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Abstract: We have studied the k-rainbow domination number of C,0C,, for k > 4 (Gao et al. 2019),
in which we present the 3-rainbow domination number of C,,0C,,;, which should be bounded above
by the four-rainbow domination number of C,UC,,. Therefore, we give a rough bound on the
3-rainbow domination number of C,0C,,. In this paper, we focus on the 3-rainbow domination
number of the Cartesian product of cycles, C,0C,,. A 3-rainbow dominating function (3RDF) f on
a given graph G is a mapping from the vertex set to the power set of three colors {1,2,3} in such
a way that every vertex that is assigned to the empty set has all three colors in its neighborhood.
The weight of a 3RDF on G is the value w(f) = Yycv () | f(?)|- The 3-rainbow domination number,
7r3(G), is the minimum weight among all weights of 3RDFs on G. In this paper, we determine exact
values of the 3-rainbow domination number of C30C,, and C40C;, and present a tighter bound on
the 3-rainbow domination number of C,,0C,, for n > 5.

Keywords: rainbow domination; graph domination; Cartesian product graph; cycle

1. Introduction

In a graph G with vertex set V(G) and edge set E(G), the open neighborhood of a vertex v €
V(G) is a set {u|(u,v) € E}, denoted by N(v). The degree of a vertex v € V is deg(v) = |[N(v)|.
The minimum degree of G is denoted by §(G) and the maximum degree by A(G). If for each vertex
u € V\S, thereisav € S such that (u,v) € E, then S is a dominating set. The domination number is
the minimum cardinality among all dominating sets in G and it is denoted by 7(G).

Domination in graphs originates from location problems in operations research. As a variation
of domination in graphs, rainbow domination was introduced by Bresar et al. [1]. The essence of the
rainbow domination is to study how to dispatch many types of “guards” to dominate a graph. It is
required that each vertex in a graph that is not settled by a “guard” has all types of “guards” in its
adjacent vertices.

A function f is called a k-rainbow dominating function (kRDF) on a graph G satisfying the
condition that for each vertex v such that f(v) = @, U,en(o) f(1) = {1,2,---,k}. The weight of
kRDF on G is the value w(f) = Y,cv(g) |f(?)|- The minimum weight among all weights of kRDFs
on G is called the k-rainbow domination number, denoted by 7, (G). Let f be a kRDF function on G;
if w(f) = vk(G), then f is called the 7, (G)-function.

The k-rainbow domination has many practical applications, such as storage hierarchy
optimization, in information transfer or people allocation between company departments,
channel assignment, network security, logistics scheduling, and so on. Therefore, it has been
extensively studied by scholars. There are numerous studies on two-rainbow domination [2-10].
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For k > 3, it is more difficult to determine the k-rainbow domination number of a graph.
Chang et al. [11] proved that the k-rainbow domination is NP-complete, and they studied the k-rainbow
domination problem on trees. Shao et al. [12] gave bounds for the k-rainbow domination number
on an arbitrary graph, and they investigated the 3-rainbow domination numbers of cycles, paths,
and generalized Petersen graphs. They determined the 3-rainbow domination number of P(#,1)
and the upper bounds for P(n,2) and P(#n,3). Fujita et al. [13] proved sharp upper bounds on the
k-rainbow domination number for all values of k. Hao et al. [14] studied the k-rainbow domination
number of directed graphs and presented the exact values of the k-rainbow domination number
on the Cartesian product graph of two directed cycles. Wang et al. [15] determined the k-rainbow
domination number of P30P, for k € {2,3,4}. Brezovnik et al. [16] studied the complexity of k-rainbow
independent domination and presented sharp bounds for the k-rainbow independent domination
number of the lexicographic product and the exact formula for k = 2. Kang et al. [17] initiated the
study of outer-independent k-rainbow domination and presented sharp lower and upper bounds on
the outer-independent two-rainbow domination number. There are also some references related to
k-coloring of a graph [18,19].

G10G,, the Cartesian product of G; and G, is the graph with the vertex set V(G1) x V(Gy),
and (u,v)(u',v") € E(G1OG,) if either uu’ € E(Gy) and v = ¢/ or vv’ € E(G;) and u = u'. Figure 1
shows the graph of C,,0C,.

Vo,m—2 Vo,m—1

V1,m—1

V2,m—1

Un—2,0 Un—2,1 Un—2,2 Un—2,m—2 [Un—2,m—1
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Figure 1. Graph C,,0C,.

Vizing initiated the problem of domination on Cartesian product graphs [20]. Since then,
various domination numbers of GOH were extensively studied [21-24].

In this paper, we focus on the study of the 3-rainbow domination number of Cartesian products
of two undirected cycles, C,,0C;,. Here, we recall some important results.

Theorem 1. ([12]) Let G be a connected graph. Then, v,+(G) > PAYE?G)LH .

Theorem 2. ([25]) Let G be a connected graph of order n > 8 with 5(G) > 2. Then, 7,3(G) < 5?”.

In G = C,0Cy, |V(G)| = mn, A(G) = §(G) = 4, by Theorems 1 and 2, we can get:

3mn 5mn

[7-‘ < 71’3(G) < T

= M
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We studied the k-rainbow domination number of C,,0C,, for k > 4 [26], in which we presented
that the 3-rainbow domination number of C,,0C;, is bounded above by the four-rainbow domination
number of C,,0C,,, i.e.:

mn n
'YrB(CnDCm) < 7r4(CnDCm) < 7—|—m+§ -1 (2)
Since % +m+ % —-1< San for m,n > 4, by Equations (1) and (2), we can get a rough bound of
Yr3(C,OCy,) as described in the following Lemma 1.

Lemma 1. For G = C,0C,,, [¥] < 7,3(G) < W +m+ 4 — 1.

