z− y)− 1
2

αvuyzuxF2(z− y)− 1
2

αvuyyuxF2(z− y)

− βvuzuxyF2(z− y)− 1
2

γvxzuxyF2(z− y)− 1
2

γuxyvxyF2(z− y)

+
1
2

γvxuxyzF2(z− y) +
1
2

γvxuxyyF2(z− y)− 1
4

γuyzvxxF2(z− y)

− 1
4

γuyyvxxF2(z− y) +
1
4

γvzuxxyF2(z− y) +
1
4

γvyuxxyF2(z− y)

− 3
4

γvuxxyzF2(z− y)− 3
4

γvuxxyyF2(z− y)− 1
2

vutyF2(z− y),

Y2 =
1
2

αuxxuyvF2(z− y) + αuxuxzvF2(z− y) +
1
2

αuxuxyvF2(z− y)

+ βuxxuzvF2(z− y) + γuxxxzvF2(z− y) +
3
4

γuxxxyvF2(z− y)

+ utxvF2(z− y) +
1
2

αuxuyvxF2(z− y) +
1
4

γvxuxxyF2(z− y)

− 1
4

γvxxuxyF2(z− y) +
1
4

γuyvxxxF2(z− y),

Z2 =
1
2

αuxxuyvF2(z− y)− 1
2

αuxuxyvF2(z− y)− βuxxuyvF2(z− y)

− 1
4

γuxxxyvF2(z− y) +
1
2

αuxuyvxF2(z− y) +
1
4

γvxuxxyF2(z− y)

− 1
4

γvxxuxyF2(z− y) +
1
4

γuyvxxxF2(z− y);

T3 =
1
2

uzvxF3(z− y)− 1
2

uxzvF3(z− y),

X3 =
1
2

αvzuxuzF3(z− y) + βvxu2
z F3(z− y) +

1
2

αvyuxuzF3(z− y)

+ βuyvxuzF3(z− y)− 1
2

αvuxzuzF3(z− y)− 1
2

αvuxyuzF3(z− y)

+ βvuxyuzF3(z− y) +
3
4

γvxxzuzF3(z− y) +
3
4

γvxxyuzF3(z− y)

+
1
2

vtuzF3(z− y)− 1
2

αvuzzuxF3(z− y)− 1
2

αvuyzuxF3(z− y)

− βvuyuxzF3(z− y)− 1
2

γuxzvxzF3(z− y) +
1
2

γvxuxzzF3(z− y)

− 1
2

γuxzvxyF3(z− y) +
1
2

γvxuxyzF3(z− y)− 1
4

γuzzvxxF3(z− y)

− 1
4

γuyzvxxF3(z− y) +
1
4

γvzuxxzF3(z− y) +
1
4

γvyuxxzF3(z− y)

− 3
4

γvuxxzzF3(z− y)− 3
4

γvuxxyzF3(z− y)− 1
2

vutzF3(z− y),
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Y3 =
1
2

αuxxuzvF3(z− y)− 1
2

αuxuxzvF3(z− y)− βuxxuzvF3(z− y)

− 1
4

γuxxxzvF3(z− y) +
1
2

αuxuzvxF3(z− y) +
1
4

γvxuxxzF3(z− y)

− 1
4

γvxxuxzF3(z− y) +
1
4

γuzvxxxF3(z− y),

Z3 =
1
2

αuxuxzvF3(z− y) + αuxuxyvF3(z− y) +
1
2

αuxxuzvF3(z− y)

+ βuxxuyvF3(z− y) +
3
4

γuxxxzvF3(z− y) + γuxxxyvF3(z− y)

+ utxvF3(z− y) +
1
2

αuxuzvxF3(z− y) +
1
4

γvxuxxzF3(z− y)

− 1
4

γvxxuxzF3(z− y) +
1
4

γuzvxxxF3(z− y);

T4 = αuxuxzvF4(z− y) + αuxuxyvF4(z− y) + βuxxuzvF4(z− y)

+ βuxxuyvF4(z− y) + γuxxxzvF4(z− y) + γuxxxyvF4(z− y)

+
1
2

utxvF4(z− y) +
1
2

utvxF4(z− y),

X4 =
1
2

αvzuxutF4(z− y) +
1
2

αvyuxutF4(z− y) + βuzvxutF4(z− y)

