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Abstract

:

In this work, we present an overview of uniqueness results derived in recent years for the quantization of Gowdy cosmological models and for (test) Klein-Gordon fields minimally coupled to Friedmann-Lemaître-Robertson-Walker, de Sitter, and Bianchi I spacetimes. These results are attained by imposing the criteria of symmetry invariance and of unitary implementability of the dynamics. This powerful combination of criteria allows not only to address the ambiguity in the representation of the canonical commutation relations, but also to single out a preferred set of fundamental variables. For the sake of clarity and completeness in the presentation (essentially as a background and complementary material), we first review the classical and quantum theories of a scalar field in globally hyperbolic spacetimes. Special emphasis is made on complex structures and the unitary implementability of symplectic transformations.
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1. Introduction


As it is well known, the quantization of systems with field-like degrees of freedom involves choices that generically lead to inequivalent theories within the standard Hilbert space approach [1]. In contrast with the situation found for mechanical systems with a finite number of degrees of freedom, where the Stone-von Neumann theorem guarantees the unitary equivalence between strongly continuous, irreducible, and unitary representations of the Weyl relations [2], in quantum field theory no general uniqueness theorem exists and “physical results” depend on the representation adopted, a fact that brings into question their significance. So, in order to regain robustness in the quantum predictions, one has to look for physically plausible additional criteria, usually based on the classical symmetries of the system, to warrant uniqueness. For instance, in background independent quantum gravity [3,4,5,6,7] the requirement of spatial diffeomorphism invariance provides a unique representation of the kinematical holonomy-flux algebra [8]. For field theories in Minkowski spacetime, the criterion of Poincaré invariance is employed to arrive at a unique representation. For example, if the field theory corresponds to a Klein-Gordon (KG) field, Poincaré invariance, adapted to the dynamics of the considered theory, selects a complex structure, which is the mathematical object encoding the ambiguity in the representation of the canonical commutation relations (CCRs), and determines the vacuum state of the Fock representation. In more general but still stationary spacetimes, the time translation symmetry is exploited to formulate the so-called energy criterion and then single out a preferred complex structure [9,10], determining a unique (up to unitary equivalence) Fock representation. However, when the symmetries are severely restricted, as it is the case for generic spacetimes or manifestly non-stationary systems, new requirements must be imposed to complete the quantization process.



In addition, let us remark that the issue of uniqueness not only concerns the choice of a privileged representation of the CCRs, but also the choice of a preferred set of classical fundamental variables. Indeed, since classical canonical transformations will not all become into unitary transformations, there are different fundamental variables giving rise to inequivalent quantum theories [11].



An interesting system, with applications in cosmology, is that of a scalar field with time dependent mass (or, equivalently, subject to a time dependent quadratic potential) propagating in a spatially compact, static spacetime. More precisely, let us consider a scalar field  ψ  obeying an equation of the form


   ∂ t 2  ψ − Δ  ψ + s  ( t )  ψ = 0 ,  



(1)




in a static spacetime manifold with topology   I × Σ  , where  I  is an interval of the real line,  Σ  is a compact Riemannian surface of dimension   d ≤ 3  ,  Δ  is the Laplace-Beltrami (LB) operator on  Σ , and   s ( t )   is a sufficiently regular function of the time t. Since this system is manifestly non-stationary, given the time dependence of   s ( t )  , neither the Poincaré nor the energy criteria can be used to specify a unique favored quantization, and it is then necessary to seek for extra requirements in order to complete the quantization. Remarkably, as it has been shown in Refs. [12,13,14,15,16,17], one can demand that



	(1)

	
the vacuum state be invariant under the isometries of the spatial manifold  Σ ,




	(2)

	
the dynamics dictated by the field Equation (1) be unitarily implementable,







In order to single out a unique preferred Fock representation for the system. Notably, these combined criteria of symmetry invariance and of unitary dynamics select a unique preferred field description as well, specifying (in a certain context) a canonical pair of field variables, so that they actually remove the two kinds of ambiguities present in the quantization of the field system. To attain this uniqueness result, it suffices that   s ( t )   be twice differentiable and with a second derivative that is integrable over each compact subinterval of the time domain  I .



It is worth remarking that there is a variety of interesting situations where the study of scalar fields with time dependent mass finds application in cosmology. For instance, in the framework of symmetry reduced models in gravity, one can see that in (linearly polarized) Gowdy cosmological spacetimes [18], which are the simplest inhomogeneous, empty, spatially closed cosmological models, the local degrees of freedom characterizing the inhomogeneities can be described in terms of scalar fields obeying equations of the form (1) [12]. Specifically, for Gowdy cosmologies with the topology of a three-torus, the wave equation corresponds to a scalar field with time dependent mass propagating in a static   ( 1 + 1 )  -dimensional fictitious spacetime, for which the spatial manifold  Σ  is a circle [12,19,20,21,22,23]. For the three-sphere and the three-handle, which are the remaining two possible spatial topologies in the Gowdy models, the local gravitational degrees of freedom are described by an axisymmetric KG field with time dependent mass in a static   ( 2 + 1 )  -dimensional auxiliary spacetime, such that the spatial slices are two-spheres [24,25,26]. Let us recall, in addition, that in non-stationary scenarios like those encountered in cosmology, it is customary to scale the field configurations by time varying functions when one allows that part of its evolution be assigned to the time dependent spacetime in which the propagation takes place. This is the situation found for free fields in (e.g.) Friedmann-Lemaître-Robertson-Walker (FLRW) universes, and in de Sitter spacetime, where the use of conformal time combined with a scaling (by the time dependent conformal factor) of the original field variable transforms the original free field equation into an equation of the form (1). This type of scaling and field equation are found in the treatment of quantum perturbations in cosmology, with the homogeneous background kept as a classical scenario (see, for instance, Refs. [27,28,29,30,31]), as well as in the full quantization of inhomogeneous models via the hybrid approach [32], where a loop representation is adopted for the homogeneous gravitational sector and a Fock quantization is used for the inhomogeneities. (See also Refs. [33,34] for more applications of these type of techniques, in cosmology and in multidimensional gravity.) Thus, apart from the general interest that the quantization of KG systems (1) may have within the formal and mathematical physics apparatus of quantum field theory in curved spacetime, the exploration of this mathematically rigorous approach and the possible quantum outcomes have an important impact in the arena of modern cosmology.



Let us emphasize that the specification of a complex structure (compatible with the symplectic form) is a key ingredient in order to attain a Fock quantization; in fact, it is from a complex structure that a Fock space representation of the CCRs is constructed [1,35,36], since the relevant information on the choice of annihilation and creation-like variables is encoded in the complex structure. In turn, a choice of annihilation and creation operators selects a specific vacuum, which is typically the particle physics perspective on how to select a specific Fock representation of the CCRs (or, strictly speaking, of the corresponding Weyl relations). In general, distinct complex structures will define different (i.e., not unitarily equivalent) Fock representations. Recall that the choice of a complex structure with physical content is by no means a straightforward process, and for a general spacetime, or a manifestly non-stationary system, there is a priori no criteria to select one. In the absence of stationarity, and specifically in the case of a scalar field with generic time varying mass (1), a natural strategy is to look for compatible complex structures allowing for a unitary implementation of the spatial symmetries. The simplest choice is the compatible complex structure   j 0   associated with the free massless field representation, which in the space of Cauchy data for the field and its momentum,   ( φ , π )  , reads explicitly as    j 0   ( φ , π )  =  ( −   [ − h Δ ]   − 1 / 2   π ,   [ − h Δ ]   1 / 2   φ )   , where h is the determinant of the induced metric   h  a b    (  a , b = 1 , 2 , 3  ) on the (Cauchy) spatial section  Σ . This compatible complex structure, while constructed from the LB operator (and h), commutes with the isometries of the spatial manifold  Σ  and, consequently, defines a Fock representation that is invariant under these symmetries. (Invariance of the Fock representation refers to the invariance of the vacuum state.) Though the invariance requirement reduces the set of admissible Fock quantizations, it should be stressed that (in general) there is still a plethora of invariant Fock representations that are not unitarily equivalent, and additional criteria must then be imposed in order to specify the quantization. A natural extra requirement is to demand that the symplectomorphisms that dictate time evolution be mapped into unitary operators in the quantum theory. Indeed, although time translation symmetry is broken, it seems quite reasonable to retain unitary time evolution, by minimally relaxing the requirement of invariance under the evolution and replace it with the weaker condition that the dynamics be unitarily implementable. The aim of this requirement is to grant a privileged role to those representations (if there exist) preserving the standard probabilistic interpretation of the quantum theory, including the evolution of the observables, and thus ensuring the availability of the Schrödinger picture. Notably, as mentioned earlier, the unitarity requirement suffices to single out a unique (up to unitary transformations) preferred invariant Fock representation for the scalar field (1), namely the   j 0  -Fock representation. Moreover, the criteria of symmetry invariance and of unitary dynamics pick up a unique (modulo irrelevant constant scalings) preferred field description for the system. In total, the uniqueness result reads as follows. Up to irrelevant constant scalings and unitary transformations, there is a unique field description, the  ψ -description, that admits a family of invariant Fock representations with unitary dynamics. This family is formed by representations that are all equivalent among them, and the   j 0  -Fock quantization is a member of this family.



The combined criteria of invariance under spatial symmetries and of unitary dynamics were introduced for the first time in the quantization of Gowdy cosmological models [19,20,22,23,26], just after the reasons for the failure of unitarity in the Gowdy   T 3   model reported in Refs. [37,38] were understood [39]. The criteria were then successively applied to KG fields with time dependent mass defined on the circle [12], on the three-sphere [13,14,15], and, after a notable generalization, on spatial manifolds of arbitrary compact topology in three or less dimensions [16,17]. This comprises the relevant cosmological case (inasmuch as spatial flatness is favored by current observations [40,41,42]) of compact sections with three-torus topology [43,44,45]. Apart from addressing the uniqueness of the quantization of free real scalar fields in FLRW spacetimes [13,14,15,43,44,45], the criteria were successfully employed to remove the ambiguities in the quantization of free (test) KG fields minimally coupled to a de Sitter background [46], as well as in anisotropic Bianchi I spacetimes [47]. It is worth remarking that the criteria of invariance and of unitarity have also been fruitfully exploited to single out a unique preferred quantum description for fermion fields in cosmological scenarios [48,49,50,51,52,53,54,55].



In this work, we overview the uniqueness results obtained by us and our collaborators for the quantization of Gowdy cosmological models and free scalar fields minimally coupled to cosmological backgrounds, more concretely for KG fields propagating in FLRW, de Sitter, and Bianchi I spacetimes. The presentation follows the historical timeline in which these results were deduced, so that a posteriori generalizations will not be included nor discussed. For the sake of clarity and completeness, we first provide a brief introduction to the classical and quantum theories of a scalar field in a globally hyperbolic spacetime. More specifically, the paper is divided in two parts. The first one, which comprises Section 2 and Section 3, contains a general discussion of the classical theory of a real scalar field (Section 2) and its quantization (Section 3). These Sections pay a special attention to the definition of a complex structure on phase space, the specification of basic observables, the analysis of classical and quantum time evolution, and the role that complex structures have in the construction of a quantum theory on a Hilbert space (both from the covariant and the canonical perspectives). The   j 0  -Fock representation for a scalar field with time dependent mass is summarized at the end of the first part. The second part of the work is entirely dedicated to an overview of the uniqueness results obtained by imposing the criteria of invariance under spatial symmetries and of unitary implementability of the dynamics, applied to the quantization of Gowdy models and (test) KG fields in cosmological spacetimes. The quantization of Gowdy models is discussed in Section 4. The quantization of (test) scalar fields propagating in FLRW, de Sitter, and Bianchi I spacetimes is presented, respectively, in Section 5, Section 6 and Section 7. We will end with a summary of our results in Section 8. In what follows, we consider   c = ℏ = 1  .




2. The Classical Setting


This Section contains some background material. The Section has three parts. In the first one, we review some key aspects about complex structures. Complex structures play a central role not only in the quantization of scalar field theories, but also in the quantization of other linear field theories (like e.g., the Maxwell and Dirac fields [48,49,50,51,52,56]), as well as finite dimensional mechanical systems. In fact, complex structures have been employed in mechanical systems to specify (in an appropriate limit) a polymer quantum mechanics [57], which is a non-standard representation of the finite dimensional CCRs where the Stone-von Neumann uniqueness theorem is simply not valid because of the lack of strong continuity. In the second part of this Section, we outline the classical theory of a KG field propagating in a globally hyperbolic spacetime. In particular, we introduce the canonical and covariant phase space descriptions, the basic observables, and the symplectomorphisms that dictate time evolution. We discuss the role played by compatible complex structures on phase space, their evolution in time, and how complex structures on the covariant and canonical phase spaces are related. In the third and final part of this Section, we consider the case of a (test) massive scalar field in FLRW spacetimes and the scaling of the field with respect to the scale factor of the metric. Complex structures for the original and the scaled field are provided explicitly.



2.1. Complex Structure: Definition and Some Key Results


Let us start by defining the notion of complex structure [58,59]. Let V be a real vector space. A complex structure on V is a linear isomorphism   J : V → V   such that    J 2  = − I  , with I being the identity map on V.



Consider first a real, finite dimensional vector space V. Since   det   J 2   =   ( − 1 )   dim V   > 0  , we conclude that a complex structure can be specified on V only if it is even dimensional. In addition, we notice that a complex structure on a vector space V (not necessarily finite dimensional) splits it into two complementary vector subspaces. For definiteness, let us take   dim V = 2 m  . Then, it can be shown that there exists m linearly independent vectors   e i   (  i = 1 , ⋯ , m  ) such that   e i   and    e  m + i   = J  e i    form a basis set for V; that is, there exist m-dimensional vector subspaces   V 1   and   V 2   of V spanned by   e i   and by    e  m + i   = J  e i   , respectively, and such that   V =  V 1  ⊕  V 2    with    v 2  = J  v 1    for all    v 1  ∈  V 1    and    v 2  ∈  V 2   . The set of the m linearly independent vectors   e i   used to construct a basis of V with J is by no means unique, so the splitting is not canonical. For instance, the m-dimensional vector subspaces   V 1 ′   spanned by    e i ′  =  (  e 1  ,  e 2  , . . . , J  e m  )    and   V 2 ′   spanned by    e  m + i  ′  = J  e i ′    provide a distinct splitting   V =  V 1 ′  ⊕  V 2 ′   .



A key feature of complex structures is that they allow to specify “multiplication by i” on V, and hence endow the space with a structure of complex vector space. Explicitly, the real linear operation   ( a + i b ) v = a v + b J v   defines multiplication by complex numbers   ( a + i b )   on V. It is a simple matter to check that this multiplication rule transforms V into a complex vector space. In addition, it is worth pointing out the close relationship between the introduction of the mapping J and the complexification of V,    V C  = V ⊕ i V  . From V and J, we construct the complex linear spaces


   V J ±  =   v ±   |   v ±  =   1 2    ( v ∓ i J v )   ,  v ∈ V  .  



(2)







By taking the direct sum of these two spaces, we get the complex vector space    V J +  ⊕  V J −   , the elements of which can be written as   (  x +  +  y −  )  , with   x +   in   V J +   and   y −   in   V J −  . A direct inspection shows that    V J +  ⊕  V J −    turns out to be the same as   V C  , so that the complex vector spaces defined in Equation (2) provide a splitting for the complexification of V. Besides, notice that every v in V can be decomposed as   v =  v +  +  v −   , with    v ±  ∈  V J ±   . Clearly, different complex structures will lead to distinct splittings for   V C   and, consequently, to different decompositions for   v ∈ V  . By extending the action of J from V to   V C   by complex linearity, we obtain that   v +   and   v −   are eigenvectors of J with eigenvalues i and   − i  ,


  J  v +  = i  v +  ,  J  v −  = − i  v −  .  



(3)







Given another complex structure, say   J ˜  , its eigenvectors will satisfy relationships (3) with J replaced with   J ˜  . The eigenvectors of   J ˜   and J are related by     v ˜  ±  =  v ±  ±   i 2    ( J −  J ˜  )  v  .



Let us equip now the vector space V with a symplectic form. That is, a two-form  Ω  which is (i) closed (i.e.,   d Ω = 0  ) and (ii) non-degenerate [i.e., if   Ω ( v , w ) = 0   for all vectors   v ∈ V  , then   w = 0  ]. The space V equipped with a symplectic form  Ω  is called a symplectic vector space   ( V , Ω )  . Suppose that V can be identified with    R   2 m   , with coordinates   {  (  x 1  , ⋯ ,  x m  ,  y 1  , ⋯ ,  y m  )  }  . The standard (also called canonical) symplectic form is then given by   Ω =  ∑  i = 1  m  d  x i  ∧ d  y i    [58]. Equivalently, the standard symplectic form defines a skew-symmetric bilinear function on V [1],


  Ω : V × V → R ,   (  v 1  ,  v 2  )  ↦ Ω  (  v 1  ,  v 2  )  =  ∑  i = 1  m   (  y  1 i    x  2 i   −  y  2 i    x  1 i   )  ,  



(4)




where   (  x  K 1   , ⋯ ,  x  K m   ,  y  K 1   , ⋯ ,  y  K m   )   are the coordinates of    v K  ∈ V  , and   K = 1 , 2  .



For a typical mechanical system, the space of classical states corresponds to the cotangent bundle    Γ c  =  T *  C  , with the configuration space C being described, say, by variables   {  (  q 1  , ⋯ ,  q m  )  }  , whereas the fibers   T q *   at   q ∈ C   are coordinatized by the momentum variables   {  (  p 1  , ⋯ ,  p m  )  }  . The phase space of the theory corresponds to the symplectic space   (  Γ c  , Ω )  , where  Ω  is the canonical symplectic form on   Γ c  ,   Ω =  ∑  i = 1  m  d  q i  ∧ d  p i   . In the special case that C be itself a vector space, it follows that the phase space   Γ c   is a linear space that can be isomorphically identified with   Γ =  R  2 m    , as we did above.



Let us now abandon the restriction of finite dimensionality, and consider infinite dimensional symplectic linear spaces   ( V , Ω )   as well. For instance, the phase space of a free KG field in a globally hyperbolic spacetime can be described (in the canonical approach) by the symplectic vector space   ( Γ , Ω )  , where  Γ  is the (infinite-dimensional) linear space coordinatized by the configurations and momenta of the field,   { ( φ ( y ) , π ( y ) ) }   where   y ∈ Σ  , and  Ω  is the canonical symplectic structure thereon,


  Ω  (    ( φ , π )  1  ,   ( φ , π )  2   )  =  ∫ Σ   (  π 1   φ 2  −  π 2   φ 1  )    d 3  y .  



