. mathematics ﬁw\o\w

Article
An Approximation Theorem for Vector Equilibrium
Problems under Bounded Rationality

Wensheng Jia, Xiaoling Qiu * and Dingtao Peng

School of Mathematics and Statistics, Guizhou University, Huaxidadao, Guiyang 550025, China;
wsjia@gzu.edu.cn (W.].); dtpeng@gzu.edu.cn (D.P)
* Correspondence: xlgiu@gzu.edu.cn

check for
Received: 1 December 2019; Accepted: 23 December 2019; Published: 1 January 2020 updates

Abstract: In this paper, our purpose is to investigate the vector equilibrium problem of whether
the approximate solution representing bounded rationality can converge to the exact solution
representing complete rationality. An approximation theorem is proved for vector equilibrium
problems under some general assumptions. It is also shown that the bounded rationality is an
approximate way to achieve the full rationality. As a special case, we obtain some corollaries for
scalar equilibrium problems. Moreover, we obtain a generic convergence theorem of the solutions of
strictly-quasi-monotone vector equilibrium problems according to Baire’s theorems. As applications,
we investigate vector variational inequality problems, vector optimization problems and Nash
equilibrium problems of multi-objective games as special cases.
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1. Introduction

In the last two decades, the vector equilibrium problem (VEP) has received much attention
because it provides a unified framework for many important particular problems such as vector
variational inequality, vector optimization, vector saddle points, multiobjective games, multiobjective
transportation equilibrium problems, and so forth. A large amount of research on VEP mainly
focuses on the following aspects—the existence of solution (see References [1-6]), property of
solution (including connection and continuity, see References [7-12]), stability of solution (including
well-posedness and sensitivity analysis, see References [13-17]) and various algorithms for solving
VEP (see References [6,18-22] and the references therein). However, the approximation theorem of
VEP has hardly been seen from the perspective of algorithms.

As we know, the approximation theorems are central to many computing problems and the
related theory provides insight as well as a foundation for algorithms. Various iterative methods for
solving equilibrium problems have been developed, which can be divided into several classes—fixed
point methods, extragradient methods, descent methods, proximal point and Tykhonov-Browder
regularization methods (see the recent survey in Reference [6]). On the one hand, we know that
an exact solution of a VEP may not exist in practice if the data of the VEP model are not “regular”
and so the VEP model is generally solved by numerical methods (iterative procedures or heuristic
algorithms), producing approximations to the exact solutions. Thus, in general, obtaining exact
solutions to many practical problems is not possible. Naturally, it is interesting and important to
investigate some characterizations for approximate solutions of VEP. On the other hand, from the view
of Simon’s bounded rationality theory [23], the decision is to seek the satisfactory solution rather than
the exact optimal solution. Indeed, the satisfactory solution corresponds to the approximate solution,
which reflects the bounded rationality and the exact optimal solution corresponds to the full rationality.
However, the exact optimal solution is hardly obtained in the specific calculation process. We always
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obtain the approximate solution by means of iterative algorithms. Therefore, it is very important that
the approximate solution approaches the exact optimal solution which implies that the full rationality
can be approached by the bounded rationality.

In this paper, we aim to give an approximation theorem for VEP under some general assumptions
and frames. Some corollaries and remarks will be obtained under some conditions. This paper
is organized as follows—in Section 2, some definitions and two necessary lemmas are introduced.
In Section 3, an approximation theorem and some corollaries are proved, and we give the details
proofs and notations. In Section 4, the generic convergence theorem on monotone VEP is obtained.
Some applications of the approximation theorem for vector equilibrium problems are given in Section 5.
Section 6 provides a conclusion.

2. Preliminaries

Definition 1 ([24]). Let X be a Hausdorff topological space and ¢ : X — R be a function.

(i) ¢ is called upper pseudocontinuous (lower pseudocontinuous) at xo € X iff for all x € X such that

¢(x0) < ¢(x) (¢(x) < ¢(x0)), we have

limsup 9(y) < ¢(x) (9(x) < liminf p(y)). 0
y—x0 Y—=xo
(i) ¢ is called pseudocontinuous at x € X iff ¢ is both upper pseudocontinuous and lower pseudocontinuous
at x.
(iii)  Let @ : X — R¥ be a vector-valued mapping, where ® = {¢1, ..., ¢y }. Then @ is R’i— pseudocontinuous
(vesp.upper pseudocontinuous, lower pseudocontinuous) iff ¢; is pseudocontinuous (resp.upper pseudocontinuous,
lower pseudocontinuous) for everyi =1,... k.