+ βuyvxutF4(z− y)− 1
2

αvuxzutF4(z− y) + βvuxzutF4(z− y)

− 1
2

αvuxyutF4(z− y) + βvuxyutF4(z− y) +
3
4

γvxxzutF4(z− y)

+
3
4

γvxxyutF4(z− y) +
1
2

vtutF4(z− y)− 1
2

αvuxutzF4(z− y)

− 1
4

γvxxutzF4(z− y)− 1
2

αvuxutyF4(z− y)− 1
4

γvxxutyF4(z− y)

− βvuzutxF4(z− y)− βvuyutxF4(z− y)− 1
2

γvxzutxF4(z− y)

− 1
2

γvxyutxF4(z− y) +
1
2

γvxutxzF4(z− y) +
1
2

γvxutxyF4(z− y)

+
1
4

γvzutxxF4(z− y) +
1
4

γvyutxxF4(z− y)− 3
4

γvutxxzF4(z− y)

− 3
4

γvutxxyF4(z− y)− 1
2

vuttF4(z− y),

Y4 =
1
2

αutuxxvF4(z− y)− 1
2

αuxutxvF4(z− y)− βutuxxvF4(z− y)

− 1
4

γutxxxvF4(z− y) +
1
2

αutuxvxF4(z− y) +
1
4

γutvxxxF4(z− y)

− 1
4

γvxxutxF4(z− y) +
1
4

γvxutxxF4(z− y),

Z4 =
1
2

αutuxxvF4(z− y)− 1
2

αuxutxvF4(z− y)− βutuxxvF4(z− y)

− 1
4

γutxxxvF4(z− y) +
1
2

αutuxvxF4(z− y) +
1
4

γutvxxxF4(z− y)

− 1
4

γvxxutxF4(z− y) +
1
4

γvxutxxF4(z− y);

T5 = − 1
2

vxF5(t, z− y),

X5 = − 1
2

αuxvzF5(t, z− y)− 1
2

αuxvyF5(t, z− y) +
1
2

αuxzvF5(t, z− y)
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+
1
2

αuxyvF5(t, z− y)− βuzvxF5(t, z− y)− βuyvxF5(t, z− y)

− βuxzvF5(t, z− y)− βuxyvF5(t, z− y)− 3
4

γvxxzF5(t, z− y)

− 3
4

γvxxyF5(t, z− y) +
1
2

vF5
t (t, z− y)− 1

2
vtF5(t, z− y),

Y5 = − 1
2

αuxvxF5(t, z− y)− 1
2

αuxxvF5(t, z− y) + βuxxvF5(t, z− y)

− 1
4

γvxxxF5(t, z− y),

Z5 = − 1
2

αuxvxF5(t, z− y)− 1
2

αuxxvF5(t, z− y) + βuxxvF5(t, z− y)

− 1
4

γvxxxF5(t, z− y);

T6 =
1
2

βuxvxF6(t, z− y)− 1
2

βuxxvF6(t, z− y)− 1
2

yvxF6
t (t, z− y),

X6 = β2uzuxvxF6(t, z− y) + β2uyuxvxF6(t, z− y) + β2uxuxzvF6(t, z− y)

+ β2uxuxyvF6(t, z− y) +
1
2

αβvzu2
xF6(t, z− y) +

1
2

αβvyu2
xF6(t, z− y)

− 1
2

βuxvF6
t − βyuzvxF6

t (t, z− y)− βyuyvxF6
t (t, z− y)

− βyvuxzF6
t (t, z− y)− βyvuxyF6

t (t, z− y)− 1
2

γvxzuxxβF6(t, z− y)

− 1
2

γβvxyuxxF6(t, z− y)− 1
4

γβuxzvxxF6(t, z− y)− 1
4

γβuxyvxxF6(t, z− y)

+
1
2

γβvxuxxzF6(t, z− y) +
3
4

γβuxvxxzF6(t, z− y) +
1
2

γβvxuxxyF6(t, z− y)

+
3
4

γβuxvxxyF6(t, z− y) +
1
4

γβvzuxxxF6(t, z− y) +
1
4

γβvyuxxxF6(t, z− y)

+
1
4

γβvuxxxzF6(t, z− y) +
1
4

γβvuxxxyF6(t, z− y) +
1
2

βuxvtF6(t, z− y)