(5)







A particularly important class of complex structures, establishing a relation between complex manifolds and symplectic geometry, is the class of the so-called  Ω -compatible complex structures. Let   ( V , Ω )   be a real symplectic vector space. A complex structure J on   ( V , Ω )   is said to be compatible with  Ω  if it is a symplectic map (i.e.,    J *  Ω = Ω  ) and   Ω ( J v , v ) > 0   for all non-zero   v ∈ V   (see, for instance, Ref. [58]). We denote the set of complex structures on V compatible with  Ω  by   J ( Ω , V )  .



Let J be a complex structure on the real symplectic vector space   ( V , Ω )  , and suppose that J is a symplectic map thereon. Let us consider the complexification of V. By extending the actions of J and  Ω  from V to   V C   by complex linearity, it is not difficult to verify that


  Ω  (  v +  ,  w +  )  = 0 ,  Ω  (  v −  ,  w −  )  = 0 ,  Ω  (  v −  ,  w +  )  =   i 2    Ω ( J v , w ) − i Ω ( v , w )   



(6)




for all    v ±  ,  w ±  ∈  V J ±   . Obviously, relationships (6) hold for every   J ∈ J ( Ω , V )  .



For each   J ∈ J ( Ω , V )  , it can be easily seen that the real-valued, symmetric bilinear mapping


   μ J  : V × V → R ,   ( v , w )  ↦  μ J   ( v , w )  = Ω  ( J v , w )  ,  



(7)




defines an inner product on the symplectic space. Since J is, in particular, a symplectic map, we have that    μ J   ( v , w )  =  μ J   ( J v , J w )    (i.e.,   μ J   is a J-invariant mapping) and that    μ J   ( J v , w )  =  μ J   ( v , − J w )    (i.e., J is skew-adjoint with respect to the inner product   μ J  ). We define now the complex-valued mapping


    〈  ·  ,  ·  〉  J  : V × V → C ,   ( v , w )  ↦   〈 v , w 〉  J  =   1 2    μ J   ( v , w )  −   i 2   Ω  ( v , w )  .  



(8)







By using the antisymmetry of  Ω , the properties defining  Ω -compatible complex structures, as well as the multiplication by complex numbers defined by J on V (V is understood here as a complex vector space, with the structure provided precisely by J), it is not difficult to check that the mapping (8) is a Hermitian inner product on   ( V , Ω )  . From Equations (6) and (8), it follows that     〈 v , w 〉  J  = Ω  (   J  v +   ¯  ,  w +  )   , where the bar denotes complex conjugation on  C , and where we have used that   J  v −  =   J  v +   ¯   . A straightforward inspection shows that    〈 v , w 〉  J   defines a Hermitian inner product on   V J +  ; that is,


    〈  ·  ,  ·  〉   V J +   :   V J +  ×  V J +   → C ,   (  v +  ,  w +  )  ↦   〈  v +  ,  w +  〉   V J +   = Ω  (   J  v +   ¯  ,  w +  )   



(9)




is a Hermitian inner product. This, together with the fact that any element of   V J +   is uniquely represented by an element of V (and vice versa), implies that the complex vector space V, with Hermitian inner product (8), and the complex vector space   V J +  , with Hermitian inner product (9), are (essentially) the same inner product spaces.




2.2. The Scalar Field: Classical Theory


Let us consider a free, massive real scalar field  ϕ  propagating in a four-dimensional globally hyperbolic spacetime   ( M ,  g  α β   )   (  α , β = 0 , 1 , 2 , 3  ). Here, M has topology   I × Σ   for some   I ⊂ R  , and can be foliated by a one-parameter family of Cauchy surfaces that are diffeomorphic to  Σ . The phase space of the system is the symplectic linear space   ( Γ ,  Ω  i j   )  , where  Γ  is the real vector space   Γ = {  ( φ , π )   |  φ , π ∈  C  0  ∞   ( Σ )  }   [   C  0  ∞   ( Σ )    denotes the space of smooth real functions with compact support on  Σ ] and    Ω  i j   =  ∫ Σ    ( d π )  i  ∧   ( d φ )  j    is the canonical symplectic form. This form defines a unique symplectic structure [1], given by Equation (5), which is known as the canonical (or standard) symplectic structure. The phase space of the theory can be alternatively described as the symplectic vector space   ( Γ , Ω )  .



The symplectic structure (5) defines natural coordinate functionals of configuration and momentum type, namely   φ [ f ] = Ω ( ( 0 , f ) ,  ·  )   and   π [ g ] = Ω ( ( − g , 0 ) ,  ·  )   with   ( − g , f ) ∈ Γ  . On the other hand, the symplectic form defines the Poisson brackets (PB) on the real vector space of observables  O  (i.e., the linear space of smooth, real-valued functionals on phase space)    { F , G }  =  Ω  i j     ( d F )  i    ( d G )  j   , where   Ω  i j    is the inverse of the symplectic form   Ω  i j   . Thus, a direct calculation shows that the PB between the configuration and momentum observables are given by   { φ [ f ] , π [ g ] } = − Ω ( ( 0 , f ) , ( − g , 0 ) )  . Explicitly,   { ∫ f φ , ∫ g π } = ∫ f g  , that is the smeared version of the well-known but mathematically ill-defined expression    { φ  ( x )  , π  (  x ′  )  }  = δ  ( x −  x ′  )   , where   δ ( x )   is the Dirac delta on  Σ . By linearity, we get that generic linear observables are given by   Ω ( ( g , f ) ,  ·  ) = φ [ f ] − π [ g ]  , for all   ( g , f ) ∈ Γ  . From the PB between the basic configuration and momentum observables, the linearity of  Ω , as well as the bilinear and skew-symmetric properties of   {  ·  ,  ·  }  , it immediately follows that


   {  Ω  (   ( g , f )  1  ,  ·  )   ,  Ω  (   ( g , f )  2  ,  ·  )   }  = − Ω  (   ( g , f )  1  ,   ( g , f )  2  )  .  



(10)







A foliation of spacetime   ( M ,  g  α β   )   by Cauchy surfaces   Σ t   parametrized by a global time function t defines a one-parameter family of embeddings   E t   of  Σ  as Cauchy surfaces in M,   Σ  ↦  E t   ( Σ )  =  Σ t   . Let   t =  t 0    be a fixed (but arbitrary) initial reference time. Let S be the linear space of smooth solutions to the KG equation    (  g  α β    ∇ α   ∇ β  −  m 2  ) ϕ  = 0   which arises from initial data    ( φ , π )   t 0    in  Γ ,   φ =  E  t 0  *  ϕ   and   π =  E  t 0  *   (  h   L n  ϕ )   . Here,   L n   stands for the Lie derivative along the normal to the initial Cauchy surface   Σ  t 0   , whereas we recall that h is the determinant of the induced metric   h  a b    on such a surface. Every set of Cauchy data gives rise to a solution, and different initial Cauchy data indeed give rise to distinct solutions. Thus, by construction, solutions in S are in a one-to-one and onto correspondence with initial data in  Γ ; i.e.,    I  t 0   : S → Γ  ,    I  t 0    ( ϕ )  =  (  E  t 0  *  ϕ ,  E  t 0  *   [  h   L n  ϕ ]  )    is a bijection. In fact, associated with every embedding   E t  , there is a bijection    I t  : S → Γ   relating solutions with their corresponding Cauchy data at time t,   φ =  E t *  ϕ   and   π =  E t *   (  h   L n  ϕ )   . Given a solution   ϕ ∈ S  , we see that the associated dynamical trajectory in  Γ  is formed by the family of data     ( φ , π )  t  =  I t   ( ϕ )    with   t ∈  I ⊂ R   . Since   t =  t 0    is the initial reference time, we have that     ( φ , π )  t  =  τ  ( t ,  t 0  )     ( φ , π )   t 0    , where    τ  ( t ,  t 0  )   =  I t  ∘  I   t 0    − 1     is a two-parameter family of linear symplectomorphisms, with   τ  (  t 0  ,  t 0  )    the identity map on  Γ . (The family of mappings   τ  ( t ,  t 0  )    will form a one-parameter group of symplectomorphisms whenever the Hamiltonian does not depend explicitly on time, so that the system is invariant under time reparametrizations, and hence    τ  ( t ,  t 0  )   =  τ  t −  t 0     . Otherwise, the family   τ  ( t ,  t 0  )    is a two-parameter family of symplectomorphisms [59].) In view of the isomorphic relation between S and  Γ , the canonical symplectic structure (5) induces a symplectic structure   Ω ′   on S, namely    Ω ′  =  I  t 0  *  Ω  . Since   τ  ( t ,  t 0  )    is a symplectomorphism, it follows that    I  t 0  *  Ω =  I t *  Ω   (i.e.,   Ω ′   is time independent). Alternatively to   ( Γ , Ω )  , we can consider the symplectic vector space   ( S ,  Ω ′  )   as the phase space of the theory. The time evolution in the phase space   ( S ,  Ω ′  )   is given by the two-parameter family of linear symplectomorphisms    T  ( t ,  t 0  )   =  I  t 0   − 1   ∘  τ  ( t ,  t 0  )   ∘  I  t 0    , with   t ∈  I ⊂ R   , which can be rewritten simply as    T  ( t ,  t 0  )   =  I  t 0   − 1   ∘  I t   . In order to simplify the notation, we will denote   Ω ′   also by  Ω  from now on. The symplectic vector spaces   ( S , Ω )   and   ( Γ , Ω )   will be referred to as the covariant and the canonical phase space, respectively. The symplectic structure on S is explicitly given by


  Ω  (  ϕ 1  ,  ϕ 2   )  =  ∫  Σ  t 0     (  ϕ 2   L n   ϕ 1  −  ϕ 1   L n   ϕ 2  )    h    d 3  x .  



(11)







The time independence of  Ω  guarantees that the integration in Equation (11) is independent of the choice of Cauchy surface to perform it.



The covariant counterpart of the natural observables in  Γ  are the real-valued linear functionals   Ω ( ϕ ,  ·  ) : S → R  ,   ∀ ϕ ∈ S  . Given a bijection, say   I  t 0   , there is a one-to-one, onto correspondence between linear observables in the canonical and the covariant approaches: the observable   Ω ( ϕ ,  ·  )   on S corresponds to (and it is the corresponding observable of) the observable   Ω ( ( g , f ) ,  ·  )   on  Γ  for    ( g , f )  =  I  t 0   ϕ  .



The PB between any pair of observables F and G on the phase space   ( S , Ω )   are given by    { F , G }  =  Ω  i j     ( d F )  i    ( d G )  j   , where   Ω  i j    is the inverse of the symplectic form on S induced by the canonical symplectic form on  Γ . The PB between natural observables   Ω ( ϕ ,  ·  )  —i.e., the analogue of Equation (10)—are given by


   {  Ω  ( ϕ ,  ·  )   ,  Ω  (  ϕ ˜  ,  ·  )   }  = − Ω  ( ϕ ,  ϕ ˜  )  .  



(12)







Let us introduce a compatible complex structure j on   ( Γ , Ω )   [i.e.,   j ∈ J ( Ω , Γ )  ]. According to our previous discussion (Section 2.1), we know that j will equip the linear symplectic space   ( Γ , Ω )   with a real inner product    μ j   (  ·  ,  ·  )  = Ω  ( j  ·  ,  ·  )    [see Equation (7)]. Let R be a linear symplectomorphism on  Γ . From j and R we then construct the compatible complex structure    j R  = R  j   R  − 1    , and hence the real inner product    μ  j R    (  ·  ,  ·  )  = Ω  (  j R   ·  ,  ·  )   . The inner products   μ  j R    and   μ j   (which are in general distinct) are related by    μ  j R    ( R u , R  u ˜  )  =  μ j   ( u ,  u ˜  )   , for all   u ,  u ˜  ∈ Γ  . In particular, given a reference time   t 0  , the evolution map   τ  ( t ,  t 0  )    (which is a linear symplectomorphism on  Γ ) provides a family of compatible complex structures    j t  =  τ  ( t ,  t 0  )    j   τ  ( t ,  t 0  )   − 1     and inner products   μ  j t   , with    μ  j t    (  τ  ( t ,  t 0  )   u ,  τ  ( t ,  t 0  )    u ˜  )  =  μ j   ( u ,  u ˜  )   . The complex structure   j t   is the complex structure generated by the time evolution, from time   t 0   to time t, of the initial complex structure j, that we will rename   j  t 0    from now on in order to emphasize the choice of initial time in the canonical formulation.



Alternatively, we can consider the covariant perspective. Just as in the canonical phase space description, a complex structure J will equip the covariant phase space   ( S , Ω )   with a real inner product space    μ J   (  ·  ,  ·  )  = Ω  ( J  ·  ,  ·  )   . Linear symplectomorphisms on S will define other compatible complex structures and, consequently, other real inner products as well. In particular, we have that time evolution in S will induce a family of compatible complex structures,    J t  =  T  ( t ,  t 0  )    J   T  ( t ,  t 0  )   − 1    , and a family of real inner products   μ  J t   . Now, according to the discussion in Section 2.1, a complex structure J on S (not necessarily compatible) endows the symplectic linear space   ( S , Ω )   with a structure of complex vector space, and defines a field decomposition   ϕ =  ϕ +  +  ϕ −   , where   ϕ +   is in the space of “positive frequency” solutions   S J +  , whereas   ϕ −   is in the (complex conjugate) space of “negative frequency” solutions   S J −   [see Equation (2)]. By requiring that J be compatible with  Ω , we will get, apart from the real inner product   μ J  , the Hermitian inner products (8) on   ( S , Ω )   and (9) on   S J +  . The Cauchy completion of   S J +   with respect to the norm associated with the Hermitian inner product (9) yields the so-called “one-particle Hilbert space”   H J  . By repeating this construction for each compatible complex structure   J t  , we will obtain a family of (in general) distinct Hilbert spaces   H  J t   .



Let us briefly discuss how complex structures in  Γ  and S are related [60]. Let J be a complex structure on S, and consider the isomorphisms   I t   defined by the spacetime foliation. The complex structure on  Γ  induced by J at time t, via   I t  , is    j t  =  I t  J  I t  − 1    . From this relation it immediately follows that    j  t 2   =  τ  (  t 2  ,  t 1  )    j  t 1    τ  (  t 2  ,  t 1  )   − 1    . Once we have obtained the set of complex structures   j t   on  Γ , we fix a bijection to identify S with  Γ ; i.e., we chose a particular but arbitrary time and declare it as the initial reference time   t 0  . Thus, the complex structure


   j t  =  τ  ( t ,  t 0  )     j  t 0     τ  ( t ,  t 0  )   − 1    



(13)




is the complex structure generated by dynamical evolution of    j  t 0   =  I  t 0   J  I  t 0   − 1     from the initial time   t 0   to time t. Now, since   I  t 0    establishes a bijection between complex structures on  Γ  and S, the family   j t   will provide a one-parameter family of complex structures on S, namely    J t  =  I  t 0   − 1    j t   I  t 0    . Using that   j t   is the evolved complex structure of   j  t 0   , we then get


   J t  =  T  ( t ,  t 0  )    J   T  ( t ,  t 0  )   − 1   .  



(14)







That is,   J t   is the complex structure obtained by evolving J in time.



Note that, although the introduction of a complex structure is a simple matter, the choice of a complex structure with physical content is not. For instance, Poincaré invariance and time translation symmetry are exploited to select favored complex structures in Minkowski and stationary backgrounds, respectively. However, in the absence of stationarity the issue becomes more involved and extra requirements are needed in order to select a preferred family of complex structures. In the next subsection we will consider precisely a non-stationary system, concretely a scalar field propagating in an FLRW spacetime. Actually, the arguments that we will present apply equally well to more general, conformally ultrastatic spacetimes.




2.3. Complex Structures in FLRW Spacetimes


Let  ϕ  be a real scalar field with mass m propagating in an FLRW spacetime. As it is well known, the FLRW cosmological models of homogeneous and isotropic universes can be described by the line element


  d  s 2  =  a 2   ( t )   − d  t 2  +    h ˜   a b   d  x a  d  x b    ,  



(15)




where    h ˜   a b    (  a , b = 1 , 2 , 3  ) is the standard Riemannian metric of either a three-sphere, a three-dimensional Euclidean space, or a three-dimensional hyperboloid. The KG equation in this FLRW spacetime reads


   ϕ ¨  + 2   a ˙  a   ϕ ˙  − Δ  ϕ +  m 2   a 2  ϕ = 0 .  



(16)







Here, the dot stands for the derivative with respect to the conformal time t, and  Δ  denotes the LB operator associated with the spatial metric    h ˜   a b   .



The dynamics on phase space  Γ  is dictated by the Hamiltonian


  H =  1 2   ∫ Σ   d 3  x  a    h    h  − 1    π 2  +  h  a b    D a  φ  D a  φ +  m 2   φ 2   ,   



(17)




where h stands for the determinant of    h  a b   =  a 2    h ˜   a b     and   D a   is the derivative operator on  Σ  associated with   h  a b   . A straightforward calculation shows that the equations of motion are given by


       φ ˙       π ˙      = T     φ     π     ,  T =     0    a  h  − 1 / 2         a  h  1 / 2    (  D a   D a  −  m 2  )     0     .  



(18)







By performing the polar decomposition of  T , one gets that the partial isometry     | T |   − 1   T   provides a family of compatible complex structures on the space of Cauchy data [36]. Specifically, the complex structure    j t  =   | T |   − 1   T   associated with the Cauchy surface   Σ t   is


   j t  =     0    −  h  − 1 / 2     ( −  D a   D a  +  m 2  )   − 1 / 2          h  1 / 2     ( −  D a   D a  +  m 2  )   1 / 2      0     .  



(19)







It is not difficult to check that    μ  j t    (  ( φ , π )  ,  (  φ ˙  ,  π ˙  )  )  = 0  , with    μ  j t    (  ·  ,  ·  )  = Ω  (  j t   ·  ,  ·  )   , so that, for given t,   j t   can be considered unique [9]. In spite of this, it is worth remarking that for any two distinct times   t 1   and   t 2  ,   j  t 1    and   j  t 2    give rise in general to inequivalent representations of the CCRs, implying that the time evolution cannot be represented by a unitary operator and, therefore, that we do not have at our disposal a Schrödinger picture with an evolution that preserves the standard notion of probability. In an attempt to fix this drawback, we can use the freedom available in the choice of basic variables and, by applying a time dependent canonical transformation, redistribute the time dependence in an implicit part (with evolution generated by the corresponding Hamiltonian) and an explicit part (the factor of the transformation) which varies in a way that is not necessarily unitary. Let us hence introduce the time dependent scaling   ψ = a ϕ  . By substituting   ϕ = ψ / a   in Equation (16), we get that the dynamics in the new field description is dictated by


   ψ ¨  − Δ  ψ + s  ( t )  ψ = 0 ,  



(20)




where   s  ( t )  =  m 2   a 2  −  (  a ¨  / a )   . Thus, the system can be treated as a scalar field propagating in a fictitious static spacetime   d  s 2  = − d  t 2  +   h ˜   a b   d  x a  d  x b   , though now subject to a time varying potential   V  ( ψ )  = s  ( t )   ψ 2  / 2   [or, equivalently, as a free scalar field with time dependent mass    s ( t )    in a static background, provided that   s ( t )   is a non-negative function]. The canonical equations of motion now are given by


    φ ˜  ˙  =  1   h ˜     π ˜  ,    π ˜  ˙  =   h ˜    Δ   φ ˜  − s  ( t )   φ ˜   .  



