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Abstract

:

In this paper, the parameters of the extended odd Weibull exponential distribution are estimated under progressive type-II censoring scheme with random removal. The model parameters are estimated using the maximum product spacing and maximum likelihood estimation methods. Further, we explore the asymptotic confidence intervals and bootstrap confidence intervals for the model parameters. Monte Carlo simulations are performed to compare between the proposed estimation methods under progressive type-II censoring scheme. An empirical study using two real datasets form engineering and medicine fields to validate the introduced methods of inference. Based on our study, we can conclude that the maximum product of spacing method outperforms the maximum likelihood method for estimating the extended odd Weibull exponential (EOWE) parameters under a progressive type-II censoring scheme in both numerical and empirical cases.
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1. Introduction


Life-testing and reliability experiments contain many situations where units are removed or lost from the test before failure. For example, units may break accidently in an industrial experiment, individuals may drop out of the study in a clinical trial, or they have to be terminated early due to lack of funds. In many scenarios, the removal of units before failure is very often procedure due to limitations of time and cost associated with the experiment. The data of such tests or experiments are called censored data.



There are different types of censoring schemes which include right, left, interval censoring, single or multiple censoring and type-I or type-II censoring, but the conventional type-I and type-II censoring schemes do not have flexibility of allowing removal of units at point other than the terminal point of the experiment. A mixture of type-I and type-II schemes is known as the hybrid censoring scheme, which was first introduced by Epstein [1]. For this reason, we consider here a more general censoring scheme called progressive type-II censoring scheme. The progressively hybrid censoring scheme, has its favorable position, to be extremely mainstream in the reliability and life-testing over the last few years, which was introduced by Kundu and Joarder [2]. Furthermore, the progressive type-II censoring scheme includes the complete sample situation (if    R i  = 0 , ∀  i = 1 , 2 , … , m   with   n = m  ) and the conventional type-II right censoring scheme (if    R i  = 0 , ∀  i = 1 , 2 , … , m − 1   with    R m  = n − m  ) as special cases.



More details about progressive type-II censoring scheme can be explored in Balakrishnan and Aggarwala [3], Alshenawy R. [4], Balakrishnan [5] and Almetwally et al. [6].



In this paper, we extend the work of Afify and Mohamed [7] by considering the estimation of the extended odd Weibull exponential (EOWE) parameters under progressive type-II censoring scheme with random removal based on the maximum product spacing (MPS) and maximum likelihood estimation methods. Further, the interval estimation of the EOWE parameters are obtained using asymptotic and bootstrap confidence intervals based on progressive type-II censoring scheme. The performance of the proposed estimators is evaluated via extensive simulations. Applications of two real datasets are introduced to confirm the validity of the model.



The EOWE distribution is introduced by Afify and Mohamed [7] for modeling data in several fields such as engineering, medicine, and reliability. The EOWE distribution is a flexible model which provides left-skewed, symmetrical, right-skewed, and reversed-J shaped densities (See Figure 1). Its hazard rate function (HRF) can provide decreasing, constant, increasing, upside-down bathtub, bathtub, and reversed-J shaped hazard rates (See Figure 2). It is noted that, the bathtub and modified bathtub hazard rates are very important in the reliability engineering context. The interesting point of the EOWE distribution, with three parameters, is that it exhibits the bathtub and modified bathtub hazard rates as, in general, most distributions used to model such data are complicated, and usually may include four or five parameters to obtain these hazard rates. Due to its flexibility and simple closed forms of its HRF and cumulative distribution function (CDF), we can use it for analyzing censored data.



They also studied the estimation of its parameters using eight classical estimation methods called, the maximum product of spacing estimators, maximum likelihood estimators, least squares estimators, weighted least-squares estimators, percentiles estimators, Cramér-von Mises estimators, Anderson-Darling estimators, and right-tail Anderson-Darling estimators. They compared the performance of these estimators, for small and large samples, using extensive simulations.



The CDF and probability density function (PDF) of the EOWE distribution are given by


  F  ( x ; α , β , λ )  = 1 −   1 + β    exp  λ x  − 1  α     − 1  β   , x > 0 , α , β , λ > 0  



(1)




and


  f  ( x ; α , β , λ )  = α λ exp  α λ x    1 − exp  − λ x    α − 1      1 + β   exp  λ x  − 1  α      − 1  β  − 1   , x > 0 , α , β , λ > 0 ,  



(2)




respectively. Henceforth, a random variable with PDF (2) is denoted by   X ∼   EOWE (  α , β , λ  ). The EOWE model reduces to the two-parameter Weibull exponential distribution for   β →  0 +   .



The MPS method was presented by Cheng and Amin [8] and autonomously talked about by Ranneby [9] as an alternative method to the maximum likelihood estimation method for continuous distributions, for example see Almetwally and Almongy [10]. Ng et al. [11] discussed progressive type-II censored samples using the MPS method. Almetwally and Almongy [12] and Basu et al. [13] introduced the MPS method based on hybrid censoring scheme. Almetwally et al. [14,15] introduced the adaptive type-II progressive censoring schemes using MPS method. El-Sherpieny et al. [16] introduced progressive type-II hybrid censoring scheme based on MPS.



The rest of this paper is organized as follows. The model description is presented in Section 2. Parameter estimation are given in Section 3. We provide bootstrap confidence intervals in Section 4. In Section 5, the potentiality of the estimation approaches is assessed via simulation results. In Section 6, two applications to real data are discussed. Finally, some remarks are offered in Section 7.




2. Model Description and Formulation


The following assumptions will be employed under progressive type-II censoring scheme and can be described as follows.



	
Assume that n identical and independent units are put on a life test and the lifetimes of these units have the EOWE distribution.



	
Generate progressive sample as    x  1 : m : n   <  x  2 : m : n   < … <  x  m : m : n    , where m is prefixed where   m ≤ n  .



	
At first failure,   R 1   of the surviving units   n − 1   are randomly removed from the test. After observing the second failure,   R 2   of the surviving units   n −  R 1  − 1   are randomly removed from the experiment. The process continues until the mth, denoted by   R m  , failure is occurred. After the mth failure the remaining surviving units    R m  = n − m −  ∑  i = 1   m − 1    R i    are removed from the test and the experiment is terminated.



	
Suppose that an individual unit being removed from the test is independent of the others but with the same removal probability p. Then, the number of units removed at each failure time follows a binomial distribution. That is    R i  ∼ b i n o m i a l  ( n − m −  ∑  i = 1   m − 1    R i  , p )   .






The joint likelihood function based on progressive type-II censored sample with binomial removals is defined, for any vector of parameters  Φ , as


  l  (  x  i : m : n   , Φ )  = L  (  x  i : m : n   , Φ )  P  ( R = r )  ,  



(3)




where   L (  x  i : m : n   , Φ )   is the likelihood function under progressive type II censored samples and


  P  ( R = r )  =   ( n − m ) !    ( n − m −  ∑  j = 1   m − 1    r j  )  !  ∏  j = 1   m − 1    r j     p   ∑  j = 1   m − 1    r j      ( 1 − p )    ( m − 1 )   ( n − m )  −  ∑  j = 1   m − 1    ( m − j )   r j    .  



(4)







The maximum likelihood estimator (MLE) of p follows directly by maximizing   P ( R = r )   in (4), since   L (  x  i : m : n   , Φ )   does not depend on the binomial parameter p. Hence, the MLE of p follows as


   p ^  =    ∑  j = 1   m − 1    r j     ( m − 1 )   ( n − m )  −  ∑  j = 1   m − 1    ( m − j )   r j   ) !   ∏  j = 1   m − 1    r j    .  











