. mathematics ﬁw\o\w

Article

Lattice-Boltzmann Simulations of the
Convection-Diffusion Equation with Different
Reactive Boundary Conditions

Rui Du !, Jincheng Wang 2 and Dongke Sun 3*

1
2

School of Mathematics, Southeast University, Nanjing 210096, China; rdu@seu.edu.cn
State Key Laboratory of Solidification Processing, Northwestern Polytechnical University,
Xi’an 710072, China; jchwang@nwpu.edu.cn

School of Mechanical Engineering, Southeast University, Nanjing 210096, China
Correspondence: dksun@seu.edu.cn

Received: 27 November 2019; Accepted: 17 December 2019; Published: 19 December 2019 ﬁr;,e;gtfeosr

Abstract: We have tested the accuracy and stability of lattice-Boltzmann (LB) simulations of the
convection-diffusion equation in a two-dimensional channel flow with reactive-flux boundary
conditions. We compared several different implementations of a zero-concentration boundary
condition using the Two-Relaxation-Time (TRT) LB model. We found that simulations using an
interpolation of the equilibrium distribution were more stable than those based on Multi-Reflection
(MR) boundary conditions. We have extended the interpolation method to include mixed boundary
conditions, and tested the accuracy and stability of the simulations over a range of Damkéohler and
Péclet numbers.
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1. Introduction

The lattice Boltzmann method (LBM) has been used primarily to solve fluid dynamics
problems [1-4], but it can also be used to approximate solutions of the convection-diffusion equation
for a scalar field C [5],

9;C+u-VC=DV?C. (1)

In this paper we envisage C as describing a reactant concentration that is sufficiently dilute
that it does not affect the flow, but advects and diffuses as a passive scalar in a predetermined
velocity field u. There is a growing interest in geophysical applications involving reactant transport,
where the surrounding solid matrix dissolves or precipitates [6-11]. Typically the time scale for a
significant displacement of the solid-fluid interface is much longer than the characteristic time scales
for momentum or reactant transport, and in such circumstances it is the stationary limit of (1) that is of
most interest.

Lattice-Boltzmann models typically have more degrees of freedom than the macroscopic equations
they are trying to simulate. It is therefore problematic how to establish boundary conditions on the
population densities so as to best satisfy the macroscopic conditions without polluting the solution
with perturbations that, although small on the macroscopic scale, are still significant in a simulation
with limited resolution. There is a trade off between first-order boundary conditions, which maintain
the exact conservation laws [12-15] and higher-order methods [16-19]. In[19], a second-order accurate
treatment of the boundary condition in the LB method is developed for a curved boundary. In a seminal
paper [17], Ginzburg and d’Humieres proposed a general interpolation scheme that incorporated
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several earlier schemes as special cases; the most sophisticated Multi-Reflection (MR) schemes are
more accurate than alternative methods, at least in simple geometries.

A disadvantage of multi-Reflection boundary conditions is that they require several nodes to
implement; up to three in the most accurate cases although two nodes can give accurate results when
coupled with a suitable tuning of the kinetic modes of the LB model [17]. However under certain
conditions it is not possible to find any neighboring fluid nodes and in such cases the interpolation
scheme breaks down [18]; the bounce-back rule is usually invoked for these nodes, but unfortunately
this reduces the accuracy of the global solution to something akin to the bounce-back rule [18].
Higher-order local boundary conditions, which make use of information contained in the kinetic
modes, have been proposed [18,20], but they have not been used very extensively, perhaps because
they are more complicated to implement.

In a Chapman-Enskog analysis, the velocity distribution f,(r, t) is decomposed into an equilibrium
part f;q, which depends on the macroscopic variables, and a non-equilibrium part fq" = fqa— ;q.
Since f; “l depends on gradients of the macroscopic variables, a consistent approximation to the
macroscopic fields can be obtained if the non-equilibrium distribution is evaluated at one order lower
(in gradients of the macroscopic variables) than the equilibrium distribution. Since the equilibrium
distribution can be determined at the solid-fluid boundary, there is an additional node for interpolation,
so that only a single fluid node is required as in the case of the bounce-back rule itself. This idea
underpins several different improvements to the bounce-back rule [21-23]; in this paper we focus on
the first implementation [21], which proves to be the most stable.

