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Abstract: Any nilpotent CW-space can be localized at primes in a similar way to the localization of a
ring at a prime number. For a collection P of prime numbers which may be empty and a localization
Xp of a nilpotent CW-space X at P, we let |C(X)| and |C(Xp)| be the cardinalities of the sets of all
homotopy comultiplications on X and Xp, respectively. In this paper, we show that if |C(X)| is finite,
then |C(X)| > |C(Xp)|, and if |C(X)] is infinite, then |C(X)| = |C(Xp)|, where X is the k-fold wedge
sum \/;‘:1 S™ or Moore spaces M(G, n). Moreover, we provide examples to concretely determine the
cardinality of homotopy comultiplications on the k-fold wedge sum of spheres, Moore spaces, and
their localizations.
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1. Introduction

Homotopy comultiplications, one of the Eckmann-Hilton dual notions of homotopy
multiplications, play a fundamental role in classical and rational homotopy theories. One reason for
this is that the set of pointed homotopy classes of base point preserving continuous maps from a
co-H-space X to a space Y has a canonical binary operation with identity induced by the homotopy
comultiplication on a co-H-space. The calculation of homotopy comultiplications is very complicated
in that there are usually many homotopy comultiplications on a given co-H-space with many different
homotopy properties.

Localization theories in the pointed homotopy category of simply connected (or nilpotent)
CW-complexes have been developed in algebraic or topological forms. Moreover, the study of
homotopy comultiplications, binary operations for homotopy groups with coefficients and the same
n-type structures of co-H-spaces has been carried out by several authors; see [1-8]. For example,
homotopy comultiplications on the wedge sum of circles were developed by using methods of group
theory in [9]. The techniques of rational homotopy were applied to obtain some rational results for
finite 1-connected co-H-spaces in [10,11]. The homotopy comultiplications on the wedge sum of
two Moore spaces were investigated using homological algebra in [12]. The cardinality of homotopy
comultiplications on a suspension has been determined in [13]. A topological transversality theorem for
multivalued maps with continuous, compact selections was developed in [14]. From the equivariant
homotopy theoretic point of view, an explicit expression of the behavior of the local cohomology
spectral sequence graded on the representation ring was presented with many pictures in [15].

In this paper, we study the cardinality of the set of all homotopy comultiplications on a wedge
of (localized) spheres or (localized) Moore spaces, and develop the properties of the homotopy
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comultiplications of those CW-spaces. Our methods can be used to study homotopy comultiplications
on a wedge of any number of spheres.

The paper is organized as follows: In Section 2, we describe the fundamental notions of homotopy
comultiplications and introduce the localized version of Hilton’s formula. In Section 3, we establish
basic facts regarding the types of homotopy comultiplications on the k-fold wedge sum of localized
spheres and define certain homotopy comultiplications on the k-fold wedge sum of localized spheres
and Moore spaces. In Section 4, we describe the main result of this paper and give an example to
illustrate it.

Convention. In this paper, we work in the pointed homotopy category C of connected nilpotent
CW-complexes and homotopy classes of base point preserving continuous maps. We mostly use ‘=’
for the homotopy ‘=" unless we emphasize the homotopy. We also do not distinguish notationally
between a continuous map and its homotopy class.

2. Preliminaries

Let {X, |y € T'} be a family of pointed topological spaces whose base points are x., for each y € T.
The wedge sum \/,cr Xy of {Xy|y € T'} is defined as the quotient space

V Xy = LI Xy /{xy v €T},

yer yerl

where [ [ cr Xy is the topological sum of { X, |y € T}.
For any abelian group G and a positive integer n > 2, there exists a 1-connected CW-complex X

such that
G ifi=mn;
H;(X) = .
0 ifi#n.

The homotopy type of X is uniquely determined up to homotopy and it is said to be a Moore
space of type (G, n). We denote the Moore space of type (G, 1) (or any CW-space which has the same
homotopy type to it) by M(G, n).

Localization plays a pivotal role in both algebra and algebraic topology, especially in homotopy
theory. For a collection P of prime numbers which may be empty, a group G is called a P-local group if
the map

g:G—=G

given by
98)=g+g+...+g
(q—times)
is bijective for all g € P¢. A nilpotent CW-complex X is said to be P-local if 7, (X) is P-local for all
n > 1. Any nilpotent CW-space can be localized at primes in the sense of Sullivan [16] and Bousfield
and Kan [17] in a similar way to the localization of a ring at a prime number. As usual, the localization
of a nilpotent CW-space X at P is denoted as Xp which is unique up to homotopy.