(21)







Once an initial reference time   t 0   is chosen, we introduce an initial complex structure on    Γ ˜  =  {  (  φ ˜  ,  π ˜  )  }   . The simplest complex structure guaranteeing an invariant Fock representation under the spatial symmetries is


   j 0  =     0    −   ( −  h ˜  Δ )   − 1 / 2          ( −  h ˜  Δ )   1 / 2     0     .  



(22)







Note that   j 0   ignores the existence of the time varying potential (so, in particular, the existence of the mass) in the system. Thus, the Fock representation defined by the complex structure (22) can be referred to as the free massless field representation. As we will see in Section 5, the   j 0  -Fock quantization is, up to unitary equivalence, the unique invariant Fock representation under spatial isometries that admits a unitary implementation of the dynamics, both for closed [13,14,15] and (compact) flat [43,44,45] FLRW spacetimes.



Before we proceed to present our uniqueness results about the quantization of the KG field with time varying mass in cosmological scenarios, it may be helpful to analyze in some detail the quantum theory of scalar fields in globally hyperbolic spacetimes. This is the purpose of the next Section.





3. Quantization


We now focus our discussion on the quantization of real scalar fields in spacetimes that admit a foliation by Cauchy surfaces. We will first overview the program of canonical quantization on a Hilbert space for linear systems, along the lines of Refs. [61,62]. Next, we will apply the program to the case of scalar fields, and we will discuss Bogoliubov transformations and the unitary implementation of the time evolution. We will close this Section with the presentation of the   j 0  -Fock quantization for scalar fields with time dependent mass. Throughout the Section, special attention will be paid to the role of complex structures in the quantum theory.



3.1. Canonical Quantization on a Hilbert Space


Consider a linear classical system (with a finite or infinite number of degrees of freedom), described by a symplectic vector space, that we will call   ( X , Ω )  . The set of classical observables will hereby be denoted by  O . Roughly speaking, by quantization we will understand the passage from a classical description of a system to a quantum mechanical description. In contrast to the situation in the classical theory, where states live in the phase space   ( X , Ω )   and observables are real-valued functions on   ( X , Ω )  , in the quantum theory states belong to a Hilbert space  H , whereas observables are self-adjoint operators on  H . The basic PB, that equip the space of classical observables with an algebraic structure, are replaced at the quantum level with the canonical commutation relations (CCRs), that define an algebraic structure on the space of quantum observables. Thus, in very broad terms, the output of the quantization should be a Hilbert space  H  of quantum states, and quantum observables represented on  H  as self-adjoint operators, obeying the algebraic structure arising from the CCRs. For linear systems, the process of canonical quantization on a Hilbert space consists of (and it is accomplished by) three main steps:




	(i)

	
A selection of basic (elementary, or fundamental) classical observables    O 0  ⊂ O  .




	(ii)

	
The construction of an abstract quantum algebra  A  of observables from   O 0  , with the following two properties: (iia) for each basic observable   F ∈  O 0    there must be one, and only one, abstract quantum basic operator (observable)    F ^  ∈ A  , and (iib) basic operators must satisfy the Dirac quantization condition, relating their commutators with the corresponding PBs.




	(iii)

	
The specification of a Hilbert space  H  and a representation of the abstract basic observables as self-adjoint operators on  H .









For more details, we refer the reader, e.g., to Ref. [61].



These rules are far from determining a unique quantum description. Indeed, the process entails ambiguities at different stages, and a series of choices must be made in order to accomplish the quantization and arrive to a, hopefully, well specified description. In fact, one has to face ambiguities from the very beginning of the process by making “a judicious selection” of fundamental observables   O 0  . This set of basic observables   O 0   is typically required to be a vector subspace of  O , closed under PB, and such that every regular function on phase space can be obtained by (possibly a limit of) sums of products of its elements [61,62]. These requirements are intended to achieve that observables in   O 0   will be appropriately promoted to quantum operators satisfying the CCRs, allowing to avoid ambiguities like e.g., the well-known problem of factor ordering. However, it is not uncommon that various distinct basic sets can be found for the same system. So, in general there is not a unique canonical choice of elementary observables   O 0  , a fact which can give rise to non-equivalent quantum descriptions. This ambiguity is usually addressed by arguing “naturalness and simplicity” in favor of a particular classical canonical representation.



Once the set of fundamental observables is specified, the next step in the quantization is to construct an abstract quantum algebra  A  of observables from the vector space   O 0  . The algebra is constructed as follows. Let   A 0   be the free associative algebra over the complex numbers generated by   O 0  , i.e., the free associative complex algebra corresponding to    O  0  C   =  O 0  ⊕ i  O 0   . Thus, every    F c  ∈  O  0  C     has a representative   λ (  F c  )   in   A 0  , where  λ  is a linear mapping. Next, the algebra   A 0   is equipped with an involution operation ∗ which captures the complex conjugation; so, the representative   λ  ( F )  ∈   A  0 *    of the real, basic observable   F ∈  O 0    is invariant under the involution operation,     [ λ  ( F )  ]  *  = λ  ( F )   . More generally,     [ λ  (  F c  )  ]  *  = λ  (  G c  )    if and only if     F c  ¯  =  G c   , where    F c  ,  G c  ∈  O  0  C    . Then, the algebraic structure on the space of classical observables, provided by the PB, is carried to an analogous algebraic structure on quantum observables. For this, one takes the ∗-ideal   I D   of    A  0 *   generated by elements of the form   λ  ( − i  {  F c  ,  G c  }  )  +  [ λ  (  F c  )  , λ  (  G c  )  ]  ∈   A  0 *   . This is precisely the Dirac quantization condition. The algebra of abstract quantum observables  A  is the quotient algebra of    A  0 *   by the ideal   I D  . The associative algebras    A  0 *   and  A  are related by the homomorphism   σ  ( w )  = w +  I D   ,   w ∈   A  0 *   . Let ∧ be the mapping   ∧ = σ ∘ λ  , and let us define     F c  ^  = ∧  (  F c  )   . Thus, in particular, we have that for each   F ∈  O 0   , there is one and only one ∗-invariant operator    F ^  ∈ A  . Given F, G, and   { F , G }   in   O 0  , their (abstract) ∗-invariant, basic operator counterparts   F ^  ,   G ^  , and    { F , G }  ^   in  A  satisfy the CCRs    [  F ^  ,  G ^  ]  = i   { F , G }  ^   . By construction, any    A ^  ∈ A   can be expressed as a sum of products of elementary operators.



The third and final step in the process is to find a Hilbert space  H  supporting a representation of the (abstract) fundamental quantum observables as self-adjoint operators. This representation, however, turns out to be not unique in general. There exist, typically, different (i.e., not unitarily equivalent) Hilbert space representations of the CCRs. So, one generally has to deal with the problem of determining a preferred representation. It should be noted that, in contrast with the ambiguity in the choice of basic observables, which affects both linear mechanical and linear field theory systems, the lack of uniqueness of the representation is mainly an issue for field (i.e., infinite dimensional) systems. In fact, for linear, finite dimensional systems (i.e., linear mechanical systems), the specification of a unique preferred representation of the CCRs can be consistently and unambiguously established under certain requirements. Indeed, in view of the Stone-von Neumann uniqueness theorem, we can restrict our attention just to a single representation of the CCRs, namely the ordinary Schrödinger representation of quantum mechanics. However, the situation is quite different for linear field theories. There are infinitely many inequivalent Hilbert space representations of the basic quantum observables as self-adjoint operators, and no analogue of the Stone-von Neumann theorem exists to confront the uniqueness issue. To handle this ambiguity in the representation of the CCRs, the usual procedure is to appeal to the spacetime symmetries of the field system and look for symmetry invariant representations. Though this strategy leads to a unique quantum theory for a certain class of field systems (for instance, linear field theories in both Minkowski and stationary spacetimes), it should be stressed that in more general cases (like e.g., non-stationary settings) symmetries will simply not be enough to pick out a preferred representation and, therefore, extra criteria must be imposed in order to set a unique quantum theory.




3.2. Linear Scalar Field Theory: Quantization


Let us now review the quantization of the scalar field theory introduced in Section 2.2. We first consider the covariant phase space approach. As we have seen, linear functionals   Ω ( ϕ ,  ·  )   provide a natural set of observables on   ( S , Ω )   with non-trivial PB that are proportional to the unit function [see Equation (12)]. Since observables on   ( S , Ω )   can be obtained by taking linear combinations of products of natural observables   Ω ( ϕ ,  ·  )   and the unit function  I  (which provides the constant functions on S), the subspace    { I , Ω  ( ϕ ,  ·  )   |  ϕ ∈ S }  R   of  O  qualifies as an admissible set of basic observables. (Here,    { X }  F   denotes the vector space given by the set   { X }   over the field  F .) This, together with the “naturalness and simplicity” of our choice, leads us to select the commented subspace as the set   O 0   of fundamental (basic, or elementary) classical observables.



By equipping the phase space   ( S , Ω )   with a compatible complex structure J, the field  ϕ  can be decomposed into the “positive and negative frequency” parts,   ϕ +   and   ϕ −  , defined by J. In addition, the completion of the inner product space   (   S J +  ,   〈  ·  ,  ·  〉   S J +   = Ω  (    J  ·   ¯  ,  ·  )  )   in the norm    ∥ · ∥   S J +    defines the “one-particle” Hilbert space   H J  . Notice that   Ω (    J  ·   ¯  ,  ·  )   is an inner product not only for   S J +  , but also for    S J  =  S J +  ⊕  S J −   ; in fact,   S J +   and   S J −   are orthogonal subspaces with respect to this product. Thus, the Cauchy completion of   S J   gives a complex Hilbert space H, which decomposes into the orthogonal   ( ±  i )  -eigenspaces of J, with the   ( + i )  -eigenspace being precisely the so-called one-particle Hilbert space   H J  , whereas the   ( − i )  -eigenspace is the complex conjugate of   H J  ,    H ¯  J  . Let    K J  : H →  H J    and     K ¯  J  : H →   H ¯  J    be the orthogonal projections arising from the inner product   Ω (    J  ·   ¯  ,  ·  )  . The restrictions of   K J   and    K ¯  J   to S are nothing but the real-linear bijections from S to    S  J  +  ⊂  H J    and    S  J  −  ⊂   H ¯  J   , respectively. In terms of the restrictions of   K J   and    K ¯  J   to S, the field decomposition defined by J reads   ϕ =  K J  ϕ +   K ¯  J  ϕ  . Thus, basic observables can be written in the form   Ω  ( ϕ ,  ·  )  = i a  (   K ¯  J  ϕ )  − i  a ¯   (  K J  ϕ )   , where


  a  (   K ¯  J  ϕ )  = Ω  ( J   K ¯  J  ϕ ,  ·  )  ,   a ¯   (  K J  ϕ )  = Ω  ( J  K J  ϕ ,  ·  )   



(23)




are, respectively, the annihilation and creation-like variables associated with the complex structure J. By using complex linearity and continuity, we get that


  Ω  ( Φ ,  ·  )  = i a  (  χ ¯  )  − i  a ¯   ( ξ )  ,  



(24)




where   χ , ξ ∈  H J    and   Φ ∈ H  , with   Φ = ξ +  χ ¯   .



The next step in the process of quantization is to specify  A , the algebra of abstract quantum observables. According to the discussion in Section 3.1, this algebra is constructed from the complexification of   O 0  ,   O  0  C   . However, notice that we have an enlarged vector space   S =   { I , Ω  ( Φ ,  ·  )   |  Φ ∈ H }  C  ⊃  O  0  C    , perfectly valid to construct the algebra. So, we will take  S  to specify  A . Since every (complex) elementary variable   Ω ( Φ ,  ·  )  , with   Φ ∈ H  , can be uniquely expressed in the form (24), the vector space  S  can be naturally rewritten as


  S =   { I , a  (  χ ¯  )  ,  a ¯   ( ξ )   |  χ , ξ ∈  H J   }  C  .  



(25)







The only non-zero PB between the complex elementary variables (25) are


   { a  (  χ ¯  )  ,  a ¯   ( ξ )  }  = − i   χ , ξ   H J   ,  



(26)




where     〈  ·  ,  ·  〉   H J   = Ω  (    J  ·   ¯  ,  ·  )    [i.e., the Hermitian inner product (9)]. The quantum algebra  A  is defined starting with the complex vector space  S  (25), exactly as we have explained in Section 3.1 (with   O  0  C    replaced by  S ). As a result of the construction, we get operators    a ^   (  χ ¯  )    and     a ^  *   ( ξ )   , satisfying     [  a ^   (  χ ¯  )  ]  *  =   a ^  *   ( χ )    and obeying the commutation relations


   [  a ^   (  χ ¯  )  ,   a ^  *   ( ξ )  ]  =  I ^     χ , ξ   H J   ,   [  a ^   (  χ ¯  )  ,  a ^   (  ξ ¯  )  ]  = 0 ,   [   a ^  *   ( χ )  ,   a ^  *   ( ξ )  ]  = 0 ,  



(27)




for all   χ , ξ ∈  H J   . The abstract quantum counterparts of the basic observables   Ω  ( ϕ ,  ·  )  ∈  O 0    are given by the ∗-invariant elementary operators


   Ω ^   ( ϕ ,  ·  )  = i  a ^   (   K ¯  J  ϕ )  − i   a ^  *   (  K J  ϕ )  ,  



(28)




that fulfill the CCRs


   [   Ω ^   ( ϕ ,  ·  )  ,  Ω ^   (  ϕ ˜  ,  ·  )   ]  = − i Ω  ( ϕ ,  ϕ ˜  )    I ^  .  



(29)







In order to accomplish the quantization, we need to specify a Hilbert space supporting a representation of the fundamental quantum observables    Ω ^   ( ϕ ,  ·  )    as self-adjoint operators. Note, however, that a Hilbert space structure has been already chosen from the introduction of a complex structure: the one-particle Hilbert space   H J  . It is from   H J   that the Hilbert space of the quantum theory is constructed. Concretely, the one-particle Hilbert space defines the symmetric Fock space


   F J  =  ⊕  n = 0  ∞    ⊗  ( s )  n   H J   ,  



(30)




that is the desired Hilbert space. The structure of   F J   allows for a natural representation of    a ^   (  χ ¯  )    and     a ^  *   ( ξ )   , subject to the commutation relations (27), as the annihilation and creation operators    a ^   (  χ ¯  )    and     a ^  †   ( ξ )    on   F J  . Thus, the fundamental observables    Ω ^   ( ϕ ,  ·  )    are represented on the Fock space by the self-adjoint operators defined by Equation (28), obeying the CCRs (29). This is the standard procedure, in the covariant approach, for the Fock quantization of a linear scalar field given a complex structure J. Since J can be any compatible complex structure, what we really have is a family of Fock representations of the CCRs parameterized by the set   J ( Ω , S )  . This set splits naturally into equivalence classes   [ J ]   of complex structures that lead to unitarily equivalent Fock representations, and it is well known that   J ( Ω , S )   is formed by an infinite number of them. That is, there are infinitely many inequivalent Fock representations of the CCRs. Therefore, in order to specify a unique quantum description, up to unitarity, a preferred complex structure   j p   (or, more generally, an equivalence class   [  j p  ]  ) must be chosen.



Let us recall that, in general, there are no representations of the CCRs by bounded operators [1,63]. For the KG field, the quantum fundamental observables    Ω ^   ( ϕ ,  ·  )    turn out to be all unbounded operators [except    Ω ^   ( 0 ,  ·  )   ]. So, questions concerning the domains of definition should be treated carefully. For instance, a proper definition of the elements of the quantum algebra on the Hilbert space becomes an intricate task, because  A  contains polynomials. In order to avoid this unwieldy situation, the usual procedure is to consider the exponentiated version of    Ω ^   ( ϕ ,  ·  )   , namely   W  ( ϕ )  = exp [  i  Ω ^   ( ϕ ,  ·  )   ]  . Formally, the CCRs are replaced with the Weyl relations


  W  ( ϕ )  W  (  ϕ ˜  )  =  e   i 2  Ω  ( ϕ ,  ϕ ˜  )    W  ( ϕ +  ϕ ˜  )  ,  



(31)




together with the adjoint relations


   W *   ( ϕ )  = W  ( − ϕ )  .  



(32)







By equipping the vector space spanned by all finite, complex linear combinations of the   W ( ϕ )  ’s with the product (31)—extended by linearity to the vector space—and the involution operation (32), we get a complex associative ∗-algebra [with unit element   I = W ( 0 )  ]. Given a Hilbert space representation of the CCRs (29), the ∗-algebra generated by the   W ( ϕ )  ’s becomes a subalgebra,   W 0  , of the   C *  -algebra of all bounded linear operators on the Hilbert space. The closure of   W 0   thus leads to a   C *  -(sub)algebra  W , which is known as the Weyl algebra. Although one might think that the Weyl algebra defined in this way would be a representation-dependent algebra, actually this is not the case:  W  is fully independent of the particular representation used [64,65]. Thus, in order to avoid domain problems, one can consider the Weyl algebra  W  and look for a unique preferred representation of the relations (31) and (32).



From the definition of   W ( ϕ )   and Equation (28), we can write the Weyl generators in terms of the annihilation and creation operators on   F J  ,


  W  ( ϕ )  = exp     a ^  †   (  K J  ϕ )  −  a ^   (   K ¯  J  ϕ )    .  