The convection-diffusion equation is difficult to solve numerically because the Péclet number
for reactive transport on a length scale I, Pe = ul/D, is typically three orders of magnitude larger
than the corresponding Reynolds number Re = ul/v. Thus the stability of the numerical scheme
is of paramount importance for an efficient implementation. Lattice-Boltzmann schemes have the
advantage that errors due to numerical dispersion are eliminated, but since the method is explicit it is
impossible to ensure stability at high flow rates as the standard upwind finite difference methods do.
In this paper we assess the accuracy and stability of the TRT LB model in a simple geometry, to test
the accuracy and stability of different implementations of the boundary conditions. We focus on MR
schemes for scalar transport [24] and an interpolation of the equilibrium distribution (EQI) along the
lines of Refs. [21,25].

This paper is organized as follows. In Section 2, the TRT lattice Boltzmann model for the steady
convection-diffusion flow is introduced. The non-equilibrium extrapolation method for the convection
is proposed for the Dirichlet or mixed boundary conditions in Sections 3 and 4. This method combined
with finite difference method is easy to implement and can be used for stationary and moving boundary.
To demonstrate the numerical accuracy and stability, the steady convection-diffusion flow in long
channel is carried on in Section 5. From the simulation results, good agreement with the analytic
solution can be seen and this method is of better stability for high Pe number compared to the methods
by Ginzburg. Section 6 has a short conclusion of the paper.

2. TRT Model

Lattice Boltzmann models are defined by a set of Q velocities ¢;, (9 = 0,1,...,Q — 1), with
displacements b; = c;h that are basis vectors of a crystallographic lattice; here £ is the time step of
the LB update. The TRT model is a subset of the Multi-Relaxation-Time (MRT) LB models, which
maintains the accuracy of MRT LB but with a significantly simpler collision operator. At steady state
the TRT equation for the populations f;(r) is [17]

falrg) = f(r) = fo(r) + A+f;eq'+(”) +ATf (), 2)
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where 7 is the post-collision distribution, ¥ = r + ey, fi°7 = f, — £21, and £, is the equilibrium
q I3 q 9 Jq 9= Jq q q
distribution. The symmetric and anti-symmetric populations are given by

f=5Uath), €)

N~

with ¢; = —¢;. At steady state fgeq =0[26], and fy = fgq = toC.
The steady-state convection-diffusion equation is most accurately simulated with a linear
equilibrium distribution of the form

eq u- Cq
fil =t (1+=51), @

where C(r) is the concentration field and u(r) is the imposed velocity field; for a grid spacing of b,

¢ = b/h. The parameter « typically takes the value « = 1/3, but it can be reduced to increase the range

of stability, subject to the limitations indicated in Table 1. In general the velocity field is found from an

independent simulation, but in this investigation we impose a Poiseuille-flow profile in a channel of

width H, uy(y) = 4ugy(H — y)/ H?; the Péclet number is based on the average velocity in the channel
- ZuoH

Pe = 3D 5)

LB simulations of time-dependent convection-diffusion include a non-linear term in the
equilibrium distribution to eliminate second-order errors in the evolving concentration field. However,
this contribution actually introduces a second-order error in the steady-state solution, where the
time-scale separation assumed in the Chapman-Enskog expansion is no longer entirely valid [27].

The coefficients t; (Table 1) must satisty the following sum rules to obtain the correct
macroscopic behavior:

Yot =1, (6)

q

thcq,icq,j = 0CC251']',
q
4
thcq,icq,jcq,kcq,l = Ac (5ij§kl + 5ik‘sjl + 51'15]']().
q
Table 1. Coefficents t; for various LB models. The weights for the different speeds are shown for

each model, together with the largest possible value of &, 0 < & < a4y and the coefficient of the
fourth-order isotropic term A.

Model to t1 t\fz t\/g ®max A
DIQ3 1-a ia 1 %a
D2Q7 1-2a %a 3 3w
D2Q9 1-— %oc 0 %a % %oc
D3Q15 1-4a ia O I T
D2Q19 1-2x za {5« 3 3

The first two moments of f;q are:
Yfa=L 0" =C Y fyeqg =Y fy'eq = uC, @)
q q q q

while for mass-conserving collisions }, f,;l “=0.
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The macroscopic behavior (at steady state) can be found from a Taylor expansion of Equation (2)
about r, which leads to a hierarchy of moment equations, which are truncated systematically at order h*:

h? w3
IV i+ V'V iy + o VVV my +O(h*) = ATy =0, 8)
hZ
hV~m2+5vvzm§ﬁ+(9(h3) = A" m), )
WV -my + O(h?) = At my . (10)
The moments m, = Y, focj can be separated into equilibrium O(1) and non-equilibrium

O(h) contributions. Substituting explicit expressions for the equilibrium moments (4) and solving
Equation (9) for m?eq we obtain the convection-diffusion equation with second-order errors:

r

V - (uC) = DV?C — h2c? <A+A— -5

) V2V - (uC) + O(h3), (11)
where AT = —(1/A* +1/2) and D = aA~hc?. The steady-state solution is third-order accurate if
A = ATA~ =1/12 and second order otherwise.