Similarly,   P ( R = r )   does not involve the parameter vector  Φ , then the MLE of  Φ  can be obtained easily by maximizing   L (  x  i : m : n   , Φ )  . More information can be explored in Tse et al. [17].



The likelihood function under progressive type-II censored samples is defined by (see Balakrishnan and Aggarwala [3])


  L  (  x  i : m : n   , Φ )  = C  ∏  i = 1  m  f  (  x  i : m : n   , Φ )    1 − F (  x  i : m : n   , Φ )   R i   ,  



(5)




where C is a constant which does not depend on the parameters vector  Φ  and it is defined by   C = n   ( n −  R 1  − 1 )    ( n −  R 1  −  R 2  − 2 )   ⋯   ( n − m −  R 1  − ⋯ −  R  m − 1   + 1 )   .




3. Parameter Estimation under Progressive Type-II Censored Samples


In this section, we study the estimation problem of the EOWE parameters under progressive type-II censored samples using two estimation methods called, the maximum likelihood estimators (MLEs) and maximum product of spacing estimators (MPSEs).



3.1. Maximum Likelihood Method


Let    X  1 : m : n   , ⋯ ,  X  m : m : n     be a progressively type-II censored sample from the EOWE distribution with with PDF (2) and parameters  α ,  β , and  λ . The log-likelihood function takes the form


     ℓ =     m  log  α  + m log  λ  + α λ  ∑  i = 1  m    x  i : m : n   +  α − 1   ∑  i = 1  m   log  A  i : m : n          −  ∑  i = 1  m       R i  + β + 1  β   log  1 + β    K  i : m : n    α   ,     



(6)




where    K  i : m : n   =  e  λ  x  i : m : n     − 1  ,    A  i : m : n   = 1 −  e  − λ  x  i : m : n      . The MLEs of the parameters   α ,    β  and  λ  under progressive type-II censored samples, are obtained by differentiating the log-likelihood Equation (6) with respect to each parameter separately, by solving the following nonlinear equations,


    ∂ ℓ   ∂ α   =  m α  + λ  ∑  i = 1  m    x  i : m : n   +  ∑  i = 1  m   log   A  i : m : n    −  ∑  i = 1  m     R i  + 1 + β     K  i : m : n  α  log   K  i : m : n      1 + β  K  i : m : n  α    = 0 ,  










    ∂ ℓ   ∂ β   = −  ∑  i = 1  m       R i  + β + 1  β     K  i : m : n  α   1 + β  K  i : m : n  α    +    R i  + 1   β 2    ∑  i = 1  m  log  1 + β  K  i : m : n  α   = 0  








and


       ∂ ℓ   ∂ λ   =      m λ  + α  ∑  i = 1  m    x  i : m : n   +  α − 1   ∑  i = 1  m      x  i : m : n    1 −  A  i : m : n      A  i : m : n           − α  ∑  i = 1  m    R i  + β + 1     x  i : m : n   exp  λ  x  i : m : n     K  i : m : n   α − 1     1 + β  K  i : m : n  α    = 0 .     











These equations are very difficult to be solved, so nonlinear optimization algorithm as Newton–Raphson method are used. Using numerical analysis, the asymptotic confidence interval (ACI) can be obtained through asymptotic variance–covariance matrix and normal approximation confidence intervals.




3.2. Maximum Product Spacing Method


Cheng and Amin [8,18] introduced the MPS method as an alternative to MLE method for estimating the parameters of continuous univariate distributions. They replaced the likelihood function by product of spacings and stated that the MPS method possesses most of the maximum likelihood properties. Further, Ranneby [9] independently proposed the MPS method as an approximation to the Kullback-Leibler measure of information.



The consistency and asymptotic properties of the MPSEs are discussed in [8,18] and the authors also observed that the MPSEs are at least as efficient as the MLEs when they exit. Coolen and Newby [19] discussed the invariance property of MPSEs and stated that it is the same as that of the MLEs. Furthermore, the MPSEs are quite effective and many authors proposed the use of this method as a good alternative to the MLEs, and found that this estimation approach can provide better estimates than the maximum likelihood approach in several situations in both complete and censored samples. For more details, the reader may refer to Ghosh and Jammalamadaka [20], Rahman and Pearson [21], Singh et al. [22], Basu et al. [23], Almetwally and Almongy [12] Al-Mofleh et al. [24], Sen [25].



Consider a progressively type-II censored sample, say    X  1 : m : n   , ⋯ ,  X  m : m : n    , from the EOWE distribution with with PDF (2) and parameters  α ,  β , and  λ . Then, the uniform spacings of this random sample are defined as


   D i    x  i : m : n   ; α , β , λ  =      F   x  1 : m : n   ; α , β , λ       if  i = 1 ,       F   x  i : m : n   ; α , β , λ  − F   x  i − 1 : m : n   ; α , β , λ       if  i = 2 , ⋯ , m ,       1 − F   x  m : m : n   ; α , β , λ       if  i = m ,       











The MPSEs can be obtained by maximizing the product of spacings which are defined under progressive type-II censoring sample as follows (see Ng et al. [11])


  P S  (  x  i : m : n   ; α , β , λ )  = C   ∏  i = 1  m   D  (  x  i : m : n   , α , β , λ )     1 − F (  x  i : m : n   , α , β , λ )   R i   ,  








where C is a constant term and it does not depend on parameters  α ,  β  and  λ .



Using the CDF of the EOWE distribution and the logarithm of product of spacings, we obtain


     S (  x  i : m : n   ; α , β , λ ) =     log  1 −   1 + β  K  1 : m : n  α     − 1  β    +  1 β  log  1 + β  K  1 : m : n  α          +  ∑  i = 2  m   log  1 + β  K  1 : m : n  α  − 1 + β  K  1 : m : n  α   +  ∑  i = 1  m     R i  β  log  1 + β  K  1 : m : n  α   ,     



(7)




where    K  i : m : n   =  e  λ  x  i : m : n     − 1  .



The MPSEs of  α ,  β , and  λ  under progressively type-II censored samples are obtained by solving the following nonlinear equations, which are follows by differentiating the logarithm of product of spacings in Equation (7) with respect to each parameter


    ∂ S (  x  i : m : n   ; α , β , λ )   ∂ α   =     (  ℘  1 : m : n   )    − 1 − β  β    δ  1 : m : n     1 −   (  ℘  1 : m : n   )    − 1  β     +   δ  m : m : n    ℘  m : m : n    + β  ∑  i = 2  m   log    δ  i − 1 : m : n   −  δ  i : m : n       ℘  i − 1 : m : n    −   ℘  i : m : n      +  ∑  i = 1  m     R i  β    δ  i : m : n    ℘  i : m : n    = 0 ,  










          ∂ S (  x  i : m : n   ; α , β , λ )   ∂ β   =     −    ℘  1 : m : n    − 1  β   log  (  ℘  1 : m : n   )   K  1 : m : n  α     β 2   ( 1 −  ℘  1 : m : n    − 1  β   )    −  1  β 2   log   ℘  m : m : n    +  1 β    K  m : m : n  α   ℘  m : m : n    +  ∑  i = 2  m      K  i − 1 : m : n  α  −  K  i : m : n  α     ℘  i − 1 : m : n   −  ℘  i : m : n            −  ∑  i = 1  m     R i   β 2   log   ℘  i : m : n    +  ∑  i = 1  m     R i  β    K  i : m : n  α   ℘  i : m : n    = 0        








and


    ∂ S (  x  i : m : n   ; α , β , λ )   ∂ λ   =    1 β   ℘  1 : m : n     − 1  β  − 1    φ  1 : m : n     1 −  ℘  1 : m : n    − 1  β     +  1 β    φ  m : m : n    ℘  m : m : n    +  ∑  i = 2  m      φ  i − 1 : m : n   −  φ  i : m : n      ℘  i − 1 : m : n   −  ℘  i : m : n     +  ∑  i = 1  m     R i  β    φ  i : m : n    ℘  i : m : n    = 0 ,  








where    δ  i : m : n   =  K  i : m : n  α  log  (  K  i : m : n   )   ,    ℘  i : m : n   = 1 + β  K  1 : m : n  α   , and    φ  i : m : n   = β α  K  i : m : n   α − 1    e  λ  x  i : m : n      x  i : m : n    .