Remark 1. Each upper(resp.lower) semicontinuous function is also upper(resp.lower) pseudocontinuous.
But the converse is not true.
Let X =1[0,2], ¢i: X >R, i=1,2,

1—x, 0<x<1, B x—1, 0<x<1,
¢1(x)_{—1, 1<x<2.’4’2(x)_{2, 1<x<2. @)

It is obvious that ¢q is not upper semicontinuous but upper pseudocontinuous at x = 1 and that ¢y is not
lower semicontinuous but lower pseudocontinuous at x = 1.

Definition 2 ([14]). A vector-valued function ¢ : X x X — R¥is called R¥-strictly-quasi-monotone on X x X
iff for any x,y € X with x # y, p(x,y) € —intRF implies ¢p(y, x) € —RF.

Let (X, d) be a metric space, the following two lemmas are important to prove the approximation
theorem for VEP in Section 3.

Lemma 1 ([25]). Assume that there is a sequence { A, } of a nonempty bounded subset of X and a nonempty
compact subset A of X. If x, € Ay foranyn = 1,2,--- and h(A,, A) — 0, where h(Ay, A) means the
Hausdorff metric on X, then there exists a subsequence {x,, } of {x,,} such that x,, — x* € A.

Lemma 2 ([25]). Assume that there is a sequence { A, } of a nonempty bounded subset of X and a nonempty
subset A of X. Let G be an open set of X, if AN G # @ and h(A,, A) — 0, then there exists a positive integer
N such that foranyn > N, A, N G # Q.
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3. Approximation Theorem

In this section, we are interested in the approximation of both the constraint set and the bifunction
of (VEP). To this purpose, we introduce a definition of an approximate equilibrium point. We start our
analysis with (VEP).

Let X be a nonempty subset of R", let A be a nonempty compact subset of X and let ¢ : X x X —
R¥be defined by ¢(x,y) = (p1(x,y), -+, dx(x,y)),¢; : X x X — Rforall x,y € X where each function
¢; is pseudocontinuous and satisfies the condition ¢;(x,x) = 0 for all x € X.

Problem (VEP) consists in finding x* € X such that

¢(x*,y) ¢ —intRX, Wy € X. ®)

Definition 3. Given ¢ : X x X — RFand e = (e1,€2, - ,€1),€ >0,i=1,2,--- ,k, x* is said to be an
€— equilibrium point of ¢ if

o(x*,y) +eb & —intRE Wy € X, 4)

whereb = (1,1,---,1)T.
For solving this problem, we propose approximating the function ¢ by a sequence of vector-valued functions
{¢"} such that for all n,
¢": X x X — RF

and

sup [[¢"(x,y) —p(x,y)[| =0 (n—c0). @)
(xy)eXxX

Furthermore, the compact subset A is approximated by means of a sequence { A, } of subsets of X with
h(An, A) -0 (1 — o0) 6)
where h(Ay, A) denotes the Hausdorff metric on X between the sets A, and A.

Theorem 1. Let {x,} be a sequence in X and let {€, } be a sequence of positive numbers such that for all n and
y € Ay,
¢" (xn,y) +enb & —intRE

whereb = (1,1,---,1) € Rk, Ifd(xn, Ay) — 0and {€,} — 0asn — oo, then

(i) There exists a subsequence {xn, } of {xu } which converges to some x* € A;
(i) Foranyy € A, ¢(x*,y) & —intRK..

Proof. (i) Since d(x,, A;) — 0(n — o0), there exists a sequence x’n € A, such that d(x,, x/n) — 0. Since
the compactness of A and (6), by Lemma 1, there exists a subsequence x;lk of x,, such that x;k —x* € A
Hence there exists a subsequence {x,, } of {x,} which converges to some x* € A.