The location of the solid-fluid boundary depends on A%, but for bounce-back and related
boundary conditions the macroscopic fields are independent of A = AT A~ if the product A = ATA~
is held fixed [17,24]. Although there is no single value of A that ensures that even planar boundaries are
located in exactly the correct place, the choice A = 1/4 gives a near optimum boundary condition for
arbitrary geometries [17,24]. It is possible to solve for the steady-state concentration field directly [28],
but here we use standard time-stepping algorithm to reach the steady solution.

3. Dirichlet Boundary Conditions

We have tested different implementations of a Dirichlet boundary condition for reactive transport
in a two-dimensional channel flow. The focus is on the accuracy and stability of the simulation when

the grid Péclet number,
2u0b

Peg = ﬁ, (12)
is larger than 1. The concentration profile at the inlet is Gaussian,
(y — H/2)?
C(0,y) = exp [— 52 , (13)

with ¢ = 0.1H; this eliminates singularities in the concentration field at the corners of the channel.
At the outlet we implement a no-flux condition 0,C = 0, but the system is always sufficiently large so
that the concentration at the outlet was entirely negligible. We have investigated the “anti-bounce-back”
(ABB) rule [24], 2nd and 3rd order implementations of the Multi-Reflection boundary condition [24],
and an interpolation of the equilibrium distribution [21].

A typical set of results is illustrated in Figure 1 which shows the concentration profile across the
channel a short distance from the inlet. The channel width is set to 10 grid points, H = 115, and the
channel boundaries are placed at different locations with respect to the fluid grid. At sufficiently high
Péclet numbers axial diffusion can be neglected and the concentration profile can then be approximated
by a series solution that converges very rapidly away from the inlet. However, for Pe < 100, axial
diffusion is not entirely negligible so we have used a high resolution (H = 160b) simulation for our
“exact” results; we verified that this solution approaches the analytic series expansion in the limit
of large Péclet number (i.e., Pe > 100). As expected the ABB rules are only accurate when q = 0.5,
whereas interpolated boundary conditions (2nd, 3rd, NE) are more or less independent of the location
of the boundary. There is a small, O(b/ H)?, error in both second-order methods (2nd and NE) near
the centerline, while the 3rd-order method has a significantly smaller error.
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Figure 1. Concentration along the transverse (y) direction at x* = x/H = 0.5 and Pe = 10; the
parameter « = 0.5. Each panel shows results from numerical simulations for a channel width H = 11b
(solid symbols), with different implementations of the boundary conditions: (a) Anti-Bounce-Back
(ABB), (b) 2nd-order Multi-Reflection (2nd), (c) 3rd-order Multi-Reflection (3rd), (d) Extrapolation of
the non-equilibrium distribution (NE). The solid symbols indicate different displacements (bJ) of the
left channel wall from the nearest fluid nodes: § = 0.25 (squares), § = 0.5 (triangles), § = 0.75 (circles),
and 6 = 1.0 (diamonds). The exact solution is shown by the solid line.

Surprisingly, at larger Péclet numbers (Pe = 100) there are significant errors in the 3rd-order
solution near the centerline, as illustrated in Figure 2; on the other hand the second-order solutions
maintain a similar accuracy at the higher Péclet number. The error in the 3rd-order boundary condition
is reduced by taking A = 1/12, which makes the LB model third-order accurate in the bulk (11) as well
as at the boundary. Since the largest error in concentration is in the middle of the channel, in Figure 3
we plot the centerline concentration as a function of the axial coordinate x* = x/H. At the lower Péclet
number all three methods produce similar results, with the 3rd-order method being the most accurate,
but at Pe = 100 only the non-equilibrium extrapolation (NE) produces an accurate result near the inlet.

Large errors near the inlet at high-Péclet numbers may be connected to the onset of an instability in
the evolving concentration field. Figure 4 shows an approximate stability diagram, delineating regions
where stable solutions can be obtained for different values of & (4). The 3rd-order Multi-Reflection
boundary condition is the least stable in these simulations, never quite reaching a grid Péclet number
Peg = 10; simulations with Pe = 100 in a channel of width 11b are therefore at the margin of stability.
The 2nd-order MR and ABB methods are more stable, with maximum grid Péclet numbers of 18 and
15 respectively; again the stability is insensitive to the choice of . However, the NE method reaches
a much higher grid Péclet number Pe; = 75 when « is sufficiently small (« = 0.025). Thus the NE
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boundary condition appears to be the most suitable for high-Péclet transport; we will focus on this
method in subsequent sections.