These equations are very difficult to be solved analytically, hence the nonlinear optimization algorithms such as Newton–Raphson method can be employed to solve these equations numerically. Using numerical analysis, the ACI follows by asymptotic variance–covariance matrix and normal approximation confidence intervals.





4. Bootstrap Confidence Intervals


In this section, we propose different bootstrap confidence intervals. We adopt the percentile bootstrap (Bp) confidence intervals and bootstrap-t (Bt) confidence intervals. More information about bootstrap confidence intervals can be found in Efron [26], Hall [27], and El-Morshedy et al. [28].



4.1. Percentile Bootstrap Confidence Intervals


The following steps illustrate how to calculate the Bp confidence interval for the EOWE parameters.



	
Compute the MLEs of the parameters   α , β   and  λ .



	
Generate a bootstrap samples using   α , β   and  λ  to obtain the bootstrap estimates,   α b  ,   β b   and   λ b   using the bootstrap samples.



	
Repeat step (2)  B  times to have   (  α  b ( 1 )   ,  α  b ( 2 )   , … ,  α  b ( B )   )  ,   (  β  b ( 1 )   ,  β  b ( 2 )   , … ,  β  b ( B )   )   and   (  λ  b ( 1 )   ,  λ  b ( 2 )   , …  λ  b ( B )   )  .



	
Arrange   (  α  b ( 1 )   ,  α  b ( 2 )   , … ,  α  b ( B )   )  ,   (  β  b ( 1 )   ,  β  b ( 2 )   , … ,  β  b ( B )   )   and   (  λ  b ( 1 )   ,  λ  b ( 2 )   , …  λ  b ( B )   )   in ascending order as   (  α  b [ 1 ]   ,  α  b [ 2 ]   , … ,  α  b ( [ B ] )   )  ,   (  β  b [ 1 ]   ,  β  b [ 2 ]   , … ,  β  b ( [ B ] )   )   and   (  λ  b [ 1 ]   ,  λ  b [ 2 ]   , …  λ  b [ B ]   )  .



	
The two sided   100 ( 1 − γ ) %   Bp confidence intervals for the unknown parameters   α , β   and  λ  are given by   [  α  b (  [ B  γ 2  ]  )   ,  α  b (  [ B  ( 1 −  γ 2  )  ]  )   ] ,     [  β  b (  [ B  γ 2  ]  )   ,  β  b (  [ B  ( 1 −  γ 2  )  ]  )   ]   and   [  λ  b (  [ B  γ 2  ]  )   ,  λ  b (  [ B  ( 1 −  γ 2  )  ]  )   ]  .







4.2. Bootstrap-t Confidence Intervals


The Bt confidence intervals for the EOWE parameters can be calculated using the following steps.



	
Applying the same first two steps (1 and 2) as in Bp.



	
Compute the t-statistic of  Φ  as   T =     Φ ^  b   −   Φ ^     V (   Φ ^  b  )      where   V (   Φ ^  b  )   is asymptotic variances of    Φ ^  b   and it can be obtained using the Fisher information matrix, where   Φ =   ( α , β , λ )  T   .



	
Repeat the step (2)  B  times to obtain   (  T  ( 1 )   ,  T  ( 2 )   , … ,  T  ( B )   )  .



	
Arrange   (  T  ( 1 )   ,  T  ( 2 )   , … ,  T  ( B )   )   in ascending order as   (  T  [ 1 ]   ,  T  [ 2 ]   , … ,  T  [ B ]   )  .



	
The two sided   100 ( 1 − γ ) %   Bt confidence intervals for the unknown parameters  α ,  β  and  λ  are defined by   [ α +  T k  b (  [ B  γ 2  ]  )     V (  α b  )   , β +   V (  α b  )    T k  b (  [ B  ( 1 −  γ 2  )  ]  )   ]  ,   [ β +  T k  b (  [ B  γ 2  ]  )     V (  β b  )   ,   β +   V (  β b  )    T k  b (  [ B  ( 1 −  γ 2  )  ]  )   ]   and   [ λ +  T k  b (  [ B  γ 2  ]  )     V (  λ b  )   , λ +   V (  λ b  )    T k  b (  [ B  ( 1 −  γ 2  )  ]  )   ]  .








5. Simulation Study


In this section, Monte-Carlo simulations are conducted to compare between the MLEs and MPSEs, of the EOWE parameters, under progressive type-II censored samples with binomial removals, using the R software. The simulation results are conducted to explore and assess the properties and performance of the MLEs and MPSEs in terms of their biases, mean square error (MSEs), and length of confidence interval (L.CI). We generate 10,000 random samples from the EOWE distribution for the following parameter combinations.



	Case I:

	
  α = 3.5 , β = 3   and   λ = 0.5  ,




	Case II:

	
  α = 3.5 , β = 1.5   and   λ = 0.5   and




	Case III:

	
  α = 3.5 , β = 1.5   and   λ = 1.5  







For different sample sizes   n = 50 , 100   and 200, different number of failures m and removal probabilities   p = 0.25   and   p = 0.75   to generate the number of units removed at each failure time   R i   using the binomial distribution. It is supposed that an individual unit being removed from the test is independent of the others but with the same removal probabilities   p = 0.25   and   p = 0.75  . Then, the number of units removed at each failure time follows the binomial distribution.



The confidence level for confidence intervals (CIs) is 95% where,  γ  is 0.05. The estimation method which minimizes the biases, MSEs, and L.CI of the estimates can be considered the best scheme. Table 1, Table 2 and Table 3 summarize the simulation results including the bias, MSEs, L.CI, Bp, and Bt for the MLEs and MPSEs for different parameter combinations.



From Table 1, Table 2 and Table 3, the following observations can be summarized as follows.



	
The MSEs, bias and L.CI decrease as the sample size increases for all parameter combinations.



	
The bias, MSEs, L.CI decrease as the number of stages (m) increases.



	
The MPS estimates are efficient than the maximum likelihood (ML) estimates for most studied cases of the EOWE distribution under progressive type-II censored samples with binomial removals.



	
The MSEs of MPSEs are smaller than the MSEs of MLEs, hence the MPS method outperforms the ML method under progressive type-II censoring scheme.



	
The length of confidence intervals of the MPS approach are comes out to be smaller than those of the ML approach for most considered cases.



	
The Bt confidence intervals are more efficient than the Bp confidence intervals for most studied cases.






From the values in Table 1, Table 2 and Table 3, we can conclude that the MPS method outperforms the ML method in estimating the parameters of the EOWE distribution under progressive type-II censoring scheme with binomial removals.