A pair (X, ) consisting of a space X and a base point preserving continuous map ¢ : X — XV X
is said to be a co-Hopf space, or co-H-space for short, if 7t'y ~ 1y and 712y ~ 1y, where 1y is the identity
map of X and 7!, 72 : X V X — X are the first and second projections, respectively. In this case,
the map ¢ : X — XV X is said to be a homotopy comultiplication, or comultiplication for short. Homotopy
comultiplication is an Eckmann-Hilton dual notion of homotopy multiplication; see [18-20]. It can be
seen that (X, ¢) is a co-H-space if

JpA: X = XxX,

where j: XV X — X x X is the inclusion map and A is the diagonal map.
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We now consider the k-fold wedge sum of spheres X := S" vV S§"2 V... VS* Letg;: S" — X, i =
1,2,...,k be the canonical inclusion maps. We now construct the so-called basic Whitehead products
(see also [21-24]) by using the homotopy classes of those canonical inclusion maps by induction on .
We denote the basic Whitehead products of weight 1 by ¢y, Cy, . . ., C that are ordered by the canonical
inclusion maps in the way so that §; < ¢» < --- < {k. Assume that the basic Whitehead products
of weight less than or equal to n — 1 have been already defined and ordered so that if ¥ < s < n, all
basic Whitehead products of weight r are less than all of the basic Whitehead products of weight s.
Then a basic Whitehead product of weight n is a basic Whitehead product [a, b], where a and b are
basic Whitehead products of weights p and g, respectively, with p +9 = nand a < b. If b is a basic
Whitehead product [c, d] consisting of basic Whitehead products ¢ and d, then the condition ¢ < a
is necessary. Then the basic Whitehead products of weight n are greater than any basic Whitehead
product of weight less than n and are ordered among themselves arbitrarily.

For a basic Whitehead product of weight 11, we associate to it a string of canonical inclusion maps
¢1,G2,- .., Cx that appear in the basic Whitehead products. The height hs of the basic Whitehead product
ws is defined as

hs = Eti<ni — 1),
i
where ¢; is the number of the canonical inclusion map ¢; that appears in the basic Whitehead product
ws fors =1,2,3,....
We are interested in the cardinality of the set of homotopy comultiplications on a co-H-space.

In the case of a wedge of two spheres, we obtain the following.

Lemma 1. The cardinality of homotopy comultiplications of S* V S™ is

[TImm(s™1)],
s=3
where 2 < n < m and |X| denotes the cardinality of a set X.

Proof. See ([22], Corollary 2.9) and ([24], Corollary 2.15) for the more general case. [

One of the most important theorems in algebraic topology is the Hilton’s formula [25], which is
described as follows.

Theorem 1. Let wy,wo, ..., Wws, ... be the basic Whitehead products of the k-fold wedge sum of spheres
X=8S"v§h?v...vS§h,
Then for all m, we have

T (X) =2 é T (S,
s=1

Here,

e N is the height of ws; and
o theisomorphism 0 : @ 1 11, (ST — 71,,(X) is given by

0|70, (") = wgy 1 7T (SHHY) = 71, (X).

The direct sum is finite for each positive integer m since the height hs goes to infinity as s — co.
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3. Comultiplications on a Wedge of (Localized) Spheres and Moore Spaces

In this section, we investigate the cardinality of the set of all homotopy comultiplications on the
k-fold wedge sum of localized spheres and Moore spaces. In particular, we are interested in determining
inequalities and relationships between the cardinalities of the sets of homotopy comultiplications on
the wedge sum of spheres, Moore spaces and their localizations.

3.1. The Localized Version of Hilton's Formula

Let P be a collection of prime numbers and let Gp denote the P-localization of a nilpotent group
G. It is well known that if 1 : G — H is any homomorphism in the category of nilpotent groups,
then we have a unique map hp : Gp — Hp such that the diagram

G h H
h
Gp L Hp

is strictly commutative, where e : G — Gp is a P-localizing map; similarly, for the nilpotent CW-spaces.

Lemma 2. Let ¢ : X — XV X be a comultiplication on a nilpotent CW-space X. Then the localization
Yp : Xp — Xp V Xp at a set P of primes is a comultiplication.

Proof. Since the localization of a nilpotent CW-space has the functorial property, all the faces including
the bottom triangle colored in blue of the following triangular prism are strictly commutative.
Here (in Figure 1),

e 7!:XV X — Xis the first projection;

o n%; : Xp V Xp — Xp is the first projection (obtained by 7t by taking the P-localization);
e 1y is the identity map of Y; and

e ¢:X — Xpisa P-localizing map.

Similarly, we obtain the same result for the second projection 772 : X V X — X. This implies that
if p : X — XV X is a comultiplication on X, then its localization ¢p : Xp — Xp V Xp also has the
comultiplication structure on the localization Xp of X. O

X 4 - XVX
X
e eVe
e
Xp i ‘Xp\/Xp
x ‘/7-[%)

Xp
Figure 1. The triangular prism.

