. mathematics m\py

Article
Some Identities Involving Certain Hardy Sums and
General Kloosterman Sums

Huifang Zhang and Tianping Zhang *

School of Mathematics and Information Science, Shaanxi Normal University, Xi’an 710119, China;
zhf@snnu.edu.cn
* Correspondence: tpzhang@snnu.edu.cn

check for
Received: 20 November 2019; Accepted: 2 January 2020; Published: 7 January 2020 updates

Abstract: Using the properties of Gauss sums, the orthogonality relation of character sum and
the mean value of Dirichlet L-function, we obtain some exact computational formulas for the
hybrid mean value involving general Kloosterman sums K(r,I,A; p) and certain Hardy sums

p—1p-1 p—1p-1
Si(h,q) Y, Y K(m,n A;p)K(s,t,A;p)S1(2m5,p), Y. Y |K(m,n,A;p)?|K(s,t,A; p)[*S1(2ms5, p).
m=1 s=1 m=1 s=1

Our results not only cover the previous results, but also contain something quite new. Actually
the previous authors just consider the case of the principal character A modulo p, while we consider
all the cases.

Keywords: certain Hardy sums; general Kloosterman sums; hybrid mean value; exact computational
formulas

1. Introduction

Let k be a positive integer and & be arbitrary integer with (h, k) = 1, the classical Dedekind sums

S(h, k) are defined as .
s 5 () (%)),

a=1
where
x—[x] — %, if xisnot an integer;
((x)) = P
0, if x is an integer.

S(h, k) also can be written as

1k mtah
S(h,k) = _E;COtTCOtT/

which belong to the family of “cotangent sums”.
These sums have a wide range of applications and in some cases relations to some major open
problems, such as Riemann Hypothesis. Refs. [1-4] introduced the cotangent sums

and the Vasyunin sums
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where {u} = u — |u],hh = 1 mod k. Actually the Vasyunin sums are associated to the study of the
Riemann Hypothesis through the following equation (see [1-4]):

v e Gl (1) 1%

_log2m—vy (1 1 k—h h h k
=T <h+k>+2hk log ¢ = 2hk<V( >+V(h)>'

So the cotangent sums arise in connection with the Nyman-Beurling approach to the Riemann

Hypothesis.

Dedekind sums also play an important role in the transformation theory of the Dedekind
1 function. Dedekind sums have many interesting properties. For example, L. Carlitz [5] obtained the
reciprocity theorem of S(h, k) as

1 1 /h k 1
S(h,k)+5(k,h):4+12<k+ +hk)

W. P. Zhang [6] established the relationship between Dedekind sums and Dirichlet L-function:

= L(1,x)]? 1
nzk%q) @ Xrgdd x(a)|L(1, x)| )
x(=1)=-1

where k > 2 is an integer, a is an integer with (4,k) = 1, ¢(d) denotes the Euler function and L(1, x)
denotes the Dirichlet L-function corresponding to character x modulo 4.

Some scholars also studied Dedekind type sums and obtained interesting results. For example,
by considering Dedekind type DC(Daehee-Changhee) sums

o (h, k) _22 Y 1”Ep<h;),(h62+),

where E,(x) are the p-th Euler functions, T. Kim [7] proved reciprocity law:

KPT, (i, k) + hP T, (k, )

k1 u hu b
=2 ) (kh(E+k)+k<E+h{kD> + (hE+KE)? + (p+2)E,,
u=0
7[%] 1 mod 2

where (I, k) =1, [x] is the largest integer < x, E, are the n-th Euler numbers. Later T. Kim [8] defined
p-adic Dedekind-type DC sums as follows:

ek (1M M-1 .k
Spq(s:hk:q) =) T (=) T, (s, kM, k - g%),
M=1 q

where (h,k) = (p,k) = 1,s € Z,, and Ty(m,a,N : V) is a continuous p-adic extension of

_aN
(%)’”Em,qw(%), then he got a continuous function S, q(m : I, k : ¢*) on Z,,, which satisfies