(33)







By using the commutation relations (27), the relationship     [  a ^   (   K ¯  J  ϕ )  ]  †  =   a ^  †   (  K J  ϕ )   , and the Baker-Campbell-Hausdorff (BCH) formula, it is not difficult to see that the generators in Equation (33) satisfy indeed the relations (31) and (32). In this way, we can construct the (concrete) Weyl algebra   W J  , which is a subalgebra of   L (  F J  )  , the   C *  -algebra of all bounded linear operators on   F J  . Let us now consider the vacuum state    | 0 〉  ∈  F J   , i.e., the unique normalized state   | 0 〉   that is annihilated by all the annihilation operators    a ^   (  χ ¯  )   . By using the BCH formula and Equation (27), a direct calculation shows that the vacuum expectation value of   W ( ϕ )   in   F J   is given by


    〈 W  ( ϕ )  〉  vac  =  e  −  1 4    ∥ ϕ ∥  J 2    .  



(34)







Here,    ∥ ϕ ∥  J   is the norm of   ϕ ∈ S   with the real inner product   μ J   defined by   J ∈ J ( Ω , S )   [see Equation (7)].



The relationship (34) defines a quasi-free algebraic state    ω J    [ W  ( ϕ )  ]  = exp ( −    1 4     ∥ ϕ ∥  J 2   )   . The triple   (  F J  ,  W J  , | 0 〉 )   is, in fact, the same that would be obtained by employing   ω J   on the (abstract) Weyl algebra  W  in the so-called Gelfand-Naimark-Segal (GNS) construction [66,67]. The representation   W J   of the Weyl algebra  W , defined by the complex structure J, is moreover irreducible, which is tantamount to saying that the state   ω J   is pure. Conversely, pure quasi-free states of the Weyl algebra are associated with complex structures, and give rise to Fock representations as above [1,68].



Let us consider now the quantization in the canonical phase space approach. Our choice of a natural set of elementary classical observables on   ( Γ , Ω )   leads to the real vector space    O 0  =   { I , Ω  (  ( g , f )  ,  ·  )   |   ( g , f )  ∈ Γ }  R  =   { I , φ  [ f ]  , π  [ g ]   |   ( g , f )  ∈ Γ }  R    equipped with the PB (10). In addition, let us introduce a complex structure   j ∈ J ( Ω , Γ )  . The abstract algebra  A  is constructed from the complex vector space   S =   { I , φ  [ F ]  , π  [ G ]   |   ( G , F )  ∈  γ j  }  C   , where   γ j   is the Cauchy completion of   Γ ⊕ i Γ   with respect to    μ j   (    ·   ¯  ,  ·  )  = Ω  (   j  ·   ¯  ,  ·  )   . The fundamental quantum operators    φ ^   [ f ]    and    π ^   [ g ]    in  A  satisfy the CCRs:    [  φ ^  ,  π ^  ]  = i Ω  (  ( 0 , f )  ,  ( g , 0 )  )    I ^   . Schrödinger-like representations of the CCRs are naturally available in the canonical approach, as follows. The CCRs are represented on a Hilbert space    H j  =  L 2   (  C ¯  , d ϱ )    of wave functionals on a quantum configuration space   C ¯  , with the basic operators of configuration and momentum,    φ ^   [ f ]    and    π ^   [ g ]   , acting on the wave functionals by multiplication and by derivation plus multiplication, respectively. The measure  ϱ , that is of Gaussian type, is determined by the complex structure j. However, it does not encode the full information about the complex structure, in general. Apart from a derivative, the momentum operator    π ^   [ g ]    contains, in general, two multiplicative terms, namely a factor associated with the Gaussian character of  ϱ , and possibly another (non-trivial) multiplicative term that contains further information about the complex structure j. To be more specific, the general form of a complex structure   j ∈ J ( Ω , Γ )   is given by   − j ( φ , π ) = ( a φ + b π , c π + d φ )  , where   a , b , c  , and  d  are linear operators satisfying


    a  2  + bd = − I ,    c  2  + db = − I ,  ab + bc = 0 ,  da + cd = 0 ,  



(35)




and


      ∫ Σ  f b  f ′  =  ∫ Σ   f ′  b f ,   ∫ Σ  g d  g ′  =  ∫ Σ   g ′  d g ,   ∫ Σ  f a g = −  ∫ Σ  g c f ,        ∫ Σ  f b  f ′  > 0 ,   ∫ Σ  g d  g ′  < 0 ,     



(36)




for all unit weight scalar densities   f ,  f ′  ∈  C 0 ∞   ( Σ )    and scalars   g ,  g ′  ∈  C 0 ∞   ( Σ )   . Relationships (35) come from the condition    j 2  = − I  , whereas restrictions (36) follow from requiring that    μ j   (  ·  ,  ·  )    =   Ω  ( j  ·  ,  ·  )    be a symmetric and positive definite bilinear form. The measure and the basic operators of configuration and momentum are [36,69]


  d ϱ = exp  −  ∫ Σ  φ   b   − 1   φ  D φ ,  



(37)






   φ ^   [ f ]  Ψ = φ  [ f ]  Ψ ,   π ^   [ g ]  Ψ = − i ∫  g  δ  δ  φ   − φ  (   b   − 1   − i c   b   − 1   )  g  Ψ .  



(38)







Note that the representation defined by Equation (38), in the Hilbert space   H j  , is a representation of the Fock type, i.e., corresponds to a pure quasi-free state of the Weyl algebra.To see this explicitly, let us introduce the Weyl operators   W  ( g , f )  = exp [ i  Ω ^   (  ( g , f )  ,  ·  )  ]  . For an initial reference time   t 0  , the map   I  t 0   , where    ( g , f )  =  I  t 0   ϕ  , naturally induces a bijection between the algebra generated by the objects   W ( ϕ )   and the corresponding one generated by the operators   W ( g , f )  , that we will call   W j  . Consider now the unit constant functional    ψ 0  ∈  H j   . It can again be shown that the expectation values of the Weyl generators read    〈  ψ 0  , W  ( g , f )   ψ 0  〉   = exp ( −    1 4     ∥  ( g , f )  ∥  j 2   )   ,where    ∥  ·  ∥  j   is the norm associated with the real inner product    μ j   (  ·  ,  ·  )  = Ω  ( j  ·  ,  ·  )    on the phase space   ( Γ , Ω )  . Using the bijection   I  t 0   , one concludes that    ω J    [ W  ( ϕ )  ]  = exp ( −    1 4     ∥ ϕ ∥  J 2   )    indeed defines a pure quasi-free state of the Weyl algebra, associated with the complex structure   J =  I  t 0   − 1   j  I  t 0   ∈ J  ( Ω , S )   . Since a state (in fact the evaluation of a state on the generators) uniquely characterizes a unitary equivalence class of the Weyl algebra, it follows that   (  F J  ,  W J  , | 0 〉 )   and   (  H j  ,  W j  ,  ψ 0  )   are just different realizations of the same representation of the Weyl relations, i.e., there is a unitary map   U :  F J  →  H j   , with    U | 0 〉  =  ψ 0   , that intertwines   W J   with   W j  . To make this relationship fully explicit, let us display the form of the annihilation and creation operators on   H j  , that are readily seen to be


   a ^   (   γ +  ¯  )  =   1 2     φ ^   [  σ ¯  ]  +  π ^   [  ρ ¯  ]   ,    a ^  †   (  γ +  )  =   1 2     φ ^   [ σ ]  +  π ^   [ ρ ]   ,  



(39)




where   σ = d g − c f + i f  ,   ρ = b f − a g + i g   and    γ +  =   ( − g , f )  +  ∈  γ j    is the “positive frequency” part of the Cauchy data   γ = ( − g , f ) ∈ Γ  , that is to say    γ +  =  ( γ  − i j γ )  / 2  . (For a comprehensive discussion on the Schrödinger representation for a linear scalar field in flat and curved spacetime, including the relationship between the covariant and the canonical approaches to quantization, as well as measure theoretical aspects, see Refs. [36,69,70]).



Representations of the type   (  F J  ,  W J  , | 0 〉 )  , determined by a complex structure J in the covariant phase space, will hereafter be called J-Fock representations, whereas the corresponding representations of the form   (  H j  ,  W j  ,  ψ 0  )  , constructed from the canonical perspective, will be called j-Fock representations.



In the rest of our discussion, the domain of definition of the different quantum observables will not play a relevant role. Hence, in what follows we will consider representations of the CCRs only.




3.3. Bogoliubov Transformations and Unitary Implementability


Let us take two compatible complex structures on the phase space   ( S , Ω )  , say   J 1   and   J 2  , and assume that their associated inner products,    μ i   (  ·  ,  ·  )  = Ω  (  J i   ·  ,  ·  )    for   i = 1 , 2  , define equivalent norms on   ( S , Ω )  . Then, the corresponding Hilbert spaces    H 1  =  H 1  ⊕   H ¯  1    and    H 2  =  H 2  ⊕   H ¯  2    may be identified, and can be viewed as two distinct splittings of the same Hilbert space H [1]. Consider also the orthogonal projections    K  J i   : H →  H i    and     K ¯   J i   : H →   H i  ¯    defined by the inner product   Ω (    J i   ·  ¯   ,  ·  )   on H. Then, let   A :  H 2  →  H 1    and   B :  H 2  →   H ¯  1    be the restrictions of   K  J 1    and    K ¯   J 1   , respectively, to   H 2  . Similarly, let   C :  H 1  →  H 2    and   D :  H 1  →   H ¯  2    be the respective restrictions of   K  J 2    and    K ¯   J 2    to   H 1  . In this setting, it can be shown that [1]


   A †  A −  B †  B = I ,   A †   B ¯  =  B †   A ¯  ,  



(40)






   C †  C −  D †  D = I ,   C †   D ¯  =  D †   C ¯  ,  



(41)




and


  C =  A †  ,  D = −   B ¯  †  .  



(42)







For an element  ς  of H, let   ψ ∈  H 1    and    ξ ¯  ∈   H 1  ¯    be the components of  ς  with respect to the splitting   H 1   of H, and   χ ∈  H 2    and    η ¯  ∈   H 2  ¯    their components with respect to the splitting   H 2   of H. In short,   ς =   ( ψ ,  ξ ¯  )   H 1   ∈  H 1  ⊕   H ¯  1    and   ς =   ( χ ,  η ¯  )   H 2   ∈  H 2  ⊕   H ¯  2   . We know, in particular, that     ( ψ ,  ξ ¯  )   H 1   =   ( ψ , 0 )   H 1   +   ( 0 ,  ξ ¯  )   H 1    . Since the orthogonal projections of    ( ψ , 0 )   H 1    and    ( 0 ,  ξ ¯  )   H 1    onto   H 2   are    ( C ψ , 0 )   H 2    and    (  D ¯   ξ ¯  , 0 )   H 2   , we get that    ( C ψ +  D ¯   ξ ¯  , 0 )   H 2    is the orthogonal projection of    ( ψ ,  ξ ¯  )   H 1    onto   H 2  . A similar calculation shows that the orthogonal projection of    ( ψ ,  ξ ¯  )   H 1    onto    H ¯  2   is given by    ( 0 , D ψ +  C ¯   ξ ¯  )   H 2   . So, we have


  χ = C ψ +  D ¯   ξ ¯  ,   η ¯  = D ψ +  C ¯   ξ ¯  .  



(43)







This transformation, with C and D satisfying relationships (41), is known as a Bogoliubov transformation. Note that, from Equations (41) and (42), the inverse of (43) is


  ψ = A χ +  B ¯   η ¯  ,   ξ ¯  =  A ¯   η ¯  + B χ .  



(44)







Associated to each of the complex structures   J 1   and   J 2  , there is a set of elementary variables [see Equation (25)],


   S 1  =   { I ,  a 1   (  ξ ¯  )  ,   a ¯  1   ( ψ )   |  ξ , ψ ∈  H 1   }  C  ,   S 2  =   { I ,  a 2   (  η ¯  )  ,   a ¯  2   ( χ )   |  η , χ ∈  H 2   }  C  .  



(45)







Nonetheless, the vector spaces   S 1   and   S 2   are, in fact, the same vector space  S  [recall that   S =   { I , Ω  ( Φ ,  ·  )   |  Φ ∈ H }  C   , so that   S 1   and   S 2   are simply two different decompositions of the linear space  S ]. Let us be more precise. It follows from Equation (24) that the linear space    L 0    =     { Ω  ( Φ ,  ·  )   |  Φ ∈ H }  C    is decomposed by a complex structure J into the direct sum of    A J +  =   {  a ¯   ( ρ )   |  ρ ∈  H J  }  C    and    A J −  =   { a  (  σ ¯  )   |  σ ∈  H J  }  C   . Hence, the complex structures   J 1   and   J 2   decompose the vector space   L 0   as    A 1 +  ⊕  A 1 −    and    A 2 +  ⊕  A 2 −   , respectively. Since   S = C ⊕  L 0   , we get that   S 1   and   S 2   are nothing but two different decompositions of  S , as we had commented. The explicit relationship between the annihilation and creation-like variables associated with   J 1   and   J 2   are


   a 2   (  η ¯  )  =  a 1    A ¯   η ¯   −   a ¯  1    B ¯   η ¯   ,    a ¯  2   ( χ )  =   a ¯  1   A χ  −  a 1   ( B χ ) .   



(46)







In order to get these identities, we have used the definition of the annihilation and creation-like variables (23), the action of the complex structures   J 1   and   J 2   on their corresponding eigenvectors, and the linearity of  Ω , as well as the decomposition of   χ ∈  H 2    and    η ¯  ∈   H ¯  2    with respect to   H 1  , namely   χ = A χ + B χ   and    η ¯  =  A ¯   η ¯  +  B ¯   η ¯   . Relationships (46) give the form in   S 1   of the annihilation-like variables   a 2   and the creation-like variables    a ¯  2  , defined by the complex structure   J 2  . It is not difficult to see that the PB between the variables    a 2   (  η ¯  )    and     a ¯  2   ( χ )   , given in Equation (46), satisfy indeed Equation (26).



We emphasize that different complex structures (compatible with  Ω  and that give rise to equivalent norms on S) provide different generators for the (same) abstract quantum algebra  A  (this is so because different complex structures just introduce different splittings in  S , the space from which  A  is constructed). Let us denote the abstract algebra  A  by   A i   in the basis provided by the annihilation and creation-like variables defined by the complex structure   J i  ; i.e.,   S =  S i    with    S i  =   { I ,  a i   (   σ ¯  i  )  ,   a ¯  i   (  ρ i  )   |   σ i  ,  ρ i  ∈  H i   }  C   , where    a i   (   σ ¯  i  )  = Ω  (  J i    σ ¯  i  ,  ·  )    and     a ¯  i   (  ρ i  )  = Ω  (  J i   ρ i  ,  ·  )   . The abstract quantum counterparts of    a i   (   σ ¯  i  )    and     a ¯  i   (  ρ i  )    are the operators     a ^  i   (   σ ¯  i  )    and     a ^  i *   (  ρ i  )   , satisfying     [   a ^  i   (   σ ¯  i  )  ]  *  =   a ^  i *   (  σ i  )    and the CCRs (27). When   a i   and    a ¯  i   are replaced, respectively, with    a ^  i   and    a ^  i *   (for   i = 1 , 2  ) in Equation (46) we get expressions for    a ^  2   and    a ^  2 *   in   A 1  . According to the discussion in Section 3.2, the algebra   A i   (for   i = 1 , 2  ) is then represented on the Fock space   F i   (constructed from the one-particle Hilbert space   H i  ) by declaring (representing)    a ^  i   and    a ^  i *   as the annihilation and creation operators on   F i  , renaming then    a ^  i   and    a ^  i †  . Thus, in spite of the J-independence of H and  A , the representation of the algebra on the Hilbert space turns out to be a decomposition-dependent process: every complex structure (or, equivalently, decomposition) gives rise to a different Fock space representation of  A . The annihilation and creation operators on the Fock space   F 2  ,    a ^  2   and    a ^  2 †  , are represented on   F 1   as


    a ^  2 ′   (  η ¯  )  =   a ^  1     A η  ¯   −   a ^  1 †     B η  ¯   ,      a ^  2  ′    †   ( χ )  =   a ^  1 †   A χ  −   a ^  1   ( B χ ) .   



(47)







Hence, in general,     a ^  2 ′   (  η ¯  )    does not annihilate the   F 1  -vacuum state    | 0 〉  1  . A direct calculation shows that the   F 2  -number operator     a ^  2 †   ( χ )     a ^  2   (  η ¯  )   , represented on   F 1  , has the following expectation value in the vacuum state     | 0 〉  1  ∈  F 1   :


         a ^  2  ′     †   ( χ )     a ^  2 ′   (  η ¯  )    vac  =   〈 η  ,  B †  B χ 〉   H 2   .  



(48)







The vacuum state     | 0 〉  2  ∈  F 2    in the Fock representation   F 1   corresponds to a state    |   0 ′    〉  2    satisfying


    a ^  1   (  A ¯   η ¯  )    |   0 ′    〉  2  =   a ^  1 †   (  B ¯   η ¯  )     |  0 ′  〉  2  .  



(49)







Actually, provided that   μ 1   and   μ 2   define equivalent norms, it can be shown [1] that the necessary and sufficient condition for the unitary equivalence of the Fock representations   (  F 1  ,   a ^  1  ,   a ^  1 †  )   and   (  F 2  ,   a ^  2  ,   a ^  2 †  )   is that B fulfills the Hilbert-Schmidt condition


  tr (  B †  B ) < ∞ .  



(50)







In that case, there exists a unitary map   U :  F 1  →  F 2    such that


    U   − 1      a ^  2   (  η ¯  )   U =   a ^  2 ′   (  η ¯  )  ,    U   − 1      a ^  2 †   ( χ )   U =     a ^  2  ′     †   ( χ )   ,  |   0 ′    〉  2  =   U   − 1     | 0 〉  2  ,  



(51)




with     a ^  2 ′   (  η ¯  )    and       a ^  2  ′     †   ( χ )    given by relationships (47), and    |   0 ′    〉  2    solving Equation (49). We also note that the requirement (50) on B is equivalent to impose the Hilbert-Schmidt condition on   (  J 2  −  J 1  )  . Indeed, since   χ = A χ + B χ  , it follows that   (  J 2  −  J 1  ) χ = 2 i B χ   for all   χ ∈  H 2   . Similarly, we have that    (  J 2  −  J 1  )  ψ = 2 i   B ¯  †  ψ   for all   ψ ∈  H 1   . Thus, the two complex structures lead to unitary equivalent representations of the CCRs if and only if   (  J 2  −  J 1  )   defines a Hilbert-Schmidt operator, either on   H 1   or on   H 2  .