+
1
2

βvutxF6(t, z− y) +
1
2

yvF6
tt(t, z− y) +

1
2

αuxvF6
t (t, z− y)

− 1
2

αyvzuxF6
t (t, z− y)− 1

2
αyvyuxF6

t (t, z− y) +
1
2

αyuxzvF6
t (t, z− y)

+
1
2

αyuxyvF6
t (t, z− y) +

1
4

γvxxF6
t (t, z− y)− 3

4
γyvxxzF6

t (t, z− y)

− 3
4

γyvxxyF6
t (t, z− y)− 1

2
yvtF6

t (t, z− y) +
1
2

yv6Ftt5(t, z− y),

Y6 =
1
2

αβu2
xvxF6(t, z− y)− β2uxuxxvF6(t, z− y)− 1

4
βγuxxvxxF6(t, z− y)

+
1
4

βγuxxxvxF6(t, z− y) +
1
4

βγuxvxxxF6(t, z− y)− 1
4

βγuxxxxvF6(t, z− y)

− 1
2

αyuxvxF6
t (t, z− y)− 1

2
αyuxxvF6

t (t, z− y) + βyuxxvF6
t (t, z− y)

− 1
4

γyvxxxF6
t (t, z− y),

Z6 =
1
2

αβu2
xvxF6(t, z− y)− β2uxuxxvF6(t, z− y)− 1

4
βγuxxvxxF6(t, z− y)

+
1
4

βγuxxxvxF6(t, z− y) +
1
4

βγuxvxxxF6(t, z− y)− 1
4

βγuxxxxvF6(t, z− y)

− 1
2

αyuxvxF6
t (t, z− y)− 1

2
αyuxxvF6

t (t, z− y) + βyuxxvF6
t (t, z− y)
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− 1
4

γyvxxxF6
t (t, z− y);

T7 = 2αtuxuxzvF7(z− y) + 2αtuxuxyvF7(z− y) + 2βtuxxuzvF7(z− y)

+ 2βtuxxuyvF7(z− y) + 2γtuxxxzvF7(z− y) + 2γtuxxxyvF7(z− y)

− uxvF7(z− y) +
1
2

vxuF7(z− y)− 1
2

xuxxvF7(z− y) + tutxvF7(z− y)

+ tutvxF7(z− y) +
1
2

xuxvxF7(z− y),

X7 =
1
2

αxvzu2
xF7(z− y) +

1
2

αxvyu2
xF7(z− y)− 1

2
αvuzuxF7(z− y)

− 2βvuzuxF7(z− y) +
1
2

αuvzuxF7(z− y)− 1
2

αvuyuxF7(z− y)

− 2βvuyuxF7(z− y) +
1
2

αuvyuxF7(z− y) + βxuzvxuxF7(z− y)

+ βxuyvxuxF7(z− y) + βxvuxzuxF7(z− y)− γvxzuxF7(z− y)

+ βxvuxyuxF7(z− y)− γvxyuxF7(z− y) +
3
4

γxvxxzuxF7(z− y)

+
3
4

γxvxxyuxF7(z− y) + αtvzutuxF7(z− y) + αtvyutuxF7(z− y)

+
1
2

xvtuxF7(z− y)− αtvutzuxF7(z− y)− αtvutyuxF7(z− y)

+ βuuzvxF7(z− y) + βuuyvxF7(z− y)− 1
2

αuvuxzF7(z− y)

+ βuvuxzF7(z− y) + γvxuxzF7(z− y)− 1
2

αuvuxyF7(z− y)

+ βuvuxyF7(z− y) + γvxuxyF7(z− y) +
3
4

γvzuxxF7(z− y)

+
3
4

γvyuxxF7(z− y)− 1
2

γxvxzuxxF7(z− y)− 1
2

γxvxyuxxF7(z− y)

− 1
4

γuzvxxF7(z− y)− 1
4

γuyvxxF7(z− y)− 1
4

γxuxzvxxF7(z− y)

− 1
4

γxuxyvxxF7(z− y)− 9
4

γvuxxzF7(z− y) +
1
2

γxvxuxxzF7(z− y)

+
3
4

γuvxxzF7(z− y)− 9
4

γvuxxyF7(z− y) +
1
2

γxvxuxxyF7(z− y)

+
3
4

γuvxxyF7(z− y) +
1
4

γxvzuxxxF7(z− y) +
1
4

γxvyuxxxF7(z− y)

