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1. Introduction

The displacement problem of elastostatics in an exterior Lipschitz domain Q) of R?® consists of
finding a solution to the equations [1] (Notation—Unless otherwise specified, we will use the notation
of the classical monograph [1] by M.E. Gurtin. In particular, (divC[Vu]); = 9;(C;jx0xuy,), Lin is
the space of second-order tensors (linear maps from R3 into itself) and Sym, Skw are the spaces of
the symmetric and skew elements of Lin respectively; if E € Lin and v € R3, Ev is the vector with
components E;;v;. Bx = {x € R?: r = |x| < R}, T = Bog \ Bg, CBg = R®\ Bg and Bg, is a fixed ball
containing 9Q). If f(x) and ¢(r) are functions defined in a neighborhood of infinity, then f(x) = o(¢(r))
means that lim,_, 1« (f/¢) = 0. To lighten up the notation, we do not distinguish between scalar,
vector, and second-order tensor space functions; ¢ will denote a positive constant whose numerical
value is not essential to our purposes.)

divC[Vu] =0 inQ,
u=1 onoadQ),
lim /u(R, o)do =0,

R—+o0
oB

)

where u is the (unknown) displacement field, i is an (assigned) boundary displacement, B is the unit
ball, C = [C;j] is the (assigned) elasticity tensor, i.e., a map from Q x Lin — Sym, linear on Sym and
vanishing in () x Skw. We shall assume C to be symmetric, i.e.,

E-C[L]=L-C[E] VEL € Lin, @)

and positive definite, i.e., there exists positive scalars py and p, (minimum and maximum elastic
moduli [1]) such that

#olE|*> < E-C[E] < ue|E|?>, VE €Sym, ae.inQ. 3)
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Let D1(Q)), D(l)'q(Q) (9 € [1,400)) be the completion of C{°(Q) and C{*(Q2), respectively, with
respect to the norm || Vu( 1q(q)-

We consider solutions u to equations (1) with finite Dirichlet integral (or with finite energy) that
we call D-solutions analogous with the terminology used in viscous fluid dynamics (see [2]). More
precisely, we say that u € D?(Q) is a D-solution to equation (1)

/ Ve C[Vu] =0, Vo e D(Q). @)
Q

A D-solution to system (1) is a D-solution to equation (1)1, which satisfies the boundary condition
in the sense of trace in Sobolev’s spaces and tends to zero at infinity in a mean square sense [2]

. 2 _
Rgrilma/ u(R, o) [2do = 0. ®)
B

If u is a D-solution to (1)1, then the traction field on the boundary is
s(u) = C[Vuln

where a well defined field of W~1/22(3Q)) exists and the following generalized work and energy
relation [1] holds

/ Vu-C[Vu] = /u-s(u),

ONBgr 0

where abuse of notation [, u - s(u) means the value of the functional s(u) € W-1/22(30) atu €
W1/22(3Q)), and n is the unit outward (with respect to (2) normal to 9.

If it € W/22(3Q)), denoting by 1y € D?(Q)) an extension of i in Q vanishing outside a ball, then
(1)1,2 is equivalent to finding a field # € Dy*(Q2) such that

/ V- C[Vo] = —/V(p~ C[Vuol, Ve DIA(Q). ©)
Q QO

Since the right-hand side of (6) defines a linear and continuous functional on D(l)’z(Q), and by the
first Korn inequality (see [1] Section 13)

[199p < 2 [vo-civa,
my
(@) @)

by the Lax-Milgram lemma, (6) has a unique solution v, and the field # = v + 1 is a D-solution to
(1)1,. It satisfies (1)3 in the following sense (see Lemma 1)

/|u(R,(r)|2da — o(R1). @)
JB

Moreover, u exhibits more regularity properties provided C, 0Q) and # are more regular. In
particular, if C, # and 9} are of class C*°, then u € Cw(ﬁ) [3].

If C is constant, then existence and regularity hold under the weak assumption of strong
ellipticity [1], i.e.,

olal?|b* <a-Cla®blb, Ya,beR3 8)