1 k m—+1 1 k m—+1 1 kp m
Sp,q(m th ko qk) — < 1 _qq ) Sm,q(h,k . qk) _ ( 1 _Z ) ( - _l;k > Sm,q((Pilh)k,k . qpk)’
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where .y .
Smq(hk l) = (fl)M_1 ()/ ] e R R (x).
maq q MZ:1 1-q5 ) )71 1—4 Mot

The other sums analogous to Dedekind sums are defined as

Z ]+1+

where I and k are integers with k > 0. The sums S;(h, k) are sometimes called Hardy sums.
Some authors studied the properties of Si(h, k) and related sums, and obtained some interesting
results, see [9-12]. A relation between certain Hardy sums S (h, k) and classical Dedekind sums S(, k)
can be obtained in [12] that if (1, k) = 1, then

S1(h,k) = —8S(h +k,2k) +4S(h, k).
Other scholars showed their interests to the hybrid mean value involving Hardy sums and other

famous sums, see [13-15]. For example, W. P. Zhang [15] studied the hybrid mean value involving
certain Hardy sums S (h, k) and Kloosterman sums

Zq:/e<m+a>

a=1

q

where Z/ denotes the summation over all a with (a,q) = 1, e(y) = ¢™¥, and obtained some exact
a=1
computational formulas for

p—1p-1
Y. Y K(m,p)K(s, p)S1(2ms, p),
m=1s=1

p—1p-1

Y. X [K(m, p)IPIK(s, p)I>S1(2m55, p).

m=1s=1
Actually the transforming formula (1) and

S1(2h,p) = —20S(2h, p) + 85(4h, p) +8S(h, p)

are used, where p is an odd prime and 0 < & < p. Therefore,

_ 20 _
siams,p) = —ots X () L
x mod p
x(=1)=-1
8p - 2
+ = 4ms) |L(1, (2)
T Xn%p x(4ms) |L(1, x)|
x(=1)=-1
8p - 2
+— ms) |L(1, .
=G L, AL

x(=1)=-1
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However, as far as we know, it seems that nobody has yet studied the hybrid mean value involving
certain Hardy sums S; (1, k) and general Kloosterman sums K(7, 1, A; p), which are defined as follows:

q _
Kirl i) = X ale (),
a=1 q
where A is a Dirichlet character modulo q. If A = A is the principal character modulo g and / =1,
then K(r,1, Ag; q) = K(r,9).
Inspired by [15], we will study the hybrid mean value

p-lp-l
Y Y K(m,n,A;p)K(s, t,A; p)S1(2ms, p),
m=1s=1

p—1p-1
Y. Y IK(m,n, A p) PIK (5,1, A p) P51 (25, p).

m=1s=1
Since they are more comprehensive than those in [15], we turn to some novel methods and finally
obtain several explicit formulas. Our results not only cover those of [15], but also contain something
quite new.

Theorem 1. Let p be an odd prime. Then for any character A mod p and any integers n, t with (n,p) =
(t,p) =1,if p = 1 mod 4, we have the identity

p—1p-1
Y Y K(m,n,A;p)K(s,t,A; p)S1(2ms, p) = 0.

m=1s=1

If p = 3 mod 4, we have

EFEK(W n,A;p)K(s,t,A; p)S1(2m3, p) = 2p,  ifAx = xo;
] N, AP s LAP)O1 /P 2p2’ ZJCAX#X(),

where ) is any odd character modulo p and xq is the principal character modulo p.
Note: The emergences of x in Theorem 1 are due to the application of (2) in the proof.

Theorem 2. Let p be an odd prime. Then for any character A mod p and any integers n, t with (n,p) =
(t,p) =1,if p = 1 mod 4, we have the identity

p—1p-1
Y. X IK(m,n, A5 p)[? [K(s,t, A; p) 2S1 (2m3, p) = 0.

m=1s=1

If p = 3 mod 8, we have

-1 p-1
Y5 (Kl s ) RIK (s, £, ) 251 (2055, p)
m=1s=1
2p° — 36p%12, if AX # Xo, AX # Xo;
2p* — 36ph2, if AX # Xo, AX = Xoi
= ¢ 2p%[p —p— 54y +1+2(p —1—18h3)Re T(X7)], if AX = X0, AX = Xo;

