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Abstract: In this work, we derive a Lyapunov-type inequality for a partial differential equation on a
rectangular domain with the mixed Caputo derivative subject to Dirichlet-type boundary conditions.
The obtained inequality provides a necessary condition for the existence of nontrivial solutions to the
considered problem and an example is given to illustrate it. Moreover, we present some applications
to demonstrate the effectiveness of the new results.
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1. Introduction

In this paper, we focus on the representation of the Lyapunov-type inequality for the following
boundary value problem:

Dhu(x,y) +q(x,y)u(x,y) =0, (x,y) € (0,a) x (0,b),
u(0,y) =0,u(a,y) =0, yel0,b], 1
u(x,0) =0,u(x,b) =0, x€][0,a],

where a,b > 0,7 = (r,12), 1 < 1,12 < 2, CD6 is the mixed Caputo derivative of order r and
g : [0,a] x [0,b] — R is a given Lebesgue integrable function. To do that, we convert problem
(1) into an integral equation. With the help of the properties of its Green function, we establish a
new Lyapunov-type inequality, which provides a necessary condition for the existence of nontrivial
solutions to problem (1). Furthermore, an example is given to illustrate it. In the end, we apply the
obtained inequality to prove the uniqueness of solutions for the nonhomogenous boundary value
problem and derive an estimation related to the eigenvalue of the corresponding equation.
The well-known Lyapunov inequality [1] states the fact that if the boundary value problem

u”(t) +q(Hu(t) =0, t € (ab), @
u(a) =u(b) =0
has a nontrival solution u € C?[a, b], then the inequality
[ latorar > o
a 1 b—a

holds, where g is a real-valued continuous function. The Lyapunov inequality (3) was regarded as a
very important and useful tool in the study of differential equations, especially in the aspect of stability
theory, oscillation theory, intervals of disconjugacy, and eigenvalue problems [2-5]. Subsequently,
there were many improvements and extensions of the inequality (3) related to integer-order derivative,
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see for instance [6—11] and the references therein. Since fractional calculus (see for example [12-14])
is more effective and powerful in describing practical phenomena than integer-order calculus, more
and more researchers pay more attention to this subject. Recently, many results in connection with the
representations of Lyapunov-type inequalities for fractional boundary value problem were presented.
The first work in this direction is Ferreira’s study [15], in which the author obtained a Lyapunov-type
inequality for a fractional differential equation with Riemann-Liouville derivative and applied the
inequality to deduce a criterion for the nonexistence of real zeros of a certain Mittag-Leffler function.
Next, the same author obtained a new Lyapunov-type inequality and used that result to get an
interval where a certain Mittag-Leffler function has no real zeros in [16], where " is replaced by the
Caputo fractional derivative CDZ‘H 1 < a < 2. Relatively new conclusions related to Lyapunov-type
inequalities for fractional differential equations with various kinds of boundary conditions were given,
refer to [17-23] and the references therein.

In [12-14], the mixed fractional integrals and derivatives of order r = (r1,r,) were defined.
After that, hyperbolic partial differential equations and inclusions of fractional order have been
intensely studied by many researchers, see for instance [24-30] and the references therein. These papers
mainly studied the existence of solutions for initial value problems of partial differential equations
with the mixed fractional derivatives, and few scholars studied boundary value problem for the
corresponding equations. Most of previous results related to Lyapunov-type inequality were discussed
for ordinary differential equations. There are few papers [7-10,23], related to Lyapunov-type
inequalities for partial differential equations, in particular, with fractional partial differential equations.
As far as we know, few papers deal with Lyapunov-type inequalities for partial differential equations
with the mixed fractional derivatives.

Motivated by the above-cited excellent works, we present a Lyapunov-type inequality for
problem (1) in this paper. The obtained inequality provides a necessary condition for the existence of
nontrivial solutions to the considered problem and an example is given to illustrate it. We present two
applications to demonstrate the effectiveness of the new Lyapunov-type inequality. One application
is making use of the obtained inequality to prove the uniqueness of solutions for the corresponding
nonhomogenous boundary value problem. The other application is that we derive an estimation related
to the eigenvalue of the corresponding equation by using our obtained Lyapunov-type inequality.
Furthermore, the obtained inequality generalizes some existing results in the literature.