It is very difficult to determine the k-rainbow domination number of a graph for k > 3, since the
problem is NP-complete. Only with some effective methods, one can present a sharp bound on the
k-rainbow domination number, or make the known bound tighter, or determine the exact k-rainbow
domination number for a given family of graphs. In this paper, we lower the upper bound in Lemma 1
by constructing some good enough 3RDFs; upon these functions, we can get a sharp upper bound
of 7,3(C,0Cy,). Furthermore, we promote the lower bound in Lemma 1 for C30C,, and C40C,, by
providing proofs for the new lower bounds. Thus, we determine the exact values of 7,3(C30C,,)
and ,3(C40Cy,). For n > 5 and any integer m, we present a tighter bound of ,3(C,0C,,) than in
Lemma 1.

2. Upper Bounds on the 3-rainbow Domination Number of C,,0C,,

In this section, we construct some 3-rainbow dominating functions according to the characteristics
of C,0C,y,; upon these functions, we can get upper bounds of ,3(C,0C,,). Figure 2a shows a 3RDF on
CgOCg. We use 0, 1, 2, 3 to represent the color sets @, {1}, {2}, {3}, respectively, and use 2, 3 to encode
the color set {2,3}. In this way, we could use Figure 2b to show a function in the following sections.
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O G 0] G 0] B 0] & N N IR R T

o ol W ool @l el o o R
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W 0] {2 0] {1 0] {2 0 7‘lf(‘)f2‘f(‘)f‘lf[‘)f2‘f(‘)f
0] By 0] B 0| 8] 0 3y 0—3—0—3—0—3—0—3
@ 0] W 0] @ 0] W 0 -2—0—1—0—2—0—1—0-—

pl ) 0] ® 0] ©® 0| ® R

Figure 2. A 3RDF on CgOCg. (a) Vertex labeled with color sets. (b) Vertex labeled with codes.

By symmetry of C,,0Cy,, we can only discuss the cases of n(mod 4) > m(mod 4).
Lemma 2. For n # 2(mod 4) and m # 2(mod 4), 7,3(C,0Cp) < [51].

Proof. We define a 3RDF f as follows.

@,  i(mod 2) # j(mod 2),
Floi) = {1}, i(mod 2) = j(mod 2) = 0Ai(mod 4) = j(mod 4),
b {2}, i(mod 4)+ j(mod 4) =2 Ai(mod 4) # 1,
{3}, otherwise.
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Figure 3 shows f on CgOCs, CoOCg, CoOCy, C110Cg, C110Cy, and C110Cq;, where R,; means
we repeat the four columns with m becoming bigger and R, means we repeat the four rows with n
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Figure 3. f on some C,0C,, for n # 2(mod 4) A m # 2(mod 4).

One can check that f is a 3RDF, and its weight is shown in Table 1.

Table 1. The weight of f on C,0C;, (n # 2(mod 4) A m # 2(mod 4)).

The Weight of f

n Z 2(mod 4) A m # 2(mod 4)

0 (mod 4), m = 0 (mod 4)

n=

1 (mod 4), m =0 (mod 4)

n=

mel el x84+ 1l x 24 Pl 241 = [

m—1

w(f) =

1 (mod 4), m =1 (mod 4)

n=

3 (mod 4), m =0 (mod 4)

n=

3 (mod 4), m =1 (mod 4)

n=

X6+5= 5]

n73x6+ni3

4

X 8+

3 (mod 4), m = 3 (mod 4)

n=

O

Hence, 7,3(C0Cy) < [%] for n # 2(mod 4) and m # 2(mod 4).
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Lemma 3. For n = 2(mod 4), m = 0(mod 4), 1,3(C,0Cy,) < 5.

Proof. We first define a 3RDF g on C40C;.

@,  i(mod 2) # j(mod 2),
)y, i=gaiA
8(ij) =9 i+tj=2Mi£1,
{3}, i=1Aj(mod2)=1Vi=3Aj=1

Then, for C,0C,,, n = 2(mod 4), m = 0(mod 4), we define a 3RDF f as follows.

f(?)‘ ) _ { g(vi(mod4),j( mod4))/ 0<i<n-3,
K h(vi,j( mod4))f n—-2<i<n-—1,

where  is a function defined on {v; j[n —2 <i<n—-1,0 <j <3},

@,  i(mod 2) # j(mod 2),
)y i=n-1nj=1,
hvig) =4 1) i=n—2Aj=0,2,
(3}, i=n—1Aj=3.

50f 20

Figure 4 shows f on C190Cg, where R;, means we repeat the four columns with m becoming

bigger and R, means we repeat the four rows with n becoming bigger.
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Figure 4. f on C190Csg.

One can check that f is a 3RDF, and the weight of f is w(f) = % x 172 x 8 +
Hence, 7,3(C,0Cy,) < " for n = 2(mod 4), m = 0(mod 4). [

Lemma 4. For n = 2(mod 4), m = 1(mod 4), 1,3(C,0Cy,) < 5.
Proof. Case 1. m = 5.
Case 1.1. For n = 2(mod 12), we first define a 3RDF g7 on C¢0Cs,
@,  i(mod 2) # j(mod 2),
{1}, i=0Aj(mod2)=0Vi=3Aj(mod2)=1,
gl(vi,j) = 2}
(3}, i=1Aj=3Vi=2Aj=0Vi=4Aj=24Vi=5Aj=1

Then, we construct a 3RDF f on C,0Cs,

) — gl(vi(mod6),]’)/ 0<i<n-7
f(vz,]) { h(vi,j)r n—-6<i<n-—1,

=3
X
IS

i=1Aj=1Vi=2Aj=24Vi=4Aj=0Vi=5Aj=3,
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where /1 is a function defined on {v; j|n —6 <i<n—1,0 <j <4},

@,  i(mod 2) # j(mod 2),
{1}, i=n—-2,n—6Aj=2Vi=n—4Aj(mod?2)=0,
h(vij) =1 {2}, i=n—-1,n-3Aj=3Vi=n—-2Aj=0Vi=n—5
ANj=1Vi=n—-6Aj=4,
{3}, otherwise.