We now consider the localized version of the Hilton’s formula described in Theorem 1 of Section 2
as follows.
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Theorem 2. Let Xp be the localization of the k-fold wedge sum of spheres X := S™ vV §"2V ...V S,
Then we have

o (Xp) = @ ”m(SI;JSH)
s=1
for all m.
Proof. We note that localization preserves the Cartesian product, the smash product and the wedge
sum in the pointed homotopy category of pointed nilpotent CW-complexes; that is,

° (XXY)pZX’pXYp,‘
° (XAY)p =~ Xp AYp;and
o (X\/Y)pﬁX’p\/Yp.

Since the localizations of nilpotent CW-complexes are unique up to homotopy equivalence and
the localizations of nilpotent groups commute with finite direct sums, we have

Il

i (Xp) = 7w (X) @ Zp

@7‘[ Sh5+l ) ® Zp

s=

1%
A~

12
@8

() @ ZP)

s=1

Tl (S;ZDS-H )/

1
Pe

1

v
Il

as required. 0O

3.2. The 2-Fold Wedge of (Localized) Spheres

We begin with the 2-fold wedge sum of (localized) spheres to illustrate our methods. The results
will be applied to the k-fold wedge sum of (localized) spheres for k > 3.
Notation. Throughout this (sub)section, we will make use of the following notations.

e X :=§"VS"is the wedge sum of spheres, where2 < n < m.

e k':S"— Xandk?:S™ — X are the inclusion maps.

e il,i2:S" — S"VS" are the first and second inclusion maps, respectively.
e plp?:S"VS" — S" are the first and second projections, respectively.

e ,2: X — XV X are the first and second inclusion maps, respectively.

07‘[1

, 7T : XV X — X are the first and second projections, respectively.

e Pisa collection of prime numbers.

e fp:Ap — Bpisthe P-localization of amap f : A — B, where A and B are object classes in the
pointed homotopy category C of connected nilpotent CW-spaces.

e C(X) C [X; XV X] is the set of all homotopy classes of comultiplications on a nilpotent CW-space

X, eg., X:= \/i-‘zlS”f , Moore spaces, or their localizations.

Lemma 3. Let Xp = S, V S be a wedge sum of localized spheres with 2 < n < m. Then any comultiplication
P : Xp — Xp V Xp has the following type

{wk}J = kb + 2k

M
Pk2, = 1hk% + k5 + Q

for some homotopy class Q : S5 — Xp V Xp satisfying H}JQ =0= N%Q, where the additions are the
homotopy additions in the homotopy groups.
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We note that if Y is a CW-complex which is filtered by its n-skeletons Y” for n > 0, then its
localization Y of Y at P is filtered by Y?. Moreover, the two CW-spaces Yt /Y% and (Y"1/Y")p
have the same homotopy type, and each is a wedge sum of the localized spheres S’;)H.

Proof. We observe that Xp is a localized CW-complex and thus there is a cellular map ([19] p. 77)
ll)l : Xp — Xp V Xp

such that
lpﬁlp,ZXp%Xp\/Xp.

Therefore, we have
V' (Xp) C (Xp V Xp)"

We note that X, = S/, and that the localized sphere S, has a CW-decomposition that consists of
one localized zero cell and one localized n-cell. Therefore, we obtain

(Xp V Xp)" =Sl VS

and observe that ¢ gives a base point preserving continuous map 7 : S} — S} V §% such that the

following diagram

St — S VS, —L S xS, 2)

lk}) lk},vk}) lk})xk%,
)
Xp%Xp\/Xfp%-Xp X Xp

is commutative up to homotopy, where I and | are the inclusion maps. We also note that the
following triangle

Xp 4!#) Xp V Xp 3)

e b

Xp x Xp

is homotopy commutative, where A : Xp — Xp x Xp is the diagonal map. From the homotopy
commutative diagrams (2) and (3), we obtain

(kb x k) Iy ~ Jykh ~ Ak = (kb x kb)A, )
where A : S}, — S}, x S} is the diagonal map. Since
(kp x kp)s : [Sp;Sp x Sp] = [Sp; Xp x Xp]

is a monomorphism of homotopy groups, from (4) we have

that is, the following triangle
s, —" > SLvSy )

St x SI

is also commutative up to homotopy, where A : S}, — S}, x S/, is the diagonal map. This implies that
the map 7 : Si, — S, V S is also a comultiplication. Since the localized sphere S, is 1-connected for
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n > 2, we see that the comultiplication # is unique up to homotopy (see ([1] Proposition 3.1)) and has
the form

1 2
N =1ip+yip,

where +;, is the addition induced by the comultiplication 7. By the uniqueness of the comultiplication

n:Sp —SpVSp
as the standard (or suspension) comultiplication, we have

ih Ay i3 = ib + i3,
where + is the homotopy addition in the homotopy group

[Sh; Xp vV Xp] = [S"; Xp V Xp] = 110(Xp V Xp).

Hence
Pk = (kb V kb)y = (Kb VKb ) (ih +y ) = ok + ok,

We now consider the homotopy class Q in the homotopy group [S%; Xp V Xp] as an abelian group
given by
Q = ykp — 1pkp — (pkp;
that is,
Ykg = 1pk3 + 15k + Q.