+
1
4

γxvuxxxzF7(z− y) +
1
4

γxvuxxxyF7(z− y)− 3
2

vutF7(z− y)

+ 2βtuzvxutF7(z− y) + 2βtuyvxutF7(z− y)− αtvuxzutF7(z− y)

+ 2βtvuxzutF7(z− y)− αtvuxyutF7(z− y) + 2βtvuxyutF7(z− y)

+
3
2

γtvxxzutF7(z− y) +
3
2

γtvxxyutF7(z− y) +
1
2

uvtF7(z− y)

+ tutvtF7(z− y)− 1
2

γtvxxutzF7(z− y)− 1
2

γtvxxutyF7(z− y)

+
1
2

xvutxF7(z− y)− 2βtvuzutxF7(z− y)− 2βtvuyutxF7(z− y)

− γtvxzutxF7(z− y)− γtvxyutxF7(z− y) + γtvxutxzF7(z− y)

+ γtvxutxyF7(z− y) +
1
2

γtvzutxxF7(z− y) +
1
2

γtvyutxxF7(z− y)

− 3
2

γtvutxxzF7(z− y)− 3
2

γtvutxxyF7(z− y)− tvuttF7(z− y),
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Y7 =
1
2

αuxvxuF7(z− y)− αu2
xvF7(z− y)− αtuxutxvF7(z− y)

+
1
2

αuxxuvF7(z− y) + αtutuxxvF7(z− y)− βxuxxuxvF7(z− y)

− βuxxuvF7(z− y)− 2βtutuxxvF7(z− y)− γuxxxvF7(z− y)

+
1
4

γvxxxuF7(z− y)− 1
4

γxuxxxxvF7(z− y)− 1
2

γtutxxxvF7(z− y)

+ αtutuxvxF7(z− y) +
1
2

γtutvxxxF7(z− y)− 1
2

γtvxxutxF7(z− y)

+
1
2

γtvxutxxF7(z− y) +
1
2

αxu2
xvxF7(z− y)− 1

2
γuxvxxF7(z− y)

+
1
4

γxuxvxxxF7(z− y) +
3
4

γuxxvxF7(z− y)− 1
4

γxuxxvxxF7(z− y)

+
1
4

γxuxxxvxF7(z− y),

Z7 =
1
2

αuxvxuF7(z− y)− αu2
xvF7(z− y)− αtuxutxvF7(z− y)

+
1
2

αuxxuvF7(z− y) + αtutuxxvF7(z− y)− βxuxxuxvF7(z− y)

− βuxxuvF7(z− y)− 2βtutuxxvF7(z− y)− γuxxxvF7(z− y)

+
1
4

γvxxxuF7(z− y)− 1
4

γxuxxxxvF7(z− y)− 1
2

γtutxxxvF7(z− y)

+ αtutuxvxF7(z− y) +
1
2

γtutvxxxF7(z− y)− 1
2

γtvxxutxF7(z− y)

+
1
2

γtvxutxxF7(z− y) +
1
2

αxu2
xvxF7(z− y)− 1

2
γuxvxxF7(z− y)

+
1
4

γxuxvxxxF7(z− y) +
3
4

γuxxvxF7(z− y)− 1
4

γxuxxvxxF7(z− y)

+
1
4

γxuxxxvxF7(z− y);

T8 = αtuxuxzvF8(z− y) + αtuxuxyvF8(z− y) + βtuxxuzvF8(z− y)

+ βtuxxuyvF8(z− y) + γtuxxxzvF8(z− y) + γtuxxxyvF8(z− y)

− 1
2

yuxzvF8(z− y)− 1
2

yuxyvF8(z− y) +
1
2

tutxvF8(z− y)

+
1
2

tutvxF8(z− y) +
1
2

yuzvxF8(z− y) +
1
2

yuyvxF8(z− y),

X8 = βyvxu2
z F8(z− y)− 1

2
αvuxuzF8(z− y) +

1
2

αyvzuxuzF8(z− y)

+
1
2

αyvyuxuzF8(z− y) + 2βyuyvxuzF8(z− y)− 1
2

αyvuxzuzF8(z− y)

− 1
2

αyvuxyuzF8(z− y)− 1
4

γvxxuzF8(z− y) +
3
4

γyvxxzuzF8(z− y)

