
mathematics

Article

Conformal Equitorsion and Concircular
Transformations in a Generalized Riemannian Space

Ana M. Velimirović

Faculty of Sciences and Mathematics, University of Niš, Niš 18000, Serbia; velimirovic018@gmail.com or
ana.velimirovic@pmf.edu.rs

Received: 21 October 2019; Accepted: 20 December 2019; Published: 2 January 2020
����������
�������

Abstract: In the beginning, the basic facts about a conformal transformations are exposed and then
equitorsion conformal transformations are defined. For every five independent curvature tensors in
Generalized Riemannian space, the above cited transformations are investigated and corresponding
invariants-5 concircular tensors of concircular transformations are found.
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1. Introduction

In the sense of Eisenhart’s definition [1], a generalized Riemannian space (GRN) is a differentiable
N-dimensional manifold that is endowed with basic non-symmetric tensor (gij 6= gji), where detgij 6= 0.

The symmetric part of gij is noted with gij and antisymmetric one with gij
V

. The lowering and rising of

indices in GRN is defined by gij and gij, respectively, where gijgik = δk
j (detgij 6= 0). The Christoffel symbols

in GRN are given in the next manner:

a)Γi.jk =
1
2
(gji,k − gjk,i + gik,j), b)Γi

jk = gipΓp.jk =
1
2

gip(gjp,k − gjk,p + gpk,i),

where, e.g., gij,k = ∂gij/∂xk.
(1)

Because of non-symmetry of the affine connection coefficients Γi
jk by indices j and k, there are four

kinds of covariant differentiation in the space GRN . Namely, for a tensor ai
j, these covariant derivatives

are defined as:
ai

j|
1
2
3
4

m = ai
j,m + Γi

pm

mp
pm
mp

ap
j − Γp

jm
mj
mj
jm

ai
p. (2)

Yano in [2] investigates a conformal and concircular transformations in the RN . In that case, of course,
he considers one that is Riemannian curvature tensor. De and Mandal in [3] studied concircular curvature
tensors as important tensors from the differential geometric point of view. In [4–11], Mikeš et al. have
studied special kinds ot transformations in Riemannian space.

Minčić, in his doctoral dissertation (Novi Sad, 1975), obtained 12 curvature tensors, using
non-symmetric connection. Among these 12 tensors, five of them are independent (se also [12–17])
and they are noted R

1
, . . . , R

5
.
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In [18], another combination of five independent curvature tensors is obtained, and they are denoted
by K

1
. . . K

5
.

For five independent tensors K
θ

in [19], the invariants Z
θ

were found, which are different from the

invariants Z̃
θ

in the present paper (see Remark 3.1, at the end). Compare e.g., Z̃
1

from the present paper and

Z
1

from [19], where R
1
= K

1
.

Investigation of various kinds of mappings in the settings of generalized Riemannian spaces is
an active research topic, numerous results were obtained in the recent years; see, for instance [20–22].
Very recently, conformal and concircular diffeomorphisms of generalized Riemannian spaces have been
studied by M. Z Petrović, M. S. Stanković and P. Peška [23].

2. Equitorsion Conformal Transformation in Generalized Riemannian Space

Consider a special transformation of the objects in GRN .

Definition 1. Conformal transformation is that one under which the basic tensor is changed according to the law

ḡij(x) = ρ2(x)gij(x), (gij 6= gji), (3)

where ρ(x) = ρ(x1, . . . , xN) is some differentiable function of coordinates in GRN .

We see that g and ḡ are considered in the common system of coordinates. The same is valid for the
other geometric objects.

Furthermore, we have:

ds2 = gijdxidxj, ds̄2 = ḡijdxidxj = ρ2gijdxidxj,

ds̄2 = ρ2ds2 ⇔ ds̄/ds = ρ. (4)

If the transformation (3) is effected, for the Christoffel symbols, it is obtained

Γ̄i.jk =
1
2
(ḡji,k − ḡjk,i + ḡik,j)

=ρ2[
ρ,k

ρ
gji −

ρ,i

ρ
gjk +

ρ,j

ρ
gik +

1
2
(gji,k − gjk,i + gik,j)].