Case 1.2. For n = 6(mod 12), define f(v; ;) = g1(Vj( mod 6),j)-

Case 1.3. For n = 10(mod 12), we first define g, on C¢OCs,
@,  i(mod 2) # j(mod 2),
{1}, i=0Aj=02Vi=2Aj=4Vi=3Aj=1Vi=5Aj=1,3
82(0if) = 0 (o) i 0AjmAVie 1A 1Vie3Aj=3Viednj=
, 1= j= i=1ANj=1Vi=3ANj=3Vi=4ANj=0,
{3}, i=1Aj=3Vi=2Aj=0,2Vi=4A]j=24

Then, we define f as follows.

) — gﬂWmMQQIOSiSn—Z
f(Uz,]) { h(vi,j), H_b<i<n-_1,

where /1 is a function defined on {v; j[n —6 <i<n—1,0 <j <4},

@,  i(mod 2) # j(mod 2),
{1}, i=n—-2Aj=4Vi=n—-3Aj=1Vi=n—-5Aj=13,
h(vij) =14 {2}, i=n—2Aj=02Vi=n—4Nj=2,4Vi=n—-6Aj=0,
{3}, i=n—1Aj=13Vi=n—-3Aj=3Vi=n—4Aj=0
Vi=n—-6Aj=0.

Figure 5 shows f on Cp0Cs, C130Cs, and Cx»0OCs, where R, means we repeat the six rows with
n becoming bigger.

One can check that f is a 3RDEF, and its weight is shown in Table 2.

Table 2. The weight of f on C,0Cs (n = 2(mod 4)).

m=>5An=2(mod 4) The Weight of f
m=>5,n=2(mod 12) w(f):w-&-‘r’zﬁ:%”
m=>5,n=6(mod 12) w(f) = 1xn =3
m=5,n=10 (mod 12) w(f) = 22010 4 510 _ 5

Case 2. For m > 9, we first define a function g on C4,0C4.

@,  i(mod 2) # j(mod 2),
(0;7) = {1}, i(mod 2) =j(mod2) =0Ai=}],
8\ (2}, itj=2Mi£1Vi=j=3,
{3}, i=1Aj(mod2)=1Vi=3Aj=1
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7

-3,
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O
<m
<j

j
—2<

0Ni =],
n—-2<i<n—-1A0<

n

2

m

1(mod 4).
n—-2<i<n—1Am

0<i<n—-3Am

0<i<n-3A0<

i+j=2MNiA1Vi=j=3,
1Aj(mod2)=1Vi=3Aj=1.

i(mod 2) # j(mod 2),
i(mod 2) = j(mod 2)

i

Figure 6. f on C130Cyy.

2(mod 4), m

2(mod 4), we define a 3RDF f on C,0C, as follows.

2(mod 4), v,3(C,0Cy,) <

{1},
{2},
{3},

®/

|

7

i)

8(vij)
g<vi( mod 4),j( mod 4) )/
1 (Vi mod 4),)-
hZ(Ui,j( mod 4) )'
h3(v;

2(mod 4), m

Mathematics 2020, 8, 65

Figure 6 shows f on C130C;7, where R;; means we repeat the four columns with m becoming

bigger and R, means we repeat the four rows with n becoming bigger.

One can check that f is a 3RDEF, and the weight of f is w(f) =

mn
L,

10+15

Hence, ,3(C,0Cy) < % forn

Lemma 5. Forn

Proof. We first define a function g on C4,0C;.

= 2(mod 4), m

Then, for n

f(vij)
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where hy(v;;) ({9;j|0 <i<4,m—2<j<m—1}), h(v;;) {vijln -2 <i<n-10<j<3}),
h3(v;j) {vijln —2<i<n—1,m—2<j<m-—1}) are defined as follows.

@,  i(mod 2) # j(mod 2),

), i=02Aj=m—-2,
Mm@ =3 oy i—inj=men,
(3}, i=3Aj=m—1.

@,  i(mod 2) # j(mod 2),
)y, i=n—2nj=02
M) =9 o1 i—a1ajet,
(3}, i=n—1Aj=3.

@,  i(mod 2) # j(mod 2),
hg(vi,]‘): {2}, i=n-2ANj=m-2,
{3}, i=n—1Aj=m—-1
Figure 7 shows f on C1p0C7p, where R;; means we repeat the four columns with m becoming
bigger and R, means we repeat the four rows with n becoming bigger.

' Rm ‘ ‘

S T s A R IS DL R
‘T]*O*Q*OT]*O*Q*O#]*O*
N e e s R B
+0—3—0—3+0—3—0—3L+0—2—

D
T2-0-1-0572-0-1-051-0-
L e e N N N R

‘T0737072+0737072+0737

R e B LR ST A
F1=0-2-0=-1-0-2—0=1-0-
L e e e e N B B
£0—3—-0—3+0—3—0—3+0—2—
L e e e O
L2—0—1-0+2—0—1—0-+-1—0—
T R e O e
~0—3—0—2+0—3—0—2+0—3—

R e e B E R S eE (e
+1—0—1—0+1—-0—1—0Lt2—0-
N e O
L0727073f0727073f0—37
| | | [ | | [ |
! | |

C100C10

Figure 7. f on C190Cyg.