2p*(2p* —2p — 18phy, +1—2(p — 1 — 18h3)Re T(x*) T(Ax)
+36h2Re T(Ax)], if AX = Xxo, AX # Xo
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If p = 7 mod 8, we have

p—1p-1
Y. Y IK(m,n,A;p)P[K(s, 1, A; p)|S1(2m, p)
m=1s=1
2p° +4p?h3, if AX # X0, AX # Xo;
2p% + 4ph3, if AX # Xo, AX = X0
=4 2P°[p* — p+ 6k +142(p — 1+ 2k)Re 7(X%)], if AX = Xo, AX = Xo;
2p*2p* — 2p + 2ph%y +1—2(p — 1+ 2h3)Re T(X*)T(Ax)
+4h3Re T(AY)], ifAX = Xo, AX # Xo.

where hy, denotes the class number of the quadratic field Q(\/—p), x is any odd character modulo p, and T(x) =

p—1
Y x(a)e (;) denotes the classical Gauss sums.
a=1

Note: We know that |[t(x)| = ,/p if x is a primitive character modulo p. For the case of Ax = xo,
AX = Xo, taking ,/p as the upper bound estimate of Re 7(X?), we can get

g 2p* +0(p}), ifp=3mods;
Y Y [K(mn, A3 p)RIK (s 1, A p) Sy (25, p) = { 2P, TOWP2) i p =3 mod§
m=1s=1 2p*+O(p2), if p=7modS8.

Letn =t =1, A = Ag in Theorems, we may immediately obtain Theorems 1 and 2 of [15] as
the following:

Corollary 1. Let p be an odd prime, then we have

g _ 0, if p=1mod 4;
mgl S:Zi Klm, p)K(s,p)$1(2ms, p) = { 2p?, ifp =3 mod 4.

Corollary 2. Let p be an odd prime, then we have

p—1p-1 0, if p =1mod 4;
Y Y IK(m, p)PIK(s, p)|*S1(2ms, p) = ¢ 2p® —36p*h3, if p =3 mod §;
m=1s=1 2p° +4p*h3,  if p=7mod 8.

It should be pointed out that we only consider the prime modulus case. The question of whether
there exist some exact computational formulas for the general modulus g remains open.

2. Some Lemmas

In this section, we will give several simple lemmas, which are necessary in the proof
of our theorems. Hereinafter, we shall use some knowledge of elementary number theory,
the orthogonality relation of character sum and the properties of Gauss sums, which all can be
found in [16], here we only list a few. For example,

:g_jw)e () = rGoxtm),

if (u,p) = 1 or x is a primitive character modulo p. If x is a primitive character modulo p,

then [T(x)| = /P

Now we have the following lemmas:



Mathematics 2020, 8, 95 60f 13

Lemma 1. Let p be an odd prime, n be any integer with (n, p) = 1. Then for any non-principal character x
mod p and any character A mod p, we have

1 p‘lT(X g if AX # xo, Ax # Xxo;
T K Aip) | = | PITE) iFAX # X0 AX = X0;
=1 ple(®@) + (p - 1), if AX = Xo, AX = X0;

pl—t(x*)T(Ax) + (p—1)I, i Ax = xo, AX # Xo-

Proof. From the properties of Gauss sums and the reduced residue system modulo p, we have
p—1
Y x(m)|K(m,n, A; p)f?
m=1

E/\(a)e <ma + na) ‘2

P
- (me (m(u—b)—f—n(a—b))

<
|
—_

I
=
g

= 3
Ll
<
i
=
L

I
>
—
)
5
SN—

P
mb(a —1) 4 nb(a — 1))

LGS 1)) Ex(m)e (mb(a—l))

p

< =
|
—_ =
T
—_
<
I3
=l

Il

>
S
7
=

3
=

—

< ﬁ
|
_

I

>
S
1

s L nb(a —
— () Y AMa)x(a—1) Y x(b)e (b(”)

= ZAX a—l))

p—2
=T (Vx(~n) ; Ax(a+1)x(a). ®)

Using the properties of Gauss sums and the periodicity of Dirichlet character, we have
p—2

Y Ax(a+1)x(a)

a=1
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I L e A L AN
=t X(b)e<P> <a_1X (a)e<i’> e( p ))
TN e (P L

- o T 0 () - o £
T 1 N

Applying the orthogonality relation for character modulo p, it is clear that

p—1 e .