Denoting

(lnρ),i =
∂(lnρ)

∂xi =
1
ρ

ρ,i = ρi, (5)

the previous equation gives
Γ̄i.jk = ρ2(Γi.jk + gjiρk − gjkρi + gikρj). (6)

For Γ̄i
jk, according to (1), we get

Γ̄i
jk =

1
2

ḡip(ḡjp,k − ḡjk,p + ḡpk,j). (7)

Because the inverse matrix for (gij) is the matrix (gij), we get

ḡij(x) = [ρ(x)]−2gij(x) (8)
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and, based on (1), (6), (8),
Γ̄i

jk = Γi
jk + δi

jρk + δi
kρj − ρigjk + ξ i

jk, (9)

where
ξ i

jk = gip(gjp
V

ρk − gjk
V

ρp + gpk
V

ρj). (10)

Denote
ρi = gipρp =

(5)
gip(lnρ),p. (11)

From (9), it is obtained: for the symmetric part of the connection

Γ̄i
jk = Γi

jk + δi
jρk + δi

kρj − ρigjk, (12)

and for the torsion tensor (double skewsymmetric part of the connection)

T̄i
jk = 2Γ̄i

jk
V

= Ti
jk + 2gip(gjp

V

ρk − gkp
V

ρj + gkj
V

ρp) = Ti
jk + 2ξ i

jk. (13)

Definition 2. An equitorsion conformal transformation of the connection in GRN is that conformal transformation
(3) on the base of which the torsion is not changed, i.e.,

T̄i
jk = Γ̄i

jk − Γ̄i
kj = Γi

jk − Γi
kj = Ti

jk. (14)

From (13), we conclude that

Theorem 1. Necessary and sufficient condition for a conformal transformation of the connection to be equitorsion is

ξ i
jk = gip(gjp

V

ρk − gkp
V

ρj + gkj
V

ρp) = 0. (15)

3. Curvature Tensors in Equitorsion Conformal and Concircular Transformation in Generalized
Riemannian Space

3.1. The First Curvature Tensor

The 1st from the cited curvature tensors in GRN is [12,13]

R
1

i
jmn = Γi

jm,n − Γi
jn,m + Γp

jmΓi
pn − Γp

jnΓi
pm. (16)

Based on (15), (9), we obtain

Γ̄i
jk = Γi

jk + δi
jρk + δi

kρj − ρigjk. (17)

If by the transformation of the connection Γ into Γ̄ we write

a) Γ̄i
jk = Γi

jk + Pi
jk, b)Pi

jk = δi
jρk + δi

kρj − ρigjk = Pi
kj, (18)

we can consider how e.g., some curvature tensors from the above mentioned independent ones are
transformed.
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With respect to (18), for R
1

, one obtains

R̄
1

i
jmn = Γ̄i

jm,n − Γ̄i
jn,m + Γ̄p

jmΓ̄i
pn − Γ̄p

jnΓ̄i
pm

= R
1

i
jmn + Pi

jm|
1
n − Pi

jn|
1
m + Pp

jmPi
pn − Pp

jnPi
pm + Tp

mnPi
jp,

(19)

and substituting P from (18b):

R̄
1

i
jmn = R

1
i
jmn + δi

j(ρm|
1
n − ρn|

1
m + Tp

mnρp) + δi
m(ρj|

1
n + ρjρn)

− δi
n(ρj|

1
m − ρjρm) + (ρi

|
1
m − ρiρm)gjn − (ρi

|
1
n − ρiρn)gjm

+ ρpρp(δ
i
mgjn − δi

ngjm) + Ti
mnρj − Tj.mnρi,

(20)

where |
1
m denotes covariant derivative of the first kind on xm. Because

ρm|
1
n − ρn|

1
m = −Tp

mnρp, (21)

the 2nd addend on the right side in (20) is 0. Introducing the notation

ρ
1

ij = ρi|
1
j − ρiρj +

1
2

grsρrρsgij = ρi|
1
j − ρiρj +

1
2

ρrρrgij, (22)

we obtain
ρ
1

mn − ρ
1

nm =
(22)

ρm|
1
n − ρn|

1
m = −Tp

mnρp, (23)

and, for R̄
1

i
jmn,

R̄
1

i
jmn = R

1
i
jmn + δi

m(ρ
1

jn −
1
2

grsρrρsgjn)− δi
n(ρ

1
jm −

1
2

grsρrρsgjm)

+gipgjn(ρp|
1
m − ρpρm)− gipgjm(ρp|

1
n − ρpρn) + ρpρp(δi

mgjn − δi
ngjm)