The paper is organized as follows. In Section 2, we provide some notations, definitions,
and preliminary results related to the mixed fractional integral and derivatives. In Section 3, the Green's
function of boundary value problem (1) is given and a Lyapunov-type inequality for problem (1) is
established by using the properties of its Green’s function. Moreover, we give an example to illustrate
that the obtained inequality provides a necessary condition for the existence of nontrivial solutions to
problem (1). Some applications are presented to demonstrate the effectiveness of the new results in
Section 4.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary results, which will be used
throughout the article. Let P = (0,a] x (0,b], P = [0,a] x [0,b], and r = (rq,72), where 0 < a,b < .
Let L(P) be the space of Lebesgue-integrable functions f : P — R. C(P) denotes the Banach space of
all continuous functions from P to R with the norm

| fll= max |f(x,y)].
(xy)eP

By AC(P), we denote the space of absolutely continuous functions on P. AC*(P) = {f : P —

R and Dy, f(x,y) € AC(P), Dy, = ,%y}-
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Definition 1 ([14]). For f(x,y) € L(P), r1,r2 > 0, the expression

Iof(xy) = () / / By —s)2 7L f (1, 5)dtds

is called the left mixed Riemann—Liouville integral of order r of f(x,y).

In particular,
Iyf(x,y) = n—l / / — )"V E(t,5)dtds, n>1,

10f(xy) = f(x,y).
Lemma 1 ([14]). Letr = (r1,72), 9 = (q1,92),0 < r1,72 <1, 41,92 > 0. For f(x,y) € L(P), then
310f (xy) = 1 f ().
Definition 2 ([14]). For 0 < r1,1ry < 1, the expression
Dof(x,y) = ny Tfxy)
is called the left mixed Riemann—Liouville derivative of order v of f (x,y), where1 —r = (1 —ry,1 —1p).

In particular,

2 X
Dhf(x,y) = Duyflr) = 52

Lemma 2 ([24]). If f(x,y) € L(P) and 0 < ry,1ry < 1, then

Dolof (x,y) = f(x,y)
holds for almost all (x,y) € P

Definition 3 ([26]). For 0 < r1,ry < 1, the expression

1 X oy
Cryr — ql-r — — Y "(y—g) 2
DOf(x'y) IO (nyf(x/]/)) F(l —rl)l"(l —7’2) A /0 (.’X' t) (y S) Dtsf(t/s)dtds
is called the mixed Caputo derivative of order r of f(x,y).

In particular,

2 X
DYf(x,9) = Duyf(x,y) = agiayy)

Lemma 3 ([26]). Let 0 < 71,72 < 1. If f(x,y) € AC(P), then

Dy(f(x,y) = Mx,y)) = Dyf(x,y)
holds for almost all (x,y) € P, where A(x,y) = f(x,0) + £(0,y) — £(0,0).
Lemmad. Let0 < ry,ry < 1. If f(x,y) € C(P) and If (x,y) € AC(P), then

DyIsf(x,y) = f(x,y).
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Proof. Since f(x,y) € C(P), it exists a constant M > 0 such that

[f(xy)] < M.
Therefore,
[fr(xy)| = of (x,y)]
= [Ferm o s e sy @)
Mx"y"

ST+
It follows from (4) and I f(x,y) € C(P) that
F(5,0) = f:(0y) =0, xe[a, yeob] ©

By virtue of Lemmas 2 and 3 and (5), we get

DyIof(x,y) = Dy(Iof (x,y) — fr(x,0) — £(0,y) + £(0,0))
= Dylyf(x,y)
= f(xy).

The proof is completed. [

Now, we pass to mixed Caputo derivative of large order r = (r1,12) € (1,2] x (1,2]. In the higher
order case, we can generalize to the following.