+
3
4

γyvxxyuzF8(z− y) + βtvxutuzF8(z− y) +
1
2

yvtuzF8(z− y)

− βtvutxuzF8(z− y)− 1
2

αyvuzzuxF8(z− y)− 1
2

αvuyuxF8(z− y)

+
1
2

αyvzuyuxF8(z− y) +
1
2

αyuyvyuxF8(z− y)− αyvuyzuxF8(z− y)

− 1
2

αyvuyyuxF8(z− y) + βyu2
yvxF8(z− y)− 1

2
αyvuyuxzF8(z− y)

+
1
2

γvxuxzF8(z− y)− 1
2

γyuxzvxzF8(z− y) +
1
2

γyvxuxzzF8(z− y)
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− 1
2

αyvuyuxyF8(z− y) +
1
2

γvxuxyF8(z− y)− 1
2

γyvxzuxyF8(z− y)

− 1
2

γyuxzvxyF8(z− y)− 1
2

γyuxyvxyF8(z− y) + γyvxuxyzF8(z− y)

+
1
2

γyvxuxyyF8(z− y)− 1
4

γyuzzvxxF8(z− y)− 1
4

γuyvxxF8(z− y)

− 1
2

γyuyzvxxF8(z− y)− 1
4

γyuyyvxxF8(z− y)− 3
4

γvuxxzF8(z− y)

+
1
4

γyvzuxxzF8(z− y) +
1
4

γyvyuxxzF8(z− y) +
3
4

γyuyvxxzF8(z− y)

− 3
4

γyvuxxzzF8(z− y)− 3
4

γvuxxyF8(z− y) +
1
4

γyvzuxxyF8(z− y)

+
1
4

γyvyuxxyF8(z− y) +
3
4

γyuyvxxyF8(z− y)− 3
2

γyvuxxyzF8(z− y)

− 3
4

γyvuxxyyF8(z− y)− 1
2

vutF8(z− y) +
1
2

αtvzuxutF8(z− y)

+
1
2

αtvyuxutF8(z− y) + βtuyvxutF8(z− y)− 1
2

αtvuxzutF8(z− y)

+ βtvuxzutF8(z− y)− 1
2

αtvuxyutF8(z− y) + βtvuxyutF8(z− y)

+
3
4

γtvxxzutF8(z− y) +
3
4

γtvxxyutF8(z− y) +
1
2

yuyvtF8(z− y)

+
1
2

tutvtF8(z− y)− 1
2

yvutzF8(z− y)− 1
2

αtvuxutzF8(z− y)

− 1
4

γtvxxutzF8(z− y)− 1
2

yvutyF8(z− y)− 1
2

αtvuxutyF8(z− y)

− 1
4

γtvxxutyF8(z− y)− βtvuyutxF8(z− y)− 1
2

γtvxzutxF8(z− y)

− 1
2

γtvxyutxF8(z− y) +
1
2

γtvxutxzF8(z− y) +
1
2

γtvxutxyF8(z− y)

+
1
4

γtvzutxxF8(z− y) +
1
4

γtvyutxxF8(z− y)− 3
4

γtvutxxzF8(z− y)

− 3
4

γtvutxxyF8(z− y)− 1
2

tvuttF8(z− y),

Y8 =
1
2

αyuzuxvxF8(z− y) +
1
2

αyuyuxvxF8(z− y) +
1
4

γyuxxzvxF8(z− y)

+
1
4

γyuxxyvxF8(z− y) +
1
2

αtuxutvxF8(z− y) +
1
4

γtutxxvxF8(z− y)

+
1
2

αyvuxuxzF8(z− y) +
1
2

αyvuxuxyF8(z− y) +
1
2

αyvuzuxxF8(z− y)

+
1
2

αyvuyuxxF8(z− y)− 1
4

γyuxzvxxF8(z− y)− 1
4

γyuxyvxxF8(z− y)

+
1
4

γyuzvxxxF8(z− y) +
1
4

γyuyvxxxF8(z− y) +
3
4

γyvuxxxzF8(z− y)

+
3
4

γyvuxxxyF8(z− y) +
1
2

αtvuxxutF8(z− y)− βtvuxxutF8(z− y)

+
1
4

γtvxxxutF8(z− y) + yvutxF8(z− y)− 1
2

αtvuxutxF8(z− y)