30" 0, ifAx # x0;
/\ b = L —

= x() { p—1, ifAx = xo.

And note that 7(xo) = —1, so we can get

p—2
Y Ax(a+1)x%(a)
a=1
T(Ax)T(x%) e
L if Ax # xo;
= Ti)\)() 72 o
—T(Ax)T(X°) + (p—1), if Ax = xo-
N
A o _
T(x )L( X), if Ax # xo, AX # Xos
T(AY)
-7 g _
= (x >, if Ax # xo, AX = Xo;
T(AX) o .
T(x)+(p-1), if Ax = X0, Ax = Xo;
—T(AN)T(XP) + (p—1), ifAx = x0, Ax # Xo-

7 of 13

(4)

Note that [¥(—n)| = 1and |[t(Ax)| = |[t(Ax)| = |7(x)| = /P if Ax and Ay are all non-principal

characters modulo p. Thus, from (3) and (4) we may immediately deduce that

p—1
x(m)|K(m,n,A; p)?
m=1
pl\T(XZ , if AX # Xo, AX # X0
_ ) opr|t(®)], if AX # Xo, AX = Xo;
plx(x®) +(p-1)|, if Ax = xo, Ax = xo;
pl(=t(@)T(Ax) + (p—1)|, ifAx = xo0, Ax # Xo-

This proves Lemma 1. O

Lemma 2. Let p be an odd prime, n be any integer with (n, p) = 1. Then for any non-principal character x

mod p and any character A mod p, we have

" o p,ifAX # Xo.
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Proof. From the definition of Kloosterman sums and the properties of Gauss sums we have

a=1

= |T(x)T(Ax)Ax(n)].

Note that |t(x)| = \/p, [A\X(n)| =1, T(x0) = —1, then we can immediately deduce that

P 3, i Ax = xo;
Z x(m)K(m,n,A;p)| = P2 o 0r
m=1 p, if )\X 7é Xo-

This proves Lemma 2. O

Lemma 3. Let p be an odd prime, then we have

Z |L(1 X)|2:£2(p_1>2<P_2>
x mod p 12 PZ

x(=1)=-1

2 _ 2 _
Y x@lLap =5 =P8

x mod p 24 pZ
x(=1)=-1
2 2
o (p-1) gp—l7)/ p =1mod 4;
Yox@ianPr=4 8 P,
x mod p Z(P—l)(P —6p+17) p =3 mod 4.
x(=D=- 48 p? '

Proof. See Lemma 5 of [15]. O

3. Proof of the Theorems

In this section, we shall use the above lemmas to complete the proof of Theorems. First we prove
Theorem 1 From the identity (2), we have
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p—1 p—
Z Z m,n, A; p)K(s,t,A; p)Sq1(2ms, p)
m=1s=1

2

20p = 2
== L XQ@)| X x(mK(mn Ap)| |L(1 )]
T (P 1) x mod p m=1
x(=1)=-1
8p = ’ 2
o Y, X&) |} x(m)K(m,n,A;p)| [L(1,x)]|
T (p 1) x mod p m=1
x(=1)=-1
8 2
__°P . 2
+7T2(P—1) )3 2 x(m)K(m,n,A;p)| |L(1, )|
xmodp |m=

x(~1)=—1

Firstly, we consider the case of p = 1 mod 4. If AX = Xo, from Lemmas 2 and 3, we have

p—1p-1
Y Y K(m,n,A; p)K(s,t,A; p)S1(2ms, p)
m=1s=1
20P2 2 8P2 2
Sl )L, )P+ ——— 4)|L(1,
20 1) Xn%dp XL+ 70— Xn%p X)L, x)]
x(-1)=-1 x(-1)=-1
8P2 2
YR Z IL(1, x)|
T (P 1) x mod p
x(-1)=-1
5 2 1
=—cp=Dp =5 +3p-Dp-2)+(p-1(p-17)
=0.