(ii) Without loss of generality, it follows from (i) that we may assume that x, — x*. If the statement
of (ii) was false, then there exists some point yo € A such that ¢(x*,y9) € —intRE . Since ¢(x*,x*) =0,
thenVi=1,2,--- ,k,¢:i(x*,y0) < ¢;i(x*,x*) = 0. By the definition of pseudocontinuity of ¢; at (x*, yo),
foreachi=1,2,--- ,k, we have

limsup ¢;(x,y") < ¢i(x*,x*) = 0. 7)

x'—=x*,y' =y
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Hence there exists 0y > 0 such that

limsup ¢;(x,y") < —0p. 8)

x'—=x*,y' =y

By Proposition 2.1 of Reference [24], there exists a neighborhood O(x*) of x* and a neighborhood
O(yo) of yo such that ¢;(x,y’) < —0op for any x' € O(x*) and any iy’ € O(y,).

Notice that the condition (5) and €, — 0 (1 — o0), there exists a positive integer N; such that for
any n > Ny,

O [y
sup 9" (x,y) —p(x,y)|| < EO, €n < ?0. ©)
(xy)eXxX

Since n — o0, x, — x*,h(Ay, A) — 0and yo € A, by Lemma 2, there exists a positive integer
N, > Nj such that for any n > N, x, € O(x*) and O(yo) N An # @. We take v, € O(yo) N An. Hence
we have

¢i(xn, yn) < —00 (10)
and

o1 o
4);1(3(”/]/”) < ¢i(xn/yn) + ?0 < —50 < —€y. (11)
Consequently ¢"(xn,yn) + €xb € fintR’fF. This leads to a contradiction that x, is an
ex-equilibrium point of ¢". Thus the proof is finished. [

Remark 2. In Theorem 1, if ¢; is continuous for eachn = 1,2,3, - - -, then Theorem 1 holds; if x, € A, for
eachn =1,2,3,- -, then Theorem 1 also holds.

Remark 3. It is obvious that Theorem 1 reflects the theoretical significance—the bifunctions are approximate,
the constraint sets are approximate, and the solutions of VEP are also approximate. In that case, there exists
{xn.} C {xn} such that x,, — x* € A. If we see the solutions of ¢ as the optimal solutions under full
rationality and e,-equilibrium points of ¢" as the approximate solutions under bounded rationality, Theorem 1
reflects that the full rationality can be approached by the bounded rationality.

Notice that the above approximation theorem for vector equilibrium problems can be weakened
by the following Corollary 1.

Corollary 1. Let X be a nonempty subset of R" and all the following assumptions are satisfied:

(i) Foranyn = 1,2,---, the vector-valued function sequence ¢" : X x X — R¥ is satisfied with

sup  ||¢"(x,y) — ¢(x,y)| — O, where the function ¢ : X x X — R is upper pseudocontinuous
(vy)eXxX
at the first variable on X;
(i) A is a nonempty compact subset of X and ¢(x,x) = 0 for any x € A;
(iii)  Foranyn=1,2,---,x, € A is ey—equilibrium point of ¢", that is, §" (x,y) + €xb & —intRE_ for
any y € A, where €, > 0and €, — 0(n — o).

Then
(i) there exists a subsequence {xy,} of {xn} which converges to some x* € A;

(ii)  foranyy € A, p(x*,y) ¢ —intRE.

Proof. In Theorem 1, let A, = A,n = 1,2,---, then Corollary 1 can be completed in the similar
method as shown in Theorem 1. [
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For scalar equilibrium problems, we can obtain the following Corollary 2, which can be seen
Theroem A in Reference [26].

Corollary 2. Let X be a metric space and all the following assumptions are satisfied:

(i) Foranyn =1,2,---, the function sequence f" : X x X — R is satisfied with  sup |f"(x,y) —
x,y)eXxX
f(x,y)| — 0, where the function f : X x X — R is upper pseudocontinuous; -
(ii) Foranyn = 1,2,---, Ay is a subset sequence of X with h(An, A) — 0(n — o0), where A is a
nonempty compact subset of X and f(x,x) = 0 for any x € A;
(iii)  Foranyn = 1,2,---, x, € Ay is e,—equilibrium point of f", that is, f"(xn,y) > —en for any
y € Ay, where e, > 0and e, — 0(n — o).

Then

(i) there exists a subsequence {xy,} of {xy} which converges to some x* € A;
(ii)  foranyy € A, f(x*,y) > 0.