Definition 4. Let 1 < rq,rp < 2. The expression

Dbf(xy) = (DWf(x9) = 55 ;xz_rgtéxﬁyuu—wlf%y—sfvné<n@dMs

is called the mixed Caputo derivative of order r of f(x,vy), where Dgy = DyyDyy.
Lemma 5. For f(x,y) € AC?(P), then

D%, f(x,y) = f(x,y) —v(x,y),

where

_ 9°£(0,0) of(x,0) 9f(0,0) 9f(0,y) 9f(0,0)
rixy) = —xy 9xdy +y( dy oy ) —I—x( ox  ox )
+ f(x,0) + f£(0,y) — £(0,0).
Proof. Since I} Dy f(x,y) = f(x,y) — [f(x,0) + £(0,y) — £(0,0)], we get
I(%Da%yf(xry) = I&ny(nyf(x,y))
= Dxyf(x,y) — [(Dxyf(x,¥))|x=0 + (Dxyf (x,¥))ly=0 — (Dxyf (x,y)) lx=0y=0]-
Therefore,

I3D%,f(x,y) =I5 (Ig D3y f (x,))
:I(%(nyf(x/y) - [(nyf(xr]/)”x:o + (nyf(x/y))|y:0 - (nyf(x/y))|x:0,y:0])
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Iy Iy

92f(0,0)+y(9f(x,0) 3f(0,0))+x(3f(0/y) af(O/O))

=flxy) = |~ dxdy ox  ox

+1(5,0)+ £01) - 0,0)
=f(x,y) —r(xy).
The proof is completed. [

Lemma 6. Let 1 < ry,ry < 2. For almost all (x,y) € P, then
(1DYIEf (x,y) = F(xy), if Flx,y) € C(P) and I f(x,y) € AC(P);
LDy f(x,y)) = f(x,y) — v(x,y), if f(x,y) € AC*(P), where y(x,y) is given by Lemma 5.

Proof. (1) According to Definition 4 and Lemmas 1 and 4, we have
DiIof (x,y) = I "DYIf (x,y) = I D3, Iy f(x,y)

= 3Dy Iy f(x,y) = Dy f(x,y)
= f(x,y).

(2) Using Definition 4 and Lemmas 1 and 5, we get
I(Dof (x,y)) = B3 'D3,f(x,y) = 5D, f(x,y) = f(x,y) — v(x,¥).
The proof is completed. [

3. A Lyapunov-Type Inequality for Problem (1)

In order to obtain the Lyapunov-type inequality for problem (1), we first give an expression for
the Green’s function of the the boundary value problem (1) and its properties. Then, a Lyapunov-type
inequality for problem (1) is presented by making use of the properties of the obtained Green’s function.

Lemma 7. Assume that ¢ € L(P). A function u is a solution of problem (1), then it satisfies the
integral equation

a b
”(x,y):—/o ./0 G(x,y,s,t)q(s, t)u(s, t)dsdt, (6)

where the Green function G(x,y, s, t) is given by
Glx,y,5,t) = H(x, 9)K (1, 1), )
2

where H(x,s) and K(y, t) are given by

L(g—s)n1=1 — (x —s)n71, 0<s<x<gqg,
— a - =
H(JC,S)_{ %<a_s)7171’ 0<x<s<ag, ®
Yo —t)2t — (y—t)2? 0<t<y<b
A ’ A
K(y,t)—{ %(b—t)’fl, 0<y<t<b. ©)

Proof. If u(x,y) is a solution of (1), applying the integral operator I to (1) and making use of Lemma 6,
we have

u(x,y) = v(x,y) — Ihlq(x,y)u(x,y)). (10)
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Let
ou(x,0)

%y
By virtue of boundary value conditions u(0,y) = u(x,0) = u(a,y) = u(x,b) = 0, we get

= o), M2~ a(y). a1

2
Pu0,0) _ gy 0.0 _ou@y)| ;0 ou00) _du0)| ;g
dxdy dy AW o ox R P
c(a) = lim M@y =10 _, (13)
y—0t y

and
d(b) = lim u(x,b) —u(0,b)

x—0+t X

Applying (11), (12), and u(x,0) = u(0,y) = 0 to (10), we have

=0. (14)

u(x,y) = —xyd'(0) + ye(x) + xd(y) — (g (x, y)u(x, y))- (15)
Let x = a and y = b in (15) at the same time, we can calculate

2(0) =~ Ij(q(a, byu(a,b)) (16)

Furthermore, let x = a and y = b in (15) respectively, we can obtain

a(y) =y (0) +  j(g(a y)u(ay)) 17)

and ,
c(x) = xd'(0) + Elé(q(x,b)u(x,b)). (18)
Applying (16)—(18) into (15), we have

u(x,y) = = “L1(g(a,b)u(a, b)) + 3 1(q(x,byu(x, b>>+§15<q<a,y>u<a,y>>—15<q<x,y>u<x,y>>
- rllf(rz[ // )" — 1) (s, tu(s, t)dsdt