Then we obtain
mpQ = mppkp — wpipkp — Mpipkpy =kp —kp —0=0

and
2 _ 2 2 21412 2212 __ 12 2

as required. 0O

Lemma4. If Q : Si} — Xp V Xp is any homotopy class in [Sf; Xp V Xp| such that
n};Q =0= 7'(% Q,

then the map 1 : Xp — Xp V Xp defined in Equation (1) is a comultiplication.

Proof. We have

o LYk}, = 1h(thkk 4 5kk) = kb +0 = kj;

o TpYkE, = (1pk% + 5k3 + Q) = kb + 0+ 1pQ = k3 + 0+ 0 = kb;
o mhypkl = (1hkk + 3kkL) = 0+ kb = kk; and

o ThYkE, = 7} (1pk% 4+ 5k3 + Q) = 04+ k% + 15Q = 04 k3, +0 = kb;

that is, ), = 1x,, and 7151 = 1x,,. This implies that ¢ is a comultiplication on Xp. [

Using the results above, we can define a comultiplication on a wedge of localized spheres
as follows.

Definition 1. Let Q : S5 — Xp V Xp be any element of [S}3; Xp V Xp] satisfying

n%;Q =0= N%Q.
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We define a comultiplication g : Xp — Xp V Xp by

Yokp = ipkp + ipkp
ok = ik} + 15k3 + Q.

The homotopy class Q is called a perturbation of the comultiplication .

We note that if e : S?~1 — S%”*l is the P-localizing map, then the homomorphism
e [SEL S VS —— [S2L S v S ©)

induced by e is an isomorphism of homotopy groups.
Convention. For our convenience in notation, using the isomorphism of homotopy groups in (6),
we make use of the same notations of the homotopy classes on both sides of the isomorphism; that is,

v ef(y) =yoe+— vy € [SELSh VS
for any homotopy class -y in the homotopy group [S%”_l ;S V Slp]. In particular,
v = lip,ip] € [S5 7 Sp vV Sp]
as the generalized Whitehead product in the sense of Arkowitz [26]; see below.
Lemma 5. Let [i',i?] : S*"~1 — S" V S" be the Whitehead product. Then we have
i, 2l = [ib, ).
Proof. The functorial property of the localization shows that the following diagram

2n—1 a n n itvi? n n n n \ n n
sl @ gnygn VR _gnygnygiyst— Vo §nys @)

fo b ek )

\%
szt vy LTS vSh VS VS, —L2 S VS

is commutative up to homotopy, where a : S?*~1 — §" v §" is the attaching map and e : Y — Yp is a
‘P-localizing map. Since
[S¥L 8 v Sh] & (82785 VS

the commutative diagram in (7) shows the proof. [

Example 1. Let a : S% — S‘;"D”_l be any homotopy class. We define a homotopy class Q in the
homotopy group
i (Xp V Xp) = [S"; Xp V Xp| & [Sg, Xp V Xp]

as the composition
il 2 Kk Vil
Sp—~= st %SHPVS';,LXPVXP

of maps; that is,
Q= (kb Vkb)[i", 2]p(a) = [1bkh, k],
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where [i!, %] p is the localization of the Whitehead product [i!,%]. Then the map 9o : Xp — Xp V Xp
defined by Definition 1 is a comultiplication on Xp V Xp whose perturbation is Q.

Let q%; : Xp — S}, be the projection. Then the cofibration

k%;.\/k1 qP qP
SBVSE — s Xp v Xp — 2 SV S,

asserts that if Q € 71, (Xp V Xp) is any homotopy class satisfying
mpQ =0 = 713Q,

then there exists a unique homotopy class W € 71, (S, V S} ) such that Q = (k}, V k},)W and
ppW =0 = ppW,

where p%,, p%) : S VS — S are the first and second projections induced by p! and p?, respectively.
To investigate the fundamental property of homotopy comultiplications on a wedge of localized
spheres, we need to study the perturbations of all homotopy comultiplications. This naturally raises
the following question: How can we construct the perturbation of a comultiplication on the wedge of
localized spheres? The following lemma gives an answer to this query.
We denote the (generalized) basic Whitehead products of i%) and i% by wy,wy, ..., ws,...and the
height of w; is denoted by h; for each s = 1,2,3, . ... Then we have the following.

Lemma 6. A perturbation Q : Si; — Xp V Xp of any comultiplication Pg : Xp — Xp V Xp can be
expressed uniquely as in Definition 1 as follows:

Q= k1 V k1 Z Wsds),

where w; is the sth (generalized) basic Whitehead product localized at ‘P and as is any homotopy class in the
homotopy group
hs+17 ~ .qhs+1

[Spisp T = [8"8p
fors =3,4,5,....
Proof. By using Lemmas 3-5, we see that every comultiplication ¢ : Xp — Xp V Xp has the type of
Definition 1 satisfying

n%;Q =0= n%;Q.