One can check that f is a 3RDF, and the weight of f is w(f) = "2 x 72 x 8+ "2 x 44 12 x
4+2="10
Hence, 7,3(C,0Cy) < " for n = 2(mod 4), m = 2(mod4). O

Lemma 6. For n = 3(mod 4), m = 2(mod 4),

Smt2 -y =3,m =2,10(mod 12),

C,0C <
713(CuBCn) _{ =, otherwise.

Proof. Case 1. For n = 3, we define f in two subcases.
Case 1.1. m = 6(mod 12).

@,  i(mod 2) # j(mod 2),
(0;1) = {1}, i(mod2)=0Aj(mod 6) =0Vi=1Aj(mod 6) =23,
FOi) =9 12}, i(mod2) =0 A j(mod 6) =2Vi=1Aj(mod 6) =5,
(31, ot

otherwise.
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Figure 8 (above) shows f on C30C1g, where R;,, means we repeat the six columns with m becoming
bigger. One can check that f is a 3RDF. The weight of f is w(f) = % x 9 = 3. Hence, 7,3(C30Cy,) >
3 for m = 6(mod12).

Case 1.2. m = 2,10(mod 12). We first define a function ¢ on C30C;.

@,  i(mod 2) # j(mod 2),

)y, i=j=ovi=j=2
8ij) =\ (o) isj—2nizl,
{3}, i=1Aj=1,3.

Then, we define f as follows.

v ) 8Wij(mods)) 0<j<m—4,
f(Ul,]) { h(Ul',]'), m—3§j§m_1’

where & is a function defined on {vi,]-|0 <i<2Am-3<j<m-1},

@, i=0ANj=m-=3m—-1Vi=1ANj=m—-2Vi=2ANj=m—1,
) {1y i=2aj#Am—1,
Mo) =3 12 i—onj=m—2,
(3}, i=1Aj#m—2.

Figure 8 (below) shows f on C30Cjy4, where R;; means we repeat the four columns with m
becoming bigger. One can check that f is a 3RDF. The weight of f is f is w(f) = " x 6+ 10 = 342,
Hence, 7,3(C30Cy,) < 3%t for m # 6(mod12).

T \Rm\ T
+1—-0—-2—-0—-3—0+1—-0—2—-0—3—0+1—0—2—0—3—0—
o \ \ \ \ \ \ \ \ \ \ [ \ \ \ \ \
lo-3-0-1-0-2+0-3-0-1-0—-2+0—-3—-0—1—-0—2—
L \ \ \ \ [ \ \ \ \ [ \ \ \ \ \
EIR T S A O R S O S R S
| | |

m = 6 mod 12
‘ R, ‘ ‘ ‘
T T T T e T A O B IR
+1—-0—2—0+1—-0—2—0+1—0—2—0—2—0—
o \ \ [ \ \ [ \ [ \ \
Llo—-3-0-31+0-3-0-31+0-3—-0-3—0—3—
o \ \ [ \ \ [ \ [ \ \
“2-0—1-0+-2—-0—1—0-2—0—1—1—1—0-
N N A N N
| | | |

m # 6 mod 12 (m = 2 mod 4)
Figure 8. 3RDFs on C30C1g and C30C4.

Hence, for m = 2(mod 4),

3m —
3m m = 6(mod 12)
C30C,) < 2 '
713(C30Cm) {’m;rz m # 6(mod 12).

Case 2. For n = 7, we define f in two subcases.
Case 2.1. m = 6(mod 12).

@, i(mod 2) # j(mod 2),

{1}, i(mod 2) =0Aj(mod 6) =0Vi(mod 2) =1Aj(mod 6) =3,
(
t

f(vij) =

{2}, i(mod 2) =0Aj(mod 6) =2Vi(mod 2) =1Aj(mod 6) =5,
{3}/

otherwise.



Mathematics 2020, 8, 65 11 of 20

Figure 9 (above) shows f on C;0Cy5, where R,;, means that we repeat the six columns with m
becoming bigger and R,, means we repeat the two rows with n becoming bigger. One can check that f
is a 3RDF, and the weight of fisw(f) = 7572 x Z x 6+ 2 x 3 = 71,

Case 2.2. m = 2,10(mod 12). We first define a function ¢ on C;0C;.

@,  i(mod 2) # j(mod 2),
(0:) = {1}, i=0Aj=0Vi=2Aj=2Vi=3Aj=1Vi=5Aj=1,3,
SWij) =\ [2), i=0Aj=2Vi=2Aj=0Vi=4Aj=2Vi=6A]=0,
{3}, otherwise.

Then, we define f as follows.

v ) 8Wij(moda)) 0<j<m—7,
f(Uz,]) { h(Ul',]‘), m—6< ] <m-—1,

where / is a function defined on {vi,]-|0 <i<6Am—6<j<m-—1},

@,  i(mod 2) # j(mod 2),

{2}, i(mod2)=0Ai#0Aj=m—6Vi=02Aj=m—4
Vi=bAj=m—=3Vi=4ANj=m—-2Vi=1Nj=m—1,

{3}, i(mod2)=1Ai#3ANj=m—-5Vi=3Aj=m—1,m—3
Vi=0,6Aj=m—2,

{1}, otherwise.

h(v; ;) =

Figure 9 (below) shows f on C;0Cy, where R;; means we repeat the four columns with m
becoming bigger. One can check that f is a 3RDF, and the weight of f is w(f) = " x 14421 = 77’"