UL o (s us, yasas
XL [Nt gt s, asar
/ / (x -9y t>r21q<s,t>u<s,t>dsdt}
_ [ [ B‘ syn1_ (x—s)ﬁ—l] [g(b—t)rz—l—(y 07 | q(s, t)u(s, dsdt
" / / e 2=t = () s,
w1 Rt e = gt s s
[ st gt ot nasat]

_7/0 /0 G(x,y,s,t)q(s, t)u(s, t)dsdt,



Mathematics 2020, 8, 47 7 of 11

where G(x,y,s,t) is given by (7)-(9).
The proof is completed. [

Lemma 8. The Green function G given by (7) satisfies

max |G(x,y,s,t)| = max{v(rl),p(rl)}max{v(rz),p(rz)}arlflbrzfl, (19)

x,5€[0,4] [(r)T(r2)
yt€[0,b]

where

1 1\ 1 \2
v(r)—(l—) >0, p(r)—(Z—r)(r_l> > 0. (20)
Proof. It follows from (7) that

G Y, /t = o NT N H 4 K 't : 21
S0 10 = Ty iy 1O gy ) “
yt€[0,b]

In the case 0 < s < x < g, for fixed x € [0, 4], we have

aH;():IS) —(-n) [%(” B s

Obviously, % > 0. Hence, we establish that H(x, s) is increasing in s. Therefore,

max H(x,s) = H(x,x) = E(a —x)1 >0,
s€[0,a] a

min H(x,s) = H(x,0) = (a2 —x"172) <0.
s€(0,a]

Let m(x) = %(a — x)"1~1. From m’(x) = Wlw

= = 0, we get that x = % Moreover, we
obtain that

max H(x,s) = max m(x) = m<a) =o(r)a" L (22)
x,5€[0,4a] x€[0,a] 41
Let n(x) = x(a"1 2 — x"172). From n/(x) = a2 — (r; — 1)x1"2 = 0, we get that x = —2——.
(n-1)n-?
Due to n(x) < 0, we obtain

min H(x,s) = n<511> = —p(rl)arl_l. (23)

x,5€(0,a] (,,1 _ 1) -2

By virtue of (22) and (23), we conclude that

max |H(x,s)| = max{ov(ry), p(r1) a7}, 0<s<x<a. (24)

x,5€[0,4a]

In the case 0 < x <'s < a, obviously, H(x, s) is decreasing in s. Therefore, with the help of (22),
we have

max H(x,s) = max H(x,x) = v(ry)a™ "}, (25)
x,5€[0,4a] x€[0,a]
min H(x,s) = min H(x,a) =0. (26)

x,5€[0,4] x€[0,a]
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From (25) and (26), we deduce that

max |H(x,s)| = o(r)a" !, 0<x<s<a.
x,5€(0,4]

By means of (24) and (27), we have

max |H(x,s)| = max{o(r;), p(r1)}a" 1.
x,5€(0,a]

Analogously, we can obtain the fact that

max [K(y, t)| = max{v(rz), p(r2) }o'> .
y,t€[0,b]

In conclusion, (19) is obtained with the help of (21), (28), and (29). The proof is completed.

Our main aim is the following Lyapunov-type inequality.
Theorem 1. Ifa function u(x,y) € C(P) N C?(P) is a nontrivial solution to problem (1), then

()T (r2)
sty s mestata

Proof. It follows from Lemma 7 that a solution to problem (1) satisfies the integral equation

a rb
—/0 /0 G(x,y,s,t)q(s, t)u(s, t)dsdt.

Hence,
Fufl = max fu(x,y)l
(xy)eP
= max / / (x,y,s,t)q(s, t)u(s, t)dsdt‘
(x,y)€P

With the help of Lemma 8, we have
1< e max{o(n), p(r)} maxfora), p(ra)ba 150 [ [ la(s, )lasat | ).
L(r1)I(r2) ' ’ o Jo
Since u(x,y) is a nontrivial solution, (31) is equivalent to

(r)T(r2) < maxo(n), )} max{o(ra), plra) b 020 [* ["lg(s s,

from which inequality (30) follows.
The proof is completed. [

8of 11

(27)

(28)

(29)

(30)

(31)

Remark 1. Theorem 1 provides a necessary condition for the existence of nontrivial solutions to the considered

problem. That is to say, if

I'(r1)T(r2)
/ / [9(xy)ldxdy < max{v(ry), p(r1)} max{ov(ry), p(ry) par1—1b2—1’

then problem (1) has only zero solution in C(P) N C%(P).

