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shift-invariant, regardless of whether it is unique or not. This yields a quantum analog of results
previously achieved by Richthammer.
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1. Introduction. Infinite-Volume Gibbs States and Reduced Density Matrices

The results of the paper and related works. In this paper we focus on bosonic quantum systems
and pursue two directions of study: (i) a working definition of an infinite-volume quantum Gibbs state
for various types of quantum bosonic systems, and (ii) its justification, which we have chosen to be the
shift-invariance property for a 2D Bose-gas. The starting point for this work was the famous definition
by Dobrushin-Lanford-Ruelle (DLR) of an infinite-volume Gibbs probability distribution, which is
universally accepted in contemporary Mathematical Physics and beyond.

(i) Our approach combines the DLR-equation and the Ginibre representation of density matrix
kernel [1] and develops the approach outlined in [2]. Alternative approaches are represented in [3-5],
based on probability measures on distributions or direct analysis of the spectrum of the Hamiltonian.
See also the biblio quoted in the above sources. The first result of the paper in this direction is the
proof of existence, by compactness, of a compatible family of infinite-volume reduced density matrices
for a given family of local Hamiltonians (1.1.1), under a natural super-stability-type condition (1.1.14)
(cf. Theorem 1 in Section 1.3). Next, we establish that the kernels of the infinite-volume reduced
density matrices satisfy an analog of the DLR equation, which we call an FK-DLR equation. (FK stands
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for Feynman—-Kac.) Solutions to the FK-DLR equations can be considered as quantum analogs of
infinite-volume Gibbs probability distributions (cf. Theorem 6 in Section 2.4).

(ii) The first exact facts about the absence of shift symmetry-breaking in 2D systems with
short-range interactions appeared in [6]. A remarkable progress was achieved in [7-10], demonstrating
that the thermal equilibrium states of 2D classical systems exhibit the shift-symmetries of their
Hamiltonians. Our results in this direction are Theorems 2 and 3 in Section 1.3 extending the above
shift-invariance properties to the quantum systems under consideration. We have been influenced by
Refs. [11-13] providing a number of technical tools and insights used in the current text.

We would like to note the book [14]: although it focuses upon a different class of systems (quantum
anharmonic oscillators as opposite to quantum gases), it gives a useful discussion of a number of tools
and notions which are of a universal character, see also [15].

Main notation. (a) Hja: the local Hamiltonian of an n-particle system in the volume A;
(b) G, a = e PHua: the Gibbs operator; (c) Epn(A) and B, (A) = go z"Bg,(A): the n-particle

n

and the grand-canonical partition functions; (d) ¢, 4,: the Gibbs state with the density matrix Rz g A;
(e) W*(x,y) = kL>Jl W (x,y): the space of continuous paths from x to y with the Wiener-bridge

0
x(AC
x(A%); (g) F2o(xo, yg )( a; infinite-volume density matrix kernel.

Organization of the paper. Sections 1.1 and 1.2 introduce the local Hamiltonian, quantum
Gibbs state and its termodynamical limit. In Section 1.3 we present the main results, Theorems
1-3. In Section 2.1 we discuss the Feynman-Kac (FK)-representation for the reduced density matrix
kernels (RDMKs) F[/\\0 (x0,y0) and Fj\\& (A%) (x0,¥0); in Section 2.2 we give the FK-representation for
their infinite-volume counterparts F~0(xg, yo). On the basis of these representations, we define the
class of FK-DLR states (more generally, FK-DLR functionals) and state Theorems 6 and 7, extending

the assertions of Theorems 4 and 5 to this class. Sections 3 and 4 contain the outline of proofs.

measure @;y ; (D) F[[: : the reduced density matrix kernel in Ag C A with the boundary condition

More technical elements of the proofs are presented in Sections 5-7. Finally, a bird’s eye view of the
subject and a direction of future research are discussed in Section 8.

1.1. The Local Hamiltonian

The object of this study is a quantum Bose-gas in a Euclidean space R, d > 2. The starting point
of our analysis is a self-adjoint n-particle Hamiltonian, H, A, in a finite ‘box” A represented by a cube
[-L, L]d, of size 2L > 0, centered at the origin. (Other types of bounded domains in R? can/will
also be incorporated.) Operator H, 5 acts on functions x} = {x(1),...,x(n)} € A" — ¢, (x}) from
L™ (A") by

1 . .

(Hua¢n) (x1) = =5 £ (8j¢a) (&) + L V(Ix(j) = x({)]) ¢n (x7) - (1.1.1)
21<5<n 1<j<j'<n

Here, LY™"(A") is the subspace in the Hilbert space L,(A") = Ly(A)®" formed by symmetric

functions of variables x(j), 1 < j < n, constituting the argument x7, which vanish whenever

min [|x(j) —x(f')|g,: 1<j<j <n] <a.

(|x|gu, or briefly |x|, stands for the Euclidean norm of x € R? whereas |x|, denotes the max-norm.)
Parameter a > 0 is fixed and represents the diameter of the hard core (see below). It is convenient
to denote

Al = {g = {x(1),...,x(n)} € A" :

1.1.2
min [|x(j) —x(/)|: 1<j<f <n]>af 2
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and identify L;ym'a (A") with L;ym(A’[}), the Hilbert space of square-integrable symmetric functions
¢n (x]) with support in A”L.

Operator A; in (1.1.1) acts as a Laplacian in the variable x(j). Further, V : r € [a,+00)
V(r) € Ris a C>-function describing a two-body interaction potential depending upon the distance
between particles. Pictorially, we set: V(r) = 400 for 0 < r < a, conforming with the hard-core
assumption. In the following condition (1.1.3a), we attempt to control the negative (attracting) part of
V(r): we assume that

—min[0, V(r)] < W_(r) wherer € (0,00) = W_(r) >0
is a decreasing function with W~ := Y W_(a|x|) < oo. (1.1.3a)
xezZ4

(A sufficient condition for W~ < co is that [ +4~1W_(r)dr < c0.) Observe that when V(r) > 0 then
0

W™ = 0 (this includes the case of pure hard cores where V(r) = 0 for r > 4). In a similar manner,
we assure a control over the derivative V'

V()] < W (r) where r € (a,00) = WD (r) >0
is a decreasing function with W) := ¥ W) (gx|) < 0. (1.1.3b)
xeZd

(A sufficient condition for W()<® is that [ ¥~ 'W)(r)dr < co.)Physically, one can say that the
0

potential V(r), r > a, has a bounded derivative and decays to O for large 7 in a qualified manner.
We also set
V' = max [V(r): r>a], =V =min [V(r): r>a], (1.1.4a)

withV  =0forV > 0, and

v = max [[V/(r)]:r>a], V' — max [([V'(r)]:r>a]. (1.1.4b)

In the case where V(r) = 0 for r > R°, we say that V has a finite range; the smallest value
R° € (0, 00) with this property is called the interaction radius (or the interaction range) and is referred
to in the relevant bounds.

Forn =1,thesum ), inEquation (1.1.1)is suppressed, and H,, 5 is reduced to —A/2in A.

1<j<j'<n
1
For n = 0, we formally set Hy o = 0. In general, the term — 5 1<Z< (Ajpn) (x7) represents the kinetic
<j<n
energy part in the Hamiltonian, and the term ). V (|x(j) — x(j')|) the potential energy (as an
1<j<j'<n
operator, it is given as multiplication by this function). Note that if 7 is large enough (when n disjoint
balls of diameter a can’t be placed in a box A) then the expression for H,,  formally becomes infinite;
so we will only care about the values of #n such that the set A} # @.

To complete the definition of operator H, ,, we need to specify a boundary condition.
More precisely, H,, 4 is initially defined by the right hand side (RHS) of Equation (1.1.1) as a symmetric
operator on the set of C2-functions ¢ = ¢, with the support in the interior of A”, see [16]. A self-adjoint
extension of this symmetric operator emerges when we impose the Dirichlet boundary condition:

¢(xl) =0 for xf = {x(1),...,x(n)} € dWAT UHAL (1.1.5)

Here

0o Ay = {2 € A max [|x(j) =L: 1<j<n] =af.

0@ AL = {x € Az imin [|x(j) — (/)] s 1<j < <n]=a}, 16
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Other examples of boundary conditions on 9°**A? for which the methods of this paper are applicable
are Neumann and periodic. (In fact, one can incorporate general elastic boundary conditions. We intend
to analyze these in a forthcoming work.)

In the Krein—Vishik classification, [17], Dirichlet’s boundary condition generates a ‘soft’ self-adjoint
extension whereas Neumann’s boundary condition generates a ‘rigid’ self-adjoint extension. These two
self-adjoint extensions are extreme ones (among Dirichlet-form extensions) in the sense of a natural
order of the eigenvalues. Moreover, in our scheme the choice of the boundary condition for H,, » may
vary from one square A to another (and even from one value of # to another). This endeavors towards
inclusion of a broad class of Hamiltonians, aiming at enhancing possible phase transitions.

Under the above assumptions, operator H, 5 is self-adjoint, bounded from below and has a
pure point spectrum. Moreover, ¥V B € (0,+c0), the Gibbs operator Gg, o = exp [~BH, ] is a
positive-definite trace-class operator in L;ym(Ag). The trace

dﬁ,n(A) = trL;Ym(Ag)Gﬁ,n,A € (0,+0) (1.1.7)

is called the n-particle partition function in A at the inverse temperature 8. When 7 is large and A}
becomes empty, we set Gg , o to be a zero operator with Eg ,, (A) = 0. This allows us to work with the
grand canonical Gibbs ensemble. Namely, V z € (0, +00), the direct sum

GZ,ﬁ,A = nE>BO ZnGﬁ,n,A (118)

determines a positive-definite trace-class operator in the bosonic Fock space

H(A) = & L™ (A]). (1.1.9)
n>0
The quantity
Ez,ﬁ(A) = goan‘B/n(A) = tI‘H(A)Gz,/g/A € (0, +00) (1.1.10)
n

is called the grand canonical partition function in A at fugacity z and the inverse temperature S.

Further, the operator

1
Ron = 5 (a7 Ce (1.1.11)

'
—z

is called the (grand-canonical) density matrix (DM) in A; this is a positive-definite operator in H (A) of
trace 1. Operator R, g A determines the Gibbs state (GS), i.e., a linear positive normalized functional
¢z,p,a on the C*-algebra B(A) of bounded operators in H(A) (see [2]):

PzpA(A) = tryn) (ARzpa), A€ B(A). (1.1.12a)

The next object of interest is the reduced DM (in short, the RDM), in volume Ay C A. We use this
term for the partial trace

A
Ropa = Tra\ag Repai (1.1.12b)

it is based on the tensor-product representation H(A) = H(Ag) ® H(A \ Ag). Operator R;\% A actsin
H(Ap), is positive-definite and has trace 1. Moreover, the partial trace operation leads to an important
compatibility property for RDMs: if A; C Ag C A then

A A
RobA = TragApRzj A (1.1.13)
The main results of the present paper are valid for any given z, B € (0, o) under the condition

p:=zexp (W) <1, (1.1.14)



Mathematics 2020, 8, 1683 5 of 40

becoming z € (0,1) if V > 0 (including the case of pure hard cores, with V = 0). The quantity W™ is
given in Equation (1.1.3a).

To simplify the notation, we omit the indices/arguments z and  whenever it does not lead to a
confusion. A straightforward generalization of the above concepts can be done by including an external
potential field induced by a particle configuration x(A°) represented by a finite or countable subset
in the complement A€ such that [y —y'| > a V pairy,y’ € x(A°) with y # y'. Viz., the Hamiltonian
H,, A jx(ac) is given by

(Hasas#n) () = (Hungn) )+ & £ V(J() —y) ¢u (o) (11.15)

1<j<n yex(AC)

and possesses the properties listed above for H,, . This enables us to introduce the Gibbs operators
Gy Ajx(ac) and G x(ac), the partition functions E, (A[x(A€)) and E(A[x(A)), the DM Ry x(c), the GS

A .
@A |x(Ac) and the RDMs RA?X(AC), Ao C A. Viz,,

Gy, Alx(AC) = €XP [_,BHH,A\X(AC)] ’
(1.1.16)
En(A[X(AS)) = trpsm nn Gy ajx(ac € (0, +00),

Galx(ac) = n6>90 2" Gy, Alx(AC)

- = " 1.1.17

SA(AT)) = £ 2"Ea(AX(A%) = tryn Capiae) € (0, +c0). (1.117)
n>

For an empty exterior particle configuration x(A®) = @, the argument x(A€) will be omitted. (Although

the Hamiltonian H, 5 and its derivatives G, 5, Ga and so on, are particular examples of H,, Alx(Ac),

etc., (with x(A°) being an empty configuration), we will now and again address this specific example

individually, for its methodological significance).