Using Theorem 2, we obtain

(S VSS) 2 P (S

7 (Sh) ® 0 (Sl ) @ €D 7t (S ™).
s=3

Moreover, every homotopy class Q in the homotopy group [S}; Xp V Xp| can be uniquely
expressed as the following type:

(k%; \% k%;)*(l%;lll + i%ag + Z wyds) € [Sf/n), XpV Xp] = ﬂm(Xp vV Xp).
5=3

Here,
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e 4y and a; are any homotopy classes in [S; S| = 71, (S});
e 4, is any homotopy class in [Sg;Sé‘;‘H} = nm(SI;;'H) fors =3,4,5,...;and
e  w; is the (generalized) basic Whitehead product fors = 3,4,5.. ..

10 of 19

We recall that all of the (generalized) basic Whitehead products ws consists of at least one i,
and at least one i%, for example, w3 = [i},, i3], wy = [ib, [ib,i5]], ws = [i%, [i,, i%]] and so on. We

now have
nhoQ =mh(khVkl)s Zwsas
[ee]
= 11p (kb V kb))« (ihar + i%az + Y wsas)
s=3
=m +0*(le) +0
= al
and
N%OQ = k1 \/kl Ewsas

= 1% (kp V kb))« (ibay + i%ap + Y wsas)
5=3
=04(a1)+a2+0

= az,

®)

)

where 0y is the trivial homomorphism between homotopy groups and 0 is the trivial homotopy class.

From the fact that n%;Q =0= 71% Q, the homotopy classes a; and 4, in (8) and (9) should be zero,

as required. O

For the 2-fold wedge sum of localized spheres, we have

Theorem 3. The cardinality of the set of comultiplications on S}, V ST is
= o1
[TImm(S37)I,

5=3

where 2 < n < m and P is a collection of prime numbers.

Proof. By Lemma 6, we have the proof. [

Let |C(Xp)| be the cardinality of the set C(Xp) of comultiplications on Xp.

Example 2. If P = {2,3}, then we have

(1) [C(SpVSD)
2 [C(SpVSh)|
@) [C(SpVSH)

oo,
2;a
2.
Indeed, by Theorem 3, we have

IC(SpVSH)| = |ms(Sp)| x |ms(SP)| x

122 Zp| x |{e} © Zp| x - -
= 2XIX1IX---X1IX---

= 2

where {e} is the trivial group, and similarly for the other cases.
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3.3. The k-Fold Wedge Sum of (Localized) Spheres

We now consider the k-fold wedge sum of 1-connected spheres {S"i|i = 1,2,...,k} and their
localized spheres {S;’; li=1,2,...,k} as a generalization of the statements above; that is,

X=S1vS§2v...vSk

and
_qn n ny
Xp—Spl\/sz\/~~\/SP

for2 <m <mp < - < n.
Notation. We make use of the following notations in the rest of this paper.

° X::\/ileS”ifor2§n1<n2<---<nk.

e a},a?:S" — XV X are the ith and (k + i)th inclusions, respectively, fori = 1,2,...,k — 1.
e (':S% — Xis the ithinclusion fori = 1,2,. .., k.

e 1,2: X — XV X are the first and second mclusmns, respectively.

e !

, 7% : XV X — X are the first and second projections, respectively.

o W].Jr is the set of all (generalized) basic Whitehead products localized at P containing the homotopy

classes fromvc} fori=1,2,...,j—landj=2,3,...,k

W]@ is the set of all (generalized) basic Whitehead products localized at P containing the homotopy
classes from oclz fori=1,2,...,j—landj=2,3,...,k

o W;‘ is the set of all (generalized) basic Whitehead products localized at P containing as a factor at

least one of the homotopy classes from «} and at least one of the homotopy classes from a? for
i=12,...,j—landj=2,3,...,k

We note that if k = 2, ny = n and n, = m; thatis, X = S"” vV S”, then we have

I'=k':S"— StV ST
?=k*:S"— S"VvS"

= (K vidyoit: st s gyt KV x v X and

Ll

n KK

2= (K Vik)ol: §"—astys XV X

in the notations above.
To develop the basic Whitehead products in the k-fold wedge sum of spheres localized at P,
we order the basic Whitehead products of weight 1 as follows:

° Déil < a]zfori,j =1,2,...,k—1;and

° lléi<12§ffori,j:1,2,...,k.

Definition 2. Let Q; : Snpj — Xp V Xp be any element of [Snpf ; Xp V Xp| satisfying
N%DQ]' =0= H%Qj

foreachj =2,3,...,k, where np, 7'[7J Xp V Xp — Xp are the first and second projections, respectively.
We define a comultzpllcatzon

¥ =9(0,0s,..,00) : Xp = Xp V Xp
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by

volp =iplp+iplp
Yolp =tplp+plp+ Q2

B ) ) 10
Polp = tplp+ipip +Q; 1o

alh = plp + i+
Here, we call Q; € [Snpj;X'p V Xp| the jth perturbation of = ¢, 0,,..0,) for j =2,3,... k.