6. Applications to Real Data


We present the numerical results of estimating the parameters of EOWE model under progressive type-II censoring scheme using two real datasets from the engineering and medicine fields, to illustrate the methods of inference discussed in Section 3.



The first data refer to electric data (Balakrishnan and Cramer [29]). Theses data contain 19 measurements of failure times (in minutes) for an insulating fluid between two electrodes subject to a voltage of 34 kV: 0.19, 0.78, 0.96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85, 6.50, 7.35, 8.01, 8.27, 12.06, 31.75, 32.52, 33.91, 36.71 and 72.89. We computed the Kolmogorov-Smirnov (KS) distance (D) between the fitted and the empirical distribution functions for the data, where KS = 0.17449 and its corresponding p-value = 0.5515. Figure 3 displays the plots of estimated CDF, fitted PDF, PP-plot and QQ-plot for the EOWE distribution for complete data. Figure 3 indicates that the EOWE distribution provides better fits to electric data.



Table 4 shows the parameter estimates, their standard errors (SEs), lower and upper CI (L.CI and U.CI) for the EOWE distribution using the MPS and ML methods. These data are progressive type-II censored data with censoring scheme   R = (  0  ( 2 )   , 3 , 0 , 3 ,  0  ( 2 )   , 5 )  . The censored data are listed in Table 5. We also computed the KS of ML method distance is 0.26316 and its corresponding p-value is 0.1192. Table 6 shows ML and MPS estimates, SEs, L.CI and U.CI under progressive censored electric data.



The second dataset is discussed by Lee and Wang [30], and it represents the remission times (in months) of a random sample of 137 bladder cancer patients. Figure 4 shows the plots of the estimated CDF, fitted PDF, PP-plot and QQ-plot for the EOWE distribution. This figure indicates that the EOWE distribution can provide better fit to the medicine data. Table 7 shows ML and modified MPS estimates, SEs, L.CI, U.CI, KS test for complete medicine data.



These data are progressive type-II censored data with censoring scheme   R = (  0  ( 2 )   , 3 , 0 , 3 ,  0  ( 2 )   , 5 )  . The four randomly generated censored samples based on bladder cancer data are reported in Appendix A. We also computed the KS of ML method distance is 0.26316 and its corresponding p-value is 0.1192. Table 8 reports the parameter estimates, their SEs, L.CI and U.CI for the EOWE distribution using ML and modified MPS methods. Table 8 reveals that the length of confidence intervals of the modified MPS approach are smaller than those of the ML method. Based on the values in Table 8, we can conclude that the modified MPS method outperforms the ML method in estimating the EOWE parameters under progressive type-II censored bladder cancer data for different removal probabilities   p = 0.25   and   p = 0.75  .




7. Conclusions


In this article, the maximum product spacing and maximum likelihood estimation methods are adopted for estimating the parameters of the EOWE distribution under progressive type-II censoring scheme with binomial removals. The performance of the two proposed estimators is investigated numerically for different parameter values and sample sizes using simulations. The percentile bootstrap and bootstrap-t confidence intervals are determined for the proposed estimation methods. Moreover, the roles of sample size n, failure size m, and removal probabilities p toward the accuracy of estimates are studied via simulation results. Based on our study, we can conclude that the maximum product of spacing method provides better performance than the maximum likelihood estimation method in estimating the EOWE parameters under progressive type-II censored samples. Finally, two real data examples, from engineering and medicine fields, are explored to illustrate the methods of inference discussed in the paper. Finally, based on our study, we can confirm the superiority of the maximum product of spacing method for estimating the EOWE parameters form the two real datasets under progressive type-II censoring scheme.
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Appendix A


Case I: The sample observations under progressive type-II censoring schemes for bladder cancer data with   m = 100  ,   p = 0.25   and   R = ( 8 , 11 , 1 , 6 , 3 , 0 , 3 , 1 , 2 , 1 ,  0  ( 3 )   , 1 ,  0  ( 86 )   )  :



0.20 0.40 0.87 1.26 1.35 1.46 1.76 2.02 2.02 2.07 2.09 2.23 2.46 2.54 2.62 2.64 2.75 2.83 2.87 3.02 3.25 3.31 3.36 3.36 3.48 3.64 3.70 3.82 3.88 4.18 4.23 4.26 4.33 4.33 4.34 4.40 4.50 4.51 4.65 4.70 4.87 5.17 5.32 5.34 5.41 5.41 5.49 5.62 5.71 5.85 6.54 6.76 6.93 6.94 6.97 7.09 7.39 7.59 7.62 7.63 7.66 7.87 8.53 8.60 8.65 8.66 9.02 9.74 10.34 10.66 10.86 11.25 11.64 11.79 12.02 12.03 12.07 12.63 13.11 13.80 14.24 14.76 14.77 14.83 15.96 17.36 18.10 19.13 20.28 23.63 24.80 25.74 25.82 26.31 32.15 34.26 36.66 43.01 46.12 79.05.



Case II: The sample observations under progressive type-II censoring schemes for bladder cancer data with   m = 100  ,   p = 0.75   and   R = ( 7 , 19 , 11 ,  0  ( 97 )   )  :



0.08 0.51 0.81 0.90 1.26 1.35 1.40 1.46 2.02 2.09 2.23 2.26 2.46 2.62 2.64 2.69 2.69 2.83 2.87 3.02 3.25 3.31 3.36 3.52 3.57 3.64 3.70 3.82 3.88 4.18 4.26 4.33 4.33 4.34 4.40 4.50 4.51 4.65 4.70 4.87 5.06 5.09 5.17 5.32 5.32 5.34 5.41 5.41 5.49 5.62 5.85 6.54 6.76 6.97 7.09 7.28 7.39 7.63 7.66 8.26 8.65 8.66 9.02 9.22 9.47 10.06 10.34 10.66 10.75 10.86 11.25 11.64 11.79 11.98 12.02 12.03 12.63 13.11 13.80 14.24 14.77 14.83 15.96 16.62 17.12 17.14 18.10 19.13 19.36 20.28 21.73 22.69 23.63 24.80 25.74 26.31 32.15 34.26 36.66 46.12.



Case III: The sample observations under progressive type-II censoring schemes for bladder cancer data with   m = 120  ,   p = 0.25   and   R = ( 4 , 5 , 0 , 3 , 1 , 0 , 2 , 0 , 1 ,  0  ( 4 )   , 1 ,  0  ( 106 )   )  :



0.20 0.51 0.87 0.90 1.19 1.26 1.35 1.40 1.46 2.02 2.02 2.07 2.09 2.23 2.26 2.46 2.54 2.62 2.64 2.69 2.75 2.83 2.87 3.02 3.02 3.25 3.31 3.36 3.36 3.48 3.52 3.57 3.64 3.82 3.88 4.18 4.23 4.33 4.40 4.50 4.51 4.65 4.70 4.87 4.98 5.06 5.17 5.32 5.32 5.34 5.41 5.41 5.49 5.62 5.71 5.85 6.25 6.54 6.76 6.93 6.94 6.97 7.09 7.26 7.28 7.32 7.39 7.62 7.63 7.66 7.87 7.93 8.26 8.37 8.53 8.60 8.65 8.66 9.02 9.22 9.47 9.74 10.06 10.66 10.75 10.86 11.64 11.79 11.98 12.02 12.07 12.63 13.11 13.29 13.80 14.24 14.76 14.77 14.83 15.96 16.62 17.14 17.36 18.10 19.13 19.36 20.28 21.73 22.69 23.63 24.80 25.74 25.82 26.31 32.15 34.26 36.66 43.01 46.12 79.05.