As far as we are aware, except for the property (7), little is known about the convergence at infinity
of a D-solution and, in particular, whether or under what additional conditions (7) can be improved.
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The main purpose of this paper is just to determine reasonable conditions on C assuring that (7)
can be improved.
We say that C is reqular at infinity if there is a constant elasticity tensor Cy such that

lim C(x) = Co. ©)

|x| =00
Let €y and ¢ denote the linear spaces of the D-solutions to the equations

divC[Vh] =0 inQ,
h=1 onodQ),

(10)
lim /|h(R,U)|2dU —o,
R—+o0
JB
for all T € R3 and
divC[Vh] =0 in Q,
h=T1t+Ax onodQ), 1)
lim /\h(R,o—)Fda— —o,
R—+00
JB
forall T € R3, A € Lin, respectively.
The following theorem holds.
Theorem 1. Let u be the D—solution to (1). There is q < 2 depending only on C such that
/ u(R,0)|9do = o(RT-3). (12)
9B
If Cis regular at infinity, then
[ (R o)1 = o(RI?), ¥q € (3/2,+00), (13)
9B
and
/|u(R,(7)|‘7d(7 —o(R13), Vg e (1,2] = /u -s(h) =0, Vhe . (14)
aB Eo)
Moreover, if
/C[ﬁ@n]zﬂ, /ﬁ-s(h):O, Vhe g, (15)
a0 a0
then
/ u(R, o) |do = o(R2). (16)
9B
2. Preliminary Results
In this section, we collect the main tools we need to prove Theorem 1.
Lemma 1. Ifu € DY(Q), for q € [1,2], then
/ u(R,0)|"de < c(q)RT3 / Va7, (17)
oB CBg
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Moreover, if ¢ = 2, then, for R > R,

/'”' <4/ Vul2. (18)

CBr CBg

Proof. Lemma 1 is well-known (see, e.g., [2,4] and [5] Chapter II). We propose a simple proof for the
sake of completeness. Since D'2(Q)) is the completion of C§°(Q) with respect to the norm || Vu|| 12(0

it is sufficient to prove (17) and (18) for a regular field u vanishing outside a ball. By basic calculus
and Holder inequality,

+o0 q +00 g
/|u(R,U)|qu = / / oru(r,o)dr| do = / / 2299, u(r, o) dr| do
JB 0B R 0B R
+o0 teo -
< {/da/ Vu(r,a)|”’r2dr}{/ / roa1d }
3B R 3B R

Hence, (17) follows by a simple integration.
From

WP _ T

—2:/ </|ur(7|2d(7>—2/au

,
CBr R CBr
by Schwarz’s inequality, one gets
1/2
u/? juf? 2
| S o [
CBR CBR CBR
Hence, (18) follows at once. [
Let Cy be a constant and strongly elliptic elasticity tensor. The equation
divCy[Vu] =0 (19)

admits a fundamental solution U(x — y) [6] that enjoys the same qualitative properties as the
well-known ones of homogeneous and isotropic elastostatics, defined by

(xi—yﬁ(%“—%?
lx -yl

1
8rtpu(1—v)|x —y|

ui].(x_y) = |:(3_4V)5ij+ ,

where y is the shear modulus and v the Poisson ratio (see [1] Section 51). In particular, U(x) = O(r~!)
and for f with compact support (say) the volume potential

VIAE) = [ U=y f)do, 0)
is a solution (in a sense depending on the regularity of f) to the system
divCo[Vu] + f =0 inR3. (21)

Let H! denote the Hardy space on R3 (see [7] Chapter III). The following result is classical (see,
e.g. [7]).

Lemma 2. V,V maps boundedly L1 into itself for g € (1,+00) and H' into itself.
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Lemma 3. Let u be the D-solution to (1), Then, for R > Ry,

/s(u) = /s(u), (22)

a0 3Bk
and
/h~s(u) - /ﬁ-s(h), Vhee, 23)
a0 a0
where € is the space of D-solutions to system (11).
Proof. Let
0, |x| > 2R,
g(x) =141, x| <R, (24)

R™YR—|x]), R<|x| <2R,
with R > Ry. Scalar multiplication of both sides of (1); by gh, (2) and an integration by parts yield
- 17
/h's(u) - /u~s(h) =R / (u~C[Vh]er fh'C[Vu]er),
20 a0 Tx

where e, = x/r. Since R < |x| < 2R, by Schwarz’s inequality,

1 _ _
E/h.cwu]e, gz/r Ui C[Valer| < cllr Rl 2 IV ull 2 1),

TR TR

1 _ _

ﬁ/u-cwh]e, §2/r Yu- C[Vhle| < cllrullp2p) I VAl 27 -
Tr TR

Hence, letting R — +c0 and taking into account Lemma 1, (23) follows. O

Lemma 4. Let u be the D-solution to (1); then, for R > Ry,

[ es) —claon) = [ (xos) - Claoer), (25)

EYo) 9Bg

where € is the space of D-solutions to system (11).
Proof. (25) is easily obtained by integrating the identity

0 = x®div C[Vu] = div (x ® C[Vu]) — C[Vu]
over Bg and using the divergence theorem. [