‘ RTVL ‘ ‘
[ Y E B e O S S (N ] B B
TT1—072707370f17072—0—370f17072707370
R,. | | | [ N N N e N R Y N I I \
‘+073—0—1—072407370—1—0—2i0737071—0—2
T e e e S e B c SRR Y B (RPN S
T1=0—=2—0—3—-071-0—-2-0=3-051-0-2-0—-3-0
[ [ N N N N N Y N IR I \
+0—3—0—1—-0—2+0—-3-0—1—0—2L+0—-3—-0—1—0—2
e B L R e B e B e e B SRR S
F1-0-2-0-3-0+1-0-2-0-3-0+-1-0-2-0-3-0
o \ \ \ \ [ \ \ \ \ [ \ \ \ \ \
“0—3—0—1—0—2+0—3—0—1—0—2+0—3—0—1—0—2
e ) o B L e e e e B A e R EEE SR S
+1—-0—2—-0—-3—-0+1—-0—2—0—3—0+-1—0—2—0—3—0
T (O O S I S B
| , .
C70Cg
m = 6(mod 12)
' R, ‘ ‘
T e (O A E B
F1=0-2-0+1-0-2-0+1-0-2-0+1-0-2-0+1-0-2-0-3—0-
o \ \ [ \ \ [ \ \ \ \ \ \ [ \ \ \ \ \
+0—-3—-0—-3+0-3-0-3+0—-3-0-3+-0-3-0-3-0—-3—-0—1—0—2—
o \ \ [ \ \ [ \ \ [ \ \ [ \ \ \ \ \
%2—0—1—0f2—0—1—0f2—0—1f0f2707170#2*0*2 0—1—0—
F \ \ [ | \ \ \ \ \ [ \ \ \ \ \ \ \ \ \
+0—-1-0—-3+0—-1-0—-3+0—-1-0-3+0—-1—-0—3+0—1—0—3—0—3—
N N T Y S IR N Y S I I [ N N B
#3f0—2—073—0—2—0T3—0—2—0T3—0—2—072—0—1 0—2—0—
[ I [ Y N A R R I I [ N Y B
“0—1—0—1+0—1—0—1+0—1—0—1+0—1—0—1+0—3—0—2—0—1-
N T Y R I N O Y N IR I [ N N B
+9-0—3—0+2—0—3—-042—0—3—-0—-2—0—83—0—-2—0—1—0—3—0—
T O (O I N N SR B
| ! ! ! !
‘ C70C

m # 6(mod 12) (m = 2(mod 4))
Figure 9. 3RDFs on C;0C1g and C;0Cy;.

Hence, 7,3(C70Cy) < 2, m = 2(mod 4).



Mathematics 2020, 8, 65 12 of 20

Case 3. n > 8.
We first define a function g on C4,0Cy.

@, i(mod 2) # j(mod 2),
) i=jaiA
g(vl,])_ {2}, i+j=2ni#1,

{3}, otherwise.

Then, we define f as follows.

g(vi(mod4),j(mod4))/ 0<i<n—-7A0 S] <m—4,

Flo,) = 1 (Vi( mod 4),/)» 0<i<n—-7Am-3<j<m-1,
L hz(vi,j(mod4)), n—6<i<n—1AN0<j<m—4,
h3(vi), n—6<i<n—1Am-3<j<m-1,

where hy(v;;) ({9;j0 <i <3,m—3<j<m—1}), ha(v;;) {vijln—6 <i<n-10<j<3}),
h3(vi;) ({vijln —6 <i<n—1,m—3<j<m-—1}) are defined as follows.

@,  i(mod 2) # j(mod 2),
I (0;;) = {1}, i=1ANj=m—-3Vi=3Aj=m—1,
b {2}, i=1Aj=m—1Vi=3Aj=m—3,
{3}, otherwise.

@,  i(mod 2) # j(mod 2),
{1}, i=n—6Aj=1Vi=n—4Aj=3
N Vi=n—-3Aj=2Vi=n—-1Aj=0,
ha (i) = {2}, i=n—-6Aj=3Vi=n—4nj=1
Vi=n—-3Aj=0Vi=n—-1Aj=2,
{3}, i=n—-2Aj(mod2)=1Vi=n—-5Aj(mod 2) =0.
@,  i(mod 2) # j(mod 2),
{1}, i=n—-2n—6Aj=m-3
N Vi=n—-5Aj=m—-2Vi=n—4Aj=m-—1,
(Vi) =9 1), i—n—n—6Aj—m—1
Vi=n—4ANj=m-3,
{3}, i=n—-1n-3ANj=m-2.
Figure 10 shows f on C150Cy4, where R;;, means we repeat the four columns with m becoming
bigger and R, means we repeat the four rows with n becoming bigger.
One can check that f is a 3RDF, and the weight of f is w(f) = 27 x 137 x 8+ 756 x 14 + 177 x
12 +21 = 75
Hence, 1,3(C0Cy) < " for n = 3(mod 4) (n > 7),m = 2(mod 4). O

By Lemmas 2-6, we have:

Theorem 3.
2 p=3Am=210(mod 12),

C,0c,) <
Yr3(CnBOC) —{ [%1, otherwise.
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Figure 10. f on C150C4.
3. The 3-rainbow Domination Number of C3O0C,,

Let f be an arbitrary 3RDF on C30C;,; we denote w(f;) = |f(vo,;)| + |f(v1,/)] + |f(v2,)] (0 <j <
m—1).

Lemma 7. Let f be a 3-rainbow dominating function on C30Cy,. Then:

1) ifw(f;) =0, then w(fj-1) + w(fj1) = 9
@ fw(fj) =1 then w(fj-1) + w(fjt1) = 4

Proof. (1)  Since w(fj) = 0, then |f(v;; 1)|+ |f(vij11)] > 3 (i = 0,1,2). It follows that w(f; 1) +
w(fj+1) 29

(2)  Since w(fj) = 1, without loss of generality, let |f(vg;)| = 1, then |f(v;;—1)| + |f(vij1)] > 2
(i =1,2). It follows that w(f;j 1) + w(fj1) > 4.
O

Theorem 4. For m = 3,4, v,3(C30C,,) = [37”11

Proof. By Theorem 2, 7v,3(C30C,,) < [37’”] (m =3,4).