Case IV: The sample observations under progressive type-II censoring schemes for bladder cancer data with   m = 120  ,   p = 0.75   and   R = ( 3 , 10 , 3 , 1 ,  0  ( 96 )   )  :



0.08 0.20 0.40 0.50 0.51 0.81 0.87 0.90 1.05 1.19 1.26 1.35 1.40 1.46 1.76 2.02 2.07 2.09 2.23 2.54 2.62 2.64 2.69 2.69 2.75 2.83 2.87 3.02 3.02 3.31 3.36 3.36 3.48 3.64 3.70 3.82 3.88 4.18 4.23 4.26 4.33 4.33 4.34 4.40 4.50 4.51 4.65 4.70 4.98 5.06 5.09 5.17 5.32 5.32 5.34 5.41 5.49 5.62 5.71 5.85 6.25 6.54 6.76 6.93 6.94 6.97 7.09 7.26 7.28 7.32 7.39 7.59 7.62 7.63 7.66 7.87 7.93 8.26 8.37 8.53 8.60 8.66 9.02 9.22 9.47 9.74 10.06 10.66 10.75 10.86 11.25 11.79 11.98 12.02 12.03 12.07 12.63 13.80 14.24 14.77 14.83 15.96 16.62 17.12 18.10 19.13 19.36 20.28 22.69 23.63 24.80 25.74 25.82 26.31 32.15 34.26 36.66 43.01 46.12 79.05.
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Figure 1. Different possible shapes of the extended odd Weibull exponential (EOWE) density function for several parametric values. 
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Figure 2. Different possible shapes of the EOWE hazard function for several parametric values. 
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Figure 3. The estimated cumulative distribution function (CDF), fitted probability density function (PDF), PP-plot and QQ-plot of the EOWE distribution for complete electric data. 
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Figure 4. The estimated CDF, fitted PDF, PP-plot and QQ-plot of the EOWE distribution for complete bladder cancer data. 
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Table 1. The maximum likelihood estimators (MLEs) and maximum product of spacing estimators (MPSEs) of the EOWE parameters under progressive type-II censoring scheme with binomial removals for Case I.
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MLEs

	
MPSEs




	
  n  

	
  p  

	
  m  

	