1.2. The Thermodynamic Limit. The Shift-Invariance Property

The key concept of Statistical Mechanics is the thermodynamic limit; in the context of this work it

is limd. The quantities and objects established as limiting points in the course of this limit are often
AR

referred to as infinite-volume ones (e.g., infinite-volume RDM or GS). The existence and uniqueness of
a limiting object is often interpreted as absence of a phase transition, a multitude of such objects (viz.,
depending on the boundary conditions for the Hamiltonian or the choice of external configuration)
is treated as an exhibition of a phase transition, see [3,7,9,18-22]. However, there exists an elegant
alternative where infinite-volume values are identified in terms that, at least formally, do not invoke the
thermodynamic limit. For classical systems, this is the DLR equations and for the so-called quantum
spin systems—the KMS equations. (The latter involves an infinite-volume dynamics which is not
affected by phase transitions in terms of GSs.) Unfortunately, the KMS equations are not directly
available for the class of quantum systems under consideration in this paper, since the Hamiltonians
Hy,a and H,, 5|x(Ac) are not bounded.

In this paper we employ a construction generalizing the classical DLR equation and—in dimension
d = 2—establish shift-invariance property for the emerging objects (the RDMs). Observe that

V cube Ag(= Ag(b,Ly)) = x [bf —Lo, b/ +Lo| centered at b = (bl,...,bd) and vector s =
1<j<d

(sl, e sd) € R?, the Fock spaces H(Ag) and H(S(s)Ag) are related through a pair of mutually
inverse shift isomorphisms

U(s) : H(Ag) — H(S(—s)Ag) and UM (—s) : H(S(s)Ao) — H(Ao).
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Here, S(s) stands for the shift isometry RY — R4
s(sly=y+s, yeRY, (1.2.1)
and S(s)Ay is for the image of Ag:

S(s)Ag= x [bl+s/ =10 b +s/ +1% (= Ag(b+5,Lp)).
(s)Ag 1§j§d[ +s + s/ + ]( o(b+s,Ly)) (122)

The isomorphisms U0 (s) and U”0(—s) are given by
) xf € (Ao)", (1.2.3)

where ¢, € L™ ((Ag)"), n=0,1,....

The Fock spaces H(A) and H(Ap) (see (1.1.9)) can be conveniently represented as L,(C,(A)) and
Ly(Ca(AY)), respectively. Here and below, C(A) denotes the collection of finite (unordered) subsets
x C A (including the empty set) with the Lebesgue-Poisson measure

dx = ! [Tdx #x<oo (with / dx = exp [¢((A)]

(4 %)! xex cin) (1.2.4)

where / is the Lebesgue measure on R¥),
and C;(A) stands for the subset of C(A) formed by x C A with
min [|x x| x,xXex, x#£X| >a (1.2.5)

(The symbol  is used for the cardinality of a given set.) The same meaning is attributed to the
notation C,(R?) and C,(A°) (here, we mean finite or countable sets x C R? and X' C AS, respectively,
obeying (1.2.5)).

In Theorem 1 below, we speak of a pair of fixed cubes, Ay C Agwhere Ag = X [b{) — Lo, b{) +Lo]
1<j<d
and A; = X [b]1 — Ll,b]1 + L], centered at by = (b(l),...,bg) and b; = (b%,...,b'f). On the other
1<j<d

hand, a sequence of boxes A (k) = [~L(k),L(k)]? R is present, of sidelengths 2L (k) — o0 as k — oo,
which may depend on A; and Aj. We use the term ‘box” when referring to a physical volume where a
given system is confined and ‘cube’ while bearing in mind a ‘localized” sub-volume as a part of a proof.
A box will increase to cover the whole RY whereas a cube will be fixed or vary within a restricted range.

Theorem 1. Suppose that z > 0 and B > 0 are given, satisfying condition (1.1.14). For any cube Ag, the family
of RDMs {Rﬁfl)x( Ay D ' R%Y} is compact in the trace-norm operator topology in H(Ag), for any choices of
particle configurations x(A°) € Co(AC). Any limit-point operator R™0 for {Rﬁ?x( AC)} is a positive-definite
operator in H (/o) of trace 1. Furthermore, let Ay C Ag be a pair of cubes and R, R™ be a pair of limit-point

RDMs such that

and R™ = lim R’

Al _ : Al
R = lim R Jm R (acwye

o RAK)x(AK)e

for a sequence of boxes A (k) ,* R? and external configurations x(A(k)<) obeying (1.2.5). Then R and R™
satisfy the compatibility property

(1.2.6)

RM = try a0 ap) R (1.2.7)

The next theorem is established in dimension d = 2.
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Theorem 2. Set d = 2 and assume that V has a finite range, with VD, V(2) < oo; ¢f. (1.1.4). Let z > 0 and
B > 0 be such that Equation (1.1.14) is satisfied. Given a square Ag = [b' — Lo, b + Lg] x [b2 — Lo, b? + Lg]
and a vector s = (s!,s2), consider limit-point RDMs R™ and R3(8)0 such that

RS(8)A0 — i RS(5)M0 and RM — klim R%0 (1.2.8)

oo MB)X(AK))
for a sequence of boxes A(k) = [—L(k),L(k)]> / R? and external configurations x(A(k)°) € Ca(A°(k)).
Then R™ and R3(8)20 have the property that

RS(S)AO — UAO(—S)RAOUAO(S). (129)

In the future, the bound (1.1.14) will be assumed without stressing it every time again. Also,
referring to external configurations x(A€) and x(A(k)¢), we always assume that x(A€) € C,(A°) and
x(A(K)S) € Ca(A%(K))-

A direct corollary of Theorem 1 is the construction of a limit-point Gibbs state. To this end,
it suffices to consider a countable collection of cubes Ag(= Ag(by,Ly)) = 1<>§<d[b{] - Lo,b{) + Lo],

<j<

with rational by = (b},...,b) and Ly. By invoking a diagonal process, we can guarantee that,
as A /' R?, given any family of external configurations x(A°), one can extract a sequence A (k) ,* R?
such that (i) V cube A( from the collection, 3 the trace-norm limit

R = lim R%?

koo AR)X(A(K)) (1.2.10)

and (ii) the limiting operators relation (1.2.7) holds true V pair of cubes from the collection, A1 =

X [b]l — Ll,b]1 +LijJand Ag = x [b{) — Lo,b{) + L] whenever A1 C Ay. This enables us to define
1<j<d 1<j<d

an infinite-volume Gibbs state ¢ by setting
P(A) = try(p.) (AR™), A€ B(Ay), (1.2.11)

for any cube Ag C R¥. More precisely, ¢ is a state of the quasilocal C*-algebra B(R) defined as the
norm-closure of the inductive limit B°(R%):

B(R?) = norm-closure {%O(Rd)} , BY(RY) = ind lign%(A). (1.2.12)
AR

A corollary of Theorem 2 is

Theorem 3. For d = 2, suppose that the conditions of Theorem 2 are fulfilled. Then any limit-point Gibbs state
@ is shift-invariant:
9(A) = p(S(s)A), A e B(R?). (1.2.13)

Here, S(s) A) stands for the shift of the arqgument A: if A € B(Ag) then
S(s)A = UR0(s) AU (—s) € B(S(s)Ag). (1.2.14)

1.3. Integral Kernels of Gibbs Operators and RDMs

According to the adopted realization of the Fock space H(A) as Ly(Ca(A)), its elements are
represented by functions ¢, : x(A) € Ca(A) — pa(x(A)) € C, with

/C N oA (x(A))[2 dx(A) < oo, (13.1)
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The space H(Ag) is described in a similar manner: here, we will use a short-hand notation xy and y,
instead of x(Ag), y(Ag) € Ca(Ag).

The first step in the proof of Theorems 1 and 2 is to reduce their assertions to statements about the
integral kernels FRo A FA AJX(AS) and F0 for the RDMs RAO RA(|’ (A9) and their infinite-volume counterpart

R%0; we call these kernels RDMKs for short. Indeed, RAO R and R0 are integral operators:

Alx(AC)
(RA¢a ) (x0) = /C " F° (x0, ¥0)9 (yo)dyo, (132)
(RQ(I)X(AW(PA) (x0) = /CH(A) F//\\\(;((AC)(XO'YO)QDA(YO)dYO (1.3.3)
and
(RA°4>A) (x0) = /C ) F(x0, y0)$a (yo)dyo- (1.3.4)

The RDMKs F1° (xo, yo) and Fpf, e

representation providing a basis for future analysis. Here, we state properties of these kernels in

) (x0,¥0) —and ultimately F0(xp, yg)—admit a Feynman-Kac (FK)
Theorems 4 and 5:

Theorem 4. Under the conditions of Theorem 1, for any cube Ag and for any choice of particle configurations
x(A®) € Ch(A°), the family of RDMKs F//\\|Ox( AC)(xo,yO) is compact in the space of continuous functions
C% (Ca(Ao) X Ca(Ng)). Any limit-point function

(Xo, yO) S Ca(/\o) X Cﬂ(/\o) — FAO (Xo, yO) (135)

determines a positive-definite operator R™0 in H (M) of trace 1 (a limit-point RDM). Furthermore, let A1 C Ag
be a pair of squares and F1, F20 a pair of limit-point RDMKSs such that

M = lim F and FA = lim F

k=-too” AK) T koo AR)IX(AK)) (1.3.6)

in C°(Cq(Ag) x Ca(Ag)) for a sequence of squares A(k) ,* R?, boundary conditions on 9°"*A(k)* and
external configurations x (A(k)<). Then the corresponding limit-point RDMs R™ and R0 obey (1.2.7).

Theorem 4 implies Theorem 1 with the help of Lemma 1.5 from [23] (going back to Lemma 1
in [24]). In turn, Theorem 2 is a direct corollary of

Theorem 5. Set d = 2 and assume the conditions of Theorem 2. Given a square Ag and a vector s = (s!,s?),
consider limit-point RDMKs F0 and FS(8)%0 such that

FS(5)M — lim F S(s) Ao and FA = lim FAO

k=400 AKX ( (k)e) kostee T AMR)X(A(K)) (1.3.7)

for a sequence of squares A(k) /* R?, boundary conditions on 9°* A (k)* and external configurations x(A(k)°).
Then, ¥ xo, yo € Ca(/Ag) and s = (s!,s?) € R?,

FSOM (5(5)x0,8(5)y0) = F™(x0, Y0)- (138)

Therefore, we focus on the proof of Theorems 4 and 5. In fact, we will establish the properties for
more general objects—FK-DLR functionals.
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2. The FK Representation and the FK-DLR Equation

2.1. The Background of the FK-Representation

We begin with Definitions 1-3 used in Lemma 1 below.

Deﬁnition 1 (Path spaces). As above, x,y stand for points in R?, x = 2! = {x(1),...,x(n)} and y =
= {y(1),...,y(n)} for points in A". Next, v = <y, denotes a permutation of the nth order, vy =
{y( (1)), ...,y(y(n))} stands for the vector with permuted entries and x(A) for a point in C(A) (i.e., a finite
subset of A). Furthermore, we will use the following system of notation:
i) w (x, y)—the space of continuous paths @ = wxy : [0,kB] — RY of time-length kB (the parameter
k is called the time-length multiplicity), with @(0) = x, W(kp) =y, wherek = 1,2, .. ..

(i) W (x,y) = U Wkﬁ(x,y) — the space of continuous paths @* = @, : [0, ] — R of a variable

Xy
time-length kB, with w ( ) =x, w*(kB) = y. In the future, we set: k(**) =k when w* € Wkﬁ(x,y).
(iii) W*(x) =W (x, )—the space of loops (closed paths) w* = w} with w*(0) = w*(B) = x.
(iv) W*(g’f,zl) = x W (x(j),y(j)) — the space of (ordered) path collections QO =

1<j<n
[@ (1), @ (n)} where @ (j) € W (x(i), y(i); for £ = {x(1),...,x(m)}, v = {y(1),...,y(m)},
n=12,....
(v) w*(ﬂ,ﬂ) = yW*(ggl,vny’f)—the space of path collections Q* = {@w*(1),...,@*(n)}

with permuted endpoints (that is, with loops @*(j) € W' (x(j),y(7nj)), 1 < j < n), where My =

{y(ynl),...,y(yun)} and vy, is a permutation of order n. Alternatively, W*(x,y) = fnyH W (x, vx)
Xy

where x,y € Co(R) with ix = fy and v : x > y means <y is a one-to-one map between x and y. Hence,
QF € W*¥(x,y) is a path collection {&*(x,y) : x € X,y = yx € y} where y : x <> y.
(vi) W*(x) = x W*(x) — the space of loop collections OV*(x) = {w™*(x),x € x} (QO* for short) with a
Xex

given (finite) initial/end-point particle configuration x € Cq(R%), where w(x) € W*(x).
(vii) W*(A) = CU(A) W*(x) — the space of loop collections O* = Q*(A) = {w*(x), x € x}
xely

with various initial/end-point configurations x = x(A) € C,(A). Sometimes it will be helpful to stress that
an element QO € W*(A) is a pair [x(A), Q*(x(A))], where O (x(A)) € W*(x(A)), and treat a loop
w*(x) € Wy (or rather its shift S(—x)w*(x) € W*(0)) as a ‘mark’ for point x € x(A). (Here and below,
the loop S(s)w* is defined by (S(s)w*) (t) = w*(t) +s,5 € RY, t € [0, Bk(w*)].) Such a view is useful when
we work with probability measures (PMs) on W*(A): in the probabilistic terminology these PMs represent
d-dimensional random marked point processes (RMPPs) in A with marks from W*(0), the space of loops
starting and finishing at 0.