+ Ai
jmn

is obtained, where
Ai

jmn = Ti
mnρj − Tj.mnρi. (24)

Furthermore,

R̄
1

i
jmn = R

1
i
jmn + δi

m(ρ
1

jn −
1
2

grsρrρsgjn)− δi
n(ρ

1
jm −

1
2

grsρrρsgjm)

+gipgjn(ρ
1

pm −
1
2

grsρrρsgpm)− gipgjm(ρ
1

pn −
1
2

grsρrρsgpn) + ρpρp(δi
mgjn − δi

ngjm)

+ Ai
jmn,

(25)

from where
R̄
1

i
jmn = R

1
i
jmn + δi

mρ
1

jn − δi
nρ

1
jm − δi

mgjnρpρp + δi
ngjmρpρp

+ ρi
mgjn − ρi

ngjm + ρpρp(δi
mgjn − δi

ngjm) + Ai
jmn,
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and putting in order:

R̄
1

i
jmn = R

1
i
jmn + δi

mρ
1

jn − δi
nρ

1
jm + ρ

1

i
mgjn − ρ

1

i
ngjm + Ai

jmn, (26)

where Ai
jmn is given in (24). We are using the next definition from [2]

Definition 3. If a conformal transformation in a Riemannian space RN :

ḡij = ρ2gij, (gij = gji)

transforms every geodesic circle into geodesic circle, the function ρ(x) satisfies the partial differential equation

ρij = Φ(x)gij(x), (gij = gji), (27)

where
ρij = ρi;j − ρiρj +

1
2

ρpρpgij, (gij = gji). (28)

Such a transformation is called a concircular transformation in RN , and concircular geometry is geometry
that treats the concircular transformations and the spaces that allow such kinds of transformations.

In the GRN , we consider transformations

ḡij = ρ2gij, (gij 6= gji) (29)

where, based on (22), ρi|
1
j 6= ρj|

1
i in GRN . Now, we take

ρ
1

ij = Φ
1
(x)gij(x), (gij 6= gji), (30)

and such a transformation we name a concircular transformation of the first kind in GRN .
We have to find the function Φ

1
. Substituting ρ

1
from (30) into (26), we get:

R̄
1

i
jmn = R

1
i
jmn + 2Φ

1
(δi

mgjn − δi
ngjm) + Ai

jmn. (31)

If we effect the contraction with i = n, it follows that

R̄
1 jm = R

1 jm + 2Φ
1
(δi

mgji − δi
i gjm),

where R
1 jm = R

1
i
jmi, and so on, and we get:

R̄
1

jm = R
1 jm + 2(1− N)Φ

1
gjm + Ajm.

By multiplying the corresponding sides of previous equation and the equation

ρ2 ḡjm = gjm,

we obtain
ρ2R̄

1
= gjm{R

1 jm + 2(1− N)Φ
1

gjm + Ajm},
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where R̄
1

jm ḡjm = R̄
1

and so on, while

Ajmgjm =
(24)

Ai
jmig

jm = (Ti
miρj − Tj.miρ

i)gjm = 0,

and we get
ρ2R̄

1
= R

1
+ Φ

1
[−2(N − 1)N],

wherefrom it follows that

Φ
1
(x) = −

ρ2R̄
1
− R

1

2(N − 1)N
. (32)

Substituting Φ
1

into (31), we get

R̄
1

i
jmn = R

1
i
jmn −

ρ2R̄
1
− R

1

(N − 1)N
(δi

mgjn − δi
ngjm) + Ai

jmn (33)

and from here

R̄
1

i
jmn +

R̄
1
(ρ2δi

mgjn − ρ2δi
ngjm)

(N − 1)N

=R
1

i
jmn +

R
1
(δi

mgjn − δi
ngjm)

(N − 1)N
+ Ai

jmn.