Let us now discuss the issue of dynamics. Consider a compatible complex structure J on phase space   ( S , Ω )  . As we have seen in Section 2.2, J evolves according to    J t  =  T  ( t ,  t 0  )    J   T  ( t ,  t 0  )   − 1     [see Equation (14)], where    T  ( t ,  t 0  )   : S → S   is the linear symplectic transformation corresponding to the time evolution from   t 0   to t. (Here, J plays the role of an initial complex structure. Accordingly, all objects defined by J, such as the annihilation and creation operators or the associated Hilbert space, will be labelled with a subscript, or superscript,   t 0  .) Thus, every   J t   belongs to   J ( S , Ω )   and, consequently, we get a family of real inner products,    μ t    =   Ω  (  J t   ·  ,  ·  )   , on S. Assume that, for each time t, the linear symplectic bijections   T  ( t ,  t 0  )    and   T  ( t ,  t 0  )   − 1    are both continuous mappings on   S μ   (the Hilbert completion of S with respect to the norm    ∥ · ∥  J   defined by the inner product    μ  t 0   =  μ J   ). Then,   μ  t 0    and   μ t   define equivalent norms for all   t ∈  I ⊂ R   . (Let   S μ   be the Cauchy completion of S with respect to    ∥ · ∥  J  . Suppose that the linear symplectomorphism   R :  S μ  →  S μ    and (its inverse)    R  − 1   :  S μ  →  S μ    are continuous. Then, R and   R  − 1    are bounded in the norm    ∥ · ∥  J  . Hence, using that    μ R   ( R ϕ , R ϕ )  = μ  ( ϕ , ϕ )   , it follows that    μ J  = Ω  ( J  ·  ,  ·  )    and    μ  J R   = Ω  (  J R   ·  ,  ·  )   , with    J R  = R J  R  − 1    , define equivalent norms.) The annihilation and creation operators induced by time evolution   T  ( t ,  t 0  )    on    F  t 0     =    F J   , namely    a ^  t ′   and      a ^  t  ′     †  , are given by Bogoliubov transformations of the form (47),


    a ^  t ′   (   η ¯  t  )  =   a ^   t 0       A  ( t ,  t 0  )    η t   ¯   −   a ^   t 0  †      B  ( t ,  t 0  )    η t   ¯   ,    a ^  t  ′  †    (  χ t  )  =   a ^   t 0  †    A  ( t ,  t 0  )    χ t   −   a ^   t 0   (  B  ( t ,  t 0  )    χ t   ) ,   



(52)




for each   t ∈  I ⊂ R   . Here, both   η t   and   χ t   are in   H t  , whereas the orthogonal projections (with respect to the   H  t 0   -decomposition)    A  ( t ,  t 0  )   :  H t  →  H  t 0     and    B  ( t ,  t 0  )   :  H t  →   H ¯   t 0     satisfy relationships (40). So,     a ^  t ′   (   η ¯  t  )    and       a ^  t  ′     †   (  χ t  )    fulfill the CCRs (27). Clearly,   A  (  t 0  ,  t 0  )    and   B  (  t 0  ,  t 0  )    are the identity and the zero maps, respectively.



Since classical observables evolve according to   Ω  ( ϕ ,  ·  )  ↦ Ω  (  T  ( t ,  t 0  )   − 1   ϕ ,  ·  )   , we have that    a t ′   (   η ¯  t  )  = Ω  (  T  ( t ,  t 0  )   − 1   J   η ¯   t 0   ,  ·  )    and     a ¯  t ′   (  χ t  )  = Ω  (  T  ( t ,  t 0  )   − 1   J  χ  t 0   ,  ·  )   . On the other hand, the symplectic transformations   T  ( t ,  t 0  )    induce a two-parameter family of ∗-automorphisms on  A ,    Ω ^   ( ϕ ,  ·  )  ↦  ζ   ( t ,  t 0  )   ·  Ω ^   ( ϕ ,  ·  )  =  Ω ^   (  T  ( t ,  t 0  )   ϕ ,  ·  )   . Thus, the time evolution of the (abstract) elementary quantum observables is given by    Ω ^   ( ϕ ,  ·  )  ↦  ζ   ( t ,  t 0  )   − 1   ·  Ω ^   ( ϕ ,  ·  )   . In particular, we have that     a ^  t ′   (   η ¯  t  )  =  ζ   ( t ,  t 0  )   − 1   ·   a ^   t 0    (   η ¯   t 0   )    and       a ^  t  ′     †   (  χ t  )  =  ζ   ( t ,  t 0  )   − 1   ·   a ^   t 0  †   (  χ  t 0   )   , on   A  t 0   .



The question of unitary implementability of the dynamics in the J-Fock representation is whether or not there exist unitary operators    U  ( t ,  t 0  )   :  F  t 0   →  F  t 0     such that


   ζ   ( t ,  t 0  )   ·  Ω ^   ( ϕ ,  ·  )  =  U  ( t ,  t 0  )  †   Ω ^   ( ϕ ,  ·  )    U  ( t ,  t 0  )   .  



(53)







If such operators exist, it also means that, within the Heisenberg picture, the evolution expressed by Equations (52) is unitary, i.e.,


   U  ( t ,  t 0  )      a ^   t 0    (   η ¯   t 0   )    U  ( t ,  t 0  )  †  =   a ^   t 0       A  ( t ,  t 0  )    η t   ¯   −   a ^   t 0  †      B  ( t ,  t 0  )    η t   ¯   ,  



(54)






   U  ( t ,  t 0  )      a ^   t 0  †   (  χ  t 0   )    U  ( t ,  t 0  )  †  =   a ^   t 0  †    A  ( t ,  t 0  )    χ t   −   a ^   t 0   (  B  ( t ,  t 0  )    χ t   ) .   



(55)







It follows from the discussion above that the unitary operators   U  ( t ,  t 0  )    exist, i.e., the classical dynamics dictated by   T  ( t ,  t 0  )    is unitarily implementable in the J-Fock representation, if and only if   B  ( t ,  t 0  )    satisfies the Hilbert-Schmidt condition (50) for all t. This is tantamount to requiring that   ( J −  J t  )   be Hilbert-Schmidt on   H  t 0    for all t, as we have seen. Another way to formulate this condition is to say that the antilinear part of   T  ( t ,  t 0  )    must be Hilbert-Schmidt on   H  t 0    for all t (indeed, a symplectic transformation R is unitarily implementable on a Fock space   F J   if and only if its antilinear part with respect to the complex structure J, namely    R J  =  ( R + J R J )  / 2  , is Hilbert-Schmidt on the one-particle space  H  defined by J [71,72]).



Turning to the more algebraic perspective, the ∗-automorphisms   ζ   ( t ,  t 0  )    of the algebra  A  define ∗-automorphisms   ζ  ( t ,  t 0  )  ′   of the Weyl algebra  W  via    ζ ′  · W  ( ϕ )  = exp  [ i ζ ·  Ω ^   ( ϕ ,  ·  )  ]   , i.e.,    ζ   ( t ,  t 0  )  ′  · W  ( ϕ )  = W  (  T  ( t ,  t 0  )   ϕ )   . A simple calculation shows that    ω  J t    [ W  ( ϕ )  ]  =  ω J   [  ζ   ( t ,  t 0  )   ′  − 1   · W  ( ϕ )  ]   ; that is to say, the time evolution of observables in the Heisenberg picture is represented by the inverse of the automorphisms   ζ   ( t ,  t 0  )  ′  , related to the inverse of   ζ   ( t ,  t 0  )   , of course (for details about symplectic transformations and automorphisms in the Weyl algebra see, for instance, Ref. [73]). Again, the family of automorphisms   ζ   ( t ,  t 0  )  ′   of the abstract Weyl algebra corresponds to unitary transformations in the J-Fock representation if and only if   B  ( t ,  t 0  )    is Hilbert-Schmidt for all t. Note also that the relation    ω  J t   =  ω J  ∘    ζ ′     ( t ,  t 0  )    − 1     between the algebraic states can be interpreted as the time evolution of the “initial” algebraic state   ω J  . So, in the Schrödinger picture, the issue of a unitary quantum dynamics becomes the question of whether or not the family of algebraic states    ω J  ∘    ζ ′     ( t ,  t 0  )    − 1     provide unitary equivalent representations of the (adjoint and) Weyl relations (31) and (32) [or, equivalently, of the CCRs (29)].



Let us now focus in particular on the case of a free scalar field propagating in a spatially compact spacetime. Because of spatial compactness, every   ψ ∈  H t    and    ξ ¯  ∈   H ¯  t    can be written as


  ψ =  ∑ k   c k   u k t  ,   ξ ¯  =  ∑ k   d k    u ¯  k t  .  



(56)







Here,   {  u k t  }   and   {   u ¯  k t  }   are orthonormal bases with respect to the Hermitian inner product    μ  ( H ,  J t  )    (  ·  ,  ·  )    =   Ω  (    J t   ·   ¯  ,  ·  )    for, respectively,   H t   and    H ¯  t  , whereas   c k   and   d k   are complex constant numbers. Clearly,   {  (  u k t  ,   u ¯  k t  )  }   is an orthonormal basis for the   J t  -decomposition of H, namely    H t  ⊕   H ¯  t   . As before, let us denote by    〈  ·  ,  ·  〉   H t    and    〈  ·  ,  ·  〉    H ¯  t    the restriction of the Hermitian inner product   μ  ( H ,  J t  )    to, respectively,   H t   and    H ¯  t  . The projection of    u m t  ∈  H t    onto    u k  t 0   ∈  H  t 0     gives the vector     〈  u k  t 0   ,  u m t  〉   H  t 0     u k  t 0    . Similarly, the projection of   u m t   onto     u ¯  k  t 0   ∈   H ¯   t 0    , gives the vector     〈   u ¯  k  t 0   ,  u m t  〉    H ¯   t 0      u ¯  k  t 0    . Hence, we have that


   A  ( t ,  t 0  )    u m t  =  ∑ k   A  k m    ( t ,  t 0  )   u k  t 0   ,   B  ( t ,  t 0  )    u m t  =  ∑ k    B ¯   k m    ( t ,  t 0  )    u ¯  k  t 0   ,  



(57)




with


   A  k m    ( t ,  t 0  )  =   〈  u k  t 0   ,  u m t  〉   H  t 0    ,    B ¯   k m    ( t ,  t 0  )  =   〈   u ¯  k  t 0   ,  u m t  〉    H ¯   t 0    .  



(58)







By performing an analogous calculation, one gets    C  ( t ,  t 0  )    u m  t 0     and    D  ( t ,  t 0  )    u m  t 0     [in fact, we can obtain them by simply switching the t and   t 0   parameters in Equations (57) and (58)]. Since    C  ( t ,  t 0  )   =  A  ( t ,  t 0  )  †    and    D  ( t ,  t 0  )   = −   B ¯   ( t ,  t 0  )  †    [see Equation (42)], we thus get that


   A  ( t ,  t 0  )  †   u m  t 0   =  ∑ k    A ¯   m k    ( t ,  t 0  )   u k t  ,   B  ( t ,  t 0  )  †    u ¯  m  t 0   =  ∑ k   B  m k    ( t ,  t 0  )   u k t   



(59)




where we have used


    〈  u k t  ,  u m  t 0   〉   H t   =    〈  u m  t 0   ,  u k t  〉   H  t 0    ¯  =   A ¯   m k    ( t ,  t 0  )  ,   −   〈  u k t  ,   u ¯  m  t 0   〉   H t   =    〈   u ¯  m  t 0   ,  u k t  〉    H ¯   t 0    ¯  =  B  m k    ( t ,  t 0  )  .  



(60)







The first relation in Equation (40), together with Equations (57) and (59), implies that the Bogoliubov coefficients    A  k m    ( t ,  t 0  )    and     B ¯   k m    ( t ,  t 0  )    satisfy


   ∑ k   (  A  k m     A ¯   k n   −   B ¯   k m    B  k n   )  =  δ  n m   .  



(61)







From    u m t  =  A  ( t ,  t 0  )    u m t  +  B  ( t ,  t 0  )    u m t    and Equation (57), it follows that the bases   {  (  u m  t 0   ,   u ¯  m  t 0   )  }   and   {  (  u m t  ,   u ¯  m t  )  }   of H are related by


   u m t  =  ∑ k    A  k m    ( t ,  t 0  )   u k  t 0   +   B ¯   k m    ( t ,  t 0  )    u ¯  k  t 0    ,  



(62)






    u ¯  m t  =  ∑ k     A ¯   k m    ( t ,  t 0  )    u ¯  k  t 0   +  B  k m    ( t ,  t 0  )   u k  t 0    ,  



(63)




where    A  k m    ( t ,  t 0  )    and     B ¯   k m    ( t ,  t 0  )    are given by Equation (58), and satisfy the relation (61). Equations (62) and (63) are the Bogoliubov transformations between basis vectors.



Let us consider the expansion of the field in terms of the basis modes   {  (  u k  t 0   ,   u ¯  k  t 0   )  }   associated with the initial complex structure J,


  ϕ =  ∑ k   (  a k 0   u k  t 0   +   a ¯  k 0    u ¯  k  t 0   )  .  



(64)







It is straightforward to check that the annihilation and creation-like observables    a  t 0    (   u ¯   k   t 0   )    and     a ¯   t 0    (  u  k   t 0   )    evaluated at   ϕ ∈ S   give    a  t 0    (   u ¯   k   t 0   )   [ ϕ ]  =  a k 0    and     a ¯   t 0    (  u  k   t 0   )   [ ϕ ]  =   a ¯  k 0   . That is,    a  t 0    (   u ¯   k   t 0   )    and     a ¯   t 0    (  u  k   t 0   )    can be viewed as coordinate functions on S (which can be identified with the space of coefficients   {  (  a k 0  ,   a ¯  k 0  )  }  ), so that we can write     a ^   t 0    (   u ¯   k   t 0   )  =   a ^  k 0    and     a ^   t 0  †   (  u  k   t 0   )  =   a ^  k  0  †    . From Equation (27) we get that    a ^  k 0   and    a ^  k  0  †    satisfy the standard CCRs    [   a ^  k 0  ,   a ^  m  0  †   ]  =  I ^   δ  k m    . The Fock space of quantum states   F  t 0    is generated by repeatedly applying the creation operators    a ^  m  0  †    on   | 0 〉  , the state annihilated by all    a ^  k 0  . Employing Equation (54) on the basis modes   u m t   (i.e.,    η t  =  u m t   ) and using Equation (57), we get that —if it turns out to be unitary—the “evolution” of    a ^  m 0   from t to   t 0   would be given by


   U  ( t ,  t 0  )      a ^  m 0    U  ( t ,  t 0  )  †  =  ∑ k     A ¯   k m    ( t ,  t 0  )     a ^  k 0  −  B  k m    ( t ,  t 0  )     a ^  k  0  †    .  



(65)







The time evolution from the initial time   t 0   to an arbitrary final time t is obtained simply by interchanging t with   t 0   in the above equation. Note that     A ¯   k m    (  t 0  , t )  =  A  m k    ( t ,  t 0  )    and that    B  k m    (  t 0  , t )  = −  B  m k    ( t ,  t 0  )   . Thus, the evolution of the annihilation operator    a ^  m 0   associated with   u k  t 0   , from   t 0   to t, would be given by


   U  ( t ,  t 0  )  †     a ^  m 0    U  ( t ,  t 0  )   =  ∑ k    A  m k    ( t ,  t 0  )     a ^  k 0  +  B  m k    ( t ,  t 0  )     a ^  k  0  †    .  



(66)







Analogously, we obtain that the evolution of the creation operator    a ^  m †  , from   t 0   to t, would be dictated by the unitary transformation


   U  ( t ,  t 0  )  †     a ^  m  0  †     U  ( t ,  t 0  )   =  ∑ k     A ¯   m k    ( t ,  t 0  )     a ^  k  0  †   +   B ¯   m k    ( t ,  t 0  )     a ^  k 0   .  



(67)







A direct calculation shows that the unitarity condition, i.e., the Hilbert-Schimdt condition on   B  ( t ,  t 0  )   , turns out to be the requirement that the Bogoliubov coefficients    B  k m    ( t ,  t 0  )    be square summable,


   ∑  k m     |  B  k m    ( t ,  t 0  )  |  2  < ∞ ,  ∀ t .  



(68)







It is worth remarking that unitarity (or not) of   U  ( t ,  t 0  )    is a basis-independent issue. Indeed, given any other orthonormal basis   {   u ˜  k t  }   in   H t  , it is not difficult to see that    ∑  k m     |   B ˜   k m    ( t ,  t 0  )  |  2    is equal to    ∑  k m     |  B  k m    ( t ,  t 0  )  |  2   , i.e., the result of   tr   B  ( t ,  t 0  )  †   B  ( t ,  t 0  )      does not depend on the specific choice of basis considered to perform the calculation.



By using the isomorphism   I  t 0    between the linear spaces S and  Γ , one can obtain the counterpart of the above quantization in the canonical approach. The configuration and momentum of the field  ϕ , expanded in the positive and negative frequency mode solutions associated with J [see Equation (64)], are given by


  φ =  ∑ k   (  a k 0   g k  +   a ¯  k 0    g ¯  k  )  ,  π =  ∑ k   (  a k 0   f k  +   a ¯  k 0    f ¯  k  )  ,  



(69)




where    g k  =  u k  t 0     |   t 0     and    f k  =  h   L n   u k  t 0     |   t 0    . In terms of the complex structure induced on  Γ , i.e.,    j  t 0   =  I  t 0   J  I   t 0    − 1    , the annihilation and creation-like variables read    a k 0  = Ω  (  j  t 0    (   g ¯  k  ,   f ¯  k  )  ,  ( φ , π )  )    and     a ¯  k 0  = Ω  (  j  t 0    (  g k  ,  f k  )  ,  ( φ , π )  )   , respectively. The promotion of these variables to quantum operators corresponds to the annihilation and creation operators (39) in the Schrödinger representation, with label    γ k +  =  (  g k  ,  f k  )   . The time evolved operators of annihilation and creation,     a ^  k   ( t )  =   U   ( t ,  t 0  )  †    a ^  k 0   U  ( t ,  t 0  )     and     a ^  k †   ( t )  =   U   ( t ,  t 0  )  †    a ^  k  0  †    U  ( t ,  t 0  )    , are respectively given by the right-hand side of Equations (66) and (67), that define the mapping   U  ( t ,  t 0  )    in the current representation.



Let us conclude with the following remark concerning unitarity. It follows from Equations (51), (52), (54) and (55) that if U is a unitary map, then so is  U  (and vice versa). For unitary U, we have in particular that


  U     a ^    t 0   †   (  η  t 0   )  −   a ^   t 0    (   η ¯   t 0   )     U  − 1   =   U   − 1       a ^   t  †   (  η t  )  −   a ^  t   (   η ¯  t  )    U .  



(70)







Let us now suppose, without any further assumptions, that Equation (70) is satisfied. Then, a calculation along the lines of Ref. [74] shows that


  − 2 i  U    a ^   t 0    (   η ¯   t 0   )    U  − 1   =   U   − 1       a ^   t  †   [  (  J t  − T J  T  − 1   )   η t  ]  +   a ^  t   [  (  J t  + T J  T  − 1   )    η ¯  t  ]    U .  