0.6 ° 1 06
o A=1/4 A=1/12
0.5r 4
04}
©
03f
0.2}
— Exact Solution
0.1} & 2nd
O 3rd #
0
0 ‘ _NE ‘ ‘ 0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
y* y*
Figure 2. Centerline concentration along the transverse (y) direction at x* = x/H = 2.5 and

Pe = 100; the parameter & = 0.08. Numerical simulations for a channel width H = 11b, with
different implementations of the boundary conditions, are compared with the exact solution (solid line):
2nd-order MR (triangles), 3rd-order MR (circles), and extrapolation of the NE distribution (diamonds).
The offset in the channel was § = 0.5 in each case.

1.0 .
—— Exact Solution
A 2nd
1 O 3rd I 1.5F
081 o NE

Figure 3. Centerline concentration (y* = 0.5) for a channel width H = 11b at Pe = 10 (left) and
Pe = 100 (right); « = 0.5 at Pe = 10 and « = 0.08 at Pe = 100. The symbols indicate the different
implementation of the boundary conditions, as indicated in the legend, and the solid line is the
analytic solution.

80

701

60

0 0.1 0.2 0.3 0.4 0.5

Figure 4. The maximum grid Péclet number, Pe*, obtained with different implementations of the
boundary conditions. The stable region (below the line) is illustrated as a function of a (4).
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4. Mixed Boundary Conditions

The general form for the reactive boundary condition with linear reaction kinetics is
Dn-VC =kC, (14)

where n is the surface normal pointing into the fluid and k is the reaction rate constant. A general
implementation of these boundary conditions has been derived based on the Multi-Reflection boundary
conditions [24], but since these are less stable than the extrapolation method [21] we will not consider
them further. Alternative interpolation schemes [22,23] will reduce to the anti-bounce-back rule when
6 = 1/2; thus they will also be unable to reach grid Péclet numbers in excess of 20.

The boundary condition is implemented in two stages; first the concentration at the boundary
satisfying (14) is calculated by finite difference followed by an implementation of the Dirichlet
boundary condition with that concentration [25]. Along the direction of the link g, pointing towards the
solid surface (Figure 5), the concentration gradient can be approximated by a first-order finite difference

Cy—Cs

+ O(b), (15)
where &; = ¢;4/¢cq is a unit vector along g and b¢ is the distance between the fluid node xf and
the boundary node x;. Substituting into the boundary condition (14) gives an expression for the
concentration at the boundary

Cr

Cp=—t——
" T 1= 6Dag/n- ¢

+ O(b), (16)

where Dag = kb/ D is the grid Damkdhler number. Alternatively, a second order finite difference yields

 (140)%C - 8Cyy
~ 1+26—62(1+6)Dag/n- ¢,

Cp +0(%); (17)

in these formulas 7 - &g <0.

" ¥

-

Boundary

Figure 5. Illustration of the non-equilibrium extrapolation (NE) boundary condition [21]. The thick
solid line indicates the boundary between solid (open circles) and fluid (solid squares) domains. The
boundary conditions are evaluated at the intersections of the velocity vectors (for example ¢4, ¢7) and
the boundary surface (solid circles).

An implementation of a no-slip boundary condition [21] can be adapted to LB simulations of the
concentration field. If (for example) the velocity vector ¢; from the node labeled f (Figure 5) crosses
the solid surface at r, = r¢ + byd, then the boundary condition is required to provide a value for
the population f;(rs). If we imagine a ghost node inside the solid at s = rf + b, (Figure 5), then
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the population f;(rs) will be transferred to r; by the streaming step. The equilibrium distribution
f;q (rs) = f;q(Cs, u(rs)) is determined by interpolating the concentration field [21],

Clr) = 2= u gé)c(rf), (18)

where Cy, is found from (16) or (17). In our applications the velocity inside the solid phase u(rs) = 0,
but for solid particulates it could be non-zero due to the translation and rotation of the particles. To
avoid numerical instability when § < 1 an alternative interpolation is used for small 6,

2C, — (1=96)C
clrp) = 2 (1+5) (rsr) 19)

We make the transition from (18) to (19) at § = 0.75 [21].
The non-equilibrium contribution is obtained by extrapolation,

f70Gg) = £ (rp), (20)

making use of the fact that "7 is proportional to VC and is therefore one order higher in b than
f% o« C. Equation (20) is therefore sufficient for a second-order approximation to f;. An alternative
implementation of the same idea is non-equilibrium bounce back f; “r f) ==+ fa iV (r ¢) with a plus
sign (bounce-back) for the no-slip condition [22] or a minus sign (anti-bounce-back) for a concentration
boundary [14]. Our numerical tests indicate a strong preference to extrapolation over bounce-back
from the point of view of stability.