An element ﬁ* from W™ (x, y) is called a path collection/configuration, with the initial/terminal particle
configurations x, y. (For simplicity, we write x and y instead of xi and y7.) The same term is used for
Q" e W (x,y). szewzse an element O € W*(A) is called a loop conﬁgumtzon over A\; if O* € W*( (AN)),
we say that x(A) is the initial particle configuration for Q. The time-length multiplicity of a path w* € Wy
is denoted by k(w™). The next series of definitions is introduced for a fixed t € [0, B]. Namely, given a path
w* e Wx,y, we call the set

{@*(Ip+t), 1=0,... k(@) -1} C R?
the t-section of @* and denote it by {@* } (t). Next, given a path collection Q" = {w*(1),...,w*(n)} € Wx v
the t-section for QO is defined as the union

@)= U @ ()

1<j<n
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where {@* (j)}(t) = {@*(j,1(j)B+t), 0 < 1(j) < k(@*(j))} is the t-section for path @(j) € QO (thus,
{Q"Y(¢) again is a subset of R). Likewise, given a loop configuration OF = {w*(x),x € x(A)} €
WH*(x(A)), the set
* _ d
()0 =, U (@' ®}e) R
is called the t-section of O (t). Here, {w*(x)}(t) = {w*(x, I8+ t), 0 < I < k(w*(x)), x € x(A)} C R?
is the t-section of loop w*(x).
Similar definitions and terms will be used for a square Ay C A or the set-theoretical difference A\ Ag.
All path/loop spaces Wkﬁ(x,y), W (x,y), W*(x), W’ (xy), W (xy), Wixy) W (x), WH(A)

from (i)—(vii) contain subsets Wfﬁ(x,y), W, (x,y), Wi(x), W, (0 y), Wi(xy), Wi(xy), W;(x) and
Wi (A) extracted by the condition that ¥ £ € [0, B] no two distinct points in the t-section lie at a Euclidean
distance < a. In other words, all sections {@* }(t), {QY" }(t) {QV*}(t) are (finite) particle configurations lying
in Cy(R%).

Definition 2 (Path measures). The spaces introduced in Definition 1 are equipped with standard
sigma-algebras (generated by cylinder subsets and operations on them), see [25]. We consider various measures
on these sigma-algebras:

(i) Pk/;—the (non-normalized) measure on W kP (x,y) (the Wiener bridge of time-length kp),
g Tk k
with ng (W ﬁ(x,y)) = (27tkB) =%/ 2 exp {— |x —y|?/(2kB) }
(ii) @;y—the sum-measure Y @f@ on W’ (x,y).
k>1

(iii) P} = @; —the sum-measure ) @,’:ﬁ on W*(x).
k>1

(iv) IF’; y = X P, x(j),y(j)—the product-measure on W' (x, y) (a vector Wiener bridge) under which
= 1<j<n

the components @* (j) € W™ (x(j),y(j)) are independent.

(v) Py, = Z@i oy And Pry = WXZ:Hy@i x—the sum-measures on W*(x,y) and W*(x,y).

Here P, X IF’() =X IP y Where y = yx.

Xy 1<j<n W (rnj X7y —
(vi) P = x Pi—the product-measure on W*(x).
(vii) dQ*(f; = dx(A) x IP’)’;( A) (dQY*)—the measure on W*(A) where dx(A) is the Lebesgue—Poisson
measure on C(A) (cf. (1.3.2)). We will use the name Lebesgue—Poisson—Wiener measure (LPWM). Sometimes
we will write d*x(A) and d*Q*(A) in order to stress the dependence upon A.

)andIF’

As a rule, we will be working with restrictions of the above measures upon the corresponding
subsets Wi’ (x, y), Wi (x,y), Wi (x), Wi (x, ), Wi (x,y), W3 (x y), Wi (x), and Wi (A).

The Brownian (or Wiener) bridge on the time interval kB with the endpoints at 0 is usually
defined as a process of the form W(t) = W(t) — éW(kﬁ), 0 < t < kB, where W(t) is a standard
Brownian motion; cf., e.g., [26,27]. It is a (non-homogeneous) Markov process, with a strong Markov
property that V Markov stopping time 7, the behavior of the process before time 7 A k8 and after are
conditionally independent, given W (7 A kB). The Brownian bridge with the initial points at x and the
final point at y is constructed as W(t) + x + t(y — x).

Definition 3 (Energy-related functionals). Given a path @* € W, (x,y), we set:

B B
h(w*) = Ofdt o<z<zék(f*)v(|w*(t +I1B) —w* (t +1I'B)|) = Ofth({w*}(t)) (2.1.1)
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where, for a given finite particle configuration z € C,(RY), we set:

E(z)=% ) V(z—2|). (2.1.2)

(z,2/)€zX2

The quantity h(w) can be interpreted as an energy of path .
The energy of interaction between two paths, @* € W, (x,y) and @*' € W, (x',y'), is determined by

h(w*, @) =

dt Y Y V(l@rt+1p)—wr(t+1'B)|)

0<I<k(@*) o<l <k(@*') (2.1.3)

deE({@"} (1) |[{@"} (t).

O —m @ —w

Here, for a given pair of particle configurations z,z' € Co(R%), such that zUz' € C,(R%), zNz' = @ and at
least one of them is finite, we set:
E(zllz)= )  V(z-2]). (2.1.4)
(z,2/)ezxz’
The Definitions 1 and 3 hold for loops as well, obviously.
Next, for a path collection QF = {w*(1),...,@*(n)} € W, (x,y) and a loop configuration " =

{w*(x)} € Wi(x(A)), the energy h(Q*) of QF and the energy h(QY*) of Q* are defined as

hQ) = ), n@()+ Y} h@ (@ () (2.15)
1<j<n 1<j<j'<n
and ,
MO = ¥ k@ @)+y Y k@ (),@ (). (2.1.6)
xex(A) x,x'ex(A): x#£x!

We will also need the energy for various combined collections of paths, loops and particle configurations. Viz.,
for Q" = {w*(1),...,w"(n)} € Wy(x,y) where x,y € A" and O = {w*(x)} € W, (A),

B(Q" V) = h(Q") +h(Q") + H(Q7]|0) (217)
where 5
h(Q*1Q%) :12 h(@™(7)[1€27) :/0 dtE(Q"(¢)[|Q7(¢)). (21.8)
<j<n
Finally, for x(A°) € Ca(A°),
h(Q* VO x(A®)) = h(Q" VOF) + h(Q" V QF||x(A®)) (2.1.9)
where 5
MQ VO [Ix(A9) = [T E{QT}H (1) U7} o) Ix(A9))de. (2.1.10)

Finally, we introduce functionals K, L and a p, for path and loop configurations:

KQ") = ) k@*), KQ)= ) kw"), (2.1.11)
wre* wreO*
and
L") = J] k(w*). (2.1.12)

w*reO)*
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Here and below,
k(w*) = k when w* € WX(x, x), k(@") = k when @* € W' (x,y). (2.1.13)

The presence of Dirichlet’s boundary conditions is manifested in the indicators

[T aa@), aa(Q*)= J] aa(w®), (2.1.14)
@ e’ wr e
where
ap (@) = 1(@*(1:) EAVEE [O,k(w*)ﬁ]). (2.1.15)

2.2. The FK-Representation in a Box

As follows from well-known results about the operators Hy, o and H, 5|x(ac) (see, e.g., [1,20,21]),
we have the following properties listed in Lemmas 1 and 2.

Lemma 1. For an external particle configuration x(A°) defining the self-adjoint operators H, a|x(ac),
the partition function E[A|x(A°)] (see (1.1.21)) admits the following representation:

- c % 2K * c A+
E[Ax(A)] :w;f(A) A (OR) Ty o [—h(Qalx(a%))] araj. (22.1)

Moreover, for the corresponding RDMK F//\\‘Ox( A9) (see (1.3.3), (1.3.4)) we have that for xo,yo € Ca(/Ag)
with ﬁ Xp = ﬁ Yo

Fiiae) 00r30) / 1 (Q5)n (Q5)Z WG, 1c) (Q5)P, y, (4%). (22.2)
W3 (x0,¥0)
Here
540,00 A\A | c
* =~ 0 X(A ) % %
El\//:TX(AC)(QO) =4 E[[A|X(AC)] ] ’ QO € wa(XO/y0)~ (223)

Next, the partition function Z[A|x(A®)] is defined as in (2.2.1) whereas

BN ANAXA)] = [ 1(Qia, € Wi (AN A0 XN (O 4 )30 (Qi,)
) (2.2.4)
N [h(B ) 0,

Functionals K and L are as in (2.1.11) and (2.1.12). Next, x 0 (Q} V QR\A ) stands for the indicator requiring
that no path w* or loop w* from the whole collection enters the square Ag at ‘control’ time points 1p with
1 <1 < k, where k equals k(™) or k(w™).

Namely, for a path configuration Oy = {@*(1),...,@*(n)} € W, (xo,yo) wherex = {x(1),...,x(n)},
y={y(1),...,y(n)} € C(Ao) and a loop configuration Qj\ay =

{w*(x),x € xp\p, } Where xp\ 5, € C(A),

XN(Q5V OR ) = (w*(j,lﬁ) ERINAYI=1,.. k@ ()-1,1<j< n)

Xl( “(x,1B) e RI\AgV1=1,... k(w*(x)) —1,x € x(A))‘ (22.5)

Note that when k(w*(j)) = 1 or k(w*(x)) = 1, the above indicator yields no restriction.
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Mnemonically, the notation £ means the application of an indicator function ¢ in the

corresponding integral, together with presence of a specific path configuration Q) in the energy
functional (QS‘ Vv OF ‘x(AC)). Pictorially, the quantity Z/0 % [A\ Ag|x(A®)] in (2.2.3) represents a
restricted partition function in A \ A in presence of a path configuration Q3 and in the potential field
generated by an external particle configuration x(A€), with the restriction dictated by x0. We would
like to note that ZA0% [A\ Ag|x(AC)] is only one out of several types of partition functions that we
will have to deal with in our analysis.

The aftermath of Lemma 1 is the emergence of a probability measure (PM), ji 5 x(ac), on the loop
configuration space W) (A) (i.e., an RMPP in A with marks from the loop space W} (0)). More precisely,
HAlx(ac) is @ PM on the standard (Borel) sigma-algebra 20*(A) of subsets of W*(A) supported
by Wi (A).

Definition 4. The PM pijx(ac) is given by the probability density function (PDF) fa|xae)(QF), QF €
Wi(N), where

P9 @) -y 2O OP {39 (226)
o TAYL(an) E[AXAY)] 7

Fax(ae) (@) =

with partition function Z[A|x(A®)] as in (1.1.21) and (2.2.1). Furthermore, consider the restriction yﬁ?x( r) of
M x(Ac) to the sigma-algebra 20 (Ag) (more precisely, an induced PM on (W*(Ag), 2% (Ag))). Here 207 (/o)
is treated as a sigma-subalgebra of 2% (), through the map W*(A) — W*(Ao):

O = {wy, x € x(A) C A} = Q) = {w]: x € x(A)NAg}.

VA\X(A o) (d€2)

Then, yA ) s defined by the PDF f (Q*) : FTNToY

of the form

£280 0 () = 15 € W (Ag)

KO BR N AN Ax(AS)] (2.2.7)
L0 g[akag] 0 0

X ap ()

Here, the numerator EQU’QE; [A\ Ao|x(A%)] is given by

K(Q\aq)

Qf c * * :
RPN A = [ 2(OF00 € WEANA0)Jta (O n,) (228)
WalA) -

X exp [fh(QO\/Qj\\A ’x )} dAQA\AO

Pictorially, the quantity Eﬁo'ﬂé [A\ Ag|x(A®)] in (2.2.8) represents a partition function in A\ Ag in the
external field generated by the particle configuration x(A€), in presence of a loop configuration ) over A,
and with Dirichlet boundary condition in box A.

The next assertion, Lemma 2, describes compatibility properties of PMs i 5 ac) relative to the
choice of an intermediate cube A’ where Ag C A’ C A. This property will allow us to use the same
formalism in Section 2.3 when box A is replaced with the whole space R?. The proof of Lemma 2 is a
standard (although tedious) manipulation with the Gibbsian form of PM pi 4 |(c) and is omitted.
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Lemma 2. The PM ppx(ac) satisfies the following property: ¥ Ao C A and Qf € W*(Ao), the PDF
f AlX(A) (Q)) introduced in (2.2.7) has the form

Ao * * * * ZK(QS) Ao *
fA|x(AC) (QO) = 1(00 ew, (AO))OCA(Q()) ﬁth(AC) (QO) (229)

Here, for all Ag C A" C A, the functional qﬁ?x( A% (Q)) admits the representation

Tadne) () = f( o 1Oy WA A))an(Q )
" (2.2.10)
AO % |:A/ \ Ao, T\\A/ V X<AC>} dy/\\x(/\c) (QT\\A/)

Furthermore, for a given ()
Ao

an € Wi(A\ AN), the conditional partition function

0 [A’ \ Ao, O A\ A \/x(AC)} is defined in a manner similar to quantity E800 [A\ Ag|x(A°)]
in (2.2.8).

