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Abstract: Stirling’s method is considered as an alternative to Newton’s method when the latter fails
to converge to a solution of a nonlinear equation. Both methods converge quadratically under similar
convergence criteria and require the same computational effort. However, Stirling’s method has
shortcomings too. In particular, contractive conditions are assumed to show convergence. However,
these conditions limit its applicability. The novelty of our paper lies in the fact that our convergence
criteria do not require contractive conditions. Hence, we extend its applicability of Stirling’s method.
Numerical examples illustrate our new findings.
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1. Introduction

In this work we deal with finding a fixed point x* of the equation
x = F(x), 1

where F is a Fréchet-differentiable operator defined on a convex subset D of a Banach space X with
values into itself. By I we denote the identity linear operator in L(X, X). The symbol L(X, X) stands
for the space of bounded linear operators from X into X.

Many applications from different areas, including education, reduce to dealing with Equation (1)
utilizing mathematical modelling [1-24]. However, the solution x* is found in closed form only in rare
cases. This problem leads to the usage of methods that are iterative in nature.

We study Stirling’s method given foralln =0, 1,2, ... by

X1 = Xn — (L= F'(F(xn))) " (0 — F(x)), &)

where xo € D. Further we will introduce an operator I'(x) € L(X, X) such thatT'(x) = (I — F'(F(x)))~!
with x € D, and denote Ty = T'(xg) for use in later Sections.

This method converges quadratically as Newton’s method does, and also requires the same
computational effort (see details in [1,22]). It is considered to be a useful alternative in cases where
Newton’s method fails to converge (see such examples in [22]). However, the usage of Stirling’s
method has a drawback, since the convergence criteria require contractions. We have detected some
other problems listed in Remarks 3 and 4. These drawbacks limit the applicability of Stirling’s method.
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In order to extend its applicability, we do not use contractive conditions in our semi-local as well as
the local convergence results.

The rest of the work is structured as follows. Section 2 includes the semi-local convergence
analysis. Section 3 contains the local analysis. The numerical results are given in Section 4.

2. Semi-Local Convergence Analysis

Let Lo > 0,L > 0 and y > 0. Consider a real sequence {t, } as

L(tn+1 — tn)z

201 Lobyer)’ )

tO = 0/ tl =, tn+2 = tn+l +

Next, we study the convergence of sequence {t, } by developing relevant lemmas and theorems.

Lemma 1. Suppose that

h=Liy <5, @

where

1
Ll = g(L +4L0 + 12 +8LOL)

Then, sequence {t, } generated for tg = 0 by (4) is increasing, converges to its unique least upper bound t*,
so that

dyp <t* <y, ©)

where

L
1 — exp[— =573, =577

dy = I

2L 26
g — 1- eXP[szgy + 2—31]
2= Lo p

_ L
 2Lo(1 - Lo7)?

)

and
L )

_ = 2
51_2L0<1—5) ‘

Proof. It is convenient to first simplify sequence {f,}. Define sequence {a,} by a, = 1 — Lot,.
Then, by (4) we can writeag = 1,47 =1 — Loy, 041 = ap — % Moreover, define sequence
{6n} by 6, =1— -. Then, we can write 6 = Lo, 0,41 = ﬁ(lf’bn )2. We have by (4) that §6; < 1

and 0 < 0, < 60;. Suppose that 0 < 0, < 0;_1 and 06, < 1. Then, we get in turn that

&n
Xn

_ L6 v 2
Ohr = 5y (g ) < 96 <6 6)
and
601 < 86, < 1. (7)
Hence, {B,} is a decreasing sequence, so a, = (1 — Bn)a,—1 and t, = 118‘” are also decreasing

sequences. In particular,

"‘n:(1_,871)“71—1:-'-:(1_,871)”'(1_,31)“0:(1_,371)-~~(1_,30)'
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From0 < B1 = Loy < 1,weget0 <wa, <1,s0t, = 17% < % That is sequence {t, } is increasing,
bounded from above by LLO' so it converges to t*.
Next, we show (4). We can write

[e9)

of = lim a, = H(l — Bn),

n—o0
n=1

or
1

1—Bn

1 o
log prie ) log
n=1

Using the estimate
-1

t—1
2—— <logt < fort >1
H_1_og < ort>1,

we get first an upper bound for log - by (5) and (6) and the inequality 2" > n+1forn =0,1,2...:

1 o Bn(2—Bn) 1 &
logﬁ < n;l 200= ) < g n;O,Bn+l
1 & ; 1 &
= 5(1—Bq) ,;(591)2 = 5(1—Bq) n:l((5,31)

which together with t* = 1 Lg* imply t* < dp. The lower bound in (4) is obtained similarly from
the estimate:

1 ad 127 201 207
log— >2 .
Ong*_ 7;2—04”>2—0c1+2—a2

O

Lemma 2. Suppose that

h= 8)

= N =

Then, sequence {t,} is increasingly converging to o

Proof. Wehavea, = (1 —LoR)",Bn = Lyyand t, = w Then, by (8), weget0 < Lyy < 1. O

In what follows the set denoted by U(x, a) is a ball with center x € X and of radius a > 0.
To simplify, the notation, by || || in this work, we denote the operator norm or the norm on the
Banach space. The semi-local convergence analysis is based on the conditions (C):

1) F: D C X — X s a Fréchet differentiable operator and there exist xo € D,c > 0, > 0 such
that Tg = (I — F/(F(xp)))~! € L(X, X) with

11— F(F(xo)) || < c

and
[|To(x0 — F(x0))|| < -

(C2) There exist ag € [0,1),by > 0 such that for each x € D

[[F(x) — F(x0)| < aol|x — x|
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and
|[To(F'(F(x)) — F'(F(x0))|| < bol[F(x) — F(x0)||-

(C3) Letrg = ﬁ and Dy = D NU(xg,79). There exist b > 0,b; > 0 such that for each x,y € Dy

|ITo(F'(x) = F(y)I| < bl|x — vl

and
|[F'(F(x)) — F'(F(x0))|| < b1l[F(x) — F(xo)]|-

(Cy) Hypotheses of Lemmas 1 and 2 hold with

by 1

and
L[) = a()bo.
(Cs)
IF(x0) = xoll _ o

1—!10

(Ce) The ball U(x, t*) is constructed such that

U(xg,t*) C D.

We suppose from now on that the conditions (C) hold.
Next, the semi-local convergence result is given for Stirling’s method (2).

Theorem 1. Under conditions (C), sequence {x,, } generated by Stirling’s method (2) is well defined, remains
in U(xg, t*) foreachn = 0,1,2,... and converges to x* € U(xo, t*) which satisfies x* = F(x*) with Q-order
of convergence 2. Moreover, the following estimates hold

[lxn = X¥|[ < £ — t,

and x* is the only fixed point of F in U (xo, **), with

Proof. Let x € U(xq,t*). We get by (Cp) and (Cs) that
|[F(x) = xo|| < [[F(x) — F(x0) || + [|F(x0) — xol| < aollx — xo|| + |[F(x0) — xol[ < aot™ + [|F(x0) — xol| <7,
so F(x) € U(xp,t*). Using (Cp) and the Lemmas 1 and 2, we have in turn that

ITo(T(x) =To)l[| = [[To((F'(F(x)) — F'(F(x0)))]l ©)
< boag||x — xo[| = Lo||x — xol| < Lot" < 1.

By the Lemma of Banach on invertible operators [21] (Perturbation Lemma 2.3.2, p. 45) T'(x) ! €

L(X,X), and
1

|IT(x) (I — F'(F(x0)))|| < T— Lo[lx — xo||

Using Stirling’s method (2):

(10)
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Xey1 — F(xey1) = F(xpr) — F(xx) — (%) + Fxg) (11)
= F'(yi) (01 — x) — (F(xps1 — F(x))

= /01 [F' (yi) — F' (x4 0(xk 41 — x50))] (X1 — xi) 0.

Then, in view of (C;), (C3) and Equation (11), we obtain in turn that

[1To (xk1 = F(xks1)) (12)
< 0 [l xe - 0Cxkan — e — 40
< blllyi = el + gl — el e — el
< BT = F (FGxo)) |+ [1F' () = F (FGo)) ) + ks = 5l 3 s = el — x|
< et 204 s - P

L 2
= §||xk+1 — x| |7

Next, we can connect the preceding estimates on sequence {x; } with {t}. Indeed, we get by (C1)
and Equation (3) that

[]x1 = xo| = [[To(xo — F(x0))|| <7 =t =t1 — to.