(32)
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Example 1. Consider the following boundary value problem:

“Diu(x,y) —i—x_%y_%u(x,y) =0, (x,y)eP=(0,1)x(0,1),
u(0,y) =0,u(l,y) =0, yel01], (33)
u(x,0)=0,u(x,1) =0, x¢€/0,1],

where r = (r1,12) = (3,3), D is the mixed Caputo derivative of r, and q(x,y) = x %y*% is a Lebesgue
15) =

function on P. Since v( 2\f p(15) = §,and T (1.5) = ‘F , we can calculate

I'(1.5)I(1.5) 27

max{v(1.5), p(1.5)} max{o(1.5),p(1.5)} = 16 °

However, by simple calculation, we get

// (x,y)dxdy = //x 3y~ 2dxdy-3<27—n

According to Remark 1, problem (33) has only trivial solution u(x,y) = 0 in C(P) N C2(P).

4. Applications

In this section, some applications of the obtained Lyapunov-type inequality (30) in Section 3
are presented.

One application is making use of inequality (30) to prove the uniqueness of solutions for the
corresponding nonhomogenous boundary value problem. Consider the following nonhomogenous
boundary value problem:

Dhu(x,y) +q(x,y)u(x,y) = w(x,y), (x,y)€P=(0,a)x(0,b),
u(0,y) =0,u(a,y) =0, yel0b], (34)
u(x,0) =0,u(x,b) =0, x€]0,a.

Corollary 1. If the solution to problem (34) exists, and

a rb T(r)T(r2)
/o /0 9tz y)ldxdy < D, () max{o(ra), plr2) Ja= 152

(35)

holds, then problem (34) has a unique solution.

Proof. Assume that u;(x,y), uz(x,y) are both solutions to problem (34), then u(x,y) = uy(x,y) —
uy(x,y) is a solution of the corresponding homogenous boundary value problem. By virtue of Remark 1,
the corresponding homogeneous boundary value problem has only zero solution in C(P) N C2(P).
Therefore, problem (34) has a unique solution. [

The other application is that we derive an estimation related to the eigenvalue of the corresponding
equation by using our obtained Lyapunov-type inequality (30). For given A € R, we consider the
following boundary value problem

Diu(x,y) + Au(x,y) =0, (x,y) € P=(0,a) x (0,b),
u(0,y) =0,u(a,y) =0, ye€][0,b], (36)
u(x,0) =0,u(x,b) =0, x€l0,4],

where CD6 is the mixed Caputo derivative of order rand a,b > 0,7 = (r,72),1 < r1,rp < 2. If problem
(36) admits a nontrivial solution u, € C(P) N CZ(P), we say that A is an eigenvalue of problem (36).
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Corollary 2. If A is an eigenvalue of problem (36), then

L(r1))I'(r2)
|A] max{v(r1), p(r1) } max{v(ra), p(rp) }ar1—2b"2=2" (37)

Proof. Since A is an eigenvalue of problem (36), it means that problem (36) has a nontrivial solution
uy. According to Theorem 1, we have

a rb T'(r1)L(r2)
/0 /o [Mdxdy > max{v(ry), p(r1)} max{v(ry), p(r2) parr—1b2=1"

Therefore,

|/\| F(rl)r(VZ)
max{o(r1), p(r1) } max{o(r2), p(ra) ya 2022’
which is the desired result.
The proof is completed. O

5. Conclusions

In this article, we consider a partial differential equation on a rectangular domain with the mixed
Caputo derivative subject to Dirichlet-type boundary conditions. A new Lyapunov-type inequality for
the considered problem is derived. The obtained inequality provides a necessary condition for the
existence of nontrivial solutions. Our approach is based on converting the boundary value problem
into an integral equation and then finding the maximum value of its Green’s function. We give two
applications related to our obtained inequality. The new results generalize some existing results in
the literature. We expect that the proposed approaches and the obtained results in this paper can be
adapted to study other fractional boundary value problems.
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