− 1
4

γtvxxutxF8(z− y)− 1
4

γtvutxxxF8(z− y),

Z8 =
1
2

αyuzuxvxF8(z− y) +
1
2

αyuyuxvxF8(z− y) +
1
4

γyuxxzvxF8(z− y)

+
1
4

γyuxxyvxF8(z− y) +
1
2

αtuxutvxF8(z− y) +
1
4

γtutxxvxF8(z− y)

+
1
2

αyvuxuxzF8(z− y) +
1
2

αyvuxuxyF8(z− y) +
1
2

αyvuzuxxF8(z− y)
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+
1
2

αyvuyuxxF8(z− y)− 1
4

γyuxzvxxF8(z− y)− 1
4

γyuxyvxxF8(z− y)

+
1
4

γyuzvxxxF8(z− y) +
1
4

γyuyvxxxF8(z− y) +
3
4

γyvuxxxzF8(z− y)

+
3
4

γyvuxxxyF8(z− y) +
1
2

αtvuxxutF8(z− y)− βtvuxxutF8(z− y)

+
1
4

γtvxxxutF8(z− y) + yvutxF8(z− y)− 1
2

αtvuxutxF8(z− y)

− 1
4

γtvxxutxF8(z− y)− 1
4

γtvutxxxF8(z− y);

T9 = − 1
2

αtuxzvF9(z− y)− 1
2

αtuxyvF9(z− y) +
1
2

vF9(z− y)

+
1
2

αtuzvxF9(z− y) +
1
2

αtuyvxF9(z− y)− 1
2

xvxF9(z− y),

X9 =
1
2

α2tuzvzuxF9(z− y)− 1
2

α2tvuzzuxF9(z− y) +
1
2

α2tvzuyuxF9(z− y)

+
1
2

α2tuzvyuxF9(z− y) +
1
2

α2tuyvyuxF9(z− y)− α2tvuyzuxF9(z− y)

− α2 1
2

tvuyyuxF9(z− y)− 1
2

α2tvuzuxzF9(z− y)− 1
2

α2tvuyuxzF9(z− y)

− 1
2

α2tvuzuxyF9(z− y)− 1
2

α2tvuyuxyF9(z− y)− 1
2

αvuzF9(z− y)

− 1
2

αvuyF9(z− y)− 1
2

αxvzuxF9(z− y)− 1
2

αxvyuxF9(z− y)

+ αβtu2
zvxF9(z− y) + αβtu2

yvxF9(z− y) + 2αβtuzuyvxF9(z− y)

+
1
2

αxvuxzF9(z− y)− 1
2

αγtuxzvxzF9(z− y) +
1
2

αγtvxuxzzF9(z− y)

+
1
2

αxvuxyF9(z− y)− 1
2

αγtvxzuxyF9(z− y)− 1
2

αγtuxzvxyF9(z− y)

− 1
2

αγtuxyvxyF9(z− y) + αγtvxuxyzF9(z− y) +
1
2

αγtvxuxyyF9(z− y)

− 1
4

αγtuzzvxxF9(z− y)− 1
2

αγtuyzvxxF9(z− y)− 1
4

αγtuyyvxxF9(z− y)

+
1
4

αγtvzuxxzF9(z− y) +
1
4

αγtvyuxxzF9(z− y) +
3
4

αγtuzvxxzF9(z− y)

+
3
4

αγtuyvxxzF9(z− y)− 3
4

αγtvuxxzzF9(z− y) +
1
4

αγtvzuxxyF9(z− y)

+
1
4

αγtvyuxxyF9(z− y) +
3
4

αγtuzvxxyF9(z− y) +
3
4

αγtuyvxxyF9(z− y)

− 3
2

αγtvuxxyzF9(z− y)− 3
4

αγtvuxxyyF9(z− y) +
1
2

αtuzvtF9(z− y)

+
1
2

αtuyvtF9(z− y)− 1
2

αtvutzF9(z− y)− 1
2

αtvutyF9(z− y)

+ βvuzF9(z− y) + βvuyF9(z− y)− βxuzvxF9(z− y)− βxuyvxF9(z− y)

− βxvuxzF9(z− y) +
1
2

γvxzF9(z− y)− βxvuxyF9(z− y) +
1
2

γvxyF9(z− y)