(34)

Taking into consideration that

ρi =
1

2N
[(ln ḡ),i − (ln g),i] =

1
2N

(ḡi − gi), g = det(gij), (35)

with respect to (24) and (35)

Ai
jmn = Ti

mnρj − Tj.mnρi = Ti
mnρj − Tj.mngipρp =

(35)

1
2N

[Ti
mn(ḡj − gj)− Tj.mngip(ḡp − gp)]

=
1

2N
[(T̄i

mn ḡj − T̄j.mn ḡip ḡp)− (Ti
mngj − Tj.mngipgp)],

(36)

where Ti
mn = T̄i

mn (for the first addend) and gipgqj = ḡip ḡqj (for the third addend). By substituting from
(36) into (34) and because of

gi
m = ḡi

m, ρ2gjm = ḡjm, δ̄i
m = δi

m, (37)

we obtain

R̄
1

i
jmn +

R̄
1
(δ̄i

m ḡjn − δ̄i
n ḡjm)

(N − 1)N
+

1
2N

(T̄j.mn ḡip ḡp − T̄i
mn ḡj),

=R
1

i
jmn +

R̄
1
(δi

mgjn − δi
ngjm)

(N − 1)N
+

1
2N

(Tj.mngipgp − Ti
mngj).

(38)

In that manner, we conclude that the following theorem is valid:
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Theorem 2. The tensor

Z̃
1

i
jmn = R

1
i
jmn +

R
1
(δi

mgjn − δi
ngjm)

(N − 1)N

+
1

2N
(Tj.mngipgp − Ti

mngj)

(39)

is an invariant in the space GRN , by an equitorsion concircular transformation i.e., according to (38):

¯̃Z
1

i
jmn = Z̃

1
i
jmn, (40)

where e.g., gj = (ln g),j =
∂(ln g)

∂xj and Z̃
1

i
jmn is given by (39).

The tensor Z̃
1

i
jmn is an equitorsion concircular tensor of the first kind in GRN .

3.2. The Second Curvature Tensor

The tensor R
2

in GRN is [12,17]

R
2

i
jmn = Γi

mj,n − Γi
nj,m + Γp

mjΓ
i
np − Γp

njΓ
i
mp, (41)

and, for R̄
2

i
jmn, by virtue of (18), it follows that

R̄
2

i
jmn = R

2
i

jmn
+ Pi

mj|
2
n − Pi

nj|
2
m + Pp

mjP
i
mp − Pp

njP
i
mp − Tp

mnPi
pj. (42)

Substituting from (18) into the previous equation and arranging, one obtains

R̄
2

i
jmn = R

2
i
mj,n + δi

j(ρm|
2
n − ρn|

2
m − Tp

mnρp) + δi
m(ρj|

2
n − ρiρn)− δi

n(ρj|
2
m − ρiρm)

+ (ρi
|
2
m − ρiρm)gjn − (ρi

|
2
n − ρiρn)gjm + ρpρp(δi

mgjn − δi
ngjm)− Ti

mnρj + Tj.mnρi.
(43)

The term in the 1st bracket on the right side is 0 because of

ρm|
2
n − ρn|

2
m = Tp

mnρp. (44)

If we introduce the denotation

ρ
2

ij = ρi|
2
j − ρiρj +

1
2

ρrρrgij, (45)

we have
ρ
2

mn − ρ
2

nm = ρm|
2
n − ρn|

2
m = Tp

mnρp

and, for R̄
2

i
jmn from (43)–(45), it follows that

R̄
2

i
jmn = R

2
i
jmn + δi

mρ
2

jn − δi
nρ

2
jm + ρ

2

i
mgjn − ρ

2

i
ngjm − Ai

jmn, (46)
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where Ai
jmn is given (24). Furthermore, we use the concircular transformation for R

2

ρ
2

ij = Φ
2
(x)gij(x). (47)

By substitution of ρ
2

ij into (46), by procedure as for R
1

, we obtain

Φ
2
= −

ρ2R̄
2
− R

2

2(N − 1)N
(48)

and at the end:

R̄
2

i
jmn = R

2
i
jmn −

ρ2R̄
2
− R

2

(N − 1)N
(δi

mgjn − δi
ngjm)− Ai

jmn, (49)

where Ai
jmn is given in (24).

Thus, we conclude that the next theorem is valid.

Theorem 3. The tensor

Z̃
2

ijmn =R
2

i
jmn +

R
2
(δi

mgjn − δi
ngjm)

(N − 1)N

− 1
2N

(Tj.mngipgp − Ti
mngj)

(50)

is an invariant in GRN with respect to an equitorsion concircular transformation, i.e., in force is

¯̃Z
2

i
jmn = Z̃

2
i
jmn. (51)

The tensor Z̃
2

is an equitorsion concircular tensor of the 2nd kind at GRN and e.g., gj = (ln g)=
∂(ln g)

∂xj .