=0 o _ ' * ZK(QZMO)
0 {AI\AO, A\A/\/X(AC)} _W;(,'\/\AO) A (QA/\AO) (QX/\A> (22.11)

x exp [=h( 05V Oz [Ohia VX(A)) | 42050,

For the RDMK F Al(AC )(xo, yo) we have an integral formula (2.2.2) where the functional ﬁﬁ(l’x(m) (Qg) is
specified in (2.2.3), (2.2.4). Moreover, the following representation holds: ¥V Ag C A" C A, xg,y0 € Ca(Ao)
with §xg = fyo and QF € W (xo,yo),

Talae) (Q0) = / 1(Q 0 € Wi (AN AN (Oha) aa (Qhiar)
Wi (A) (2.2.12)

=70, * A
beO ’ [A, \ A0| QA\A’ v X(AC)} dyAlx(Ac)(QA\A/) .

Here, in analogy with (2.2.11), for a given (0}, ,, € WE(A\N),

B0 {A’ \ Ao| QO ar vV X(AS )} = / X (QZ/\AO) LN (QX\AU)
(o) Wi (A"\Ag) 221
k(ar, 2.
X z (QAA:OO) exp [ (0 V oy [k ar VX(A) )| 4RO,

Remark 1. The presence of term exp [—h (QS V Qj‘\,\AO \QR\A, v x(AC))} in (2.2.11) and
exp [—h (QS VO, |Qj\\A, v x(AC))} in (2.2.14) implies the presence of the related indicators 1 (QS Y

Vpnag ¥ Qi € Wi () and 1((Q5, U, o,V Oy 4r) € Wa (A0, A\ Ao) ).
In particular, for Ag = A, Equations (2.2.10) and (2.2.12) take the form:

A * * * *

X exp [_ (Q*|QA\A Vx(A ))]dm (A9) (Qpa,)
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and
Tadeae) () = / 1 (QR\AO € Wi (AN /\0)) X (Qj\\AO) o (Qj\\Ao)
Wi (A) (2.2.15)
X exp [—h (go Qi Vv x(AC))} ditap(ac) Qo a,) -

On the other hand, when A" = A, Equation (2.2.12) coincides with Equation (2.2.4).

We would like to stress here that the integral [ du Alx(AS) (Qj\\ A7) in (2.2.10) and (2.2.12) is taken
in the variable O, ,, considered as an element of space W; (A). Likewise, [ dppjx(ac) (QR\ A) N
(2.2.14) and (2.2.15) is taken in Qj\\ Ao also considered as an element of space W} (A). This explains
the absence in (2.2.10), (2.2.12), (2.2.14) and (2.2.15) of the denominator Z[A|x(A€)] figuring in (2.2.4),

(2.2.6) and (2.2.7). On the other hand, integration f dAQj\/\ Ao in (2.2.11) and (2.2.13) is in variable
QZ,\AO e Wi(A'\ Ay).

Equations (2.2.9)-(2.2.13) are called the FK-DLR equations in volume A.

An important property is given in Lemma 3 establishing uniform estimates for quantities
ﬁﬁ(‘)x(/\c) (Qp) (cf. Equations (2.2.3) and (2.2.12)) and qﬁ(\)x(AC) (Q)) (see Equations (2.2.10) and (2.2.14)).
Recall that W™ has been specified in (1.1.3a).

Lemma 3. The following bounds are satisfied:

(a) for a path collection Qf = (w*(1),..., 0" (ng)) € Wi (xo,yo) with  xo = £ yo = no,

~A * 1 * *
Talxae) (20) = E[AX(A)] s TR A S AYWIIN (S
Wa (A\AO)
LKOag) MOV IX(AS) (2.2.16)
X e 0 A G0N < exp [BK(Q5)W |
L(QR\AO) A\Ay = EXP [.3 (Qo) }
(b) for a loop configuration OO € W;(Ag),
A * 1 * *
Ttxa) ) = Ziapan] e A Ohiag2a@ha,)
K ) Wi R\o) (2.2.17)
z M pvay , X(A%) | s R -
X e \Ao dQ < exp |BK(Qp)W™|.
L(QR\AO) A\Ay = EXP [ﬁ () }

Proof. Both inequalities (2.2.16) and (2.2.17) are demonstrated by using similar arguments. Thus,

we focus on one of them, say (2.2.16), and analyse Equations (2.1.1)-(2.1.11). Observe that the

integral for h(Q* V Q*|x(A°)) in (2.1.8)—(2.1.10) comprises contributions k(w*(j)), h(w*(j),@*(j')),

h(aw*(j)||Q*) and h(@w*(j)||x(A)) from paths @*(j), @*(j') (cf. (2.1.1), (2.1.3), (2.1.7) and (2.1.10)).
B

In terms of integrals [ dt, we have to lower-bound the classical energy of interaction between a single
0
particle and a particle configuration (possibly infinite) in R?. According to the definition of the value

W™, we obtain that V Qj\\Ao € WE(A\ No),

eih(QSVQj\\AO‘X(AC)) S e‘BK(QS)W_ X eih(ﬂj\\Ao‘x(Ac)) X (2218)
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EA[A\ Ag|x(A9)]

- A, % F\TAT—
This yields that 7 A(|)x( A%) (Qf) < eBK(Q5)W = [A|X(AC)] where
K(Q )
5 z 07 —h(Q} 5 IX(A)) § ~x
EA [A\A0|X(ACH — f XAo(Q* )DéA(Q* )Te A4 40 '
W (A\A) A\Ag A\Ag L(QA\AO) A\Ag

Since Ex [A\ Ag|x(A°)] < E[A|x(A)], inequality (2.2.16) follows. [

2.3. The Infinite-Volume FK-DLR Equations and RDMKs

The infinite-volume versions of the RDMK arise when we mimic properties listed in Lemmas 1
and 2 by getting rid of the reference to the enveloping box A (including the external particle
configuration x(A€) and the functional w4 indicating Dirichlet’s boundary condition). The first place to
do so is the PM pi |x(ac); to this end we need to consider its infinite-volume analog jips representing an

RMPP in the whole space R?. Formally, jpa yields a PM on the sigma-algebra 2J* (]Rd) of subsets in
wr (Rd>. The space W* (Rd) is formed by pairs [X(Rd), QF (x(]Rd))] where x(R¥) is a locally finite
set in the plane, and O*(x(R?)) (in brief, 0}, or simply Q) is a collection {w*(x), x € x(R?)} of
loops w*(x) € W;. Alternatively, Q*(x(R%)) € xe:{((/\)W,f . Next, 27* (Rd) is the sigma-algebra of

subsets in WW* (Rd ) generated by the cylinder events.

To simplify technical aspects of the presentation, we will omit the reference to the initial
configuration x(RY) and write Qs € W*(RY) or Q* € W*(R?) (given a loop configuration Q*,
the initial particle configuration is uniquely determined and is denoted by x(Q*)).

Furthermore, we will use the notation W*(A€) for the subset in W*(R9) formed by loop
configurations Q. with x(Q) € C,(A). (We call such O} a loop configuration over A€.)

Definition 5. We say that a PM y = ppa on (W* (Rd) , 0% (Rd)> satisfies the (infinite-volume) FK-DLR

Ao (dOy*
equations if the restriction u of u to W* (Ag) is given by the PDF f0(Q)%) = ‘udA(()iQ*O) of the form
0
A zK(®%)
F05) =105 € Wi (80)) 5 170(05), 05 € W (Ao). (23.1)
L)

Here, the functional g0 (O admits the following representation: ¥ pair of cubes Ag C A C R4,
q 0 g rep p
7(05) = [ 0 (D € Wi (A9 B9 (AN Ag]0}c) (D) (232)

Observe similarities with Equation (2.2.9). At the same time, note the absence the indicator a5 in the RHS of
(2.3.2). Here, for a given (infinite) loop configuration Qe € Wi (AS), the expression 2% (A\ Ag| Q)
yields a partition function in A\ Ao, in the external field generated by ¥\ and in presence of a loop configuration
Qf € Wi (Ao) (but without a boundary conditions):

K(Qf )
~— * * z 0 * * * *
2% (A Aoli) = [ T M08V O, v Qi € Wi (RY)
s () A\Ag (2.3.3)

xexp [ (Q5V O | Qe )| dOR -

Comparing to Equation (2.2.11), we see a difference: the integral fW;( A\Ao) de\\ Ay (2.3.3) provides a
simplification. In turn, h (QS V Qj‘\\ Ao ]Qj‘\c) represents the energy of the concatenated loop configuration
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QF vV Q% . over A, in the external potential generated by the loop configuration Q. over AC. Formally,

A\Ag
h (Q VOR A |QAC) is defined, for Q5 V O,V Qe € Wy (RY), as the limit:
h (Q* VLA ’QAC) = h/m h [Q* V% A |QA\A] (2.3.4)

Here, A stands for the cube [—L, L)% of side-length 2L centered at the origin in RY, and Oz AA denotes the

restriction of Qe to A\ A. The limit my spq in (2.3.4) means that L — co. The Equations (2.3.1)~(2.3.4)
are referred to as infinite-volume FK-DLR equations.

For short, a measure y = pipa satisfying (2.3.1)~(2.3.4) is called an FK-DLR probability measure (FK-DLR
PM). The class of FK-DLR PMs (for a given pair of values z € (0,1), p € (0, +00)) is denoted by R(z, B), or,
briefly, 8. It is straightforward that any PM p € R is supported by the set Wi (R?): u(W;(R?)) = 1.

Definition 6. Let yu € R(z, B) be an FK-DLR PM. In this definition we associate with y a family of integral

kernels F(xq,yo) where xo,yo € C(Ag) and Ag = x [b/ — Lo, o + Lo] C R is an arbitrary cube.
1<j<d

Namely, when § xo = 1§ yo, we set, similarly to (2.2.2):
Fhoxo yo) = [ ZKO5)xo ()7 ()Y, , (95). (235)
W3 (xo0,y0) ’

In turn, the quantity g0 (Qg) admits the following integral representation involving PM p: ¥ cube A C RY
containing Ao,
T = [ 1 (00 € WERINAY) XN (050 )
Wi (RY) (2.3.6)
« BA00G [A/ \ A0|0Rd\A,} (O ).

In particular, for A = Ao:

a0 @) = [ 1(Qn, € W5 R Ao>) ()
Wi (RY) (2.3.7)

Again note similarities and differences with (2.2.13) and (2.2. 16) For instance, the partition function

FAo 0 [A’ \ AO|Q]R'7’\A’} in (2.3.6) has the form analogous to HAO A (A’ \ A0|QA\A, V x(A )) in (2.2.14):

K(Qj\,\/\ )
Eho {A \A0|0Rd\A’} :W*( [{\ Ad) (QZ/\Ao) Z(A\AO> (2.3.8)

xexp [ ~h (95 V Qg |00 o) | 40,

The indicators x0(Qg), x™ (ﬁid\ ) and xo(Q

A\ A ) in (2.3.5)—(2.3.8) are defined similarly to (2.2.5).
Finally, similarly to (2.3.4),

When £ xo # t yo, we set: F0(xq,yo) = 0.

It is instructive to re-write the definitions (2.3.4) and (2.3.9) in line with (2.1.2), (2.1.4), (2.1.8)
and (2.1.10), expressing the functionals h (Q’é \% Qj‘\\ Ao ’Qj\c) and h (QO vV, A\Ag |0 Ac) in terms
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of energies of particle configurations Qj(t) Vv Qj‘\\ Ao (t), Q5(t) vV Qj\\ Ao (t) and Q}c(t) forming
t-sections of the corresponding loop and path collections, where 0 < t < . Namely,

(05 VO, 05) = [ " [05(5) v O3 0, (8) Qe ()] it (2:3.10)
where
E[05(2) v 03, (0)0: () 2o
= E [05(6) VO, (8)] + E [Q5(2) v QR 5, (0)] [0 (4)] -~
and
E[05(5) v O 0, (8)] Qe (0)] 2312)

= E[Q5(6) VO3 (8)] + E [Q5(5) VO o, (9)]1Q5:(8)] -

In turn, finite particle configurations O (t), Qg (t) and O

A\Ag (t) and an infinite particle configuration

O\ (t) are given by
Op(t) = U U ){w*(lﬁﬂ)}, Q(e) = _U U ){w*(lﬁw;)},

w*ey 0<I<k(w* w*eQ) 0<I<k(w*

p = U U *(1
Mo (t) W e a0 O§l<k(w*){w (1p+2)}

and
N = U S (080
= {w*(lﬁ-l—t) rwr e}, 0<I< k(w*)}.
Owing to the FK-DLR property of p, the RHS in (2.3.6) does not depend on the choice of cube
A D Ag. Moreover, the kernels F/0 satisfy the compatibility property: V pair of cubes A; C Ay,

M (xyVz,y; Vz)dz = FM(x1,v1), x1,y1 € C(Ap). 2.3.13
/C(AO\Al) (x1Vzy1Vz)dz (x1,¥1), x1,¥1 (Ao) ( )

In particular,
F?(z,z)dz = 1. 2.3.14
/C(Ag) ( ) ( )

Definition 7. Let u € (z,B) be FK-DLR and {F0} be the family of kernels associated with u by
Equations (2.3.4)—(2.3.8). Given a cube A, introduce a trace-class operator R0 acting on ¢, € H(Ao):

RM g, (x0) = /C(AO) F(x0,¥0)Pa, (yo)dyo, Xo € C(Ag). (2.3.15)

Then, according to (2.3.13)—(2.3.14), for A1 C Ay,
tryag\a R = RN, trgya ) R™ = 1. (2.3.16)

The family of operators R0 defines a linear normalized functional on the quasilocal C*-algebra B(R%) such
that for A € B(A)
P(A) = try(ay) (AR™). (2.3.17)

We call the functional A € B(R?) + ¢(A) an FK-DLR functional generated by u; to stress this fact, we
sometimes use the notation ¢y, If in addition ¢ is a state (that is, the operators R0 are positive-definite), then
we say that ¢ is an FK-DLR state. In this case, we call the operator R an infinite-volume FK-DLR RDM.
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The class of FK-DLR functionals is denoted by § = §(z, B) and its subset consisting of the FK-DLR states by
T+ =35+(zB)

Before we move further, we would like to introduce a property conventionally called a ‘Ruelle
superstability bound’. It is closely related to the so-called Campbell formula assessing integrals of
summatory functions &g : Q* € Wi (RY) — ¥ g(Q*):

acQ’

Y (O u(dO*) = M(Q")g(Q*)dO*. 2.3.18
/w;(Rd) g ()l ) /w;ff(uzd) (@7)g() ( )

Equation (2.3.18) is considered for a given RMPP v (i.e., for a PM v on loop configuration space
(W*(R?),20%(R%))) and all test-functions O € W, (R?) — ¢(Q*) > 0; it determines a moment
function O* € WiH(R?) — M(Q*) > 0 of v. Here W;"{(R?) stands for the subset of W (R)
formed by finite loop configurations over RY; alternatively W;"(R?) is the union Y W;(A) of loop

configuration spaces W; (A) over all cubes A = [~L,L]¢. The Ruelle superstability bound with a
constant p (see (1.1.14)) has the form
pK(Q*)
) < 3.
M) < T (2.3.19)
and will follow from the representation
M) = 2 H(QF|Q*)] p(dO* 2.3.20
() = Ty s ey &P [~ 1109 (d02) (23.20)

and assumption (1.1.14); see below.