− 3
4

γxvxxzF9(z− y)− 3
4

γxvxxyF9(z− y)− 1
2

xvtF9(z− y),

Y9 =
1
2

α2tuxuxzvF9(z− y) +
1
2

α2tuxuxyvF9(z− y) +
1
2

α2tuxxuzvF9(z− y)

+
1
2

α2tuxxuyvF9(z− y) +
3
4

αγtuxxxzvF9(z− y) +
3
4

αγtuxxxyvF9(z− y)
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+
1
2

αuxvF9(z− y)− 1
2

αxuxxvF9(z− y) + αtutxvF9(z− y)

+ βxuxxvF9(z− y) +
1
2

α2tuxuzvxF9(z− y) +
1
2

α2tuxuyvxF9(z− y)

− 1
4

αγtvxxuxzF9(z− y)− 1
4

αγtvxxuxyF9(z− y) +
1
4

αγtvxuxxzF9(z− y)

+
1
4

αγtvxuxxyF9(z− y) +
1
4

αγtuzvxxxF9(z− y) +
1
4

αγtuyvxxxF9(z− y)

− 1
2

αxuxvxF9(z− y) +
1
4

γvxxF9(z− y)− 1
4

γxvxxxF9(z− y),

Z9 =
1
2

α2tuxuxzvF9(z− y) +
1
2

α2tuxuxyvF9(z− y) +
1
2

α2tuxxuzvF9(z− y)

+
1
2

α2tuxxuyvF9(z− y) +
3
4

αγtuxxxzvF9(z− y) +
3
4

αγtuxxxyvF9(z− y)

+
1
2

αuxvF9(z− y)− 1
2

αxuxxvF9(z− y) + αtutxvF9(z− y)

+ βxuxxvF9(z− y) +
1
2

α2tuxuzvxF9(z− y) +
1
2

α2tuxuyvxF9(z− y)

− 1
4

αγtvxxuxzF9(z− y)− 1
4

αγtvxxuxyF9(z− y) +
1
4

αγtvxuxxzF9(z− y)

+
1
4

αγtvxuxxyF9(z− y) +
1
4

αγtuzvxxxF9(z− y) +
1
4

αγtuyvxxxF9(z− y)

− 1
2

αxuxvxF9(z− y) +
1
4

γvxxF9(z− y)− 1
4

γxvxxxF9(z− y).

Remark 2. We notice that the conserved vectors obtained using multiplier as well as Ibragimov’s theorem
contain arbitrary functions. Moreover, this approach also secures nine conserved quantities corresponding to the
nine Lie symmetries obtained. All these attest to the fact that the 3D-gBSe (2) possesses conserved vectors that
are infinitely many in number. Theoretically speaking, the obtained conserved vectors could be used to find exact
solutions of the3D-gBSe (2). However, this task is not so simple and could be possibly done in the future work.

4. Discussion of the Graphical Representations of Solutions Obtained for 3D-gBSe (2)

The dynamics of solutions in the model of the generalized (3+1)-dimensional breaking soliton
equation are described graphically. In a bid to gain better knowledge regarding the physical properties
of the secured results, the derived solutions were depicted by choosing different values of parameters.
For instance, the 3D-plot, density plot and 2D-plot of the periodic soliton solution (20) are represented
with different values of parameters in Figure 1, where we assign values to the constants; in Figure 1,
we let ω = 0.2, ν = 0.6, r1 = 100, r2 = 50.05, r3 = 20.05, Q = 10, R = 70 and C3 = 1; in Figure 1
we made ω = 0.2, ν = 0.6, r1 = 90, r2 = 40.05, r3 = 0.05, Q = 10, R = 70 and C3 = 1; and in
Figure 3 we assumed ω = 0.2, ν = 0.6, r1 = 100, r2 = 50.05, r3 = −80, Q = 10, R = 70 and C3 = 1,.
In addition, we varied the values of t and z such that they were allocated values t = −10, z = −1,
t = −11, and z = 0; and t = −25 and z = −9 for the Figures respectively. It is observable that the wave
deflection changes as time t reduces from −10 to −25.