	
Bias

	
MSEs

	
L.CI

	
Bp

	
Bt

	
Bias

	
MSEs

	
L.CI

	
Bp

	
Bt






	
50

	
0.25

	
30

	
  α  

	
0.3523

	
0.6572

	
2.8635

	
0.0889

	
0.0888

	
0.0401

	
0.4631

	
2.9767

	
0.0825

	
0.0822




	
  β  

	
0.0932

	
0.9319

	
3.7685

	
0.1198

	
0.1158

	
0.0952

	
0.7475

	
3.3084

	
0.1104

	
0.1089




	
  λ  

	
−0.0339

	
0.0041

	
0.2116

	
0.0066

	
0.0065

	
−0.0357

	
0.0039

	
0.2030

	
0.0064

	
0.0064




	
45

	
  α  

	
0.1906

	
0.5624

	
2.8448

	
0.0863

	
0.0872

	
−0.0860

	
0.3792

	
2.6681

	
0.0752

	
0.0759




	
  β  

	
0.0335

	
0.8128

	
3.5334

	
0.1106

	
0.1103

	
0.0819

	
0.6478

	
3.1515

	
0.1028

	
0.1060




	
  λ  

	
0.0004

	
0.0025

	
0.1978

	
0.0065

	
0.0065

	
−0.0004

	
0.0023

	
0.1905

	
0.0057

	
0.0057




	
0.75

	
30

	
  α  

	
0.4678

	
1.5610

	
4.5437

	
0.1487

	
0.1421

	
0.1407

	
0.7110

	
3.5877

	
0.1030

	
0.1027




	
  β  

	
0.1726

	
2.4976

	
6.1611

	
0.2360

	
0.1997

	
0.2062

	
1.1450

	
4.0844

	
0.1339

	
0.1356




	
  λ  

	
−0.0096

	
0.0030

	
0.2122

	
0.0066

	
0.0067

	
−0.0113

	
0.0028

	
0.2049

	
0.0067

	
0.0067




	
45

	
  α  

	
0.2086

	
0.6241

	
2.9883

	
0.0977

	
0.0979

	
−0.0764

	
0.3982

	
2.7417

	
0.0790

	
0.0791




	
  β  

	
0.1332

	
1.0026

	
3.8921

	
0.1233

	
0.1182

	
0.1104

	
0.6723

	
3.2093

	
0.1031

	
0.1010




	
  λ  

	
0.0018

	
0.0025

	
0.1959

	
0.0063

	
0.0063

	
0.0009

	
0.0022

	
0.1869

	
0.0061

	
0.0062




	
100

	
0.25

	
60

	
  α  

	
0.3021

	
0.3466

	
1.9819

	
0.0607

	
0.0607

	
0.1191

	
0.2898

	
2.2422

	
0.0672

	
0.0668




	
  β  

	
0.0890

	
0.4804

	
2.6959

	
0.0872

	
0.0868

	
0.0851

	
0.4511

	
2.6273

	
0.0859

	
0.0829




	
  λ  

	
−0.0153

	
0.0021

	
0.1677

	
0.0051

	
0.0051

	
−0.0169

	
0.0019

	
0.1609

	
0.0050

	
0.0050




	
85

	
  α  

	
0.1316

	
0.1998

	
1.6755

	
0.0487

	
0.0491

	
−0.0225

	
0.1767

	
1.8006

	
0.0501

	
0.0509




	
  β  

	
0.0382

	
0.3465

	
2.3039

	
0.0735

	
0.0749

	
0.0386

	
0.3148

	
2.1948

	
0.0710

	
0.0704




	
  λ  

	
−0.0030

	
0.0012

	
0.1381

	
0.0043

	
0.0042

	
−0.0041

	
0.0012

	
0.1368

	
0.0043

	
0.0042




	
0.75

	
60

	
  α  

	
0.3143

	
0.5899

	
2.7484

	
0.0890

	
0.0886

	
0.1020

	
0.3152

	
2.3777

	
0.0701

	
0.0689




	
  β  

	
0.1794

	
1.0754

	
4.0059

	
0.1265

	
0.1278

	
0.1608

	
0.6143

	
3.0272

	
0.0933

	
0.0932




	
  λ  

	
−0.0024

	
0.0024

	
0.1914

	
0.0061

	
0.0061

	
−0.0048

	
0.0020

	
0.1782

	
0.0057

	
0.0055




	
85

	
  α  

	
0.1052

	
0.2070

	
1.7359

	
0.0543

	
0.0552

	
−0.0636

	
0.1753

	
1.7917

	
0.0522

	
0.0519




	
  β  

	
0.0516

	
0.3678

	
2.3700

	
0.0688

	
0.0698

	
0.0303

	
0.3074

	
2.1925

	
0.0684

	
0.0681




	
  λ  

	
−0.0001

	
0.0013

	
0.1424

	
0.0045

	
0.0045

	
−0.0018

	
0.0013

	
0.1402

	
0.0047

	
0.0047




	
200

	
0.25

	
130

	
  α  

	
0.1028

	
0.0608

	
0.8789

	
0.0274

	
0.0277

	
0.0179

	
0.0519

	
0.9755

	
0.0280

	
0.0277




	
  β  

	
−0.0125

	
0.0480

	
0.8583

	
0.0281

	
0.0281

	
0.0136

	
0.0618

	
0.9473

	
0.0302

	
0.0300




	
  λ  

	
−0.0079

	
0.0007

	
0.0955

	
0.0032

	
0.0032

	
−0.0082

	
0.0007

	
0.0969

	
0.0031

	
0.0030




	
180

	
  α  

	
0.0412

	
0.0456

	
0.8222

	
0.0257

	
0.0257

	
−0.0324

	
0.0398

	
0.8458

	
0.0240

	
0.0237




	
  β  

	
−0.0043

	
0.0457

	
0.8379

	
0.0260

	
0.0257

	
0.0121

	
0.0403

	
0.7694

	
0.0277

	
0.0277




	
  λ  

	
−0.0017

	
0.0005

	
0.0850

	
0.0027

	
0.0028

	
−0.0016

	
0.0005

	
0.0844

	
0.0027

	
0.0027




	
0.75

	
130

	
  α  

	
0.0895

	
0.0600

	
0.8941

	
0.0289

	
0.0289

	
−0.0011

	
0.0528

	
0.9921

	
0.0272

	
0.0271




	
  β  

	
0.0178

	
0.0645

	
0.9933

	
0.0312

	
0.0310

	
0.0363

	
0.0676

	
0.9910

	
0.0334

	
0.0320




	
  λ  

	
−0.0029

	
0.0007

	
0.1038

	
0.0033

	
0.0033

	
−0.0033

	
0.0007

	
0.1030

	
0.0033

	
0.0033




	
180

	
  α  

	
0.0355

	
0.0600

	
0.9502

	
0.0295

	
0.0298

	
−0.0386

	
0.0529

	
0.9637

	
0.0282

	
0.0284




	
  β  

	
0.0088

	
0.0553

	
0.9215

	
0.0293

	
0.0294

	
0.0252

	
0.0477

	
0.8343

	
0.0283

	
0.0277




	
  λ  

	
−0.0017

	
0.00047

	
0.0844

	
0.0027

	
0.0027

	
−0.0017

	
0.00045

	
0.0832

	
0.0026

	
0.0026
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Table 2. The MLEs and MPSEs of the EOWE parameters under progressive type-II censoring scheme with binomial removals for Case II.
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MLEs

	
MPSEs




	
  n  

	
  p  

	
  m  

	