2.4. Results on Infinite-Volume FK-DLR PMs and Gibbs States

Our results about classes £, § and §+ are summarized in the following theorems.
Theorem 6. The class 8 of FK-DLR PMs is non-empty. Moreover, the family of FK-DLR PMs y  is compact
in the weak topology, and every limiting point y for this family lies in K. Furthermore, the family of the Gibbs
states @ is compact in the w*-topology, and every limiting point for this family gives an element from F .

The same is true for any family of the PMSs pi 5|y (ac) and states @ x| ae) with configurations x(A€) € Ca(A°).
Consequently, the set §(z, B) is non-empty.

Theorem 7. Setd = 2. Let y be a PM from R(z, B). Then the corresponding FK-DLR functional ¢, € §(z,B)
is shift-invariant: ¥ square Ao C R?, vector s € R? and operator A € B(Ao),

g (0" (5) AUN (—5)) = gy (A). (24.1)
In terms of the corresponding infinite-volume RDMs R:
RM = yho(—s)RMoyo(s). (2.4.2)

Remark 2. The statement of Theorem 7 is straightforward for the limit points R™0 of the family {RIXO, A
R?}, but requires a proof for the family {Rﬁ“xC (N) }.

3. Proof of Theorems 1 and 6: A Compactness Argument

Let us fix a cube Ay of sidelength 2L centered at b = (b!,...,b%): Ag = x [b/ — Lo, b/ + Ly].
1<j<d
The first step in the proof is to verify that, as Ay C A and A  R¥, the RDMKSs Fl/\\|0x( AC)(xo,yo)

(see (2.2.2)~(2.2.4), (2.2.12)~(2.2.14) and (2.2.16)) form a compact family in C®(C,(Ag) x Ca(Ag)). (Recall,
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we have to work with pairs (xo, yo) where cardinalities of xo and y( coincide: § xo = £ yo.) Note that
Cartesian product C,(Ay), the range of variables xp and yy, is compact, as § xg and § y( are bounded,
viz. §xo, 8 yo < vg where vy = vg(Ay) is given by the upper integer part:

[2L0 vy /at ]

As in [23,28,29], we employ the Ascoli-Arzela theorem, i.e., verify that the functions Fz[\x|0x (A%) (x0,y0)
are uniformly bounded and equicontinuous.
Checking uniform boundedness is easy: from (2.2.2) and (2.2.17) one can see that, for § xo = f yo = n,

k

A —n = . P
PA|OX(AC) (XO, yo) < Y4 where o= k>21 W (31)

and p = zePW" . It yields uniform boundedness in view of (1.1.14).
The argument for equ1 continuity of RDMKSs is based on uniform bounds upon the gradients
ViF, ‘ (Ac )(xo,yo) and V, A|x(AC)(xO’ ¥0), for X € Xo, Y € yo. Both cases are treated in a similar fashion;

for definiteness, we consider gradients V,F A‘x( AS) (x0,¥0), X0, Y0 € Ca(Ap).-
It can be seen from representations (2.2.2)—(2.2.4) and (2.2.16) that there are two contributions into
the gradient. The first contribution comes from varying the measure P . . The second one emerges

from varying the functional qAﬁ("x( A9 (Qg5), more precisely, the numerator @ﬁogg [A\ Ag|x(A%)] in
(2.2.3). In fact, it is clear that the second contribution will come out only when we vary the term
exp {—h( v Ao |x(A )} in (2.2.4). Of course, we are interested in varying a chosen point
Y €Yo

Suppose that the particle configurations are xg = (x(1),...,x(n)) and yo = (y(1),...,y(n))
and the path configuration Q) = (w*(1),...,w"(n)). For definiteness, assume that the involved
permutation 7, is identity and hence @*(j) € W,(x(j),y(j)), 1 < j < n. To stress this

fact, we will use the notation ) instead of Q and W, (xg,yo) — W, (x(j),y(j)) and
1<j<n
@XO Yo (dOy) = x P, +(j)y(j) (dw™ (7)) in place of W, (x0,¥0) and %,y (d€25), respectively. For xo =

1<j<n

yo, we obtain W (xg,x0) = x Wi (x(j)) and ]P’X0 Yo (dOy) = x P ;) (dw*(j)), and ) becomes
1<j<n 1<j<n ¥V
a configuration of loops w*(j) € W, (x(j)). Effectively, we have to analyze the gradient V, ;) of the
following expression:
_ -k * c —
Sy & ({0010 8, V(A B, (d00)
" Wi S F [~1(0%+Z' 100, VX(19) (32)
x TT exp { = 12() = y()P/ k(@ ())B] }Pyx, (d05):
1<i<n
Here, Z" is a collection of linear paths: Z* = (£ (1),...,{ (n)) where
y t
¢ (i):t e [0k(w"(i = e (i) —x(i)), 1<i<n
() v € [0,k (D8] = g ¥ = x(0)
The first aforementioned gradient contribution emerges when we differentiate
the term exp{ — |x() — y()I*/[2k(w*(j))B] }, the second while doing

exp | —h (w*G)+T (N(Qg+Z )i VO Vx(AS))|. Here, (Qp + Z ")\ ; stands for a reduced path
P [ (@ () + T (I +Z) Vv O, Vx(A9)) | Here, (@ +Z),; stands for a reduced p
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configuration O 4 Z", with path w*(j) 4 (j) removed. Consequently, we obtain that the gradient of
(3.2) has the form

[ | Ve )+ T I + 2 v Bhia, v x(A)

Wa(xo)
Vi) lx(7) —y()I? . (3.3)
~ ) ] exp [~(0) + 2705, Vx(A9))|
- 1<i<n b { =[x (i) = y(D)?/ [2k(w" (1)) B] }PXO X0 (dyy).

Givenj=1,...,n, write k(j) for k(w*(j)) and w/i and Z]i for w*(j) and Z" (j). Then the first gradient in
(3.3) equals

A >x x4 ¥ /
—Oglgk(]') Vi of{l<z/§k(1’) VO(W; HEE D g e IB)D
+ V(@ + ) +IB) — () + ) e+ IB)])

1</ <l # |

0<I'<k(j")
+ ¥ v(|(w;+z;‘)(t+1/3)—a;*(t+zﬁ)\)
wer\\A
0<I<k(@*)
+ T V({(w +T)(t yy)}dt:_1+11+111+1v.
uex(A°)

For the last three contributions we have:

B
[0+ 114+ 1V] < 11+ ]+ IV < ¢ | 2 ;HB)
0<I<k(j) 0
x{ r ‘V’(‘(warZ;)(tJrlﬁ)—(wﬁ+zj1)(t+l’ﬁ)‘)‘
1<) <nij'# j
0<I'<k(j")
+ I ‘V’(](w}‘+fj)(t+lﬁ)—cTJ*(tJrl,B)\)‘
O§l<k/(\\A)
+ GZ(AC) V/(|(w;‘+Z;)(t+lﬁ) —y\)‘ }dt < Wk(j)B.

The quantity W is given in (1.1.3b). For the first contribution:

B2t 4+18)+2(t+1'B)
1< 0<I<I<k(j) { k(j)B
< |V (| (@] + ) (e +1B) — (w] +T))(6+IB)])| < 2WDK()B.

Thus,
‘I+H+HI+IV‘ < 3wWk(j)p.

The integral of the gradient V, ;) [x(j) — y(j) |? in (3.3) does not exceed a constant C. Hence,

the norm of (3.3) < [v(Ay)] !{C v [3wp] }[U(AOH. (3.4)

This shows equicontinuity of functions 1:[1\\‘0)( (A%) (x0,¥0)-
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Hence, the family of RDMKs {F/I\\‘(’x( AC)} is compact in space C°(C,(Ag) x Ca(Ag)). Let FA0 be a
limit-point as A R?. Then we have the Hilbert-Schmidt convergence

2
N TS -
C(Ag)xC(Ao)

Consequently, the RDM Rﬁf"x (A%) in H(Ag) converges to the infinite-volume RDM R0 determined by

the kernel FA0, in the Hilbert-Schmidt norm:

A(] _ AO
| RN re) = RY| =0 (3.5)

As was mentioned, applying Lemma 1 from [24] (see also Lemma 1.5 from [23]), we obtain the
trace-norm convergence:

— 0. (3.6)

AO _ AO
|Rae) — R,

Invoking a standard diagonal process implies that the sequence of states @ |x(ac) is w*-compact.

Alongside with the above argument, one can establish that the PMs pi 5 (ac) form a compact
family as A R2. More precisely, we would like to show that for all given cube A, the family of PMs
yﬁ“)x (Ac) 01 (Wi (M), 25(Ay)) is compact. To this end, it suffices to check that the family { ‘uﬁ‘l)x ( Ac)} is
tight as the Prokhorov theorem will then guarantee compactness.

Following an argument from [23], tightness is a consequence of two facts.

(@) The reference measure d”o Qf on Who (see Definition 1 (vii)) is supported by loop
configurations with the standard continuity modulus /2¢In (1/€).

o HAx(A0)(dQY) .
(b) The PDF f | (r)(QY*) = — 1/~ (cf. (2.2.6)) is bounded from above by a constant

dAOx

similar to the RHS of (3.1).

As a result, the family of limit-point PMs {y : Ay C R?} has the compatibility property
and therefore satisfies the assumptions of the Kolmogorov theorem. This implies that there exists a
unique PM p on (W; (R%),20(R%)) such that the restriction of y on the sigma-algebra 25(Ag) coincides
with /o,

The fact that y is an FK-DLR PM follows from the above construction. Hence, each limit-point
state ¢ falls in class § (z, B). This completes the proof of Theorems 1 and 6.

4. Proof of Theorem 2: A Tuned-Shift Argument

From now on, we suppose that d = 2 and assume the conditions of Theorem 2. In view of
Formulas (2.3.5)-(2.3.8) relating an FK-DLR functional ¢ to an FK-DLR measure , it suffices to verify

Theorem 8. Any FK-DLR PM y is translation invariant: for all s = (s!,s%) € R?, square Ag = [—Ly, Lo]*?
and event D € W*(IR?) localised in Ay (i.e., belonging to a sigma-algebra 25(Ay)),

The proof of Theorem § is based on a modification of an argument developed in [11-13]. We want
to stress that the paper [13] treating some classes of (Gibbsian) RMPPs does not cover our situation
because a number of the assumptions used in [13] are (unfortunately) not fulfilled here. Specifically,
the condition (2.2) from [13] does not hold in our situation, as well as conditions specifying what
is called a bpsi-function on P. 704 of [13]. (In short, the paper [13] employs an approach based
on sup-norm conditions whereas the situation under consideration in this paper requires the use
of integral-type norms.) The aforementioned modification requires that we use (and inspect) the
construction from [12] for particle configurations arising as t-sections of loop and path configurations
at a given time point t € [0, A].
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Because the argument in the proof does not depend on the direction of the vector s, we will
assume that s = (s,0) lies along the horizontal axis. Also, due to the group property, we can assume
that s € (0,1/2). By using constructions developed in [12,13,19], the assertion of Theorem 8 can be
deduced from

Theorem 9. Let i be an FK-DLR PM, Ag be a square [—Ly, Lo)*? and an event D C W} (R?) be given,
localized in Ag: D € 2(Ag). Then

u(8"(s)D) + u(8*(=s)D) — 2u(D) > 0. (4.1)

For the proof of Theorem 9, we employ a strategy essentially mimicking the one from [11-13],
particularly [12]. Consequently, we will follow the scheme from [12] rather closely, although, as was
said earlier, we introduce considerable alterations. For a given (large) L, we work with the squares
A = A(L) and Ay where

A= [-LL? > bl — Lo, bl +Lo] x [b% — Lo, b? + L] =: Ao. (4.2)

We write the terms p(S(+s)D) and u(D) as integrals of conditional expectations relative to the
sigma-algebra 20(A°):

[ rai (@ e W (a9))
Wi (#2) (43)

doi1( 0y +5)D 20 n(Q% | O
X/W;(A) A ( A € S(Es) )Wexp[— (A1) |

A)
(the case of u(D) is recovered at s = 0, with S(0) = Id.)