Furthermore, the singular soliton solutions (24) obtained in the form of hyperbolic and
trigonometric functions were plotted. 3D, density and 2D plots of (24) were done by setting positive
values to the constants; in Figure 4 we supposed λ = −0.08, ω = 2.02, ν = 2.02, α = 30, µ = 10.125,
β = 20.2, C1 = 0.5 and C2 = 2.3; in Figure 5 we let λ = −0.08, ω = 2.02, ν = 0.02, α = 30, µ = 10.125,
β = 20.2, C1 = 1 and C2 = 2; and in Figure 6 we assumed λ = 0.0008, ω = −0.02, ν = 0.02, α = 300,
µ = 0.125, β = 200.2, C1 = 1 and C2 = 0.8. More so, we randomized t and z in which the figures
respectively have t = 1, z = 0, t = 2 and z = −3.5; and t = −0.2 and z = 20. Figure 7 shows the 3D,
density and 2D-plots of solution (25) with a singularity when t = 2.1 and z = −3; Figure 8 reflects the
same with a singularity when t = −6 and z = 25; and Figure 9 exhibits (25) with a singularity at t = 4,
z = 30. Other parameters involved were allotted values: λ = −0.02, ω = 2.02, ν = 0.02, µ = −0.005,
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α = 0.025, β = 1, C1 = 0 and C2 = 2; in Figure 7, λ = −0.02, ω = 2.02, ν = 0.02 and µ = −0.005;
in Figure 8, α = 0.025, β = 1, C1 = 0.1 and C2 = 2; and in Figure 9, λ = −0.02, ω = 2.02, ν = 0.02,
µ = −0.005, α = 0.025, β = 1, C1 = 0.1 and C2 = 2.

In addition, we made graphical demonstrations of the soliton solution (27) with singularities,
by using 3D-plots, density plots and 2D-plots. In this case, we allocated values to the constants; for
instance, in Figure 10 we let ω = 0.48, ν = 0, α = 0.2, β = 4, B0 = 0, t = 1 and x = 2; in Figure 11 we
put ω = 0.51, ν = 0, α = 0.5, β = 4, B0 = 0, t = 0 and x = 3. In Figure 12 we assumed ω = 0.51, ν = 0,
α = 0.5, β = 4, B0 = 0, t = −1 and x = −4.

Moreover, Figure 13 displays 3D, density and 2D-plots pictorial representation of soliton solution
(28) with singularities when ω = 0.48, ν = 0, α = 0.2, β = 4, B0 = 0, t = 1 and x = 4. Figure 14 also
reveals the 3D-plot, density and 2D-plots graphic display of (28) with singularities when ω = 0.48,
ν = 0, α = 0.2, β = 4, B0 = 0, t = 0 and x = −4. Besides, with ω = 0.6, ν = 0, α = 0.2, β = 4, B0 = 0,
t = −6 and x = 7, we show 3D, density and 2D-plots of Figure 15.

Finally, we show the solitary wave profile of series solution (34) with 3D-plot, density plot and
2D-plot in Figure 16 when ω = 1.6, ν = 0.3, c0 = 0, c1 = −0.2, c2 = 7.825, c3 = −0.125, P = 1.8,
Q = 83, R = 25, t = 1.6 and z = 1.1. Figure 17 exhibits the 3D, density and 2D plots of solution (34)
when ω = 1.6, ν = 0.4, c0 = 0, c1 = −0.2, c2 = 10.825, c3 = −0.125, P = 10.8, Q = 83, R = 25, t = −1
and z = −8. When ω = 0.1, ν = 0.4, c0 = 0, c1 = −0.2, c2 = 8.825, c3 = −0.125, P = 10.8, Q = 83,
R = 25, t = 5 and z = 4 Figure 18 shows 3D-plot, density and 2D-plots of series solution (34).

We can see that the changes in the parameters cause clear and obvious effects on the dynamics of
the solitons and the series solutions. By making a comparison of the results secured in this work and
those of the previous studies, it was revealed that the solutions gained here are completely different.

5. Conclusions

In this article, we investigated a (3+1)-dimensional generalized breaking soliton Equation (2).
We constructed exact solutions for Equation (2) via the implementation of Lie symmetry reductions,
direct integration, (G′/G)-expansion and power series solution methods. Solutions obtained were in
the form of trigonometric, hyperbolic functions and Jacobi elliptic functions. Moreover, the graphical
representations of the solutions were shown with various values of the parameters and t, x and z to
give a view of the wave dynamical appearances of the solutions. Lastly, we constructed the conserved
vectors of Equation (2) through the engagement of the general multiplier method and Ibragimov’s
theorem. The results of this paper could be of interest to scientists working in the fields of engineering
and nonlinear sciences.
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