3.3. The Third Curvature Tensor

The tensor R
3

in GRN [12,14,17] is

R
3

i
jmn = Γi

jm,n − Γi
nj,m + Γp

jmΓi
np − Γp

njΓ
i
pm + Γp

nmTi
pj, (52)

where Ti
pj is torsion tensor in local coordinates. For R

3
i
jmn on the base of (18), it is obtained

R̄
3

i
jmn = R

3
i
jmn + Pi

jm|
2
n − Pi

nj|
1
m + Pi

npPp
jm − Pi

pmPp
nj + Ti

pjP
p
nm, (53)

where we take into consideration that Pi
jp is symmetric, with respect to (18).

By substituting from (18) into the previous equation and arranging, one obtains

R̄
3

i
jmn = R

3
i
jmn + δi

m(ρ
2

jn −
1
2

ρpρpgjn)− δi
n(ρ

1
jm −

1
2

ρpρp − gjm)

+ gipgjn(ρ
1

pm −
1
2

ρrρrgpm)− gipgjm(ρ
2

pn −
1
2

ρrρrgpm)

+ ρpρpδi
mgjn − ρpρpδi

ngjm + Di
jmn,

(54)
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where
Di

jmn = Ti
jmρn + Ti

njρm + gpsgmnTi
jpρs. (55)

From (55), it is obtained that

R̄
3

i
jmn = R

3
i
jmn + δi

mρ
2

jn − δi
nρ

1
jm + ρ

1

i
mgjn − ρ

2

i
ngjm + Di

jmn. (56)

Consider, further, the concircular transformation for the tensor R
3

i
jmn in the following manner.

Taking
ρ
θ

ij = Φ
3
(x)gij(x), θ = 1, 2, (57)

we obtain from (56)
R̄
3

i
jmn = R

3
i
jmn + 2Φ

3
δi

mgjn − (δi
ngjm) + Di

jmn. (58)

Putting i = n, we get
R̄
3 jm = R

3 jm + 2Φ
3

δi
mgji − (δi

i gjm) + Djm, (59)

and contracting with ρ2 ḡjm = gjm on the left and the right sides correspondingly in (59), we get

ρ2R̄
3
= R

3
+ 2Φ

3
(1− N)N (60)

because
D = Djmgjm = Di

jmig
jm =

(55)
(Ti

jmρi + Ti
i jρm + gpsgmiTi

jpρs)gjm

= Ti
jmρig

jm + 0 + gpsδ
j
i Ti

jpρs = Ti
jmρig

jm

= Ti.jmρigjm = −Tj.imρigjm = −Tm
imρi = 0.

(61)

By the further procedure as in the case of R
1

, we obtain

Φ
3
(x) = −

ρ2R̄
3
− R

3

(N − 1)N
. (62)

Consider, further, the tensor Di
jmn. By virtue of (35), one gets

Di
jmn =

1
2N

[Ti
jm(ḡn − gn) + Ti

nj(ḡm − gm) + gpsgmnTi
jp(ḡs − gs)], (63)

where the equitorsion is taken into consideration.
Substituting from (62), (63) into (58), it follows that

R̄
3

i
jmn = R

3
i
jmn −

ρ2R̄
3
− R

3

(N − 1)N
(δi

mgjn − δi
ngjm)

+
1

2N
[Ti

jm(ḡn − gn) + Ti
nj(ḡm − gm) + gpsgmnTi

jp(ḡs − gs)].

(64)

from where we conclude that the next theorem is valid.
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Theorem 4. The tensor

Z̃
3

ijmn =R
3

i
jmn +

R
3
(δi

mgjn − δi
ngjm)

(N − 1)N

− 1
2N

(Ti
jmgn + Ti

njgm + gpsgmnTi
jpgs)

(65)

is an invariant in GRN with respect to an equitorsion concircular transformation, i.e., it is

¯̃Z
3

i
jmn = Z̃

3
i
jmn. (66)

The tensor Z̃
3

is an equitorsion concircular tensor of the 3rd kind at GRN .