Furthermore, again as in [11,13], we employ maps T{" = TLj,ELO(s) : W*(R?) — Wi (R?). (The
symbol used in [11,13] is ¥ instead of T. The idea of using maps TLjE goes back to [9,10].) These are
applied to the concatenated loop configuration () V (), in the expressions from Equation (4.3), in the
corresponding case of shift S(+s). Important properties of maps TLi are:

(i) The maps (Q}, Q)c) — Tf (Q2}, Q)¢ ) are one-to-one, and a number of ‘nice’ properties hold
true when the loop configuration Q% V Q. lies ina ‘good’ set G C W; (R?). (Viz., for O} V Q¢ € G
the loops from (), N W; (A¢) will not interact with loops from c.) The set Gy, carries asymptotically
a full measure as L — 0. See below.

(ii) For a “good’ loop configuration Q* = Q} V Qe € Gp. over R?, the ‘external’ part Q. is
preserved under T, . In other words, the maps are non-trivial only on the part Q0 (although the way
Q) is transformed depends upon Q) (and on Q}, of course)). For that reason, we will often address
T[" as a ‘tuned’ shift Q* — Q = (T Q) V Qe or, dealing with a pair (%, Qi) € W* (A, AS),

Qh — Q) =TEQ3 € Wi (A). (4.4)

With this agreement:

(iii) The transformation (4.4) preserves the cardinality: § Q) = ﬁﬁj\ and transforms a loop

w* € O} as w* — @* where k(@w*) = k(w*). Consequently, functionals K and L are preserved:

K(Q*) = K(Q*) and L(Q*) = L(Q*). Next, ¥V t € [0,k(w*)B], point @*(t) € R? is obtained as a
‘tuned shift’

@*(t) = w*(t) £ sRE [w*;t; {3} () U {Qf\c}(t)}; (4.5)

see below. We stress that the argument of function R]j_E consists of a loop w* € W/, a time point
t € [0,k(w*)B] and the t-section {Q}}(t) U{Q}(t)) = {Q} VORI (t) € Ca(R?) of a loop
configuration (0} V Q.
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(iv) For brevity, let us omit henceforth the symbols + whenever possible. The value
Rp {w*;t,’ {Qr}(x)U {Qj\c}(t)] € [0,1]. Moreover, when OO, V )¢ € Gy, then for w* € O} N Wy (Ao)
and 0 < t < k(w*)B,

R[5 {0R}(6) U{OR ()] =1, 0 <t < k(w")B.

Consequently, in accordance with (4.5), for w* € W; (x) with x € Ag and t € [0, k(w*)B] the point
@*(t) = w*(t) + 5. Therefore, the loops w* from Qf = Q) NW; (Ag) are shifted intact by the amount
s under the map (4.4). Consequently, the integral energy /(()}) is not changed under tuned shifts.

(v) The set S(s)(D N Gr) will have a p-measure close to that of S(s)D; moreover, the probability
1(S(s)(D N Gr)) will be written in the form

pECE)(PNG) = [ u(@03)1(0)c € (w )(A ))
KO}
dOy 1( Q% vV Qe ND) ——
X/W;(A) A ( AV Qe € G >L(Q}‘\)

xJg (QR V Q) exp [ = h(TE ()3 [OR) ]

(4.6)

where function ]Li = ]Li,S gives the Jacobian of transformation TLi (s). By virtue of the properties
above (cf. (i) and (iv)), the impact of T, upon the energy h(Ty ()} () will be felt through the
loop configuration Qj‘\\ A = QX NWE(A\ A°) only. (More precisely, through a loop configuration
QZ\A(R(L)) where A(R(L)) = [-R(L),R(L)]*? and R(L) oo with L. See Equation (5.2) below.)
Essentially, the same remains true about the Jacobian Ji, (0} V O)c).

(vi) In fact, a detailed analysis shows that second-order incremental expressions

1/2
QR v ORIIE (O3 v Q)| (47)

and
exp [I(T{ ()03 Qe) + H(TE ()04 0R) — 2604 05| (48)

are close to 1. It turns out that this fact suffices for the assertion of Theorem 9.

Formally, Theorem 9 is derived from

Theorem 10. For all 5 > 0 there exists Lj = L§(J) > 0 such that for L > L§

(1) wG)= [ kA0 1(Qhe € Wi (A9))
X /W;(A) dOjy 1(0}‘\ Ve € QL) (4.9)
LK) o
X Lo exp [ —h(Q}|Qh)] >1-6.

(1) The probabilities u(S(xs)(D N Gy )) are represented in the form (4.6) with the following properties:
VR € Wi(A), Qe € Wi (AS) with O\ V Qe € G,

1/2
(o) [J (O3 V ORI (O3 VOR)] =16

(IIb) h(T; (5) Q4 | Q) + (T (s) QU |Qe) — 21(Q4 | Q) < 6.
The proof of Theorem 10 is carried on in Sections 5-7.

Remark 3. It is the pair of inequalities (Illa), (IIb) (together with the definition of the ‘good’ set Gy ) where one
crucially uses the fact that the physical dimension of the system equals 2.
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We now show how to deduce the statement of Theorem 9 from that of Theorem 10. Owing to
Theorem 10 (I), (II), we can write:

the LHS of (4.1) + 30 > u(S(s)(DNGL)) + u(s(=s)(DNGr)) —2u(DNGy)
- #(d03)1( 05 € W (A°) ) / d0j 1(0} v 04 €GN D)

ey Wi (A)
LK(OR) o . i (4.10)
(O3 VO3 exp [~ (T 03103 | —2exp [~ h(O}]03)]}.
Next, by the AM/GM inequality, the RHS of (4.10) is no less than
' * * C * * *
2/W;(Rz) y(dQ(Ac))l(QAc € W, (A% ) /W;(A) A0} 1(0} VO € GLN D)
ZK aj N . . 1/2
R * - * 4.11
SN ([ @i v R (@i vaid)] (4.11)
xexp { = [1(T} Q7104 + (T Q71O ] /2} — exp [ HORIO)]).
Now, by virtue of Theorem 10 (I)-(III), the RHS of (4.11) is greater than or equal to
_ —0/2 * * c
2[(1 - &)e 1] /W;(RZ) y(dQAc)l(nZ; )Wa () )
z7 A * 1Ok 4.12
exp [ —h(Q} Q%) | —36 (4.12)

X /W;(A) dQA 1(QA\/QAC € ngD)L(Tj\)
=2[(1—0)e™%2 = 1u(Gr) —36 > 2[(1 — 8)e™%/? — 1] — 34.

Since J can be made arbitrarily small, we obtain the inequality (4.1).

5. Definition of Transformations Tf

As was said earlier, the maps Q" — Tfﬂf\ V )\ are determined by transforming the t-sections
{T Q3 }(¢) of the loop configuration Q}, for each t € [0, f]. Denoting by Ti" = T;"(+£s) the map
acting on particle configurations from C,(A), we can write:

{TEQAVOQRI(E) = {TEQRHE) V Qe (8) = (TEHQRH(0)]) V Qe (1) (5.1)
Again, we would like to stress that the way the t-section {Q} }(t) is transformed depends on

c;(t), althou ¢ ;(t) 1tselt is not moving when € UL.
Q) lthough { Q) itself i ing when Q* € G
More precisely, set:

3/4
R(L) = (log log L)*'*, A(R(L)) = [-R(L),R(L)]*2, (52)

and introduce yet another intermediate square
A =[-L,L]*? where L =L —L%4 (5.3)

The transformed particle configuration T;*[{Q} }(t)] € Ca(A) is formed by points @;*(If + t)
obtained, as a result of shifts in the (positive) horizontal direction, from the points w* (I + t) where
t€[0,B],1=0,..., k(w*) —1and w* € O}:

OrE(IB+1t) =w (B +1t) £pL(w (1B +1t)) xs. (5.4)
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Here, the scalar value pp (w* (I +t)) > 0 depends on particle configurations {3 }(t) and { Q). }(t)
and are constructed recursively; cf. [12]. When w*(If +t) € A\ A, we have that

pL(w*(IB+1t)) =0 and &;*(IB+1t) = w*(If+1t).

In other words, a loop w* € OF is affected only at points w*(t) lying in A.
In the course of construction of values pp (w* (I8 + t)), we employ the function u € [0,00) — 7 (1)
determined as follows:

1, 0 <u<R(L),
() =1 SEE = ﬁgti; R(L) <u<T, (5.5)
0, u>1L,

where, in turn, (Function 11, was introduced in [9,10] and has been repeatedly used in the literature.)

1

1Vo|logo| (56)

u
Qu) = / g(v)dv, with q(v) =
0
The values p(w*(If+t)) = pL(w*(IB + t)) are related to results of a series of minimizations,

over points w*(If +t) € {Q*}(t) N'A, of subsequently introduced functions 7 ) ( - ;t) = ?g)( S5t).
Here, j runs from 0 to # ({2} (t) N A) and the functions are

ye R i (y;¢) € [0,1], < Y X Uw(B+r)EAN), (57)
w e ) 0<I<k(w*) '

The value j = 0 marks an initial function +() ( - ;t) and the values j > 1 provide an ordering for points

w*(IB + t) in the particle configuration {Q)*}(t) N A. Let us stress that the functions Eg) (-;t)involve
(generally speaking) the whole t-section {Q}* }(t)
The initial function in the series, E(LO) (-;t),doesnotdepend ont € [0, f] and is related to function
T = 711, from (5.5):
() == (Jylm) - (5.8)
The definition of the next function, 1{1)( - ;t), involves a (multiple) minimum of auxiliary
functions 1, o, over the points x = w* (I8 + t) from the particle configuration {Q2*}(t) N A*:

T (1) = FO (y;£) A0 (y; ) (5.9)
where
0 (y;t) = " (y;t) = A M (1400 ()- (5.10)

Lw* (1g+t)e{ Q¥ } (t)nA

Here and below, following [9,10,12], the family of auxiliary functions y € R? + 1y (u) is used,
with values in [0,1) U {+o0}, where x € R?, u € [0,1). These functions are introduced as follows:

mz(y) =1 Beucy > 1/2, (5.11)
utheuf(x —y) +oo-1(f(x —y) =1), hyzcp <1/2.

In turn, f = f is a chosen C!'-function R? — [0, 1], with

f(v) =0 when |v] <a and f(v) =1 when |v| > a+ 2e,



Mathematics 2020, 8, 1683 27 of 40

and
cf =max [|Vf(0)|, v € R?. (5.12)

The value € is selected for given z and f satisfying (1.1.14) and should be small enough, guaranteeing
smallness of quantities introduced below. Finally,

hyy:=|T(|X|m —€—a/2) —u| (5.13)

is another auxiliary parameter.

Pictorially speaking, the function y € R? i) (y;t) indicates by how much a particle
(i.e.,acircle of diameter a) placed at the reference point y could be moved (under adopted arrangements)
in presence of hard-core particles placed at points w* (If +t) € {Q2*}(t) N A°. Consequently, ?ﬁl) (y;t)
indicates how much a movement by quantity éﬂo) (y;t) should be reduced in presence of hard-core
particles at w* (I +t) € {Q*}(t) N A°. We then look for the minimum of fﬁl)( - ;t) over the particle
configuration {Q*}(t) N A and set:

p' =pl =min [[[ (1) : y € {2"}() NA],

Pl = Pﬁ = arg min [’Eil)(y}t) Y€ {Q*}(t) QK} ' (5_14)

If the minimum is attained at more than one point in {Q*}(t) N A, we list all these points: P!, ..., P
(in any order). The value p! is assigned to each of those points as p(P/):

p(w*(IB+1t)) =p!, if w*€Q*0<1<k(w?),

w*(IB+1t) € A and ?(1)(w*(lﬁ+t);t) =pl. (5.15)

The value pl and the position P! (or the positions P!, P2, ..., P) are taken into account in the
definition of the next function y € R? — 1?) (y; t):

D (y;t) =t (y;8) Ampy g () - Amps g (y) = EO(y;8) Am (y;8). (5.16)

Here, itV (y;t) = nﬁ(Ll)(y;t) is given by

”N/l(l)(y;t) = ﬁl(o) (y;t) A /\ mw*(lﬁ—i—t),plxs (]/) (5'17)
Lt (18+t)e{ O} (t)rA
and
[0} (2) = {w (g +1) € {7 ) : I (y;e) =} (5.18)
yielding that

{0*}(t)nA = {P!,..., P},

(Recall, the initial shift-vector is s = (s,0) where s € [0,1/2).)