(71)







Let   U ˜   be the composition   U U :  F  t 0   →  F t   . Thus, we obtain from Equation (71) that


  − 2 i    a ^   t 0    (   η ¯   t 0   )  =    U ˜    − 1       a ^   t  †   [  (  J t  − T J  T  − 1   )   η t  ]  +   a ^  t   [  (  J t  + T J  T  − 1   )    η ¯  t  ]     U ˜  .  



(72)







By applying Equation (72) to the vacuum state   | 0 〉   of   F  t 0   , we get that the state    |   Ψ t   〉 =   U ˜   | 0 〉    in   F t   must satisfy the relationship


    a ^  t    (  J t  + T J  T  − 1   )    η ¯  t    |   Ψ t   〉 =    a ^   t  †    ( T J  T  − 1   −  J t  )   η t    |  Ψ t  〉  .  



(73)







Therefore, the maps   U ˜   are unitary mappings if and only if   ( T J  T  − 1   −  J t  )   is Hilbert-Schimdt on   H t  . However, since   J t   is precisely the complex structure resulting from evolving J in time, we have that the Hilbert-Schimdt condition is trivially satisfied and, therefore,   U ˜   is always a unitary map for all   t 0   and t. Note, nonetheless, that unitarity of   U ˜   does not imply that U (nor  U ) must be necessarily unitary.



Let us consider the above condition (73) with   J t   replaced with some    J t ′  ≠ T J  T  − 1    . Then, unitarity of   U ˜   means that complex structures   J t ′   differing from   T J  T  − 1     can be consistently considered at time t only if   (  J t ′  − T J  T  − 1   )   is a Hilbert-Schmidt operator. More specifically, from the unitarity of   U ˜  , it follows that     〈 0 | W  ( ϕ )  | 0 〉  J   = 〈   Ψ t ′   |   W ′   ( T ϕ )    |  Ψ t ′  〉   J t ′    , where    W ′   ( T ϕ )  =  U ˜  W  ( ϕ )    U ˜   − 1     and    |   Ψ t ′   〉 =   U ˜   | 0 〉    is a normalizable state satisfying Equation (73). Since the expectation value of   W ( ϕ )   at final time is given by     〈 W  ( ϕ )  〉   T J  T  − 1     =   〈 W  (  T  − 1   ϕ )  〉  J    (see for instance Ref. [73]), we have that     〈 W  ( ϕ )  〉   T J  T  − 1      = 〈   Ψ t ′   |   W ′   ( ϕ )    |  Ψ t ′  〉   J t ′    , which certainly holds only if   (  J t ′  − T J  T  − 1   )   is Hilbert-Schmidt either on   H  J t ′    or on   H  T J  T  − 1     . (The consistency condition that   (  J t ′  − T J  T  − 1   )   be Hilbert-Schmidt was introduced and considered in Refs. [74,75], within the canonical space approach, as a general condition of unitary evolution.) For a thorough discussion on quantum unitary dynamics in cosmological scenarios see Ref. [60].




3.4. The Scalar Field with Time Dependent Mass


As we pointed out in Section 2.3, the 0-spin boson field  ϕ  propagating in a spatially compact FLRW spacetime can be treated, after the time dependent scaling   ψ = a ϕ  , as a free scalar field with time dependent mass (or, equivalently, as a scalar field subject to a time dependent potential) propagating in a static background, obeying the equation of motion (20). Here, we will consider the same class of system, but adding also the case of a background with one-dimensional spatial sections with the topology of a circle. Besides, the time dependent function   s ( t )   in the potential   V  ( ψ )  = s  ( t )   ψ 2  / 2   will be considered (except for very mild conditions that will be specified below) as a general real function. Let us remark that for non-negative   s ( t )  , the function can be interpreted as a squared time dependent mass.



More concretely, we consider here a real scalar field  ψ  governed by the equation


   ψ ¨  − Δ  ψ + s  ( t )  ψ = 0 ,  



(74)




in a static background


   g  α β   d  x α  d  x β  = − d  t 2  +  h  a b   d  x a   d  x b  ,  



(75)




where   h  a b    is the standard Riemannian metric of a spatial manifold  Σ  that we will allow to be either a circle   S 1  , a three-sphere   S 3  , or a three-dimensional torus   T 3  . Besides,  Δ  is the LB operator associated to   h  a b   . According to our general discussion in Section 2.2, the canonical phase space is the real linear space   Γ = {  ( φ , π )  | φ , π ∈  C ∞   ( Σ )  }   equipped with the standard symplectic structure (5). (With respect to Equation (21), we now rename    φ ˜  → φ   and    π ˜  → π   to simplify our notation). The covariant phase space is the linear space S of smooth solutions to Equation (74) arising from initial data on  Γ ,    φ = ψ |   t 0    and   π =  h   ψ ˙    |   t 0    , equipped with the symplectic structure (11) (with the identification    Σ  t 0   ≈  S 1   ,    Σ  t 0   ≈  S 3   , or    Σ  t 0   ≈  T 3   ). We recall that   t 0   stands for the fixed (but) arbitrary initial reference time. The PB between the canonically conjugate variables of configuration and momentum are given by    { φ  ( x )  , π  (  x ′  )  }  = δ  ( x −  x ′  )   , where x denotes abstractly the coordinates of a point on  Σ .



Scalar functions on  Σ  can be expanded in terms of harmonics, i.e., in terms of solutions of the eigenvalue equation for the LB operator on  Σ :   − Δ   X n  =  ω n 2   X n   , where (1)    ω n 2  =  n 2    for   S 1  , with   n ∈ Z  , (2)    ω n 2  = n  ( n + 2 )    for   S 3  , with   n ∈ N  , and (3)    ω n 2  =  n →  ·  n →    for   T 3  , with    n →  =  (  n 1  ,  n 2  ,  n 3  )    and    n i  ∈ Z   (  i = 1 , 2 , 3  ). The eigenfunctions   X n   can be chosen as the complex exponential functions   exp  ( i n x )  /   ( 2 π )   1 / 2     and   exp  ( i  n →  ·  x →  )  /   ( 2 π )   3 / 2     for the   S 1   and the   T 3   cases [ n  denotes the integer n and the triple    n →  =  (  n 1  ,  n 2  ,  n 3  )   , respectively], whereas for the   S 3   case   X n   stands for the (hyper)spherical harmonics    Q  n ℓ m    ( x )    on   S 3   [here  n  denotes collectively the set of indices   ( n , ℓ , m )  , with   n ∈ N  ,   0 ≤ ℓ ≤ n  , and   − ℓ ≤ m ≤ ℓ  ]. (For a description of the harmonics in non-vanishing spatial curvature see, for instance, Ref. [76].) The functions   X n   are orthonormal with respect to the   L 2  -product on  Σ , namely    (  X n  ,  X m  )  =  δ nm   , where    (  X n  ,  X m  )  = ∫   X ¯  n   X m   h   d 3  x  . The configuration and momentum of the field can be expressed as


  φ  ( x )  =  ∑ n   φ n   X n   ( x )  ,  π  ( x )  =  h   ∑ n   π n   X n   ( x )  ,  



(76)




where   φ n   and   π n   are the complex Fourier coefficients of the expansion in the complete set   {  X n   ( x )  }  . Since the field is a real one, these Fourier coefficients satisfy the following reality conditions:     η ¯  k  =  η  − k     for the circle case,     η ¯   k →   =  η  −  k →      for the three-torus case, and     η ¯   n ℓ m   =   ( − 1 )  m   η  n ℓ − m     for the three-sphere case, where    η n  =  (  φ n  ,  π n  )   . The reality conditions are obtained by using that    φ n  =  ∫ Σ   h  φ   X ¯  n    and    π n  =  ∫ Σ  π   X ¯  n   , that the configuration  φ  and the momentum  π  of the field are real functions, and by employing the specific relationship between   X n   and its complex conjugate    X ¯  n  :     X ¯  k  =  X  − k     on   S 1  ,     X ¯   k →   =  X  −  k →      on   T 3  , and     X ¯   n ℓ m   =   ( − 1 )  m   X  n ℓ − m     on   S 3  .



Incorporating the time dependence in our field, and recalling that it is real, we can decompose it in a Fourier expansion of the form


  ψ  ( t , x )  =  ∑ n    ξ n   ( t )   X n   ( x )  +  c . c .   ,  



(77)




where the functions of time   ξ n   are solutions to the second-order differential equations


   f ¨  = −  (  ω n 2  + s )  f .  



(78)







This equation follows from the field Equation (74) when the spatial part is evaluated in the harmonic   X n  . We note that the Equation (78) is real. Therefore if   ξ n   provides a solution, so does its complex conjugate    ξ ¯  n  . The relation between the functions   ξ n   and the coefficients   η n   above depend on the complex conjugation properties of the eigenfunctions   X n   of the LB operator. For instance, in the   S 3   case we get that the Fourier coefficients of the configuration field are given by    φ n  =  ξ n   (  t 0  )  +   ξ ¯   − n    (  t 0  )   , where   t 0   is the initial time. On the other hand, it is worth remarking that the dynamical Equation (78) depends exclusively on the eigenvalue of the LB operator,   −  ω n 2   , rather than on the label of the harmonic,  n . As a consequence, except for the dependence on  n  that the initial conditions determined by   η n   may impose at   t 0  , the functions    ξ n   ( t )    vary only with the value of   ω n 2  . Indicating the dependence on this eigenvalue with a subscript n, we can then rewrite the field (77) in the following manner:


  ψ  ( t , x )  =  ∑ n    a n   T n   ( t )   X n   ( x )  +  c . c .   .  



(79)







This field decomposition respects the symmetries of the field equations. Here,   a n   is a set of arbitrary complex constants, and the functions   T n   are conveniently normalized solutions to Equation (78) (as we explain below). The subscript n can be chosen to correspond to the absolute value of the harmonic label n for the case of the circle, to the Euclidean norm of   n →   for the three-torus, and to the first index in the set   n ≡ { n , ℓ , m }   for the three-sphere.



Most important for the quantization it is the fact that, given that Equation (78) is real and of second-order, as we have commented, we can choose the complex solution   T n   so that    T ¯  n   is an independent solution. In this way, we obtain a splitting of the space of solutions between “positive and negative” frequency modes, namely    ψ n   ( t , x )  =  T n   ( t )   X n   ( x )    and     ψ ¯  n   ( t , x )  =   T ¯  n   ( t )    X ¯  n   ( x )   . According to the discussion in Section 3.2, there is an associated complex structure J, with corresponding annihilation-like variables given by    a n  = Ω  ( J   ψ ¯  n  , ψ )    and creation-like variables provided by their complex conjugates. From the orthonormality of the field solutions   ψ n   with respect to the Hermitian inner product   Ω (   J  ·   ¯  ,  ·  )  , and of the eigenfunctions   X n   with respect to the   L 2  -product on  Σ , it follows that


   T n     T ¯  ˙  n  −   T ¯  n    T ˙  n  = i ,  ∀ n .  



(80)







In this perspective, J is ultimately defined by the functions   T n  , and thus the choice of a complex structure is equivalent to the choice of a set of complex solutions   T n   to Equation (78) for every of the LB eigenspaces, satisfying Equation (80) (see Ref. [77] for details). The field decomposition (79) is fully adapted to this perspective, and immediately gives an expression for the field operator in the Heisenberg picture, when the constants   a n   and    a ¯  n   are replaced with annihilation and creation operators, acting on the Hilbert space constructed from J, as described in Section 3.2.



Making contact with the canonical perspective, and since the solutions   T n   are determined by the initial conditions, we have that, in terms of the Cauchy data at the initial reference time   t 0  , the annihilation-like variables are given by


   a n  = Ω   j  t 0    (    g ¯  n  ,   f ¯  n    ,  ( φ , π )  ) ;    g n   ( x )  =  T n   (  t 0  )   X n   ( x )  ,   f n  =  h    T ˙  n   (  t 0  )   X n   ( x )  ,  



(81)




where   j  t 0    is the initial complex structure on  Γ  induced by J, namely    j  t 0   =  I  t 0   J  I  t 0   − 1    .



Clearly, the group of spatial symmetries of the metric   h  a b   , say   G h  , is a group of symmetries of  Δ  and, consequently, of the equation of motion (74). In the same spirit of demanding invariance under such symmetries that we adopted above, we note that a   G h  -invariant complex structure does not only allow for a unitary implementation of the spatial isometries corresponding to   h  a b   , but furthermore for a   G h  -invariant representation of the CCRs. A simple obvious choice, that ensures a   G h  -invariant Fock representation, is the massless free field representation provided by the complex structure (22),


   j 0   ( φ , π )  =  −   [ − h Δ ]   − 1 / 2   π ,   [ − h Δ ]   1 / 2   φ  .  



(82)







This complex structure defines the annihilation-like variables    a n 0  =  [  ω n   φ n  + i  π n  ]  /   2  ω n     . (We exclude in principle the zero mode. This does not affect the field properties of the system. Besides, the zero mode can be quantized separately as a mechanical system.) Notice that   j 0   is determined by the initial conditions    T n   (  t 0  )  = 1 /   2  ω n      and     T ˙  n   (  t 0  )  = − i    ω n  / 2     for Equation (78) (these can be checked to provide valid initial conditions; see, for instance, Refs. [12,13]). Indeed, substituting the complex structure (82) into Equation (81) we get


  Ω   j 0   (   g ¯  n  ,   f ¯  n  )  ,  ( φ , π )   =  ω n    T ¯  n   (  t 0  )   φ n  +  ω n  − 1      T ¯  ˙  n   (  t 0  )   π n  ,  



(83)




where we have used that     ( − Δ )   ± 1 / 2    X n  =  ω n  ± 1    X n   , as well as the orthonormality of the eigenfunctions   X n   with respect to the   L 2  -product on  Σ . Hence, for    T n   (  t 0  )  = 1 /   2  ω n      and     T ˙  n   (  t 0  )  = − i    ω n  / 2    , the annihilation-like variables   a n   reproduce in fact the massless free annihilation-like variables   a n 0  .



By constructing the   j 0  -Fock representation, we get the annihilation and creation operators     a ^  0   (   γ +  ¯  )    and     a ^   0  †    (  γ +  )    defined by   j 0   [see Equation (39)], where    γ +  =  ( γ − i  j 0  γ )  / 2   and   γ ∈ Γ  . Then, introducing a Fourier decomposition, we obtain    a ^  n 0   and    a ^  n  0  †   , that are nothing but the result of promoting the observables (81) and their complex conjugates [with    j  t 0   =  j 0   ,    T n   (  t 0  )  = 1 /   2  ω n     , and     T ˙  n   (  t 0  )  = − i    ω n  / 2    ] to quantum operators. Explicitly,    a ^  n 0   and    a ^  n  0  †    are given by


    a ^  n 0  =  1   2  ω n      (  ω n    φ ^  n  + i   π ^  n  )  ,    a ^  n  0  †   =  1   2  ω n      (  ω n    φ ^  n †  − i   π ^  n †  )  ,  



(84)




where the action of    φ ^  n   and    π ^  n   on the Hilbert space is obtained from the Fourier decomposition of Equations (37) and (38), for the complex structure characterized by   a = c = 0  ,   b =   [ − h Δ ]   − 1 / 2    , and   d = −   [ − h Δ ]   1 / 2    .



The time evolution of    a ^  n 0   is dictated by a Bogoliubov transformation of the form (66), namely


    a ^  m   ( t )  =  ∑ n    A  m n    ( t ,  t 0  )     a ^  n 0  +  B  m n    ( t ,  t 0  )     a ^  m  0  †    ,  



(85)




with Bogoliubov coefficients


   A  m n    ( t ,  t 0  )  =  α n   ( t ,  t 0  )   δ  m n   ,   B  m n    ( t ,  t 0  )  =  β n   ( t ,  t 0  )    (  X m  ,   X ¯  n  )  ,  



(86)




where   (  X m  ,   X ¯  n  )   corresponds to    (  X m  ,   X ¯  n  )  =  δ  − m n     for the circle case,    (  X  m →   ,   X ¯   n →   )  =  δ  −  m →   n →      for the three-torus, and    (  X  n ℓ m   ,   X ¯    n ′   ℓ ′   m ′    )  =   ( − 1 )  m   δ  n  n ′     δ  ℓ  ℓ ′     δ  − m  m ′      for the three-sphere. The coefficients    α n   ( t ,  t 0  )    and    β n   ( t ,  t 0  )    are given by


   α n   ( t ,  t 0  )  = i  [   T ¯  n   (  t 0  )    T ˙  n   ( t )  −  T n   ( t )     T ¯  ˙  n   (  t 0  )  ]  ,   β n   ( t ,  t 0  )  = i  [   T ¯  n   (  t 0  )     T ¯  ˙  n   ( t )  −   T ¯  n   ( t )     T ¯  ˙  n   (  t 0  )  ]  .  



(87)







A straightforward calculation shows that    |   α n   ( t ,  t 0  )    |  2  −   |  β n   ( t ,  t 0  )  |  2  = 1  .



Notice that, instead of considering a Fourier decomposition with respect to the set of complex functions   {  X n  }  , one can decide to perform the expansion of the configuration and momentum of the field in terms of explicitly real functions. In that case, the Fourier coefficients become real as well, and no reality conditions need be imposed. Then, the corresponding Bogoliubov coefficients turn out to be of the form


   A  m n    ( t ,  t 0  )  =  α n   ( t ,  t 0  )   δ  m n   ,   B  m n    ( t ,  t 0  )  =  β n   ( t ,  t 0  )   δ  m n   .  



(88)







For instance, in the   S 1   case, the non-zero modes of the system can be described in terms of real canonically conjugate variables   (  q n  ,   q ˜  n  ,  p n  ,   p ˜  n  )   related to the complex variables   (  φ n  ,  π n  )   by    q n  =  2  Re  (  φ n  )   ,     q ˜  n  =  2  Im  (  φ n  )   ,    p n  =  2  Re  (  π n  )   , and     p ˜  n  =  2  Im  (  π n  )   , restricting now n to be a positive integer,   n ∈  N +   . Since     η ¯  n  =  η  − n    , for   η = φ , π  , the operators associated with    2  Re  (  η n  )    and    2  Im  (  η n  )    are respectively given by the self-adjoint operators    (   η ^  n  +   η ^   − n   )  /  2    and    (   η ^  n  −   η ^   − n   )  /  ( i  2  )   . We use this canonical transformation to recast the Schrödinger representation, with fundamental operators    φ ^  n   and    π ^  n  , in terms of the self-adjoint operators    q ^  n  ,    p ^  n  ,     q ˜  ^  n  , and     p ˜  ^  n  . The   j 0  -annihilation operators are given by


    b ^  n  =  1   2 n     ( n   q ^  n  + i   p ^  n  )  ,     b ˜  ^  n  =  1   2 n     ( n    q ˜  ^  n  + i    p ˜  ^  n  )  ,  



(89)




and the creation operators are provided by their adjoints,    b ^  n †   and     b ˜  ^  n †  .