3.4. The Fourth Curvature Tensor

For the tensor R
4

in GRN , we have [13,14,17]

R
4

i
jmn = Γi

jm,n − Γi
nj,m + Γp

jmΓi
np − Γp

njΓ
i
pm + Γp

mnTi
pj, (67)

where Ti
pj is torsion tensor in local coordinates. For R

4
i
jmn on the base of (18), it is obtained

R̄
4

i
jmn = R

4
i

jmn
+ Pi

jm|
2
n − Pi

nj|
1
m + Pi

npPp
jm − Pi

pmPp
nj + Ti

pjP
p
mn. (68)

From (53), (68), it follows that

R̄
4

i
jmn − R̄

3
i
jmn = R

4
i
jmn − R

3
i
jmn + 2Pp

mn
V

Ti
pj = R

4
i
jmn − R

3
i
jmn

because Pp
mn
V

= 0. Thus, we have

R̄
4

i
jmn − R

4
i
jmn = R̄

3
i
jmn − R

3
i
jmn

=
(56)

δi
mρ

2
jn − δi

nρ
1

jm + ρ
1

i
mgjn − ρ

2

i
ngjm + Di

jmn,
(69)

where Di
jmn is given in (55). For the concircular transformation for the tensor R

4
i
jmn, we put

ρ
θ

ij = Φ
4
(x)gij(x), θ = 1, 2,

and, by the same procedure as in the previous case, the next theorem is obtained.

Theorem 5. The tensor

Z̃
4

i
jmn =R

4
i
jmn +

R
4
(δi

mgjn − δi
ngjm)

(N − 1)N

− 1
2N

(Ti
jmgn + Ti

njgm + gpsgmnTi
jpgs)

(70)

is an invariant in GRN with respect to an equitorsion concircular transformation, i.e., in force is

¯̃Z
4

i
jmn = Z̃

4
i
jmn. (71)
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The tensor Z̃
4

is an equitorsion concircular tensor of the 4th kind at GRN .

3.5. The Fifth Curvature Tensor

Finally, consider the 5th curvature tensor R
5

i
jmn in GRN (in [12] R

5
is denoted with R̃

2
). We have

according to [12,17]

R
5

i
jmn =

1
2
(Γi

jm,n + Γi
mj,n − Γi

jn,m − Γi
nj,m

+ Γp
jmΓi

pn + Γp
mjΓ

i
np − Γp

jnΓi
mp − Γp

njΓ
i
pm),

(72)

which can be written in the form [17]:

R̄
5

i
jmn =R

5
i
jmn +

1
2
(Pi

jm|
3
n − Pi

jn|
4
m + Pi

mj|
4
n − Pi

nj|
3
m

+ Pp
jmPi

pn − Pp
jnPi

mp + Pp
mjP

i
np − Pp

njP
i
pm),

(73)

where Pi
jk is given in (18). With substitution of P from (18) into (73), one obtains

R̄
5

i
jmn = R

5
i
jmn +

1
2
[δi

j(ρm|
2
n − ρn|

1
m − ρm|

1
n − ρn|

2
m)

+ δi
m(ρj|

2
n + ρj|

1
n − 2ρjρn + ρpρpgjn)

− δi
n(ρj|

1
m + ρj|

2
m − 2ρjρm + ρpρpgjm)

+ gjn(ρ
i
|
1
m + ρi

|
2
m − 2ρiρm)− gjm(ρ

i
|
1
n + ρi

|
2
n − 2ρiρn)].

(74)

Using (23) and (44) and introducing the denotation

ρ
5

ij =
1
2
(ρi|

1
j + ρi|

2
j − 2ρiρj + ρpρpgij) =

1
2
(ρ

1
ij + ρ

2
ij) = ρ

5
ji, (75)

Equation (74) obtains the form

R̄
5

i
jmn = R

5
i
jmn + δi

mρ
5

jn − δi
nρ

5
jm

+ ρ
5

i
mgjn − ρ

5

i
ngjm + ρpρp(δi

ngjm − δi
mgjm).

(76)

Let us apply a concircular transformation for the tensor R
5

i
jmn. By virtue of (75), we put

ρ
5

ij = Φ
5
(x)gij(x) = ρ

5
ji, (77)

into (76) and we get

R̄
5

i
jmn = R

5
i
jmn + 2Φ

5
(δi

mgjn − δi
ngjm)− ρpρp(δi

mgjn − δi
ngjm). (78)
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Contracting by i = n, we obtain

R̄
5 jm = R

5 jm + (1− N)gjm(2Φ
5
− ρpρp).