By induction, Equations (3), (4), (10) and (12), we have in turn that

k1 — x|l = |[Te(oex — F(x)|| < [[Te(I = F'(F(x0)))I|[[To(xx — F(xx))| (13)
Lt — tg1)* _ b4
S A Ley) e

Hence, {f;} defined by Equation (3) is a majorizing sequence for {x;}. By Lemmas 1 and 2,
sequence {f;} is complete as convergent to t*. It then follows by Equation (13) that sequence {x;} is
also complete so it converges to some x* € U(xg, t*). By the estimate (see (12))

N~

L
[ITo(xk41 = Frp )| < 5 e — 2P < 5 (ta — )%, (14)
we deduce that x* = F(x*) by letting k — oo. Estimate ||x, — x*|| < t* — t,, follows from Equation (13)

and for A = j, we get that

__L
2(1—LoF

L 2
— < P — —

Al — x 1]

IN
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which implies that the Q-order convergence of Stirling’s method (2) is two. Furthermore, to show the
uniqueness part, let y* € U(xo, **) with F(y*) = y*. Define the operator Q by Q = — fol ToF (x* +
0(y* — x*))do. In view of (C;) and (C3), we obtain in turn that

1= (o~ @)l = Il [ TolF(x" +6(y* ~x*)) ~ F'(E(zo))Jao] (15)
< b/ol||x*+9(y*—x*)—P(x0)||d9
< BIIF() = F(xo)ll + llx* = xol | + 3 1ly* — oll]
< b(ap+ L) 4 S < 1

2 2

Then, by (15) (Tp — Q) ! € L(X, X). Finally, we obtain y* = x* using the identity

0=To(y" —F(y") —x" + F(x")) = (To — Q)(y" — 7).
O

Remark 1.

(a)  The Stirling’s method usual conditions corresponding to (Cp) (first condition) are given by [22]:
(Cy)’ ||F'(x)|| < aforeachx € Danda € [0,1).

That is, operator F must be a contraction on D. Moreover, the convergence of Stirling’s method was shown
in [22] under (Cy), Dy = D and a € (0, %} However, in the present study no such assumption is made.
Hence, the applicability of Stirling’s method (2) is extended. Notice also that we can have ag < a,bgp < b
and ¢ can be chosen as b = cb;.

(b)  Estimate (4) is similar to the sufficient convergence Kantorovich-type criteria for the semi-local convergence
of Newton’s method given by us in [4]. However, the constants by and b are the center-Lipschitz and
Lipschitz constants for operator F (see also part (e)).

(c) Ifset Dy is switched by D1 = D N U(x1, 10 — ||xo — F(x0)||), since D1 C D and the iterates remain
in Dy the results can be improved even further. The corresponding constants to b and by will be at least
as small.

(d)  In view of the proof of Theorem 1, scalar sequence {s, } defined by

ky (Sn - Sn—l)2

sop=0,51 = R,s =5, +
0 791 n+1 n 1_L05n

is also a majorizing sequence for Stirling’s method (2), where

1
ky = ab(c 4 biags, + 5) <L

Sp < ty,

Spa41 — Sn S k1 — I

and
s* = lim s, < t*.
n—oo

(e) Newton's method for Equation (1) is given foralln = 0,1,2,... by

Y1 =Yn — (L= F'(yn)) " (yn — F(yn))-
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Consider, items ¢, Y, Ly, L, Ly, T, bo, b, by, 7o, Do and h, corresponding to c, vy, Lo, L, L1, Tg, by, b, b1,
1o, Do and h respectively as

11— F(x)|| < ¢,
[[To(xo — F(x0))[| <7,
[ITo(F(x) = F'(x0)) || < bollx = xol|,

[[To(F'(x) — F'(y))I| < bllx —yll,
B 1. - -
L=2b(c+ =+ =),by = by,
(c ) 1 0
"o = by,
_— 1
oy’
D() =DnN U(XQ,T()),
and
h=1L;,7< 1
- 1/’)/ —= 2/
where ,
L_l = g(i +4E0 —+ v I2 +8E0i)
The scalar sequence t,, is defined as
_ _ _ _ L(Fiq — )2
tO — O,t — ,?’ tn+2 — tn+] + ( n+1 Vl)

2(1 — Loty 1)

Then, Stirling’s method sufficient convergence criteria, error bounds and information on the uniqueness of
the solution are better than Newton’s method when the "bar” constants and sets are smaller than the non
bar constants. Similar favorable comparison can be made in the local convergence case that follows.

3. Local Convergence

(H1)

(I —F'(x*))~! € L(X, X) and F(x*) = x*.