If there exists w(f;) = 0, by Lemma 7 (1), it follows that w(f) > w(fj—1) + w(fjz1) > 9 > [em.

If w(fj) > 1for 0 < j < m—1, and if there exists w(f;) = 1, then by Lemma 7 (2), w(f) =
w(fi-1) + w(fi1) + w(f;) > 44+1=5= 3] form =3, and w(f) = w(fj_1) + w(fj11) + w(fj) +
W(fix2) >4+1+1=6= T[] form =4

Ifw(fj) >2for0<j<m—1,thenw(f) = Yo<jem—1 w(fj) =2 xm = 2m. Thus, 7,3(C30Cy) >
(317 for m = 3,4.

O

Lemma 8. Let f be a v,3(C30Cy,)-function (m > 5), then w(f]) >1for0<j<m-—1.

Proof. By contrast, suppose f is an arbitrary 7,3-function and there exists a j with w(f;) = 0;
by Lemma 7 (1), we have w(f; 1) + w(f;) + w(fj41) > 9.
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We construct a function f” as follows, and Figure 11 shows the sketch of f’.

@, i=02Nt=j—1,j+1Vi=1At=],
{1}, i=2At=],
{23, i=0At=],

f'(vir) =< {3}, i=1At=j—1,j+1,

{1}Uf(viy), i=0At=j—2,j+2,
{2} Uf(viy), i=2At=j-2j+2,
f(ois), otherwise.

&) 7 R i i
— f(vo—3) —{1} U f(voj—2) — @ —— {2} —— @ ——{1} U f(voj+2) —F(vo,j+3) —

— f(v1,5-3) fvij-2) B — 0 — 8} —— flurj42) f(uij43) —

— f(@‘2‘,j—3) —{2}u f‘(UZ,j—Q) — (‘D — {‘1} — (Z‘) —A{2} U f‘('UZ,j+2) *f(’vz(j+:s) —

Figure 11. The sketch of f’ in Lemma 8.
Thus, w(f’) = w(f) — 9+ 8 < w(f), a contradiction with that f being a y,3-function. [
Theorem 5. For m > 5,

Smi2 = 2,10(mod 12),

OCp) > 2
713(C38Cnm) —{ [37"11, otherwise.

Proof. First, we prove ,3(C30C,,) > [37"11 form > 5.
Let f be a 7,3(C30Cy, )-function. By Lemma 8, w(f]) >1for0<j<m-—1.
For w(f;) =1, by Lemma 7 (2), w(fj-1) + w(f;) + w(fj) + w(fjs1) =21 x2+4=6.
For w(f;) =2, w(fi-1) +w(fj) +w(fj) +w(fjz1) = 1+2x2+1=6.
For w(f;) >3, w(fi-1) +w(fj) + w(fj) + w(fjz1) > 1+2x3+1=8>6.
Hence,

4w(f> = 4205]'5”1_1 w(f])
= Zog]'gm_lw(fj—l) +w(fj) + w(fj) + w(fj+1) 3)

> 6m.

Thus, w(f) > [32].

Then, we prove for m = 2,10(mod 12) that the lower bounds of 7,3(C30C,,) can be improved to
32 instead of [3].

If there exists w(f;) > 3, or w(fj) = 2 A (w(fj-1) + w(fj) + w(fj) +w(fj41) > 6), 0or w(f;) =
(w(fi—1) +w(f;) + w(f;) + w(fi+1) > 6), then the inequality in (1) is strictly true, thatis w(f) > [3],
ie, w(f) > 3Mt2,

Excluding the above cases, we will prove that the remaining cases w(f;) = 1 A w(fj_1) =
w(fiy1) =2and w(fj) =2 A w(fj-1) = w(fj41) = 1 cannot exist in C30Cy, for m = 2,10 (mod 12).

By contrast, without loss of generality, let w(fy) = 1 and |f(vop)| = 1, then w(f;) = 2. By the
definition of 3RDEF, |f(v11)| =2or |f(v11)| = |f(v21)] = 1.
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Case 1. |f(v11)| = 2. In this case, by the definition of 3RDEF, |f(v22)| = 1, |f(vo3)| = 2,
|f(v14)| =1, |f(v25)] =2, |f(voe)| = 1. Continuing in this way, we have:

—_

, i=0At=6kVi=1At=6k+4Vi=2At=06k+2,
If(vig)] =14 2, i=0At=6k+3Vi=1At=6k+1Vi=2At=06k+5,
, otherwise,

o

where k > 0.

If we let f(vg0) = {1}, then f(v11) = {2,3}. For m = 2,10(mod 12), i.e.,, m = 2,4(mod 6), f on
C30Cy is shown in Figure 12. Then, f(v20) = @ and Uyen(o,,) f (1) # {1,2,3}; this is a contradiction
to the definition of 3RDE.

100250010023 00 bk 1002500t
U IS DU I TS Y T

‘ n=3m= 2(Irlod 6) ‘ ‘
-0-230-0—-1-0+0-230—-0—1—-0+""1+0-230—0—1—0+0-2,3-0—0—

n=3,m = 4(mod 6)

Figure 12. f on C30C,, for m = 2,4(mod 6).

Case 2. |f(011)| = [f(v21)] = 1. In this case, we have [f(vo2)| = 1, [f(v13)] = |f(v23)] =
|f(v94)| = 1. Continuing in this way, we have:

W= 0, otherwise,

where k > 0.
If we let f(vg0) = {1}, f(v11) = {2}, then we have f(v;1) € {{2},{3}}.