Pictorially speaking, the function y € R? — i1()(y; t) indicates by how much a particle at point y
could be moved when we take into account the particles placed at points w* (I8 +t) € {Q*}(t) N A*
(which do not move) and the particles placed at points w* (I +t) € {Q*}!(t) N A (which are moved
by p'). Consequently, #?)(y;t) indicates how much a movement by quantity ) (y;t) should be
reduced in presence of hard-core particles at points w*(If +t) € {Q*}(t)NA  and w*(If+t) €
{Q*}(t) NA.
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Next, we minimise the function #?)( - ;t) over the particle configuration ({Q*}e) \ {Q}i(t)) n
A and, like before, set:

p? = min [IP ;1) : y € ({Q7}(6) \{Q}}(x) NA],

K+1 o 17D (404 - * 1 N (5.19)
il = arg min [{) (y;%) 1 y € ({07} () \ {Q} (£)) NA.

Again, if the minimum is shared by more than one point in the intersection ({Q*}(t) \ {Q}!(t)) N A,
we list all these points: P*11, ... PF1¥%2 (in any order). As earlier, the value p? is assigned to each of
those points as p(P/):

p(w*(IB+1t)) = p%, if w* € Q,0<1 < k(w"),
w*(I+t) € A and iV (w*(IB+t);t) = p*

And so on: this procedure is iterated until we exhaust all points in {Q*}(t) N A. (Recall, their
number and their positions vary with t € [0, 8].) At the end, we obtain a resulting function f = 1 ( - ;t):

y € R? — H(y) where {(y) = 1 (y) Avii(y) (5.20)

where

m(y) =my(y;t) = A M (1g+t),p(w* (15+t)) xs (V)- (5.21)
Lew* (1g+t)e{ Y }(¢)

Here, we set:
——C

p(w*(IB+1t)) =0 when w*(If+t) € A".

Observe that
f(yit) =0fory € A° and f(y;t) =1fory € Ag(y). (5.22)

The Jacobian Ji=(Q V Qi) of the transform T]jf turns out to be of the form:

B
]f(Qj‘\\/Qf\c) = exp [/0 dt Z

x Y In <1is X (al?L)(w*(lﬁ—i—t);t))]
(w)

0<I<k*
- ot
where (9'f.)(y) stands for the partial derivative a—%(y;t), y = (y.,y%). (The fact that the
y

functions ¢}, are non-differentiable on sets of positive co-dimension is not an obstacle here because

1/2
of involvement of Wiener’s integration.) The crucial quantity [ JE Qv Qi) (Qf V Qj‘\c)} in
Equation (4.11) becomes

+ * * — * % 1/2
U OAV ORI (@ vaR)] T =

B ~ 2 524
exp </ dt ) Y In {1_ {SZ(altL)(w*(lﬁth);t)} }) (5.24)
O el V Qi 0SI<K (@)
We see that the quantity (5.24) is close to 1 when we are able to check that the sum
p 17 * 2
/0 de[(0'7) (' (1p +t);)] (5.25a)

wr Qi V O 0<I<K* (@)
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is close to 0.
We conclude this section with a straightforward assertion justifying the definition (5.3) that
introduces the intermediate square A.

Lemma 4. Consider the events

£ = {0 e W; (B : apa(w') =1 YV w* € O with x(w*) € A} (5.25b)
and
£ = {0 e Wi(RY) 1 apy, (w) =1 VW' € O with x(w*) € Ag} (5.25¢)

In other words, (a) for Q* € E(Ll), every loop w* from QY which starts at a point x(w™) outside square A

does not reach square A, while (b) for Q* € Eﬁz), every loop wg from Q  (which starts in Ao) does not leave
square Ag ). Then, under condition (1.1.14),

lim yL(L(Ll)) = lim yL(ﬁ(Lz)) =1, (5.26)

L—oo L—oo
Vu € R(z, ).
Proof. Both relations are proved in a similar way, so we discuss in detail one of them, say

Llim yL(ﬁ(Ll)) = 1. At first, we write
—00

Wi\ C(Ll)) = 1(3 at least one loop w* with x(w*) € A reaching A)

< /y(dﬂ*) Y. 1w’ (t) €A for some & [0,k(w")]).
(JJ*EQZC
By virtue of the Campbell theorem, the last integral equals
/ dw*M(w*)l(x(a)*) € A°but w*(t) € A for some t € [O,k(w*)ﬁ])

which by the Ruelle superstability bound (2.3.19) does not exceed

Pk(“J*) _
/ dx / o P 1(w"(t) € A for some © € [0,k(w"))),
with p := zePWV; cf. (1.1.14).

Next, we observe that the loop w* with the endpoint x = (x!,x?) € AC (i.e., with max |%/|, > L)
can reach A only if at least one of its one-dimensional components (i.e., a scalar Brownian bridge with
the endpoint ¥/, j = 1 or 2) deviates from its origin by at least (|x/| — L) + L3/4. Therefore, the last
displayed expression is upper-bounded by

[ )
2 2’;WW/W dxexp [ — 4x2/ (2kB)]
<y 4 exp [-L3/2/(2kB)] (5.27)
= V2rk L3/4/ /KB + \/L3/2/(kﬁ) +4/7r.

Here, we have used an estimate for the (scalar) Brownian bridge B(t) with endpoints 0 and y > 0:
VA>y

Phy{sup [B(t): 0<t < Bk > A} = (/2 (5.282)

\/2mtBk
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plus bounds for the tail of the normal distribution (see [30], Formula (3)):

efA2/2 I~ ) efA2/2
Y e U Qe — (5.28b)
A++V/A%2 42 A A+ VA2 +4/8

It is not hard to see that the RHS of (5.27) tends to 0 as L — oo. This completes the proof. [

In what follows, we will assume that a loop configuration QO lies in £; . Together with (5.22), this
will imply that the loops w* € O with x(w*) € A® remains unaffected by transformations T (s).

6. Estimates for the Jacobians

To guarantee properties (I) and (Illa) of Theorem 9, we need to secure that the good set Gy, carries
a large measure and contains only those loop configurations Q* € W*(IR?) for which the expression
JiH Q4 V QL) [ (O V Q) can be appropriately controlled. To this end, consider a random variable
(%) = ¥ (Q*) given by the RHS of (5.25):

O 0 — d ) [(alﬁ)(x;t)}2
xe{QY}(t) (61)

- ¥ [e ¥ [@R)w st

The formal definition of the set G; will require that the quantity ¥J (Q2*) is small (more precisely that
some majorants for XJ(Q2*) are small); see below. Formally, the property that J; (0} V Q)] (O V
Q)\c) is close to 1 follows from

Lemma 5. If e > 0 is chosen small enough then the mean-value of ¥ (Q*) vanishes as L — co:

lim [ u(dQ"Z(Q*) =o0. (6.2)

L—oo

Proof. Let us start with technical definitions. Given t € [0, 8] and x, ¥’ € {Q¥*} (), we write:

x> x’  whenevera < |x —x'|<a+e
and
Qe
#&E I hen there exists a collection of particles (6.3)

X, - .., Xm € Q" such that point x( coincides
with x, point x,, withx” andVi=1,...,m
x;_1 and x; satisfy a < |[x; —x;_1| < a+e.

Recall, the values z, > 0 are such that the bound (1.1.14) is satisfied. Referring below to a small € > 0,
we mean conditions like this:

%n[(a +2¢e)2 —a*(1V B) (1 vy, pkk/(Znﬁ)> <1 (6.4)

k>1

Constants C; € (0, ) appearing in the argument vary with § and z (through p) but are independent
of L.

To assess the integral in (6.2), observe that one possibility for value f (w*(If +t)) is #LO) (w*(IB+
t)); the opposite case is where f; (w* (I8 + t)) equals ity (w* (I8 + t)). See Equations (5.8) and (5.20).
In the former case, we have to deal with the derivative

Y (W (1B +);t) = Tu(|w (1B +t)|m)
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where

In the second case, we obtain that

(W (1B +1)) = i (w" (1B +t)),

and we have to use the structure of function iy (w* (I + t)) (related to multiple minimisation as
defined in Equation (3.21)) to assess its derivative (cf. Section 6.7 in [12]).
Allin all, to verify (6.2) it suffices to check that

lim [ u(d0*) M0 +2@ Q)] =o0. (6.6)

L—oo

Here, variable (1) = ZI(}) is given by

(w")
2@y = a5 = [ e ®md (e

xe{Q"}(¢) weQ)*

and corresponds to the first of the aforementioned possibilities (where we have f (w*(If +t)) =
fio) (w*(IB 4 t))). Next, variable £(2) = Z]Ez) corresponds to the second possibility and has the form

Q* / dt l(x VAN x’)l(xﬁ*mx”)l(uhn < |x”\m)
v, “fgz*u ) (68)

X [1(|%hm — € = a/2) - TL(|x”\m)]2 =220 + 222 ().

The composition of the RHS is related to a ‘cluster” structure accompanying the multiple minimization

procedure in (5.21) which determines the value of interest 771y, (w* (I + t)). Formally, as follows from
Q*

the definition, behind the indicator 1 (x<{— MX’ ! ) there is a ‘chain’ of points from the t-section

{Q*}(t) which joins the ‘extreme’ points x and x” (cf. Section 8 in [12] (wWhose notation system is
partially followed here)).

Moreover, the partition £(2) (%) = £ (Q*) + £(22) () reflects the fact that x and x”, the two
extreme points in the chain, can belong to the same loop w* or to two distinct loops, w* and w*".

(21)
L

More precisely, the summand £(31) = 1" is specified as the sum
/ d (w*(zmt)ﬁ@w*(z"mt))
wre)
X {1(w (IB+1t) &> w ("B +t))1(1 £ 1)
+ Y Y 1B+t oo B+ t))} (6.92)
w*' #w*" 0<I' <k(w*")
<1(|w* (1B +£)|m < |0 ("B +)|m)
2
X [l (1B + %) lm — € = a/2) = (0" (I"B+ ) |m) |

0<l, l“<k (w*)
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(2.2)
L

whereas the term £(22) = £.*“ equals the sum

/dt
w* w*”eﬂ 0<l<k
O<l”<k( *”)

X {1(a)*(l,3 +1t) & ("B +1t))
+ Y 1A (1B+E) & (B + 1))

0<l <k(w*")

+ Y X 1(w*<lﬁ+t>w*’<l'ﬁ+t>>}

w*' £ 0<I <k(w*')
<1(|" (1B +) < 0" ("B + )
2
< [ 1" 1B+ Dlen — € = 0/2) = 7 (0™ ("B + ) |m)]| -

(w*(lﬁ o) LY e gy t))

O

Proposition 1. The mean value of ZY) is assessed as follows:
d0*)zM(0) < GI(L
L gy M(40E(@7) < Cor (L)
where Cy € (0, 00) is a constant and the quantity T'(L) is defined as follows:

‘7 |x|m L) —e—a/2)? ) . B
— —e—a/Z) dx, with ngr.}oF(L) = 0.

Proof. To explain the bound (6.10), we first write, by the Campbell theorem:

*

k(w™)p
x\5 (2) *\ * * *
Sy 02RO = [ derm(er) [T (e ()

By the Ruelle superstability bound (2.3.19), the RHS does not exceed

kw®)  rk(w*)B
*p *
/W;/f(Rz) dw k(w*)/o JL(lw®(t)|m)dt

When x(w*) € Ag(r), we estimate

1

To(|w* (t)|m) < 0L _R@D) —c_ a/z)]z;

consequently, the corresponding contribution

k(w

* * 1Y ) rk(w*)p N
g 4 1(x0) € A B [ R ()l

does not exceed

(2R(L)) (kB)E* _ (log log L)*" v
[QIL-R(L)) —e—a/2)] 51 @7kB)k 27 [QL—R(L) —e—a/2)]” 54 &
p(log log L)*?

21— p) [QIL - R(L) — e —a/2)F

32 of 40
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This idea can be pushed further: we use estimate (6.14) whenever loop w* reaches Ag . For given
x ¢ Ag(r) and w* € W*(x), this can occur when either (i) k(w*) is large—say, k(w*) > [|¥|m —
R(L)] /2—or when (ii) the opposite inequality k(w*) < [|x|m — R(L)] /2 holds true but the loop
w* deviates from x, in the max-distance, by at least |x|;m — R(L). Then the corresponding part of
expression (6.14)

[, 40 1x(@") # Agq)

x1(w*(t) € Agq) kf(or )sorm(e t)E [0, k(w*)B])
pM) k@) )
oy e )l

is upper-bounded by
k k
N N e L)L P e WH(0)

xl(max [ (t)[m: 0 <t <kg] > xm)}.

(6.15)

The first sum in (6.15) is evaluated through a convergent geometric progression:

k m/2
A i
k> xT2 2tk — 2m(1—p)
and its contribution into the integral / i dx does not exceed a constant. To estimate the second sum,

JR
one can use the inequalities (5.28a,b). This yields:

k
(kp)p* P (dew")1(max [|w" () m s 0 <& < KB] > [x|m
iz IO (6.16)
o~ 1xlm /B '

2
< .
T |x|m + /]2, 4/ 27(1—p)

Consequently, the contribution of this sum to / , dx also does not exceed a constant.
R

More generally, for a given r > R(L) we consider the contribution into (6.14) from loops w*
with x(w*) € A, such that |w*(t)|m = r for some t € [0,k(w*)B]. Repeating the above argument,
we conclude that this contribution again is less than or equal to a constant times J (7). Note that all
constants can be made uniform; this implies that

Co
[Q(L - R(?z— e—a/ 2)]° (6.17)
x |(log log L) / —i—/R(L) [q(r—R(L) —e—a/2)]*dr| .