We need to investigate the jth perturbation Q; € [Sg i Xp V Xplof ¥0,0,,..00) F Xp = Xp V Xp
as a generalization of Lemma 6 more concretely.

Lemma 7. The jth perturbation Q; € [Sg ; Xp V Xp] of any comultiplication ¢ : Xp — Xp V Xp can be
uniquely expressed as in Definition 2 by

Q]'I Z w;j o ¢j. (11)

w]‘GVVv]v*
forj=2,3,...,k Here,

hy,+1
o w;:Sp’ = XpV Xp is the jth (generalized) basic Whitehead product localized at P; and

" I +1 ne 41 1
e ¢j:Sp =Sy’ isany homotopy class in the homotopy group [Sp;Sp’ | = [S";Sp’ ], where hy,

is the height of the (generalized) basic Whitehead product w; € W]-* foreachj=2,3,...,k

Proof. The localized version of the Hilton’s formula says that the jth perturbation Q; of ¥ : Xp —
Xp V Xp can be uniquely written by

j—1 ol ,
Q= Z(zx})poﬁ}—f— Z(rxiz)po'y;-—y- Y wjoaj+ ) wvjobj+ Y wjoc; (12)
i=1 i=1 UjEW; U]EW}; w]'EWj*
Here,

nj

° ,B; and 'y;: are any homotopy classes in [S;;Jj; SP] & nnj(S’;;) fori=1,2,...,j—1;

. . nj huj"rl ~ hu]--‘rl .
e  a;is any homotopy class in [Sp ;Sp | 7rnj(S73 )forj=2,3,...k
R S| hp, +1
e  bjisany homotopy class in [S;;’;Sp] | = nnj(Sp] )forj=2,3,...k

. oy ol a1 _
e cjisany homotopy class in [SP,SP | = nnj(SP )forj=2,3,...k;and

e uj,vjand w; are the (generalized) basic Whitehead product localized at P for j = 2,3, ... k.

We show that the homotopy classes /3;, 'y;-, aj and b]- are all zero. By taking the first and second
projections 7}, 71% : Xp V Xp — Xp to the perturbation Qj of any comultiplicationy : Xp — Xp V Xp,
we have
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foreachj=2,3,...,k; thatis,

0 = 7[7) 0 Qj
—27'(79 poﬁ]+2np po'y]+ anou oa;j+ anov ob;
GW1L GWj (14)
+ Z 7'[73 owjoc;
w]'GWj*
and similarly, for the second projection 7'[% ; see below. Since the map
1 ; (a)p T
o (ah)p : SP —>XpV Xp — > Xp (15)

in (14) is the inclusion map, the localized version of the Hilton’s formula asserts that the homotopy
class ﬁ; should be zero foreachi =1,2,...,j—1and j = 2,3,...,k. The choice of the (generalized)
basic Whitehead products localized at P in W]-Jr says that all the homotopy classes ; should be zero.
We note that the maps

1 nj ( )P 7T1
Tp O ( )73 S s Xp vV Xp H Xp, (16)
1 hvj+1 vj n})
Tp o0 : SP ——XpVXp —Xp (17)
and
1 hw]_+1 w;j ﬂ%)
TTpow; : SP ——XpVXp —Xp (18)

are all zero by the choice of (a?)p, vj and wj foreachi=1,2,...,j—land j =2,3,... k.
Similarly, by taking the second projection 7'[73 XpV Xp — Xp to the perturbatlon Q; again,
we see that the map

(a2 2
750 (ed)p: Sy il Xp V Xp —2= Xp (19)

from (12) is the inclusion map so that ’y;: =0foreachi=1,2,...,j—1andj=2,3,..., k. The choice of

the (generalized) basic Whitehead products localized at P in W]ﬁ says that all the homotopy classes b;
should be zero. Moreover, the localized version of the Hilton’s formula asserts that the homotopy class
%o (a})p, 7173 o uj, and 713, o wj are all zero by the choice of (a})p, uj and w; for eachi =1,2,...,j—1
andj=2,3,...,k asrequired. O

For the k-fold wedge sum of localized spheres, we have the following.

Theorem 4. The cardinality of the set of comultiplications on Xp := Snpl VSRV V SP is
hay +1 Ty +1 e, +1
[T I (Sp? )l x TT Imns(Sp° ) x T I (Sp* ),
wr WS w3EW3 wrEWY

where2 < ny < npy < --- < nyand P is a collection of prime numbers.