	
Bias

	
MSEs

	
L.CI

	
Bp

	
Bt

	
Bias

	
MSEs

	
L.CI

	
Bp

	
Bt






	
50

	
0.25

	
30

	
  α  

	
0.3337

	
0.5529

	
2.6060

	
0.0808

	
0.0799

	
0.1034

	
0.3987

	
2.6734

	
0.0786

	
0.0799




	
  β  

	
−0.0120

	
0.4830

	
2.7253

	
0.0872

	
0.0870

	
0.1014

	
0.4410

	
2.4607

	
0.0809

	
0.0836




	
  λ  

	
−0.0255

	
0.0027

	
0.1791

	
0.0058

	
0.0057

	
−0.0236

	
0.0026

	
0.1739

	
0.0057

	
0.0056




	
45

	
  α  

	
0.1247

	
0.3453

	
2.2521

	
0.0722

	
0.0712

	
−0.0490

	
0.3128

	
2.3587

	
0.0705

	
0.0702




	
  β  

	
0.0187

	
0.3523

	
2.3269

	
0.0769

	
0.0781

	
0.1037

	
0.3660

	
2.2526

	
0.0731

	
0.0732




	
  λ  

	
−0.0006

	
0.0017

	
0.1601

	
0.0050

	
0.0051

	
0.0028

	
0.0016

	
0.1550

	
0.0048

	
0.0049




	
0.75

	
30

	
  α  

	
0.4109

	
0.8926

	
3.3367

	
0.1164

	
0.1143

	
0.1742

	
0.5192

	
2.9786

	
0.0892

	
0.0883




	
  β  

	
0.1001

	
0.9221

	
3.7456

	
0.1207

	
0.1196

	
0.1938

	
0.5484

	
2.7095

	
0.0909

	
0.0889




	
  λ  

	
−0.0059

	
0.0024

	
0.1897

	
0.0060

	
0.0062

	
−0.0033

	
0.0021

	
0.1770

	
0.0058

	
0.0059




	
45

	
  α  

	
0.1238

	
0.3454

	
2.2531

	
0.0733

	
0.0733

	
−0.0698

	
0.2939

	
2.3022

	
0.0677

	
0.0660




	
  β  

	
0.0179

	
0.2843

	
2.0900

	
0.0677

	
0.0663

	
0.0858

	
0.2786

	
1.9747

	
0.0616

	
0.0617




	
  λ  

	
−0.0004

	
0.0015

	
0.1523

	
0.0049

	
0.0050

	
0.0023

	
0.0015

	
0.1493

	
0.0048

	
0.0049




	
100

	
0.25

	
60

	
  α  

	
0.1834

	
0.1271

	
1.1992

	
0.0379

	
0.0373

	
0.0929

	
0.1366

	
1.4936

	
0.0455

	
0.0461




	
  β  

	
−0.0074

	
0.1317

	
1.4229

	
0.0447

	
0.0446

	
0.0854

	
0.1665

	
1.4722

	
0.0523

	
0.0500




	
  λ  

	
−0.0121

	
0.0012

	
0.1257

	
0.0037

	
0.0037

	
−0.0096

	
0.0012

	
0.1263

	
0.0040

	
0.0040




	
85

	
  α  

	
0.0650

	
0.0617

	
0.9405

	
0.0282

	
0.0285

	
−0.0221

	
0.0549

	
1.0022

	
0.0294

	
0.0294




	
  β  

	
−0.0257

	
0.0415

	
0.7930

	
0.0243

	
0.0241

	
0.0366

	
0.0495

	
0.7980

	
0.0278

	
0.0278




	
  λ  

	
−0.0029

	
0.0006

	
0.0936

	
0.0028

	
0.0028

	
−0.0006

	
0.0006

	
0.0931

	
0.0030

	
0.0030




	
0.75

	
60

	
  α  

	
0.1555

	
0.1613

	
1.4525

	
0.0460

	
0.0461

	
0.0564

	
0.1632

	
1.6677

	
0.0497

	
0.0494




	
  β  

	
0.0084

	
0.1615

	
1.5757

	
0.0493

	
0.0489

	
0.0969

	
0.2006

	
1.6264

	
0.0546

	
0.0548




	
  λ  

	
−0.0045

	
0.0012

	
0.1328

	
0.0042

	
0.0042

	
−0.0017

	
0.0011

	
0.1296

	
0.0043

	
0.0044




	
85

	
  α  

	
0.0352

	
0.0644

	
0.9856

	
0.0308

	
0.0308

	
−0.0540

	
0.0603

	
1.0290

	
0.0278

	
0.0284




	
  β  

	
−0.0229

	
0.0513

	
0.8836

	
0.0284

	
0.0285

	
0.0358

	
0.0490

	
0.7982

	
0.0266

	
0.0260




	
  λ  

	
−0.0017

	
0.0006

	
0.0962

	
0.0030

	
0.0030

	
0.0007

	
0.00060

	
0.0933

	
0.0031

	
0.0031




	
200

	
0.25

	
130

	
  α  

	
0.2260

	
0.2403

	
1.7063

	
0.0525

	
0.0525

	
0.1462

	
0.1904

	
1.6923

	
0.0501

	
0.0498




	
  β  

	
0.1021

	
0.1834

	
1.6312

	
0.0518

	
0.0519

	
0.1321

	
0.1624

	
1.4632

	
0.0471

	
0.0469




	
  λ  

	
−0.0010

	
0.0006

	
0.0989

	
0.0032

	
0.0032

	
−0.0002

	
0.0006

	
0.0934

	
0.0031

	
0.0031




	
180

	
  α  

	
0.0486

	
0.0668

	
0.9955

	
0.0299

	
0.0297

	
−0.0052

	
0.0636

	
1.0423

	
0.0306

	
0.0305




	
  β  

	
0.0088

	
0.0725

	
1.0557

	
0.0340

	
0.0338

	
0.0401

	
0.0724

	
1.0121

	
0.0334

	
0.0334




	
  λ  

	
−0.0008

	
0.00041

	
0.0796

	
0.0026

	
0.0026

	
0.0004

	
0.00040

	
0.0775

	
0.0024

	
0.0024




	
0.75

	
130

	
  α  

	
0.1894

	
0.2044

	
1.6103

	
0.0508

	
0.0501

	
0.1142

	
0.1701

	
1.6294

	
0.0475

	
0.0474




	
  β  

	
0.1010

	
0.1389

	
1.4072

	
0.0412

	
0.0423

	
0.1369

	
0.1340

	
1.2954

	
0.0421

	
0.0412




	
  λ  

	
0.0019

	
0.0006

	
0.0941

	
0.0029

	
0.0030

	
0.0031

	
0.0005

	
0.0894

	
0.0029

	
0.0028




	
180

	
  α  

	
0.0273

	
0.0599

	
0.9537

	
0.0298

	
0.0303

	
−0.0237

	
0.0675

	
1.0655

	
0.0328

	
0.0325




	
  β  

	
0.0000

	
0.0651

	
1.0009

	
0.0325

	
0.0325

	
0.0338

	
0.0723

	
1.0127

	
0.0331

	
0.0333




	
  λ  

	
−0.0017

	
0.00037

	
0.0756

	
0.0025

	
0.0025

	
−0.0004

	
0.00037

	
0.0749

	
0.0023

	
0.0023
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Table 3. The MLEs and MPSEs of the EOWE parameters under progressive type-II censoring scheme with binomial removals for Case III.






Table 3. The MLEs and MPSEs of the EOWE parameters under progressive type-II censoring scheme with binomial removals for Case III.





	

	

	

	

	
MLEs

	
MPSEs




	
  n  

	
  p  

	
  m  

	