According to Equations (85) and (86), the time evolution of     a ^  m 0  =  (  ω m    φ ^  m  + i   π ^  m  )  /   2  ω m      (for all   m ∈ Z   and with    ω m  =  | m |   ) is given by the Bogoliubov transformation


    a ^  m   ( t )  =  α m   ( t ,  t 0  )    a ^  m 0  +  β m   ( t ,  t 0  )    a ^   − m   0  †   .  



(90)







The expression for     a ^  m †   ( t )    is obtained by taking the adjoint of Equation (90). It is not difficult to see that    a ^  m 0   and    a ^   − m   0  †    are related to the annihilation and creation operators   (   b ^  m  ,    b ˜  ^  m  )   and   (   b ^  m †  ,    b ˜  ^  m †  )   by


    a ^  m 0  =  1  2    (   b ^  m  + i    b ˜  ^  m  )  ,    a ^   − m   0  †   =  1  2    (   b ^  m †  + i    b ˜  ^  m †  )  ,  



(91)




for all positive integers m (for negative m,    a ^  m 0   and    a ^   − m   0  †    can be found from the adjoint of the above relations). The time evolution of    b ^  m   and     b ˜  ^  m   can be determined by substituting Equation (91) into Equation (90),


    b ^  m   ( t )  =  α m   ( t ,  t 0  )    b ^  m  +  β m   ( t ,  t 0  )    b ^  m †  ,     b ˜  ^  m   ( t )  =  α m   ( t ,  t 0  )     b ˜  ^  m  +  β m   ( t ,  t 0  )     b ˜  ^  m †  .  



(92)







Thus, in contrast with the expression (90), where the modes m and   − m   are coupled, the evolution of the annihilation operators    b ^  m   and     b ˜  ^  m   is fully decoupled from the rest. Although the Bogoliubov coefficients    A  m n    ( t ,  t 0  )    are the same ones as for     a ^  m   ( t )   , the coefficients of the antilinear part are now given by


   B  m n    ( t ,  t 0  )  =  β n   ( t ,  t 0  )   δ  m n   .  



(93)







The   j 0  -Fock representation is, by construction, invariant under the isometries of the spatial manifold  Σ  (  S 1  ,   S 3  , or   T 3  , depending on the case). This property, however, turns out not to be enough to guarantee the uniqueness of the representation. Indeed, there are infinitely many complex structures which do not belong to the equivalence class of   j 0   but are symmetry invariant. Thus, one has to look for extra requirements in order to select a unique preferred Fock representation. A natural requirement is to demand that the classical symplectic transformations associated with the time evolution are properly quantized as unitary operators (note that it is pointless to ask for time invariance, since time-translation symmetry is broken by the non-stationarity of the system). So, we restrict our attention to invariant Fock representations that admit, in addition, a unitary implementation of the dynamics.



In summary, we require that (1) the vacuum state be invariant under the (spatial) isometries of the manifold  Σ , and that (2) the dynamics dictated by the field Equation (74) be unitarily implementable. Remarkably, the   j 0  -Fock representation is the unique (up to unitary equivalence) symmetry invariant representation of the CCRs where a unitary implementation of the time evolution is available (i.e., it is the unique Fock representation satisfying the criteria of invariance and of unitarity). Furthermore, no canonical transformations (except for trivial ones) can lead to a field description from which an invariant Fock representation admitting a unitary implementation of the dynamics could be defined; i.e., the  ψ -description is unique, up to trivial canonical transformations. The removal of the ambiguities in the quantization of scalar fields with time dependent mass is discussed in Ref. [12] for the case of the circle topology, in Refs. [13,14,15] for the case of the three-sphere topology, and in Refs. [43,44,45] for the case of the three-torus topology. In all of these cases, it is sufficient (but not necessary) that the function   s ( t )   possesses a second derivative which is integrable in every compact subinterval of the time domain.



The rest of this work is an overview of these uniqueness results obtained within the context of cosmology; the arena in which the studies were motivated and developed. We will present a compilation of the uniqueness results attained for the quantization of Gowdy models, and of (test) scalar fields propagating in FLRW spacetimes, de Sitter spacetimes, and anisotropic Bianchi I universes.





4. Uniqueness of the Description for Quantum Gowdy Cosmologies


Symmetry reduced models in general relativity have received great attention, as a suitable arena where one can study issues that may play a central role in a future quantum theory of gravity. On the one hand, this allows us to discuss with specific examples conceptual and technical problems that arise when one tries to conciliate gravity and quantum mechanics. On the other hand, these reduced models are usually of physical relevance in cosmology or in astrophysical situations. The so-called midisuperspace models [78,79], coming from reductions that keep an infinite number of degrees of freedom, are especially relevant from the technical point of view, since they capture at least some of the field complexity of general relativity. Among this kind of models, the simplest model with applications in cosmology is the family of Gowdy spacetimes [18] with linear polarization and with the spatial topology of a three-torus,   T 3  . This is the model on which we will focus our discussion in this Section, in order to illustrate the results obtained in recent years about the uniqueness of the quantization of fields in cosmological scenarios. The removal of quantization ambiguities for the rest of Gowdy spacetimes, namely the    S 1  ×  S 2    and   S 3   models, can be addressed in a very similar manner. After gauge fixing, the Gowdy   T 3   model is classically equivalent to   2 + 1   gravity coupled to an axially symmetric scalar field [80]. So, by quantizing this field in the fictitious   ( 2 + 1 )   background, one obtains a quantum description of the Gowdy cosmology. It is precisely in this way that a quantization for the polarized Gowdy model was introduced in Ref. [80]. However, the proposed quantization suffered from a serious drawback: the classical dynamics was not implementable as unitary transformations [37]. By a convenient scaling of the basic field, rendering the fictitious spacetime as a static background, an alternate quantization that solves the commented problem was constructed in Refs. [19,20], providing in this way a consistent quantum description of an inhomogeneous cosmological model. It has been shown that the attained quantization is, in fact, the unique Fock representation of the CCRs which is invariant under the gauge group that remains in the model after gauge fixing, and such that it admits a unitary implementation of the time evolution [21,22]. Remarkably, these criteria of invariance and of unitarity proved successful not only to handle the issue of the uniqueness of the representation of the CCRs, but in addition singled out in a unique way the field parametrization that must be adopted for the consistent description of the model [22]. Let us briefly discuss this Gowdy model, its quantization, and the mentioned uniqueness result.



After a partial gauge fixing, which removes all but a homogeneous constraint, the line element of the linearly polarized Gowdy   T 3   cosmological spacetimes can be written as [39]


  d  s 2  =  e   γ ˜  − ϕ /  p     − d  t 2  + d  θ 2   +  e  − ϕ /  p     t 2   p 2  d  σ 2  +  e  ϕ /  p    d  δ 2  .  



(94)







Here,    ( ∂ / ∂ σ )  a   and    ( ∂ / ∂ δ )  a   are the two Killing vector fields of the model, p denotes a strictly positive homogeneous constant of motion that is present in the system, and the function  ϕ  depends on the time coordinate   t > 0   and the angle   θ ∈  S 1   . Except for its zero mode, containing a degree of freedom Q that is conjugate to   P   =   ln p  , the field   γ ˜   is totally determined by p,  ϕ , and its canonical momentum   P ϕ   [39]. The phase space   Γ ˜   of the midisuperspace model is coordinatized by the canonical pairs   ( Q , P )   and   ( ϕ ,  P ϕ  )  . As we have said, there is still a global constraint on the system,    C 0  = ∮ d θ   P ϕ   ϕ ′  /   2 π    , that generates translations in   S 1  , so that physical states are restricted to lie in a submanifold of   Γ ˜  . Here, the prime denotes the derivative with respect to  θ . The time evolution is dictated by the (explicitly time dependent) reduced Hamiltonian   H = ∮ d θ   [  P ϕ 2  +  t 2     ϕ ′   2  ]  /  ( 2 t )   . The independence of the Hamiltonian on the “point particle” degrees of freedom   ( Q , P )   implies that these are constants of motion (in consonance with our previous comment about the constancy of p). Thus, a non-trivial evolution may only take place in the field sector   Γ = {  ( ϕ ,  P ϕ  )  }  . Since the homogeneous degrees of freedom   ( Q , P )   are non-dynamical and can be separately quantized by using standard methods of quantum mechanics, we will obviate them in what follows and concentrate our discussion on the field sector.



The reduced Hamiltonian gives the field equations    P ϕ  = t  ϕ ˙    and     P ˙  ϕ  = t  ϕ  ″    . So, the dynamics of  ϕ  is governed by


   ϕ ¨  +  1 t   ϕ ˙  −  ϕ  ″   = 0 .  



(95)







Hence, the field sector of the model can be viewed as that of an axisymmetric, massless, free scalar field  ϕ  propagating in a   ( 2 + 1 )  -dimensional flat background   d  s 0 2  = − d  t 2  + d  θ 2  +  t 2  d  σ 2   . The smooth real solutions to Equation (95) have the form   ϕ  ( t , θ )  =  ∑  n ∈ Z    [  b n   f n   ( t )  exp  ( i n θ )  +  c . c .  ]   , where   b n   are (complex) constants and


   f n   ( t )  =    H 0   ( | n | t )    8    n ≠ 0 ,   f 0   ( t )  =   1 − i ln t    4 π    .  



(96)







In this formula,   H 0   is the zeroth-order Hankel functions of the second kind [81]. Neglecting the zero mode, the time evolution from initial time   t 0   to the final time t is dictated by a Bogoliubov transformation    b k   ( t )  =   α ˜  k   ( t ,  t 0  )   b k  +   β ˜  k   ( t ,  t 0  )    b ¯   − k    , the antilinear part of which is given by


    β ˜  k   ( t ,  t 0  )  =   i π | k |  4    t 0    H ¯  1   ( | k |   t 0   )    H ¯  0   ( | k | t )  − t   H ¯  0   ( | k |   t 0   )    H ¯  1   ( | k | t )   ,  



(97)




where   H 1   is the first-order Hankel function of the second kind [81]. Since the sequence   {   β ˜  k   ( t ,  t 0  )  }   fails to be square summable for all t and   t 0   [37], the time evolution is not implementable as a unitary transformation on the kinematical Fock space constructed from the complex structure   J ˜  , defined by the families of positive and negative frequency modes     u ˜  n +   ( t , θ )  =  f n   ( t )  exp  ( i n θ )    and     u ˜  n −   ( t , θ )  =    u n +   ( t , θ )   ¯   . Moreover, the failure of a unitary implementation of the time evolution persists on the physical Hilbert space of quantum states [38], defined by the kernel of    C ^  0  , the quantum counterpart of the remaining constraint   C 0  .



Note that, by scaling the field by   t  , one gets scaled solutions    u n +   ( t , θ )  =  t   f n   ( t )  exp  ( i n θ )   . From the asymptotic behavior of the Hankel function    H 0   ( | n | t )    in the regime of large wave numbers   | n |  , it follows that    u n +   ( t , θ )    behaves in the ultraviolet limit as the standard modes of a free scalar field in a two-dimensional flat background (equivalent to a three-dimensional formulation with axial symmetry), namely   exp  ( − i π / 4 )   u n +   ( t , θ )  ≈ exp  ( − i | n | t + i n θ )  /   4 π | n | t    . This, together with the freedom available to redefine the classical phase space through time dependent canonical transformations, motivates the consideration of the canonical transformation


  ψ =  t  ϕ ,   P ψ  =  1  t     P ϕ  +  ϕ 2   ,  



(98)




in order to arrive at a unitary theory. (The change   ψ =  t  ϕ   was discussed for the first time in Ref. [82], but just within the study of the WKB regime.) The contribution to   P ψ   that is linear in  ϕ  is chosen so that the new Hamiltonian does not contain products of the field with its momentum [19]:    H ψ  = ∮ d θ  [  P ψ 2  +    ψ ′   2  +  ψ 2  /  ( 4  t 2  )  ]  / 2  . Note that   H ψ   corresponds to the Hamiltonian of an axially symmetric massless scalar field, subject to a time varying potential   V  ( ψ )  =  ψ 2  / 8  t 2   , propagating in a fictitious,   ( 2 + 1 )  -dimensional static background   d   s ¯  0 2  = − d  t 2  + d  θ 2  + d  σ 2   . By introducing the complex structure   j 0   [see Equation (82)] on phase space   Γ = {  ( ψ ,  P ψ  )  }  , it can be shown that the resulting   j 0  -Fock representation admits a unitary implementation of the dynamics [19,20]. Specifically, as we have seen in Section 3.4, the annihilation and creation-like variables defined by   j 0   at an arbitrary (but fixed) initial reference time   t 0   are


   a n  =  1   2 | n |     ( | n |   ψ n  + i  P ψ n   )   a n d      a ¯   − n   =  1   2 | n |     ( | n |   ψ n  − i  P ψ n   ) ,   



(99)




where   ψ n   and   P ψ n   are the Fourier coefficients of the field  ψ  and its momentum, respectively, i.e.,   ψ =  ∑  n ∈ Z    ψ n  exp  ( i n θ )  /   2 π     and    P ψ  =  ∑  n ∈ Z    P ψ n  exp  ( i n θ )  /   2 π    , that satisfy the canonical relations    {  ψ n  ,  P  ψ   − m   }  =  δ  n  m   . The variables (99) evolve in time according to    a k   ( t )  =  α k   ( t ,  t 0  )   a k  +  β k   ( t ,  t 0  )    a ¯   − k    . Since the time dependent mass function is   s  ( t )  = 1 /  ( 4  t 2  )    here, the Bogoliubov coefficients turn out to be given by [19,20]


   α n   ( t ,  t 0  )  = c  (  x n  )   c ¯   (  x n 0  )  − d  (  x n  )   d ¯   (  x n 0  )  ,   β n   ( t ,  t 0  )  = d  (  x n  )  c  (  x n 0  )  − d  (  x n 0  )  c  (  x n  )  ,  



(100)




with    x n    =    | n |  t  ,    x n 0    =    | n |   t 0   , and


  d  ( x )  =    π x  8     1 +  i  2 x      H ¯  0   ( x )  − i   H ¯  1   ( x )   ,  c  ( x )  =    π x  2    H 0   ( x )  −  d *   ( x )  .  



(101)







It is not difficult to see that     | c  ( x )  |  2  −   | d  ( x )  |  2  = 1  . Note also that    β n  =  β  − n    , so that we can consider just the sequence   {  β n   ( t ,  t 0  )  }   with   n ∈  N +   . From the asymptotic expansions of the Hankel functions for large arguments [81], one gets [19]   | d   (  x n  )    |  2  = 1 /   ( 4  x n  )  4  + o  ( 1 /  x  n  5  )   . Then we see that, given any fixed   T > 0  , the sequence   { d ( | n | T ) }   is square summable. The square summability of   { d  (  x n  )  }   and   { d  (  x n 0  )  }  , together with the relationship     | c |  2  = 1 +   | d |  2   , imply that   {  β n   ( t ,  t 0  )  }   is square summable for all positive   t 0   and t [19,20]. Hence, the time evolution turns out to be unitarily implementable on the kinematical Hilbert space   F 0   of the   j 0  -Fock representation. Moreover, a direct calculation shows that the evolution leaves invariant the constraint that remains on the system,


    C ^  0  =  ∑  n = 1  ∞  n  (   a ^  n †    a ^  n  −   a ^   − n  †    a ^   − n   )  ,  



(102)




that implements quantum mechanically the condition that the total ( θ -)momentum of the field  ψ  vanish. This invariance ensures that the dynamics is unitarily implementable not just on   F 0  , but also on the physical Hilbert space   F phys  , defined as the kernel of the constraint (102).



Although we have specified a Fock representation that satisfies the requirements of invariance and of unitary implementability of the dynamics, namely the   j 0  -Fock representation, it might exist another invariant complex structure j that admits a unitary dynamics but, however, is not equivalent to   j 0  . Remarkably, this cannot be the case, as it is shown in Ref. [21]. Let us emphasize this result: any other compatible invariant complex structure j that allows for a unitary implementation of the time evolution turns out to be in the equivalence class of   j 0  . Indeed, a thorough analysis [21] establishes that every compatible invariant complex structure j is related to   j 0   by a symplectic transformation   K j   (i.e.,   j =  K j   j 0   K j  − 1    ) that is block diagonal, with   4 × 4   blocks of the form


    (  K j  )  n  =       (  K j  )  n    0     0     (  K j  )  n      ,    (  K j  )  n  =      κ n     λ n        λ ¯  n      κ ¯  n      ,  



(103)




where    |   κ n    |  2  −   |  λ n  |  2  = 1  . Recall then that, given a symplectic transformation S and two complex structures, j and   j 0  , related by another symplectic transformation   K j  , namely   j =  K j   j 0   K j  − 1    , the antilinear part   ( S + j S j ) / 2   is Hilbert-Schmidt with respect to the inner product    〈  ·  ,  ·  〉  j   [see Equation (8)] if and only if the   j 0  -antilinear part of    K  j   − 1   S  K j    is Hilbert-Schmidt with respect to    〈  ·  ,  ·  〉   j 0    (see, for instance, Ref. [21]). By applying this result, with the relation between complex structures provided by the symplectic transformation (103)] and by the symplectic transformation that corresponds to time evolution,


    ( U )  n   ( t ,  t 0  )  =       U n   ( t ,  t 0  )     0     0     U n   ( t ,  t 0  )       ,   U n   ( t ,  t 0  )  =       α n   ( t ,  t 0  )       β n   ( t ,  t 0  )          β ¯  n   ( t ,  t 0  )        α ¯  n   ( t ,  t 0  )       ,  



(104)




one arrives at the conclusion that the existence of a unitary implementation of the dynamics with respect to j amounts to the unitary implementation of    U  ( j )    ( t ,  t 0  )  =  K  j   − 1   U  ( t ,  t 0  )   K j    with respect to   j 0   for all possible values of   t 0   and t. From Equations (103) and (104), it is straightforward to see that the antilinear part of    U  ( j )    ( t ,  t 0  )    is


   β n  ( j )    ( t ,  t 0  )  =   κ ¯  n 2   β n   ( t ,  t 0  )  −  λ n 2    β ¯  n   ( t ,  t 0  )  + 2 i   κ ¯  n   λ n  Im  [  α n   ( t ,  t 0  )  ]  .  