If Ax # xo, then from Lemmas 2 and 3, we have

p—1p-1
Z Z K(m,n,A; p)K(s,t,A; p)S1(2ms, p)
m=1s=1
20P3 2 8P3 2
=———r XQ)ILL )+ 55— x(4)|L(1, x
apn 5, KOy B i)
x(=1)=-1 x(-1)=-1
8P3 2
—— 2 L)
(P =1  modyp
x(-1)=-1
5 2 1
=P =1(p=5+3p(p-1(p—-2)+ plp-1(p-17)
=0.

For the case of p = 3 mod 4, similarly we have

P—1p 2 if Ax = xo;
. r _ p, I AxX X0,
miz E: (m,n,A; p)K(s, t,A; p)S1(2ms, p) = { ZPZ, i x £ Xo.

This completes the proof of Theorem 1.

90f13
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Now we prove Theorem 2. From the identity (2), it is clear that

[K(m,n, 43 p) PIK(s, £, A; p) 251 (25, p)

2
IL(L,x)?

p—1
Y x(m)|K(m,n,A; p)|?

m=1

—nifin Y X

x mod p
x(=1)=—

8p
+7'52(P _ 1) szodp X(4)

x(=1)=-1

8p
_i_i
m(p—1) szm,,
x(=1)=-

2

p—1
IL(L,x)I?

Y. x(m)|K(m,n,A; p)?

m=1

2

p—1
Y x(m)|K(m,n, A; p) | |L(L,x)*.

m=1

Firstly, we consider the case of p = 1 mod 4. Note that |T(X?)| = /p. If Ax # X0, Ax # Xo,
from Lemmas 1 and 3, we have

p—1p-1
Y. Y IK(m,n,A; p)P|K(s, t, A; p)[S1(2m5, p)
m=1s=1
20p* 2 8p* 2
S x(2)|L(1, x)1* + x(4)|L(1, x
2(p —1) Xn%p (2)|L(L, %)l 20p—1) szodp (4)|L(L, x)|
x(-1)=-1 x(=1)=-1
8p* 2
toe ), L)
T (p—l) x mod p
x(=1)=-
5 2 1 2 2 2
== p=D(p =5+ pp-1p-17)+ 3 (p - 1)(r-2)
=0.

If Ax # X0, AX = Xxo, from Lemmas 1 and 3, we have

p—1p-1
Y. Y IK(m,n,A;p)P|K(s,t, A; p)[2S1(2m, p)
m=1 s=1
20p° 2 8p° 2
=———r XQ)ILL X))+ 57—~ x(4)|L(1, x
-1 L, KOO0t opTy B i)
x(=1)=-1 x(-1)=-1
8P3 2
+—— L(1,
7-[2(p_ 1) Xngdp | ( X)|
x(=1)=-1
5 1 2
=—ePlp=1p =5+ plp-1(p-17) +3p(p - 1)(p -2)
=0.

Similarly, we have

p—1p-1 P
) 5 0, if Ax = xo, AX = Xo;
K m,n, )\’ 2 K S, t/ )\r 25 st, - . _

[K(m,n,A; p)PIK (5,1, A; p) $1 (25, p) {QIM%_MHW¢X0

m=1s=1
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Now, we consider the case of p = 3 mod 4. In this case, we note that

(5) =0 =1 00 =T =1, (3) = (3) -1

So, if Ax # X0, AX # Xo, from Lemmas 1 and 3, we have

p—1p-1
Y Y IK(m,n,A;p)PIK(s,t,A; p)|2S1(2m5, p)
m=1 s=1
20P4 5 8p4 5
=T 2)|L(1, + - 4)|L(1,
20 —1) szod,, XA+ 50— Xn%p X(4)|L(1, x)]
x(=1)=-1 x(=1)=-1
8p* ) 20p* 5
— LX)+ ————x2(2)L(1,
2(p—1) szodp IL(1L x)l nz(p—l)XZ( )IL(L x2)|
x(=1)=-1
B @I - @I P+ o @ILL, o)
n2(p_1>?(2 1 X2 nZ(p—l)Xz » X2 7r2(p—1)X2 s X2
syt 2, 80 2
nz(p_l)|L(1,Xz)| + nz(p_1)|L(1,X2)|
5 1 2
= =g (=D =5+ (P —6p+17) + 3p*(p = D(r -2)