Multiplying this equation with ρ2 ḡjm = gjm, it follows that

2Φ
5
=

ρ2R̄
5
− R

5

(1− N)N
+ ρpρp

and substituting this value into (78), one gets that the following theorem is valid.

Theorem 6. The tensor

Z̃
5

i
jmn = R

5
i
jmn +

R
5
(δi

mgjn − δi
ngjm

(N − 1)N
(79)

is an invariant in GRN with respect to an equitorsion concircular transformation, i.e., in force is

¯̃Z
5

i
jmn = Z̃

5
i
jmn. (80)

The tensor Z̃
5

is an equitorsion concircular tensor of the 5th kind at GRN .

Remark 1. In [19], is K
1

i
jmn = R

1
i
jmn, K

3
i
jmn = R

3
i
jm, while R

θ

i
jm 6∈ {K2

i
jmn, K

4
i
jmn, K

5
i
jmn}, θ = 2, 4, 5. However,

because of different procedures, it is Z̃
θ

i
jmn 6∈ {Z1

i
jmn, . . . , Z

5
i
jmn}, θ = 1, . . . , 5, where Z

θ

i
jmn are from [19]. Thus, Z̃

θ

i
jmn

are new invariants of the considered transformations.

Remark 2. In the case of RN(gij = gji, Ti
jk = 0), each of the obtained tensors Z̃

θ

i
jmn reduces to a known concircular

tensor [2] Zi
jmn = Ri

jmn +
R(δi

mgjn−δi
ngjm)

(N−1)N .

4. Conclusions

Conformal equitorsion concircular transformations are investigated and corresponding invariants-5
concircular tensors of concircular transformations are found.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Eisenhart, L.P. Generalized Riemann spaces. Proc. Nat. Acad. Sci. USA 1951, 37, 311–315. [CrossRef] [PubMed]
2. Yano, K. Concircular Geometry I. Concircular Transformations. Proc. Imp. Acad. Tokyo 1940, 16, 195–200.

[CrossRef]
3. De, U.C.; Mandal, K. On K-contact Einstein Manifolds. Novi Sad J. Math. 2016, 46, 105–114. [CrossRef]
4. Berezovskii, V.E.; Hinterleitner, I.; Guseva, N.I.; Mikeš, J. Conformal Mappings of Riemannian Spaces onto Ricci

Symmetric Spaces. Math. Notes 2018, 103, 304–307. [CrossRef]
5. Evtushik, L.E.; Hinterleitner, I.; Guseva, N.I.; Mikeš, J. Conformal mappings onto Einstein spaces. Russ. Math.

2016, 60, 5–9. [CrossRef]
6. Hinterleitner, I.; Guseva, N.; Mikeš, J. On conformal mappings onto compact Einstein. Geom. Integr. Quant. 2018,

19, 132–139. [CrossRef]

http://dx.doi.org/10.1073/pnas.37.5.311
http://www.ncbi.nlm.nih.gov/pubmed/16589011
http://dx.doi.org/10.3792/pia/1195579139
http://dx.doi.org/10.30755/NSJOM.02455
http://dx.doi.org/10.1134/S0001434618010315
http://dx.doi.org/10.3103/S1066369X16100029
http://dx.doi.org/10.7546/giq-19-2018-132-139


Mathematics 2020, 8, 61 13 of 13

7. Mikesh, J. Equidistant Kahler spaces. Math. Notes 1985, 38, 855–858. [CrossRef]
8. Mikeš, J.; Chodorova, M. On concircular and torse-forming vector fields on compact manifolds. Acta Math. Acad.

Paedagog. Nyházi. 2010, 26, 329–335.
9. Mikesh, J.; Gavril’chenko, M.L.; Gladysheva, E.I. On conformal mappings on to Einsteinian spaces.

Vestnik Moskovskogo Universiteta. Ser. 1 Matematika Mekhanika 1994, 3, 13–17.
10. Mikeš, J.; Hinterleitner, I.; Guseva, N. There are no conformal Einstein rescalings of pseudo-Riemannian Einstein

spaces with n complete light-like geodesics. Mathematics 2019, 7, 801. [CrossRef]
11. Shandra, I.G.; Mikeš, J. Geodesic mappings of Vn(K)-spaces and concircular vector. Mathematics 2019, 7, 692.

[CrossRef]
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