3. Proof of Theorem 1

Let 9(r) be a regular function, vanishing in Bg and equal to 1 outside Byg, for R > Ry. The field
v = Yu is a D-solution to the equation

divC[Vo] + f=0 inR3, (26)

with
f=—-C[Vu]V9 —divClu® V8] (27)
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Of course, f € L?(IR3) vanishes outside Tg. Let Cy be a strongly elliptic elasticity tensor. Clearly,
v is a D-solution to the system

div Co[Vo] + div (C — Cg)[Vo] + f =0 inR?, (28)

which coincides with u outside B,g. Since

ViV[fl(x) =0(~'"), keN, Vi=Y..V, (29)
k—times
by Lemma 2, the map
w'(x) = VV[(C - Co)[Vw]] (x) + V[f](x) (30)

is continuous from D into itself, for g € (3/2,+00). Choose

Coijnk = Hedindjk-

Since o — g
IVVI(C = Co)lVarl] s < ()= [l s
and [7]
lime(g) =1,
q—2

the map (30) is contractive in a neighborhood of 2 and its fixed point must coincide with v . Hence,
there is g € (1,2) such that u € D(Q) and (12) is proved.
If C is regular at infinity, then by Lemma 1 and the property of 9,

[ = Zllpta < (@)1~ Coll wesy )0~ 2lpra- (1)

Since the constant c(q) is uniformly bounded in every interval [4,b] and [|C — Co||;~ (s, ) is
0

sufficiently small, u € D' for g € (3/2, +00).
Assume that

/ﬁ s(h) =0, Vhedq, (32)
oQ)
By Lemma 3, for R > R,,
/s(u) = /C[Vu]eR =0.
aBg 9Bg

Therefore, taking into account (27),

/f = /f = 719’(r)dr / C[Vule, =0, (33)
TR R

R3 JdB,

Since

VIR = [ U —y) — U] f@)doy +U) [ £,
R3 R3

by (33), Lagrange’s theorem and (29)
VV[f](x) = 0(),

so that
VV[fle L, q¢€(1,2]. (34)
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Then, by (31), the map (30) is contractive for g in a right neighborhood of 1 so that
ueDY(Q), g¢€(1,2]. (35)

Conversely, if (35) holds, then a simple computation yields

/s(u) - /C[Vu]Vg - —%/C[Vu]er, (36)
R3

Q) Tr

where g is the function (24). By Holder’s inequality,

< 1‘;{ /|Vu|3/2}2/3{ /dv}m < { /|Vu|3/2}2/3.

Tr Tr Tr

L
R

/ C[Vule,
Tr

Therefore, letting R — 4-c0 in (36) yields

/s(u) =0

Q)

and this implies (32).
From
Vi) = [ [5(x = ) = Uly) = 3t ()] £ (w)doy
R3

+Uj(x) / fi+ 9U(x) / Wii(y) fi(y)doy
R3 R3
by (33), Lemma 4, Lagrange’s theorem and (29)

VY[fl(x) = O(r™),

so that VV[f] € L!. Since f € L?(R3?) has compact support and satisfies (33), it belongs to H! (see [7]
p- 92) and by Lemma 2 V[f] € H!. Hence, it follows that (30) maps #! into itself and

0" = 2lln < [IC - C0||L°°(ESRO) o =zl

Since, by assumptions, ||C — Cy|| L (Csg, ) is small, (30) is a contraction and by the above argument
0

its (unique) fixed point must coincide with v so that Vu € L1(Q). O

We aim at concluding the paper with the following remarks.

(i) Itis evident that the hypothesis that C is regular at infinity can be replaced by the weaker one
that |C — Cp| is suitably small at a large spatial distance.

(ii) The operator V maps boundedly the Hardy space H7 (g € (0,1]) into itself [7]. Hence, the
argument in the proof of (16) can be used to show that Vv € H7, g > 3/4. We can then use the
Sobolev-Poincaré (see [8] p. 255) to see that u € L7(Q)) for g > 1.

(iii) Relation (16) is a kind of Stokes” paradox in nonhomogeneous elastostatics: if Cis regular at infinity,
then the system

div C[Vh] =0 in Q),
h=rt on d(),

/ h(R,0)do= o(R™1),
0B
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with T nonzero constant vector, does not admit solutions.

(iv) If Cis constant and strongly elliptic, then u is analytic in () and at large spatial distance admits

the representation

u(x) = U(x) [ )+ VU [ (39 s(u) ~ Claen]) (@) + ¢ (x)

Q) Q)

with |x[3|¢(x)| < c. Therefore, in the homogeneous case, the conclusions of Theorem 1 hold
pointwise:

Ix2|u(x)] < ¢ = /u “s(h) =0, Vheg,
a0

/C[ﬁ@n]zo, /ﬁ~s(h):0, vhee = xPlulx)| <
Q) a0
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