(H>) There exist y € (0,1),&p > 0 such that for each x € D
[[F(x) = F(x)|| < pllx — x™]]
and
|IT(F'(F(x)) — F'(F(x*)))|| < &ol[F(x) — F(x")Il.
(H3) Let Dy = DNU(x*,Rp),Ro = ﬁ There exists § > 0 such that for each x,y € D
[T« (F'(x) = F'(y)II < ¢llx = yll-
(Ha4)

The ball U(x*, R) is constructed such that U(x*, R) C D, where

1
C (pt3EF

The conditions (H) are used in the local convergence analysis of Stirling’s method (2):

F: D Cc X — X is a Fréchet differentiable operator, and there exists x* € D such that
I, =

7 of 10
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Theorem 2. Suppose that conditions (H) hold. Then, sequence {x, } generated for xo € U(x*,R) — {x*} by
Stirling’s method (2) is well defined in U(x*, R), remains in U(x*, R) for eachn = 0,1,2, ... and converges to
x* € U(x*, R). Moreover, the following inequality holds

&+ 1) lln = x|
1= plolln =

[[xn1 — x| < (16)

Furthermore, if Ry = %, x* is the only fixed point of F on U(x*, Ry).

Proof. We shall show using mathematical induction that sequence {x, } is well defined, remains in
U(x*, R) and converges to x* so that (16) is satisfied. We have by (#1) and (#;) for x € U(x*,R) that

[[F(x) = x*|[ = [|F(x) = F(x*)[| < pllx = x"[| <R,
so F(x) € U(x*, R). Then by (H)

T« (I = F'(F(x))) = Tu|| = |[T.(F/(F(x)) = F'(F(x")))ll (17)
Sol [F(x) = F(x*)[| < opl|x — x7|] < GopuR < 1.

IN

Hence, I'(x) € L(X, X) and

[ITCo) (I = F(E(x))[| < :

. 18
= 1—polol|x — x*|| 18)

In particular, (18) holds for x = x(, which shows that x; is well defined by Stirling’s method for
n = 0. We can write by () that

x1 —x* =xg—x*— (I— F/(F(x0))) " (xo — F(x0)) (19)
(I—F'(F(x0))) '[F(xo) — F(x*) — F'(F(x0))(x0 — x*)]

(1= P (FCxo))) [ (P 4000 — ) — P (F(xo)) (k0 — )],

We get in turn by (H;) and (H3)

ir. | (P 4+ 60— 1)) — F'(F(x0))) (x0 — x°)d6) (20)

IN

1
¢ [ 1" +0(x0 = ) = F(xo)lllx0 — x| |d6
2[IIF(x") — F(xo)ll + 6]} — x*[[1do

&+ 5)llxo — '

IN

IN

Then, by (18)-(20), we get that also
[l = 2| < ||(I - F'(F(x0)))~'T.]

_ S+ Dl — x|

<||xg — x*|| <R,
1 pollwo —x = IR0 = ¥l
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so0 (16) holds for n = 0 and x; € U(x*, R). Switch xp by x; in the preceding estimates, we arrive at
(16). In view of the estimate ||x;, 1 — x*|| < ||xx — x*|| < R, we conclude that limy_,, x; = x* and
X1 € U(x*, R). Let xo = x* in (15) to show the uniqueness part. [J

Remark 2. The local results in the literature use (C2)" and Dj = D. But (Hy) is weaker than (C;)’.
Hence, we extend the applicability of Stirling’s method (2) in the local case too.

4. Numerical Example with Concluding Remarks

In the next example, we compare Stirling’s method with Newton’s method.

Example 1. Let D = X = R. Consider function F on D as

—%x, x <3
F(x) = ix?—%x+3, 3<x<4
I(x-7), x> 4.

Clearly, the quadratic polynomial joins smoothly with the linear parts.

(I) Semilocal case (i). If we choose xy = 3, we see that x; = y; = x* = 0. Moreover, the semi-local
convergence criteria of Theorem 1 are satisfied (with y =0, a9 = % and ¢ = %).
(II) Local convergence criteria of Theorem 2 (with u = %, since the derivative of the quadratic
polynomial satisfies §|2x — 7| < 1 for all x € [3,4]).
(IIl) In Tables 1 and 2 we present some cases in which Stirling’s method stands better than
Newton’s one.

Table 1. Iteration of Newton’s and Stirling’s method with different starting points.

Iteration Newton’s Method  Stirling’s Method

0 3.4975 3.4975
1 —646.501 0.0618766
2 —1.13687 x 10~13 0

Table 2. Iteration of Newton’s and Stirling’s method with different starting points.

Iteration Newton’s Method Stirling’s Method

0 3.5 3.5
1 00 0.0625
2 - 0

In the current study, we have successfully demonstrated our claims on Stirling’s method by
focusing on very classic problems, but in the future we will consider studying other complex problems
such us solving symmetric ordinary differential equations with a more favorable theory.
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