(6.14) <

As in [12], the quantity in the RHS of (6.17) (which is = Cy x I'(L)) goes to 0 as L — oo. This finishes
the proof. O

It is instructive to note that the relation (6.9) does not require a smallness for €.
We now pass to random variable Z(Lz) = Z(Lz’l) + Z(LZ’Z).

Proposition 2. For small enough e,

; 5 (2) (*) —
ngrolo W;(Rz)y(dﬂ )X (%) =0. (6.18)
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Proof. In the beginning, we again use the Campbell theorem (in conjunction with an argument similar
to Equation (6.25) from [12]). Then the integral in (6.18) is less than or equal to a constant (say, C4)

times the sum I>! 4 [>2. Here the term 1> = Iﬁ’l is specified as follows:

PP = /Oﬁ dt / do® Y {1(“’*(lﬁ+t) & wi(I"B+1))M(w")

0<Ll <k(w*)

Y 01 [dor X t@i(iap+v) & @i (p+)

m>11<i<m 0<lli<k(w})
x1(wh(lnB+1t) < w*(I"B+t))M(w*, wf, ... ,a),’jz)}
x1(Jw* (1B +)lm < " (I"B+)|m)
< 2w (1) — €~ a/2) — (" (B + ) )]

where the loop w; has been identified as w* and value I as .

Likewise,
,3 .
22— / dt / dow* / dew*”
0

x ) {l(cu*(lﬁ—t—t) < ("B + 1) )M(w*, w*")

0<I<k(w*)
0<!" <k(w*")
+Y 11 /da)f‘ Y Wwi(liaBp+t) & wf(lip+1))
m>11<i<m 0<I;l;<k(w})

x 1w}y (IuB +t) <> 0*" ("B +t))M(w*, w5, .. .,w,’;,w*”)}
<1(J0" (B4 Ol < [60” ("B )
2
X [T (@ (1B+)|m =€ —a/2) = 7(|w*" (I"B+ ) m)]

where again the loop w; has been identified as w* and value [j as .
So, it suffices to verify that

lim 1>! = lim 1?2 = 0.
L—oo L—oo

Both integrals are analysed in a similar fashion, and we focus on one of them, say, I 22,

We use elementary bounds

[ (le* (1B + )l — € — a/2) — (0" (1"B + ) )]
2
< [0 (B+0)lm — € — /2= |0 ("B + 1)) Im| TLllw* (1B +%)Im)
with Ty given in (6.5), and

(10" 1B+ D)l — € = a/2 = [0 ("B +)) |
< 3(e+ /2 + 3w (15 + ) + 3™ ("B + )

(6.19a)

(6.19b)

(6.20a)

(6.20b)
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Employing in addition the Ruelle superstability bound (2.3.19), we conclude that (6.19b) does

not exceed
—k(w*) /d o (w*u)
k(w*")

3/ dt/dw*

Z Ti(Jew® (Z,B+t)|m){ (w*(IB+1t) Hw*“(l”ﬁ+t))

0Sl<k( )

0<1" <k(w*")

2 1(60?_1(11‘—1,34—13) > w;"(llﬁ+t)) (621)

m>11<i<m 0<1 1 i<k(wy)
1wy (lnp+ ) ¢ w*”(l”ﬁ + t>>} (leo" (1B + )l < ™" (1"B+%) m)

x [(e+a/2) + w0 +t) 2 + ey (b + £) 2] -

Expanding the sum of squares in the parentheses, we obtain three expressions; in view of similarity

of the argument used for analysing each of them, we focus on the one with the term |w* (I + t)|2:

P *Pk(w*) * *!! pk(w
) e [ deor B Tl U+ 0)lm) [ deo™ s

(0" 1+ )l < [ ("B +)|m)

x ¥ IW*(lﬁ+t)|3n{1(w*(lﬁ+t)<—>w*"(l”ﬁ+t))

1!

0<I<k(w") (6.22)
0<1" <k(w*")
*P Y 1w (1B +t) & wf(iB+1))
m>11<i<m 0<l Ji<k(w})

1wyl + £) w*”(l”ﬁ+t))}'

Again, we can expand the curled brackets and will analyse the behavior of the most involved sum:

/dt

k(w*) k(w*"")
*P [ dw *“,f(w*,,) Y @ 1B+t ATL(w (1B +5)m)

w*) 0<I<k(w*)

0§l//<k<w*//)
/dwl k(@ Y. Hwi(m1p+t) & wi(lip+1t)) (6.23)
x1(wh, (Inp +t) < ™" (I"B+1)).

'**

N*

m>1 1<i<m <l li<k(w *)

P k(w*™)

k(w*"
values of the variables in the remaining integrals. To this end, we invoke the Fubini theorem and
properties of the Brownian bridge. This allows us to conclude that

for fixed

The argument for estimating (6.23) starts with the analysis of the integral / dw

k(w*")
Jao b L twilinpre) o @ 0B ) <
0<1 <K(w") (6.24)

B e~ lv— x”\z /(2t) p=ly—x"1*/(2(K"B~-t))
" k
ot 4 [ o P T

k//>l

Here
Alwn-1(t),e] = {y € R*:a < [y — wp1(t)] < a+ 2} (625)
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stands for an annulus of width 2¢ around the center w,,_1(t). (Initially, point y € A[w,,—1(t), €]
emerges here as the point on the circle of radius |y — wy,—1(t)| about wy,_1 (t) where the loop w hits
this circle while t is the hitting time.) The RHS of (6.24) yields a quantity < Cze.

k(w;")
This argument can be iterated for the integrals / dw; ;{) @)’ where we have to take into account
w?
1
the double sum Y. . However, it only affects the constant in front of €.

0§l,,7,<k(wl*)
At the end, assuming that € > 0 is small enough we arrive at the following bound for (6.23):

B k(w*)
1—Cre Jo k(w*)

The integral (6.26) is analysed in the same manner as in Proposition 1 (cf. (6.9)) and tends to 0.
(The presence of the sum Z in (6.26) does not affect the core of the argument.)
0<I<k(w*)
This completes the proof of Proposition 2 and Lemma 5. O

Yoo |wt (1B + 1) AT (Jw* (1B +t) m)dt. (6.26)
0<I<k(w*)

7. Estimates for the Change in the Energy

In this section, we assess the expression (4.8) and complete the proof of Theorem 10. The argument
is based on the same idea as in Section 8.6 of [12] (again, we partially borrow the system of notation
from there). In the course of the argument, we will produce a further (and final) specification of the set
GL C Wi (R?) of good loop configurations. Namely, given Q* € W} (R?), we set, as before,

Qj\ = {w* cO*: x(w*) EA}, Q;k\c _ {w* cO*: x(w*) EAC}‘

Then write
h(T (5) Q7 Q) + h(TL (5) QA [QAc) — 21 (O | Qe )

= [Mae{ElT @R @l @3 (o) 71)
+EHT () QA (8) {OQA} (8)] — 25[{07\}(t)\{07\c}(t)]}-
Here, E [{T(5)Q*} A (t)[{Q} } (t)] is defined as the sum

E ) V (Jx £st(x) — x’ Fst(x')])
xx e{ QU }(t)
+ Y V(lxtst(x) —x Fst(x)]) (72)
xe{Qp}(¢)
¥ e{c(t)

while E[{Q*}(t)|(Y\c(t)] is obtained by omitting the terms containing s (cf. (2.3.11) and (2.3.12)).
Recall, our aim is to guarantee that on the good set Gy, the absolute value of the variable XJ (%) is
small. Two straightforward bounds turn out to be helpful:

[EHT* (5)03}e) QA ()] + E{T (5)04 He) {OAH(+)
—2E[{0} }(x) {3 ()|
gv%{; Yy + ¥ }|’f<x)?<x’>|21<|xx’|SRo>
(t)

' e{Qp ) xe{Qy}
x'e{c}(t)

(7.3)
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and

1~
§|t( ) )| (7.4)

£
< [E(x) = 7 (x]m) P+ () = 7 (2 ) 2+ |7 fm) = F[

X

|t

Recall, V'? has been defined in (1.1.4b). Then (7.3), (7.4) yield that
(T (s )Q*A|Q}ic) +h(Tf( )0*A|Q}ic) — 2h(Q} Q)|

<37 /dt + Y b(x—¥| <Ry

{OA}( 0 (O (7.5)
Ye{hc}(t)
X [21fx) = () P+ 1 (xlm) = (1 1) 2] =2 2 () + 2 ()
where variables Z(LB) and Z(L4) emerge when we expand the sum of squares in the parentheses.
As above, we will try to make sure that the expected values of variables 2{3) and Z(L4) vanish as
L — oo:
Lemma 6.
lim /y (dO*)s = lim /;4 @)= () =o. (7.6)
L—o0 L—oo

Proof. As before, we focus on one of the relations in Equation (7.6), say, for Zl(jl). It is instructive

to expand
M) = (a7 + 2 (%)

where Z(L4’1) (Q") gives a single-loop contribution to Z(L4) (Q*) whereas Z(L4’2) (Q") yields a contribution
from pairs of loops:

Z£4'1)(Q*) _ Z /Oﬁdt{ Z

0<i<I<k(w*)
- 2
x [au(le* (B +9)] ) — i (jw" @B+ ) )]
><1(|w*(lﬁ+t) — |w*(IB+t| < RO>

(7.7)
2
+ ) ) [TL(]w*(l,Bth)‘ ) — (|0 (I'B+1)| )}
w*'eQpe 0<I<k(w®)
0<l’ <k(w*)
><1<|w*(lﬁ+t) — " ('B+1t| < RO)}
and
= / dt
w* w*’eﬂ 0<I<k(w™)
w*#w! 0§l’<k(w*’) (78)

<[ (@ 1+ )] ) (| W+ )] ,)]
><1(|w*(lﬁ +1) — 0" ('B+t] < RO).

(The factor 3V( )s carried from (7.5) has been discarded).
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Following Equation (6.22) from [12], we estimate: (a) for [w*(If+t)| < |0*'(I'B+1t)| |

[l (B +)],0) = (| 0B +2)],0) ]
< [l 1+ )|~ [* (B + )|, — € — a/2] Tl (1B +¥)]m)

and (b) |w*' (' +t)| . < |w* (1B +1)| .

{TL(‘CU*(Z,B+1:)’ )—TL(‘w*’(l’ﬁth)]m)r
2
[|w*’ VB+t)| — |w (1B +1)| —e—a/z] T (Jw* (1B + t)|m)

where Ty has been defined in (6.5).
After substituting these estimates in (7.2), the relation / u(dQ* )Z](jl) (Q*) — 0 is verified in the

same way as in Proposition 1. [

Lemma 6 (and the comments on other terms emerging from the bound (7.5)), together with
Lemmas 4 and 5, allows us to define the set Gy . Namely,

G = {Q* ery: =) <, 1§i§4} (7.9)
where ¢ € (0,0) is a chosen constant (viz., ¢ = 1/2). Applying the Chebyshev inequality guarantees

Lemma 7. Forall 5 € (0,1) and ¢ € (0, 00), there exists L} € (0,00) such that for L > L} the probability
u(GL) >1-4.

A formal summary of properties of transformations T*(s) is given in the following Theorem:

Theorem 11. Given QO € Gy, the transformations Ty (s) : QF Q' € Wi (R?) possess the
following properties:

(i) The maps T* (s) are measurable and 1 — 1.

(ii) ﬁj\c = O and ﬁj\o = S(s)Q,. Moreover, there exists a 1 — 1 correspondence between the loops
w* e ()j\ and w* € Q) such that w* is obtained as a deformation of w* via tuned shifts of t-sections, in the
manner described in Section 3. In particular, k(w*) = k(w*).

(iii) Equation (4.6) holds, where the expression {]L* (VR (O V Qj‘\c)] e is close to 1 uniformly
in QF for L large.

(iv) The quantity exp [h(T{(s)Qj\\QRC) + h(T (s)QR | QAc) — 2h(0j\|ﬂj\c)} in (4.8) is close to 1
uniformly in QF for L large.

The assertions of Theorems 8 and 10 then follow.

8. Concluding Remarks and Future Research

The series of publications involving the present authors, [23,28,29] and [24,31], have been
motivated, on the one hand, by a spectacular success on Mermin-Wagner type theorems, [6], achieved
in the past for a broad class of two-dimensional classical and quantum systems and, on the other
hand, by a recognised progress in experimental quantum physics creating and working with thin
materials like graphene. There has been increasing interest in graphene since its discovery. Much
research has been done on this linear dispersion and, in particular, on the transport properties of
graphene. This may be a topic of future research. We intend also to elaborate the similar technique for
the Hubbard model, which is a highly oversimplified model for strongly interacting electrons in a solid,
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in line with [28]. The Hubbard model is a kind of minimum model which takes into account quantum
mechanical motion of electrons in a solid, and nonlinear repulsive interaction between electrons.
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