Proof. By Lemma 7, we complete the proof. [
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Example 3. If P = {2,3,5}, then we have

(1) |C(S} VSE VSE)| = oo and
2 |C(S} vSEvSE)| =512

3.4. The (Localized) Moore Spaces

A comultiplication ¢ : Y — Y V Y is said to be associative if
(pV1)op~(1Vep)og:Y =YVYVY,

where 1 : Y — Y is the identity map. If ¢ is associative, we call (Y, ¢) an associative co-H-space or
co-H-group. 1t is well known that all Moore spaces M(G,n), n > 2, are co-H-groups, where G is an
abelian group.

In general, the cardinality of the set C(Y) C [Y;Y V Y] of all homotopy classes of comultiplications
on Y is extremely difficult to detect. As a particular case, it was shown in [27] that the set of
comultiplications C(M(G,2)) is in one-one correspondence with the group Ext(G, G ® G), and that
if n > 3, then C(M(G, n)) has one element as the standard comultiplication, where G is an abelian
group. We note that this result is also valid for localizations.

4. Main Result and Its Illustration

Let P be a collection of prime numbers which may be empty and let Xp be the localization of the
k-fold wedge sum of spheres

k
X:=\/Si=81vS§2v...v§k
i=1

for2 <mny < mny < --- < nyoraMoore space M(G, n), where G is an abelian group and n > 2. Then,
by using the results in Sections 2 and 3, we have the following theorem.

Theorem 5. Let |C(X)| and |C(Xp)| be the cardinalities of the sets of all the homotopy comultiplications on X
and Xp, respectively.

(1) If|C(X)| is finite, then |C(X)| > |C(Xp)|.
(2) If|C(X)| is infinite, then |C(X)| = |C(Xp)|.

Proof. We prove the theorem in the case of the k-fold wedge sum of spheres and its localization.

We first note that if the homotopy group 71y, (Sh“’f +l) contains a g-torsion subgroup T, with (p,q) = 1

for w;j € Wj*, j=2,3,...,k, then all of the g-torsion subgroups of Tl (Shz"fﬂ)

hy.+1
7 (Sp’ ) for w; € Wi, j=2,3,...,k, where g is a prime number with (p,q) =1forallp € P.

could entirely vanish in

(1) If |C(X)] is finite, then all of the homotopy groups nnj(Shw/H), j =2,3,...,k must be the
torsion abelian groups Tw]., j=2,3,...,k where Tw]. is the torsion subgroup of

k k
H I nnj(Shwa):H 11 T, (20)

We also note that
(21)
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where p1, p2, ..., p; are (not necessarily distinct) primes and jy, j, . . ., j; are (not necessarily distinct)
positive integers. We thus have

k (22)

k o, +1
=11 IT |7 (Sp’ )| (by Theorem 4)

We note that equality of the inequality in (22) holds only in the case that the collection P of primes
contains all of the prime numbers expressed in the torsion subgroups T, j = 2,3, ..., k.

(2) If [C(X)]| is infinite, then at least one of the homotopy groups 7 (S™ iy +1), j=23...k
contains an infinite cyclic group, say in dimension n; = hy, + 1 or n; = 2(hwb +1) — 1, where hy, +1

is an even integer for some s = 2,3,...,k. Moreover, it can be seen that the numbers of nonzero
T, +1 ho +1 . .
homotopy groups 7, (S™ " ") or 71, (Sp’ ), j =2,3,...,k are always finite because the height 1,

goes to infinity.
Let F,, be a free abelian group of rank 1 and let Ty, be a torsion subgroup of 71, (S"#s*1) for some
s =2,3,...,k. Then we have

k
_ 1—[ 1—[ hw.-i-l)|

GW*

haw.
= |Fws@Tws| XH H |7Tn](S ]+1)| (23)

j#s w]EWj*
~ |Z|.

Here, ~ means the same cardinality as sets and

Y for ng = hy, +1
Fw5 & Tws -
Z& Ty, forng =2(hy, +1)—1and hy, + 1 even.

By Theorem 4 or by tensoring Zp on the homotopy groups described in (23), we see that if
ns = hy, + 1 for some s, then

k hw +1
=1 IT lm(Sp’ )l
]:ZwJEW*
hzu/"rl
|(Fuy ® Tw) ® Zp| x [T TT Imn,(Sp” ) o
j#s ijWj* (24)
]’le+l

Z@Zp| <1 TT Imw(Sp" )

j#s w]-eW].*

~ |Zp]

and if hy, + 1is even and ns = 2(hy, + 1) — 1 for some s, then
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hw +1
H H |7Tn] )l
J=2w; EW*
hwj+l
= |(Fuo, @ Tw,) @ Zp| < [T TT e (Sp’ )
s wieWs? (25)
hw +1
|(Z@Fws)®ZP|XH H |7Tn/ )l
j#s w; GW*
~ |Zp|

We note that some finite groups in (24) and (25) will vanish for some torsion groups, each of
whose orders do not belong to the collection P of prime numbers. Moreover, because P is a collection
of primes and the free abelian group Z is a subgroup of Zp as a subring of the ring of rational numbers
Q; that is,

7ZCZp CQ,

their cardinalities are the same as countably infinite sets.
The proof in the case of a Moore space M(G, n) and its localization runs through the similar way
to the case of the k-fold wedge sum of spheres and its localization. [

Remark 1. We note that if the collection P of prime numbers is the empty collection, then the above statement
is also true as a rationalization X of a 1-connected CW-complex X := \/é‘:1 Stifor2 <mnp <np <o < H

We finally give an example to illustrate our results.