4. Generic Convergence

In this section, we will study the generic convergence of VEP. Firstly we construct a space of VEP
under some assumptions and study the property of the set of solutions.
Let a space M of VEP be defined by

¢ : X x X — RFis RF — upper — semicontinuous on X x X;
¢ is Rk — strictly — quasi — monotone on X x X;

A is a monempty compact subset of X;

and 3x* € A such that ¢(x,y) ¢ —intRk, Wy € A.

M=<u=(¢A):

For any U; = (¢1, A1), Uz = (¢2, Az), denote

p(Uy,Uz) =  sup |l¢p1(x,y) — ¢2(x,y) || + h(A1, A2), (12)
(xvy)eXxX

where } is the Hausdorff distance on X.

Denote by S(u) the set of all solutions to VEP in A. Then it yields a set-valued mappings S : M — 2%,
thatis, S(u) = {x € A: ¢(x,y) & —intRX,Vy € A} forallu € M.

By Reference [14], the authors obtain an important result using the way of set-valued analysis.

Lemma 3. There exists a dense everywhere residual subset Q of M such that S(u) = {x € A : ¢(x,y) &
—intRK Wy € A} is a singleton for each u = (¢, A) € Q, that is, VEP has a unique solution in A.

Lemma 4. If the solution of VEP is a singleton set, then {x,} — x*.

Proof. By contradiction, assume that {x,} does not converge to x*, then there exists § > 0 and a
subsequence {xy, } of {x,} such that d(x*,x,,) > J, Vk. By Theorem 1, there exists a subsequence
{xnkt} of {xn.}, Xn, = X € A, we may suppose that x,, — ¥, that is d(x,,,X) — 0. X satisfies
Pp(x,y) & —intR’fIr for each y € A. Since the solution is singleton set, then X = x*, d(¥, x,, ) > ¢ which
is a contradiction. Thus, the result holds. [

Remark 4. In fact, the convergence of Lemma 4 is better than Theorem 1, Corollary 1 and Corollary 2.
In Lemma 4, there exists the convergence sequence x, — x* € A but not the convergence subsequence
Xp; — X* € Aif the solution of VEP is a singleton set.

Next, we can obtain the generic convergence theorem of solutions of VEP.
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Theorem 2. Let {x,} be €, — solution of $" with the convergence function ¢ under the uniform metric. There
exists a dense residual subset Q of M such that for any u = (¢, A) € Q, then ¢ has a unique solution x* with
{xa} = x*and p(x*,y) & —intRX Wy € A.

Proof. It is obvious that Theorem 2 can be deduced by combining Lemma 4 with Lemma 3. O

Remark 5. Note that ¢ : X x X — R is RK-upper-continuouson X x X. If ¢ : X x X — Rk is
R¥-pseudocontinuous on X x X, then Theorem 2 also holds. All the proofs are similar and so we omit it.

5. Applications

In this section, we obtain some applications of the approximation theorem for vector
equilibrium problems.

5.1. Vector Variational Inequality Problems

Let X and Y be topological vector spaces and K be a nonempty subset of X. Let T : K — L(X,Y)
be an operator, for each I € L(X,Y), the value of | at x is denoted by < I, x >. The vector variational
inequality problems (VVIPs) are defined as follows:

Find x* € K such that < T(x*),y — x* >¢ —intRk, forally € K.

Set

p(x,y) =<T(x),y—x>, ¥V x, ye K (13)

Then VVIPs are equivalent to the corresponding VEPs. By Theorem 1, we can obtain the following
Proposition 1.

Proposition 1. If the following conditions are satisfied:

(i) Foranyn =1,2,---, the operator sequence T" : K — L(X,Y) is satisfied with sup,y ||T"(x) —
T(x)|| — O, where the operator T : K — L(X,Y) is pseudocontinuous;
(ii) Foranyn = 1,2,---, Ay is a subset sequence of K with h(A,, A) — 0(n — o0), where A is a
nonempty compact subset of K;
(iii))  Foranyn =1,2,--- ,x, € Kand d(x,, Ap) — 0(n — c0), there holds < T"(x"),y — x" > +eub &
—intR’jr, Yy € Ay, whereb = (1,1,---,1) € R’jr, €n > 0and e, — 0(n — o0).