Case 2.1. f(vzrl) = {2} It follows that f(vlrg) = f(vlr3) = f(?]2,3) = {1}, f(00,4) = {2},
f(vo2) = f(v15) = f(v25) = {3}. Continuing in this way, we have:

{1}, i=0At=6kVi=12ANt=6k+3,
o) = {2}, i=0At=6k+4Vi=12At=06k+1,
Lt {3}, i=0At=6k+2Vi=12At=06k+5,
@, otherwise,

where k > 0.
For m = 2,10(mod 12), i.e.,, m = 2,4(mod 6), f on C30C,, is shown in Figure 13. Then, f(v,) =
@ and U, (o, f (#) # {1,2,3}, a contradiction.
Case 2.2. f(vy1) = {3}. It follows the f(v13) = {3} and f(v23) = {2}. Continuing in this way,
we have:
{1}, i=0At=2k
o) = ] 121 = At =gk lviz2nt =k,
it {3}, i=1At=4k+3Vi=2At=4k+1,
@, otherwise,
where k > 0.
For m = 2,10(mod 12), i.e., m = 2(mod 4), f on C30Cy, is shown in Figure 14. Then, f(vz0) = @
and Uyen(o, o) f (1) # {1,2,3}, a contradiction.
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Figure 13. Graph of f in Case 4.2.1.
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Figure 14. Graph of f in Case 4.2.2.
Thus, w(f) > %2 for m = 2,10(mod 12). O
By Theorems 3-5, we have:

Theorem 6. For m > 3,

ME2 - m =2,10(mod 12),

O =
7r3(C30Cm) { [37"11, otherwise.

4. The 3-rainbow Domination Number of C,0C,,

16 of 20

Let f be an arbitrary 3RDF on C4,0C,,; we denote w(f]) = |f(volj)\ + |f(vllj)| + |f(02,j)| + \f(v3,]-)|

0<j<m-1).

Lemma 9. Let f be a 3-rainbow dominating function on C40Cy,. Then:

(1) fwlf) =0, thenw(fi1) +w(fr) > 12;
@) ifwlfy) =1, then w(fi1) + w(fe1) > 7.

Proof. (1)  Since w(f;) =0, then |f(v;;—1)| + [f(vij11)| >3 (i =0,1,2,3). It follows that w(f; 1) +

(2)  Since w(fj) = 1, we can let [f(vg;)| = 1, then |f(v1;—1)[ + |f(v1,41)] = 2, [f(v2j-1)| +

|f(v2,j41)| > 3and |f(v3;-1)| + |f(v3,41)| > 2. It follows that w(fj—1) + w(fj+1) > 7.

O
Theorem 7. 7,3(C40Cy) = 8.

Proof. By Theorem 2, 7,3(C40Cy) < 8.

If there exists w(f;) = 0, by Lemma 9 (1), it follows that w(f) > w(fj—1) + w(fj+1) > 12> 8.
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If w( f]) > 1for0 < j<m—1,and if there exists w( f]) =1, then by Lemma 9 (2), it follows that
W(f) 2 w(fi 1) + wlfy) + w(fir) = .

Ifw(fj)) >2for0<j<m-—1,thenw(f) = Yo<j<zw(f}) >4 x2=38.

Thus, 7,3(C40Cy4) > 8, together with 7,3(C40C4) < 8, and we have 7,3(C40C,) =8. O

Lemma 10. Let f be a 7,3(C40Cy )-function (m > 5), then w(f;) > 1for 0 < j<m—1.
Proof. By contrast, suppose f is an arbitrary 7,3-function and there exists a j with w(f;) = 0.

By Lemma 9 (1), we have w(f;_1) + w(fj) + w(fj41) > 12.
We construct a function f’ as follows, and Figure 15 shows the sketch of f'.

@, i=02At=j—1,j+1Vi=13At=],
{1}, i=0At=]j,
{2}, i=2At=j,

fl(oig) =4 {3},

i=1,3At=j—1,j+1,

{3Uf(oy), i=2At=j—2,j+2,
(YU f(viy), i=0At=j—2,j+2,
f(vir), otherwise.
j—3 ji—2 j 1 j Gl J+2 13

\ | \ \
— {1} — 0 —A2} U f(vo+2) —f(vo4+3) —

| | | | | |
— f(v1,j-3) —— f(v1-2) By — 0 — 8} —— fvijt2) ——f(vij43) —

\ \

— f(vo,j-3) —{2} U f(vo,j-2) (Z)
|
3

| | | | | | |
0
|
3
\

— f(va,j—3) —{1} U f(vaj-2) — @ ——{2} —— @0 ——A{1} U f(va,j12) —f(va,j43) —
\ \ \ \ \ \

— f(”:s‘,j—:s) — f(’”ii‘.]PZ) {3} — (Z‘) — {5‘3}7 f(”:s‘,]#z) f(vff‘,j+3) —

Figure 15. The sketch of f/ in Lemma 10.

Then, w(f’) = w(f) — 12410 < w(f), a contradiction with f being a ,3-function. [

Lemma 11. Let f be a v,3(C4OCy)-function. If Si= {j||f(vij)] = |f(vie2j)l = |f(vig1je1)| =
Lif(vi )l = [fipsp)| = [f(vijs)l = |f(vir2jr)| = [f(vigsjp1)] = 0,0 < j < m—1},
then |S1| = 0.

Proof. By contrast, suppose |S1| > 1. Without loss of generality, we may assume that |f(vos)| = 1;

it follows that | f(vgs+2)| > 1, |f(v2s+2)] > 1and |f(v3si2)| > 3 (say, {1} C f(vas42)).
We can construct a function f such that w(f") < w(f). Figure 16 shows the sketch of f’.