Example 4. The finite (resp. infinite) cases are described in Tables 1-3 (resp. Tables 4 and 5). In the
tables, ¢ denotes the empty collection of primes and Ry is aleph-zero.

Table 1. The finite case.

X =8"vsm P IC(X)|  [C(Xp)|
S8 v sb {2,5} 2 2
S® v sb {3,5} 2 1
S8 v s% {11,13} 504 1
S8 v sb ) 2 1

Table 2. The finite case for k > 3.

X = Vi, S" P |IC(X)] |IC(Xp)|

S*vsévst {3,5} 2 1

SPvsevs? {3,5} 1 1

S v§7vsto {3,5} 2 1
S7vsSPvsttvs? 3,5} 19,568,944,742,400 1

Table 3. The finite case: Moore spaces.

Y=M(Gmn) P |C(Y)| [C(Yp)|

M(Z,2) {2,5} 1 1

M(Z3/2) {2’5}

M(Q2) {3,5}
M(G,n),n >3 ¢

_ =W

1
1
1
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Table 4. The infinite case.

X=s"vs" P |C(X)] [C(Xp)|
Stvs? {2,5} |Z| =Ry |Zp| =Ny

S°v§? {2,5} |Z| =Ry |Zp| =N
S0 v st? {2,5} |Z| =Ry |Zp| =Ny
Stvs’ ¢ 1Z=% Q=X

Table 5. The infinite case for k > 3.

X=Vi,s" P C(X)|  |C(Xp)|

SBvstvs®  {2,5) |Z|=Ry |Zp| =Ny
Stvsebvsl2 (2,51 |Z|=Ry |Zp| =Ny
S7vS2vs*  {2,5} |Z|=Ry |Zp| =Ny
SEAVASCAVASZY ¢ 1Z| =%y Q| =¥y

Proof. To prove the example, we use the previous results in Sections 2 and 3, and prove the first two
cases to illustrate the method. We note that 774 (S°) is isomorphic to the cyclic group of order 2; that is,
76 (S%) =2 Zy; see [28]. If X = S® v S® and P = {2,5}, then we have

IC(X)| = |76(S°)| x |716(S7)| x |716(S7))|

x |76 (S?)| x |16 (S7)| x |76(S%)| x |76 (SM)| x - - -
= 2Xx1Ix1x1x1x1x1x---
= 2

and

IC(Xp)l = |76(S°) @ Zp| x |m6(S) ® Zp| x |716(S7) © Zp|
x|16(S”) @ Zp| x |m6(S”) ®@ Zp| X |76(S”) @ Zp| x |716(S") @ Zp| x - --
= |Zy®Zp| x [{e} @ Zp| x [{e} @ Zp]|
x{e} @ Zp| x [{e} @ Zp| x [{e} @ Zp| x [{e} @ Zp[ x - --
= 2x1x1x1IxIxIx1Ix---
= 2
where {e} is the trivial group. If X = S vV S® and P = {3,5}, then we get
IC(Xp)l = |m6(S°) @ Zp| x |76(S7) ® Zp| x |m6(S7) @ Zp
x|76(8%) @ Zp| x |m6(S”) ® Zp| x |716(S°) @ Zp| x |m6(S™) @ Zp| x - -
= [Z2®Zp| x [{e} @ Zp| x [{e} ® Zp|
x{e} @ Zp| x [{e} @ Zp| x [{e} @ Zp| x [{e} @ Zp[ x - --
= Ix1Ix1IxIxIx1x1lx---
=1
Therefore, if X = S? V S, then we have
CX)|=2=[C(Xp)|  forP ={2,5}
IC(X)| =2>1=|C(Xp)| forP ={3,5} "
as required. 0O

5. Conclusions and Further Prospects

Co-H-spaces, also called spaces with a comultiplication, and localization theory play a pivotal role
in (equivariant) homotopy theory. In general, it turns out that the computation of the cardinality of the
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set of homotopy comultiplications is very difficult. In this paper, we have investigated the inequalities
and relationships between the cardinalities of the sets of homotopy comultiplications on the wedge of
localized spheres and localized Moore spaces.

We do hope that our methods can be used to study homotopy comultiplications on the wedge
sum of any number localized spheres and localized Moore spaces. We also hope that the results
in this paper can be applied to the notions of algebra comultiplications on the (localized) algebraic
objects such as (free) Lie algebras by considering the coproduct of Lie algebras or cohomology modules
over Zp.
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