	
Bias

	
MSEs

	
L.CI

	
Bp

	
Bt

	
Bias

	
MSEs

	
L.CI

	
Bp

	
Bt






	
50

	
0.25

	
30

	
  α  

	
0.5736

	
1.5294

	
4.2970

	
0.1373

	
0.1370

	
0.2874

	
1.0977

	
4.2375

	
0.1290

	
0.1274




	
  β  

	
0.1474

	
0.9823

	
3.8439

	
0.1179

	
0.1190

	
0.2402

	
0.9216

	
3.5525

	
0.1212

	
0.1226




	
  λ  

	
−0.0670

	
0.0311

	
0.6402

	
0.0206

	
0.0207

	
−0.0627

	
0.0283

	
0.6081

	
0.0201

	
0.0199




	
45

	
  α  

	
0.2885

	
1.1726

	
4.0934

	
0.1252

	
0.1261

	
0.0373

	
0.7295

	
3.5979

	
0.1080

	
0.1087




	
  β  

	
0.1379

	
0.8848

	
3.6493

	
0.1146

	
0.1138

	
0.1694

	
0.7108

	
3.2077

	
0.1005

	
0.0995




	
  λ  

	
0.0025

	
0.0222

	
0.5837

	
0.0192

	
0.0191

	
0.0087

	
0.0204

	
0.5525

	
0.0168

	
0.0168




	
0.75

	
30

	
  α  

	
0.6584

	
1.8058

	
4.5945

	
0.1524

	
0.1524

	
0.3779

	
1.2436

	
4.3954

	
0.1378

	
0.1386




	
  β  

	
0.2646

	
1.1592

	
4.0931

	
0.1351

	
0.1385

	
0.3705

	
1.2383

	
4.0095

	
0.1295

	
0.1289




	
  λ  

	
−0.0052

	
0.0292

	
0.6701

	
0.0216

	
0.0216

	
0.0025

	
0.0270

	
0.6367

	
0.0207

	
0.0206




	
45

	
  α  

	
0.2797

	
1.1554

	
4.0703

	
0.1374

	
0.1366

	
0.0353

	
0.8689

	
3.8978

	
0.1184

	
0.1182




	
  β  

	
0.1366

	
0.8788

	
3.6373

	
0.1213

	
0.1205

	
0.1741

	
0.8815

	
3.5810

	
0.1126

	
0.1113




	
  λ  

	
0.0021

	
0.0220

	
0.5810

	
0.0186

	
0.0187

	
0.0085

	
0.0205

	
0.5535

	
0.0174

	
0.0176




	
100

	
0.25

	
60

	
  α  

	
0.5411

	
1.0145

	
3.3317

	
0.1019

	
0.1020

	
0.3690

	
0.7521

	
3.2502

	
0.0979

	
0.0996




	
  β  

	
0.2555

	
0.6575

	
3.0183

	
0.0970

	
0.0970

	
0.3050

	
0.6210

	
2.8003

	
0.0926

	
0.0930




	
  λ  

	
−0.0096

	
0.0165

	
0.5022

	
0.0160

	
0.0160

	
−0.0071

	
0.0152

	
0.4805

	
0.0147

	
0.0147




	
85

	
  α  

	
0.2474

	
0.5458

	
2.7303

	
0.0839

	
0.0863

	
0.1058

	
0.3858

	
2.5420

	
0.0737

	
0.0729




	
  β  

	
0.1224

	
0.4149

	
2.4802

	
0.0797

	
0.0793

	
0.1468

	
0.3391

	
2.1856

	
0.0753

	
0.0750




	
  λ  

	
0.0037

	
0.0104

	
0.4003

	
0.0128

	
0.0126

	
0.0067

	
0.0097

	
0.3825

	
0.0123

	
0.0121




	
0.75

	
60

	
  α  

	
0.4911

	
1.0652

	
3.5602

	
0.1119

	
0.1114

	
0.3192

	
0.7894

	
3.4239

	
0.1066

	
0.1066




	
  β  

	
0.2696

	
0.7503

	
3.2283

	
0.1036

	
0.1045

	
0.3166

	
0.6916

	
2.9689

	
0.0951

	
0.0961




	
  λ  

	
0.0127

	
0.0173

	
0.5139

	
0.0164

	
0.0167

	
0.0167

	
0.0161

	
0.4889

	
0.0167

	
0.0165




	
85

	
  α  

	
0.1705

	
0.4452

	
2.5299

	
0.0817

	
0.0813

	
0.0387

	
0.3666

	
2.5015

	
0.0749

	
0.0777




	
  β  

	
0.0846

	
0.3507

	
2.2989

	
0.0734

	
0.0725

	
0.1161

	
0.3269

	
2.1642

	
0.0729

	
0.0719




	
  λ  

	
0.0026

	
0.0104

	
0.4006

	
0.0125

	
0.0126

	
0.0066

	
0.00980

	
0.3833

	
0.0127

	
0.0126




	
200

	
0.25

	
130

	
  α  

	
0.2384

	
0.2489

	
1.7190

	
0.0533

	
0.0538

	
0.1615

	
0.2102

	
1.7599

	
0.0553

	
0.0543




	
  β  

	
0.1107

	
0.1956

	
1.6796

	
0.0539

	
0.0547

	
0.1467

	
0.2028

	
1.6339

	
0.0536

	
0.0530




	
  λ  

	
−0.0022

	
0.0062

	
0.3093

	
0.0100

	
0.0098

	
0.0007

	
0.0061

	
0.3028

	
0.0100

	
0.0100




	
180

	
  α  

	
0.0771

	
0.1420

	
1.4468

	
0.0434

	
0.0434

	
0.0113

	
0.1247

	
1.4503

	
0.0426

	
0.0431




	
  β  

	
0.0295

	
0.1156

	
1.3284

	
0.0414

	
0.0424

	
0.0513

	
0.1121

	
1.2760

	
0.0415

	
0.0417




	
  λ  

	
−0.0008

	
0.0046

	
0.2651

	
0.0087

	
0.0083

	
0.0017

	
0.00442

	
0.2581

	
0.0078

	
0.0078




	
0.75

	
130

	
  α  

	
0.2130

	
0.2416

	
1.7375

	
0.0559

	
0.0559

	
0.1353

	
0.2092

	
1.7915

	
0.0531

	
0.0531




	
  β  

	
0.1239

	
0.1946

	
1.6607

	
0.0496

	
0.0504

	
0.1597

	
0.2035

	
1.6187

	
0.0507

	
0.0502




	
  λ  

	
0.0078

	
0.0067

	
0.3191

	
0.0099

	
0.0098

	
0.0113

	
0.0066

	
0.3113

	
0.0099

	
0.0099




	
180

	
  α  

	
0.1842

	
0.2272

	
1.7243

	
0.0568

	
0.0560

	
0.1066

	
0.1947

	
1.7567

	
0.0548

	
0.0538




	
  β  

	
0.1054

	
0.1813

	
1.6180

	
0.0521

	
0.0530

	
0.1366

	
0.1852

	
1.5692

	
0.0496

	
0.0493




	
  λ  

	
0.0054

	
0.0061

	
0.3061

	
0.0095

	
0.0095

	
0.0085

	
0.00597

	
0.2979

	
0.0096

	
0.0096
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Table 4. Estimates, standard errors (SEs), lower and upper CI (L.CI and U.CI) using the MLE and MPS methods for for complete electric data.
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MLEs

	
MPSEs




	

	
Estimates

	
SEs

	
L.CI

	
U.CI

	
Estimates

	
SEs

	
L.CI

	
U.CI






	
  α  

	
1.1463

	
0.4629

	
0.2391

	
2.0536

	
0.8743

	
0.3608

	
0.1671

	
1.5815




	
  β  

	
3.7229

	
1.7186

	
0.3545

	
7.0914

	
2.6628

	
1.3059

	
0.1032

	
5.2224




	
  λ  

	
0.1682

	
0.0789

	
0.0135

	
0.3228

	
0.1323

	
0.0659

	
0.0032

	
0.2614
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Table 5. Censored electric data generated under progressive type-II censoring scheme.
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	i
	1
	2
	3
	4
	5
	6
	7
	8



	R
	0
	0
	3
	0
	3
	0
	0
	5



	   X  i : m : n    
	0.19
	0.78
	0.96
	1.31
	2.7
	4.85
	6.5
	7.35
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Table 6. Estimates, SEs, L.CI, and U.CI using the MLE and MPS methods under progressive censored electric data.






Table 6. Estimates, SEs, L.CI, and U.CI using the MLE and MPS methods under progressive censored electric data.





	

	
MLEs

	
MPSEs




	

	
Estimates

	
SEs

	
L.CI

	
U.CI

	
Estimates

	
SEs

	
L.CI

	
U.CI






	
  α  

	
8.9625

	
15.8495

	
0.0000

	
40.0275

	
1.3636

	
9.0739

	
0.0000

	
19.1485




	
  β  

	
233.5237

	
501.9725

	
0.0000

	
1217.390

	
231.3125

	
102.1116

	
31.1738

	
431.4513




	
  λ  

	
2.7817

	
1.5220

	
0.0000

	
5.7648

	
16.5892

	
1.5072

	
13.6351

	
19.5433
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Table 7. Estimates, SEs, L.CI, and U.CI using the ML and modified MPS methods for complete bladder cancer data.






Table 7. Estimates, SEs, L.CI, and U.CI using the ML and modified MPS methods for complete bladder cancer data.





	

	
MLEs

	
MPSEs




	

	
Estimates

	
SEs

	
L.CI

	
U.CI

	
Estimates

	
SEs

	
L.CI

	
U.CI






	
  α  

	
1.45362

	
0.038622

	
1.37792

	
1.52932

	
1.39388

	
0.033382

	
1.328452

	
1.519048




	
  β  

	
1.988823

	
0.40268

	
1.199571

	
2.778075

	
1.958542

	
0.365845

	
1.241487

	
2.705878




	
  λ  

	
0.13089

	
0.000436

	
0.130036

	
0.131745

	
0.129332

	
0.000418

	
0.128513

	
0.13171
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Table 8. Estimates, SEs, L.CI, and U.CI using the ML and modified MPS methods under progressive censored bladder cancer data.






Table 8. Estimates, SEs, L.CI, and U.CI using the ML and modified MPS methods under progressive censored bladder cancer data.





	

	

	

	
MLEs

	
MPSEs




	

	
  p  

	

	
Estimates

	
SEs

	
L.CI

	
U.CI

	
Estimates

	
SEs

	
L.CI

	
U.CI






	
100

	
0.25

	
  α  

	
1.4275

	
0.0487

	
1.3321

	
1.5229

	
1.3575

	
0.0399

	
1.2793

	
1.4357




	
  β  

	
1.9557

	
0.5817

	
0.8156

	
3.0957

	
1.9220

	
0.5071

	
0.9282

	
2.9159




	
  λ  

	
0.1206

	
0.0006

	
0.1195

	
0.1217

	
0.1185

	
0.0005

	
0.1175

	
0.1196




	
0.75

	
  α  

	
1.4709

	
0.0500

	
1.3729

	
1.5690

	
1.3978

	
0.0414

	
1.3166

	
1.4790




	
  β  

	
1.9941

	
0.5448

	
0.9263

	
3.0619

	
1.9685

	
0.4842

	
1.0195

	
2.9176




	
  λ  

	
0.1298

	
0.0006

	
0.1286

	
0.1309

	
0.1279

	
0.0006

	
0.1268

	
0.1289




	
120

	
0.25

	
  α  

	
1.8064

	
0.0970

	
1.6162

	
1.9966

	
1.7279

	
0.0813

	
1.5686

	
1.8872




	
  β  

	
2.5580

	
0.9673

	
0.6621

	
4.4539

	
2.4808

	
0.8421

	
0.8303

	
4.1314




	
  λ  

	
0.1401

	
0.0007

	
0.1388

	
0.1413

	
0.1377

	
0.0006

	
0.1366

	
0.1389




	
0.75

	
  α  

	
1.4842

	
0.0463

	
1.3934

	
1.5750

	
1.4111

	
0.0389

	
1.3348

	
1.4874




	
  β  

	
2.0883

	
0.4973

	
1.1136

	
3.0630

	
2.0335

	
0.4410

	
1.1691

	
2.8978




	
  λ  

	
0.1273

	
0.0005

	
0.1264

	
0.1282

	
0.1251

	
0.0004

	
0.1242

	
0.1260
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