20p° 16p°
+ e @)L )2 - 5 1L )

2
_ 93 2,2 272
=2p” —16p~hy, 4+ 20p°h), (P) .
If Ax # X0, AX = Xo, from Lemmas 1 and 3, we have

p—1p-1

¥ X IKOm,n, A5 p)PIK (s, £, ;) 251 (25, p)
m=1s=1
20p3 ’ 8]93 )
=———— XL+ 7 — x(4)[L(1, )|
2 (p—1) szodp 2 (p—1) xn%p
x(—1)=- x(—1)=—
8p3 9 20p3 5
Tt L(1, + ———x2(2)|L(1,
o L, MR e
x(=1)=-1
~20p? . 8p ) 8p> ,
sz(ZNL(LXzN mxz(ﬁl)u(l,xzﬂ +mX2(4)|L(1,X2)\
8 2, 8 2
7T2(p—])|L(1'X2)| + 7T2(p—1)|L(11X2)|

5 1 2
= —gP(P=1(p=5)+ Zp(p* = 6p +17) + Sp(p ~ 1)(p - 2)
20p? 16p°
+ 5 @)L x2) 2~ 5 1L, )

= 2p* — 16phy, + 20ph; (;) :
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Similarly, if Ax = xo, Ax = xo, we have

Z_;l Z (m, 1, A3 p) 21K (s, £, A; p) 21 (2155, p)

PZ[P +(p—1)*+2(p — 1)Ret(x)]
+20p°h5 (3 + 2Ret (%)) (f?) —16p°h3 (3 + 2Ret(X?)).

If Ax = xo0, Ax # Xxo, we have

p—1p-1
Z Y |K(m,n, A p) 2K (s, t, A; p) |*S1(2m5, p)

m=1s=1

=2p*[p* + (p — 1)* = 2(p — DRet(X*)T(Ax)]
+20p2h§(p —2(Ret(3%)T(Ax) + Ret(Ax))) (;)
—16p°h,(p — 2(Ret(x*)T(Ax) + Ret(Ax))).

2
Then if p = 3 mod 8, note that (;) = (—1)’7Tl = —1, we have
-1p-1
Z Y K (m,n,A; p) P|K(s, t, A; p)|*S1(2m, p)
m=1s=1
2p® — 36p°h3, if Ax # Xxo, AX # X0;
2p* — 36pl3, if AX # xo, AX = xo;
=\ 01— p s 1 a(p 18R ()], A = xe, A = o
2p°[2p” — 2p —18phy, +1 - 2(p —1—18hy,)Re T(x°)t(Ax) - B
+36h5Re T(Ax)], if Ax = xo0, AX # Xo-

P21

If p = 7 mod 8, note that (i) =(-1)"% =1, wehave

—1p-1

Z Y. [K(m,n,A; p)|*[K(s, t,A; p)[2S1(2m5, p)

m=1s=1
2p% + 4p?12, if Ax # Xo, AX # X0
2p + 4ph2, if Ax # X0, AX = Xo;

= sz[pz—p+6h%+1+2(p—1+2h%,)Re (%)), if Ax = x0, Ax = Xo0;
2p*[2p* — 2p + 2phsy +1—2(p — 14 2h3)Re T(x*)T(A))
+4h2Re T(Ax)], if Ax = xo, AX # Xo-

This completes the proof of Theorem 2.

4. Conclusions

In this paper, we obtain some exact computational formulas for the hybrid mean value involving
general Kloosterman sums and certain Hardy sums. We also prove some identities in the second part
by using the properties of Gauss sums, the orthogonality relation of character sum and the mean value
of Dirichlet L-function, which are necessary for the proof of our Theorems. We only consider the prime
modulus case. The question of whether there exist some exact computational formulas for the general
modulus g remains open.
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