@, i=3Nt=5+2,

HCHER I

{2} U f(oig),

f(vi,t),

i=3ANt=s5+1,
i=3At=5+3,
otherwise.



Mathematics 2020, 8, 65 18 of 20

; a1 stz s+3 st
— flvos) ——F(vo,s1) f(vo,542) fvo,ses) —— f(vo,s4a)—
— f(v‘l,s) 7f(v1L+1) f(vl‘,m) f(vl‘,s+3) — f(vl‘,s+4)f
— f(v‘z,s) 7f(vzl+1)f{1} c. ‘(U2,s+2)7 f(vz‘,s+3) — .f(v2‘,s+4)f
— f(@“:s,s) {i")} 0 {2ru f‘(l’:s,er:s) — f(v:s‘,s+4)f

Figure 16. The sketch of f in Lemma 11.

Then, w(f’) = w(f) —3+2 < w(f), a contradiction with f being a 7,3-function. [

Lemma 12. There is a 7,3(C40C, )-function f such that |Sy| = 0, where Sy= {j||f (vij)| = |f(vit2,)

|:
If (Vi) = Land |f(vi1)| = |f (vigrp0)| = |f (vigs )| = [f(vigsj41)] = [f(vit2,j41) = 0,0 <j <
m—1}.

Proof. By contrast, suppose |Sz| > 1 for all 7,3(C40Cy, )-functions, that is the minimum |S;| is one.
Let f be a 7,3(C40Cy)-function such that |S;| = 1; we denote |Sy|r = 1. Let s be the smallest positive
integer such that s € Sp (0 < s < m —1). Without loss of generality, we may assume that | f(vs)| = 1;
it follows that |f(v1s42)| = 2, |f(v2,542)| > 2, and [ f(v3,s42)| > 2 (say, {1} C f(03,512))-

We can construct a function f’ as follows satisfying w(f’) = w(f) and [Sa|p < [Salf = 1 (see
Figure 17 for the sketch of f). Thus, there is a contradiction with the minimum |S;| being one.

2, i=2At=s5+2,

oy — ) 13 i=2At=s+1,

f o) = {2V Uf(viy), i=2At=543,

f(vig), otherwise.
T s T 1 s "" 2 s 4‘— 3 s -|‘— 4

— f(vo,s) —— f(vo,s11) f(vo,s42) Flvosss) —— f(vospa)—
_ f(Ul,s) - f(UL,s-H) f('Ul,s+2) f(vl,s_*_g) R f‘(v1’s+4)7
— flvas) {3} ) {2} U f(va,s43) — f(v2,544)—
S f(U37s) D f(U3,3+1) - {1} c f(1)3‘5+2) f(U3‘5+3) . f(7’3‘5+4)*

Figure 17. The sketch of f’ in Lemma 12.
O

Lemma 13. Let f be a v,3(C40Cy,)-function with |S1| = |Sz| = 0, then ,3(C40C,,) > 2m (m > 5),
where S and Sy are defined as in Lemmas 11 and 12.

Proof. By Lemma 10, w(fj) > 1for0 <j<m—1.

Case 1. If w(f;) = 1, by Lemma 9 (2), (w(fj—1) + w(f;)) + (w(fj) + w(fjt1)) =21 x2+7>8.

Case 2. If w(f;) = 2, then there are three subcases.

Case 2.1. There is one vertex v with |f(v)| = 2. Let |f(vg;)| = 2, then [f(vy;)| = [f(v2))] =
[F(o3,)] = 0. It follows that |F(o1,1)| + [F(o1,1)| = 1, [F(oa1)| + [F(oa,1)| = 3, [F(os,1)| +
[F(oa,1)] = 1. Hence, (w(fi_1) + @(£)) + () + w(fi1)) = 2% 2+5 > 8.

Case 2.2. There are two vertices with a weight of one, and they are neighbors. Let |f(vg;)| =
[F(o1)] = 1, then |f(0a))] = |£(03,)] = 0. It follows that |f(v; 1)| + [£(03,1:1)] = 2, | (s 1)| +
[F(oa1)| = 2. Hence, (w(fi-1) + @($)) + (@(f) + w(fi1) > 2x 2+ 4 =8,
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Case 2.3. There are two vertices with a weight of one, and they are not neighbors. Let |f(v; )| =
|f(vig2,j)| = 1. By Lemmas 11 and 12, we can get w(fj—1) > 2 and w(fj4+1) > 2. Hence, (w(fj-1) +
w(fi)) + (w(fj) +w(fjy1)) 22+2x2+2=8.

Case 3. If w(f;) > 3, (w(fj—1) + w(fj)) + (w(fj) + w(fj+1)) = 1+2x3+1=38,

Thus,

40(f) =4Y i1 @ (f)
- Zoéjémfl(w(ff—l) +w(f) + (w(fj) +w(fj1))

> 8m.
Thatis, w(f) >2m. O
Theorem 8. Form > 4, v,3(C40C,,) = 2m.

Proof. By Theorem 3 and Lemma 13, it has 7,3(C40C,,) = 2m (m > 5); together with Theorem 7,
we have v,3(C40Cy,) =2m (m > 4). O

5. Conclusions

In this paper, we investigate the 3-rainbow domination number of Cartesian products of cycles
C,0C;,. We determine the exact values of the 3-rainbow domination number of C30C,,, and C40C,,,
ie, 7,3(C30C,) = [¥2], &« = 2 for m = 2,10(mod 12), and « = 0 for m # 2,10(mod 12),
Yr3(C40Cy,) = 2m. For n > 5, by Lemma 1 and Theorem 3, we present a better bound on the
3-rainbow domination number of C,0C,,, that is 3’"7” < 713(Cu0Cy) < B2
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