Then

(i) there exists a subsequence {xy,} of {xy} which converges to some x* € A;
(i)  foranyy € K, < T(x*),y — x* >¢ —intRk.
5.2. Vector Optimization Problems

Let X be a topological vector space and K be a nonempty subset of X. Let f : K — RF be a vector
function. The vector optimization problems (VOPs) are defined as follows:

Find x* € K such that f(y) — f(x*) ¢ —intR, forally € K.

Set

o(x,y) = fly) — f(x), V x, y€K. (14)

Then VOPs are equivalent to the corresponding VEPs. By Theorem 1, we can obtain the following
Proposition 2.

Proposition 2. If the following conditions are satisfied:
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(i) Foranyn =1,2,--- , the function sequence F" : K — R is satisfied with sup, _y ||[F"(x) — F(x)| —
0, where the function F : K — R¥ is pseudocontinuous;
(ii) Foranyn = 1,2,---, Ay is a subset sequence of K with h(A,, A) — 0(n — o0), where A is a
nonempty compact subset of K;
(ii))  Foranyn =1,2,---,x, € Kand d(x,, Ay) — 0(n — o), there holds F"(y) — F"(x,) + €,b &
—intR'jr, Yy € Ay, whereb = (1,1,---,1) € R’i, €n > 0and e, — 0(n — o0).

Then

(i) There exists a subsequence {xn,} of {xn} which converges to some x* € A;
(i) Foranyy € A, F(y) — F(x*) ¢ —intRE .

5.3. Nash Equilibrium Problems of Multiobjective Games (In Short, NEPs)

Let N = {1,..,,n} denote the set of players. For each i € N, assume that the strategy set of the
ith player is denoted by K;. Now denote the players’ strategy profile x = (x;,x_;) € K = [T;en Ki,
where x; € K;and x_; € K_; = [Tjen,jzi K;.

Foreachi € N, let ®; = {¢}, ¢}, ..., ¢i} : K; x K_; — RF denote the objective function of the ith
player. A point x* = (x},x* ;) € Kis called to be a weakly Pareto-Nash equilibrium of multiobjective
games, that is, for eachi € N, ®;(x}, x*;) — ®;(x;, x*;) & —intR’jr, forall x; € K;.

Set

n

P(x,y) =Y [@i(xi, x_;) — @i(vi, x_;)], V x, y €K (15)

i=i

Then NEPs are equivalent to the corresponding VEPs. By Theorem 1, we can obtain the following
Proposition 3.

Proposition 3. If the following conditions are satisfied:

(i) Foranyi € N, the function sequence " : K — R is satisfied with sup,_y || P (x) — ®;(x)|| —
0(m — o0), where the operator ®; : K — RX is pseudocontinuous for eachi = 1,2,...,n;
(ii) Foranyi € N, A" is a subset sequence of K; with h(A}', A;) — 0(m — co), where A; is a nonempty
compact subset of K;;
(iii)  Foranym = 1,2,---, xp € Kand d(x, [T A]") — 0(n — o0), there holds " (y;, x™;) —
DN (X", x™) +€enb & —intR’;,for anyi € N,Vy; € A", whereb = (1,1,---,1) € Rk, e, > 0and
€n — 0(n — o).

Then

(i) There exists a subsequence {x; } of {xm } which converges to some x* € T[i_; Aj;
(ii)  Foranyy; € A;, ®;(y;, x*;) — @;(x},x*;) & —intRﬁfor eachi=1,2,...,n.

6. Conclusions

In this paper, we propose an approximate theorem (Theorem 1) for vector equilibrium problems
under bounded rationality. According to the theorem, we illustrate the Simon’s bounded rationality
theory from the perspective of the vector equilibrium problems. That means the bounded rationality is
an approximate way to full rationality. In Theorem 1, we can obtain the convergent subsequence of
approximate solutions on VEPs and prove that the limitation of the subsequence belongs to the set of
solutions of objective functions. This theory provides a basis for the algorithm of the vector equilibrium
problem. Moreover, we also get the generic convergence of solutions of strictly-quasi-monotone vector
equilibrium problems in the sense of the Baire category. Some examples, such as VVIPs, VOPs and
NEPs, are given to investigate our results.
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