5. Numerical Tests with the Mixed Boundary Condition

Secondly, we take the simulation of the convection flow with mixed boundary condition on the
top and bottom walls. The boundary conditions of the problem can be described as follows:

]/:H,O<X<L:_ a£:krc,
dy
aC
y:O/0<x<L1D@:erI
x=0,0SySH:C:e*Dﬂ(y*H/Z)Z/
oC
=L < <H:—=0.
g O=ys ox 0

The Damkohler number (Da) is defined as k,H/D which indicates the relative strength of the
reaction to diffusion.

Here, we take the NE method for the simulations. On the reactive boundaries, the finite difference
method is used. For this problem on the reactive boundary, the concentration C, is approximated by
the first order finite difference (FD):

DaAy

Co=Cr/(1+ ) 1)

To improve the accuracy, we can use second order FD:

- 4C—-C
Co= Lt (22)
34252

In the numerical simulations, the domain size 101 x 11 lattice unit spacings for Pe = 10 and
501 x 11 lattice unit spacing for Pe = 50. In Figure 6, the concentration at x* = 0.1, 0.25 is plotted along
y-axis with Pe = 10 and Da = 0.1 and 1 by different FD method in non-equilibrium extrapolation
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method. From the figures, we can see that the second order FD in NE method is better than the first
order one. The concentration on the top boundary at x* € [0, 1] is shown in Figure 7. From the figures
we can see the TRT model with NE method are agree with the analytic solution. And the second order
FD is better than the first order FD method.

0.96

0.98} 0.955F

0.95F
0.945F

0.971
O 0.94r

0.961

0'950 02 04 06 038 1 9% 02 04 06 08 1
y>l< y*
Figure 6. Concentration along y-axis at different x with Pe = 10, Da = 0.1 and H = 10. The line is the
analytic solution, ‘A’ is by the first order FD and ’e’ is by the second order FD.

1 ‘ ‘ ‘ ‘ 0.8,

0.7

0.61

0.51

]

0.4

0.3

0.2

.7 . L L . 0.1
0.75 0
x* x*

Figure 7. Concentration on the top boundary at x € [0, 1]. The line is the analytic solution, ‘A’ is by the

first order FD and ’e’ is by the second order FD.

To demonstrate the accuracy of the non-equilibrium extrapolation method with different finite
difference method, the relative error on the top or bottom boundary (BRE) is defined as

ICLB — Canatyticl2
H Cunalytic ”2

BRE =

In Table 2, the relative error on reactive boundary are listed with different Pe number and Da
number. From the Table, we can see that the second order finite difference is also better than the first
order FD method.
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Table 2. The boundary relative error with different Pe number and Da number with H = 10.

Pe « Da Finite Difference Method BRE
10 05 0.1 First order FD 3.6532 x 1073
Second order FD 1.3245 x 1073
1.0 First order FD 1.3200 x 101
Second order FD 3.9277 x 1073
50 02 0.1 First order FD 8.30682 x 1073
Second order FD 3.6795 x 103
1.0 First order FD 3.6578 x 1072
Second order FD 1.6095 x 102

10 of 12

0 01 02 03 04 05
o

Figure 8. The maximum grid Pe number Pe* corresponding to a with different Da number by first
order FD method.

To demonstrate the stability of NE method. We calculate the maximum grid Peclet number Pe*
with different Da and «. The width of the channel H is 10. The figures are plotted in Figure 8, and it is
shown that the Da number has little influence on the stability. The smaller «, the better stability. And
maximum Pe* can reach 40.

6. Conclusions

In this paper, we have proposed a non-equilibrium extrapolation method in TRT model for
simulating convection-diffusion flow with a reactive boundary condition. The Dirichlet and mixed
boundary conditions have been analyzed. Like the method by Guo, the main point is to obtain the
particle distribution function on the boundary. In NE method, it is important to get the physical
quantities on the boundary. For the reactive boundary, that is mixed boundary conditions, finite
difference is used and it is easy to construct the particle distribution function.

We have verified the accuracy of the NE method with TRT through a comparison with the analytic
solution for the convection-diffusion flow in the long channel. From the simulation results, it is in
good agreement with the analytic solution. Furthermore, it is of better numerical stability for high Pe
numbers, both Dirichlet and mixed boundary conditions, compared with the methods by Ginzburg.
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