(105)







A rigorous analysis on the behavior of    β n  ( j )    ( t ,  t 0  )    in the asymptotic regime demonstrates that the sequence   {  β n  ( j )    ( t ,  t 0  )  }   is square summable (i.e., the   S 1  -invariant j-Fock quantization admits a unitary implementation of the time evolution) if and only if the sequence   { |  λ n   | 2  }   is summable [21]. Since the summability of this sequence is the condition for unitary equivalence of the Fock representations determined by   j 0   and j, we then conclude that (modulo unitary equivalence) there is just a unique compatible, invariant complex structure that permits the unitary implementation of the dynamics. That is, the   j 0  -Fock representation is the unique (up to unitary mappings)   S 1  -invariant representation which admits a unitary implementation of the dynamical transformations. By employing the algebraic state defined by this   j 0  -Fock representation, one can specify a   S 1  -invariant, unitary functional representation of the model [23].



In the previous discussion, the statement of uniqueness was circumscribed to the canonical description of phase space in terms of the fundamental field variables   ( ψ ,  P ψ  )  . However, one is certainly allowed to consider other different variables, related e.g., by means of linear canonical transformations. In fact, it is precisely this freedom what we have used to reformulate the system in terms of the   ( ψ ,  P ψ  )  -variables [see Equation (98)]. Since time dependent canonical transformations modify the dynamics, there is still then the possibility that invariant, unitary Fock representations can exist for a different set of basic, canonically conjugate field variables, valid as well for parameterizing the phase space. That is to say, it could happen that the requirements of invariance and of unitarity will not suffice to remove the ambiguity in the choice of basic field variables (at least of a certain type, e.g., linear with respect to the original ones), forcing us to seek for additional “judicious” extra criteria in order to select a preferred set of fundamental variables. Fortunately, this is not the case. Indeed, the unique field description for which a   S 1  -invariant, unitary Fock representation can be specified is precisely the  ψ -description [22].



An analysis similar to the one that we have presented above has also been performed to achieve a unique quantum description of the linearly-polarized Gowdy    S 1  ×  S 2    and   S 3   cosmological models [25,26]. For that purpose, the result of uniqueness has been extended to axisymmetric fields with a time dependent mass equal to   ( 1 +  csc 2  t ) / 4   on   S 2  , case which describes the field sector (after a suitable scaling) of the Gowdy models with the spatial topology of a three-handle and a three-sphere [24,25,26]. The uniqueness proven for the Gowdy models has also been generalized to scalar fields with fairly arbitrary mass terms on   S 1   (and naturally continued to axisymmetric fields on the two-sphere) [12]. Moreover, the criteria of invariance and of unitarity have been successfully extended as well so as to remove the ambiguities in the quantization of scalar fields with time dependent mass propagating in static backgrounds with the spatial topology of either a three-sphere [13,14,15] or a three-torus [43,45], thus providing a unique preferred Fock representation for test KG fields in FLRW and de Sitter spacetimes, as we will see in the following two Sections.




5. Scalar Fields in FLRW Spacetimes: Invariance, Unitarity, and Uniqueness


For a free scalar field  ϕ  with mass m propagating in an expanding FLRW universe, the number density of created particles diverges, so that the Bogoliubov transformation dictating the time evolution turns out to be non-unitary on the Hilbert space of the quantum theory (see, for instance, Refs. [83,84,85,86,87]). However, for spatially compact FLRW spacetimes, with slices   Σ =  S 3    (closed FLRW universes) or   Σ =  T 3    (flat FLRW universes), a Fock representation with the properties of (i) invariance under the isometries of the spatial manifold  Σ , and (ii) a unitary implementation of the dynamics, can be specified in the scaled field description,   ψ = a ϕ  . The Fock quantization is, in fact, the unique (up to unitary mappings) representation of the CCRs that satisfies our criteria of invariance and of unitarity. Moreover, the (scaled) field description  ψ  is the unique one (up to trivial canonical transformations) for which an invariant Fock representation with unitary dynamics can be specified. In this Section, we will overview these results about the uniqueness of the quantization of (test) KG fields in closed and (spatially compact) flat FLRW spacetimes.



5.1. Closed FLRW Spacetimes


Let us first consider the case of closed universes. As we have mentioned, after rescaling the field with the conformal factor we get a KG-field  ψ , subject to a time varying potential   V  ( ψ )  = s  ( t )   ψ 2  / 2  , propagating in a globally hyperbolic, static   ( 3 + 1 )  -dimensional background   ( M ≈ I ×  S 3  ,  g  α β   )  , where   g  α β    is given by Equation (75) with   t ∈ I =  R +    and


   h  a b    d  x a   d  x b   =  d  χ 2  +  sin 2   ( χ )  d  θ 2  +  sin 2   ( χ )   sin 2   ( θ )  d  σ 2  .   



(106)







Here,   σ ∈  S 1    and   χ , θ ∈ ( 0 , π )  . The field  ψ  satisfies the linear wave Equation (74), with  Δ  being the LB operator on   S 3   [here, we will assume that   s ( t )   is a sufficiently regular function, with the specific conditions on it given below]. Since the metric is   S O ( 4 )  -invariant, so is the LB operator, and we thus have that the group of rotations   S O ( 4 )   is a group of symmetries of the field dynamics. Hence, we will look for a complex structure that determines a representation where both the dynamics and the group of   S O ( 4 )   symmetries can be unitarily implemented. For this purpose, we consider the complex structure (82) with   h =  sin 2   ( θ )   sin 4   ( χ )    (and  Δ  the LB operator on   S 3  ). Since this complex structure provides a   S O ( 4 )  -invariant representation, we just need to check whether or not the time evolution is unitarily implementable. Indeed, the dynamics turns out to admit a unitary implementation in the massless free field representation defined by   j 0  , as we will now show (for a detailed proof, see Ref. [13]).



Following our discussion in Section 3.4, let us adopt a description of the field in terms of harmonics. As it is known, the (hyper)spherical harmonics    X n  =  Q  n ℓ m     of order   ( n , ℓ , m )   on   S 3   are eigenfunctions of  Δ , with eigenvalues   − n ( n + 2 )  . They form an orthonormal basis for the expansion of scalar functions on the three-sphere (see, for instance, Refs. [30,88,89,90,91]). Here,   n ∈ N  ,   0 ≤ ℓ ≤ n  , and   − ℓ ≤ m ≤ ℓ  . The harmonics   Q  n ℓ m   , normalized with respect to the   L 2  -product on   S 3  , read


   Q  n ℓ m    ( χ , θ , σ )  =  2 ℓ   ( ℓ ! )     2 ( n − ℓ ) ! ( n + 1 )   π ( n + ℓ + 1 ) !     sin ℓ   ( χ )   C  n − ℓ   ( ℓ + 1 )    [ cos  ( χ )  ]   Y  ℓ m    ( θ , σ )  ,  



(107)




where   Y  ℓ m    are the spherical harmonics on   S 2   and    C  n − ℓ   ( ℓ + 1 )    [ cos  ( χ )  ]    are the Gegenbauer polynomials [81,92]. The scalar harmonics   Q  n ℓ m    span an irreducible    ( n + 1 )  2  -dimensional representation of   S O ( 4 )   for each fixed n. The behavior of the spherical harmonics under complex conjugation,     Y ¯   ℓ m   =   ( − 1 )  m   Y  ℓ − m    , is inherited by the scalar harmonics on   S 3  ,     Q ¯   n ℓ m   =   ( − 1 )  m   Q  n ℓ − m    . In terms of the real basis of scalar harmonics, the field  ψ  can be written as


  ψ  ( t , x )  =  ∑  n , ℓ    q  n ℓ 0    Q  n ℓ 0   +  2   ∑  n , ℓ , m > 0    q  n ℓ m   Re  [  Q  n ℓ m   ]  +  2   ∑  n , ℓ , m > 0    q  n ℓ − m   Im  [  Q  n ℓ m   ]  ,  



(108)




where the coefficients   q  n ℓ m    are real functions of time only, because  ψ  is a real field. From the field Equation (74), using complex conjugation and the orthogonality properties of   Q  n ℓ m   , it follows that all modes   q  n ℓ m    with the same n satisfy the same equation of motion, namely


    q ¨   n ℓ m   +  (  ω n 2  + s )   q  n ℓ m   = 0 ;   ω n 2    =   n  ( n + 2 )  .  



(109)







Thus, the modes   q  n ℓ m    obey completely decoupled equations of motion, that depend only on n. Clearly, the configuration space of the theory is in one-to-one correspondence with the space of all real coefficients   {  q  n ℓ m   }  . We will denote it as   Q =  ⊕ n   Q n   , where   Q n   is the    ( n + 1 )  2  -dimensional linear space spanned by the configuration modes   q  n ℓ m    with the same label n. The variables canonically conjugate to the configurations   q  n ℓ m    are the momenta    p  n ℓ m   =   q ˙   n ℓ m    . From the basic PB    { φ  ( x )  , π  (  x ′  )  }  = δ  ( x −  x ′  )    and the orthogonality of the scalar harmonics, one can see that


   {  q  n ℓ m   ,  p   n ′   ℓ ′   m ′    }  =  δ  n  n ′     δ  ℓ  ℓ ′     δ  m  m ′    ,   {  q  n ℓ m   ,  q   n ′   ℓ ′   m ′    }  = 0 ,   {  p  n ℓ m   ,  p   n ′   ℓ ′   m ′    }  = 0 .  



(110)







So, in the canonically conjugate variables   q  n ℓ m    and   p  n ℓ m   , the phase space  Γ  can be decomposed as the direct sum   Γ =  ⊕ n   Γ n   , with    Γ n  =  Q n  ⊕  P n   , where   P n   is the linear space of dimension    ( n + 1 )  2   spanned by the momentum modes   p  n ℓ m   . Both the configuration and momentum spaces   Q n   and   P n   carry an irreducible representation of   S O ( 4 )   of dimension    ( n + 1 )  2   which, in fact, is the same for the two spaces.



Let us introduce now the complex structure (82). For all modes with   n ≠ 0  , the real variables of configuration and momentum,   q  n ℓ m    and   p  n ℓ m   , are related to the annihilation and creation-like variables defined by   j 0   as follows:


   a  n ℓ m   =  1   2  ω n      (  ω n   q  n ℓ m   + i  p  n ℓ m   )  ,    a ¯   n ℓ m   =  1   2  ω n      (  ω n   q  n ℓ m   − i  p  n ℓ m   )  .  



(111)







For the sake of simplicity in the presentation, we will drop the   n = 0   mode in the rest of our discussion. As a single decoupled mode from the rest of degrees of freedom, it can be quantized [at least for non-negative functions   s ( t )  ] by using the Schrödinger representation of ordinary quantum mechanics on the Hilbert space    L 2   ( R , d  q 000  )   .



We now construct the   j 0  -Fock representation of the CCRs. As discussed in Section 3.2, the relevant Hilbert space is   H  j 0   ; that is, the space of square integrable complex functions with respect to the Gaussian measure (37), with     b   − 1   =   ( − h Δ )   1 / 2    , on the infinite dimensional linear space  Q . The configuration and momentum are represented as in Equation (38), with   c = 0  . By performing the expansion in modes, one gets that the measure and the representation of the fundamental operators are


  d ϱ =  ∏  n , ℓ , m      ω n  π   exp  ( −  ω n   q  n ℓ m  2  )  d  q  n ℓ m   ,  



(112)






    q ^   n ℓ m   Ψ =  q  n ℓ m   Ψ ,    p ^   n ℓ m   = − i  ∂  ∂  q  n ℓ m     Ψ + i  ω n   q  n ℓ m   Ψ ,  



(113)




with   Ψ ∈  H  j 0    . The annihilation and creation operators are given in terms of the self-adjoint operators    q ^   n ℓ m    and    p ^   n ℓ m    by     a ^   n ℓ m   =  (  ω n    q ^   n ℓ m   + i   p ^   n ℓ m   )  /   2  ω n      and the adjoint of this definition for    a ^   n ℓ m  †  . The vacuum state   Ψ 0   is the state annihilated by all the operators    a ^   n ℓ m   , namely the state satisfying the condition    ω n    q ^   n ℓ m    Ψ 0  = − i   p ^   n ℓ m    Ψ 0   , which in turn implies that   ∂  Ψ 0  / ∂  q  n ℓ m   = 0   (i.e., up to a constant phase,   Ψ 0   is the unit constant function, since   d ρ   is a probabilistic measure and   Ψ 0   is normalized). Fock states are generated by repeatedly applying    a ^   n ℓ m  †   on   Ψ 0  . The Hilbert space   H  j 0   , together with the action (113) of the operators    q ^   n ℓ m    and    p ^   n ℓ m   , or equivalently with the action of the set of annihilation and creation operators   {   a ^   n ℓ m   ,   a ^   n ℓ m  †  }  , constitute the   j 0  -Fock representation.



In view of the decoupling between degrees of freedom, and since the dynamical equations are independent of ℓ and m, one can check (see Equation (88)) that the time evolution of the annihilation and creation operators is given by a Bogoliubov transformation of the form


    a ^   n ℓ m    ( t )  =  α n   ( t ,  t 0  )    a ^   n ℓ m   +  β n   ( t ,  t 0  )    a ^   n ℓ m  †  ,    a ^   n ℓ m  †   ( t )  =   α ¯  n   ( t ,  t 0  )    a ^   n ℓ m  †  +   β ¯  n   ( t ,  t 0  )    a ^   n ℓ m   .  



(114)







The Bogoliubov coefficients   α n   and   β n   are determined by Equation (87), where   T n   is related to the solutions of the differential equation


    q ¨  n  +  (  ω n 2  + s )   q n  = 0  



(115)




by    q n   ( t )  =  A n   T n   ( t )  +   A ¯  n    T ¯  n   ( t )   . Since    T n   (  t 0  )  = 1 /   2  ω n      and     T ˙  n   (  t 0  )  = − i    ω n  / 2    , we have that    q n   (  t 0  )  =  (  A n  +   A ¯  n  )  /   2  ω n      and     q ˙  n   (  t 0  )  = i    ω n  / 2    (   A ¯  n  −  A n  )   .



On the other hand, writing    T n   ( t )  = exp  [  ω n  Θ  ( t )  ]  /   2  ω n     , we get from Equation (78) that   Θ n   must obey the equation


   ω n    Θ ¨  n  +  ω n 2    Θ ˙  n 2  +  ω  n  2  + s = 0 .  



(116)







The initial conditions now read    Θ n   (  t 0  )  = 0   and     Θ ˙  n   (  t 0  )  = − i  . The Bogoliubov coefficients   α n   and   β n   are obtained by substituting    T n   ( t )  = exp  [  ω n  Θ  ( t )  ]  /   2  ω n      into Equation (87). In particular, we get that


   β n   ( t ,  t 0  )  =  1 2   e   ω n    Θ ¯  n   ( t )     1 + i    Θ ¯  ˙  n   ( t )   .  



(117)







The time evolution will be implemented as a unitary transformation on the Hilbert space if and only if   { |  β n   | 2  }   is summable, i.e.,


   ∑  n = 1  ∞   ∑  ℓ = 0  n   ∑  m = − ℓ  ℓ   |   β n   ( t ,  t 0  )    |  2  =  1 4   ∑  n = 1  ∞   g n   e  2  ω n  Re  [   Θ ¯  n   ( t )  ]      | 1 + i    Θ ¯  ˙  n   ( t )  |  2  < ∞ ,  



(118)




where    g n  =   ( n + 1 )  2    is the degeneracy factor counting the number of degrees of freedom with the same dynamics. Introducing the function    R n   ( t )    =   i  ω n   [ 1 − i   Θ ˙  n   ( t )  ]    and using that    Θ n   (  t 0  )  = 0  , condition (118) can be rewritten as follows:


   ∑  n = 1  ∞     g n   ω n 2     e  2  ∫   t 0   t  Re  [  R n  ]      |  R n   ( t )  |  2  < ∞ .  



(119)







From Equation (116) and the mentioned initial condition on    Θ ˙  n  , it follows that the functions   R n   satisfy the first order differential equations


    R ˙  n  − 2 i  ω n   R n  +  R n 2  + s = 0 ,  



(120)




with initial condition    R n   (  t 0  )  = 0  . Let us consider the functions


    R ¯  n   ( t )  = −  e  2 i  ω n  t    ∫   t 0   t   e  − 2 i  ω n  τ   s  ( τ )   d τ .  



(121)







By assuming that the derivative of   s ( t )   exists and is integrable in every closed interval   [  t 0  , t ]  , one can integrate by parts Equation (121) and check that there is a function   C ( t )  , independent of n, such that    |    R ¯  n    ( t )  | ≤ C  ( t )  /   ω n   . Thus, in the asymptotic regime (i.e., for asymptotically large n),    R ¯   n  2   is negligible compared with    ω n    R ¯  n   . Besides, since     R ¯  n   ( t )    is a solution to the equation     R ˙  n  − 2 i  ω n   R n  + s = 0   with     R ¯  n   (  t 0  )  = 0  , we then conclude that the functions     R ¯  n   ( t )    can be taken (up to higher order corrections) as asymptotic solutions to Equation (120). Hence, apart from subdominant terms, condition (119) amounts to requiring that the sequence   { C  ( t )  /  ω n  }   be square summable, something that certainly holds. So, the time evolution admits a unitary implementation in the   j 0  -Fock representation.



So far, we have seen that there is a representation that satisfies the requirements of symmetry invariance [  S O ( 4 )  -invariance] and of unitary implementability of the dynamics, namely the   j 0  -Fock representation. The next question to answer is whether these two properties are enough to remove completely the inherent ambiguity in the representation of the CCRs or not. Are there distinct (i.e., not unitarily equivalent) representations with the same properties of invariance and unitarity? Remarkably, the answer is in the negative. Though there are infinitely many inequivalent   S O ( 4 )  -invariant Fock representations, the requirement of a unitary implementability of the field dynamics singles out a unique family of unitarily equivalent representations (specifically, equivalent to the   j 0  -Fock representation). Indeed, as it is shown in Ref. [13], the annihilation operators    a ^   n ℓ m   ( j )    defined by an arbitrary   S O ( 4 )  -invariant complex structure j are related to the   j 0  -annihilation and creation operators,    a ^   n ℓ m    and    a ^   n ℓ m  †  , by a Bogoliubov transformation     a ^   n ℓ m   ( j )   =  κ n    a ^   n ℓ m   +  λ n    a ^   n ℓ m  †   , where   κ n   and   λ n   are time independent complex coefficients satisfying    |   κ n    |  2  −   |  λ n  |  2  = 1  . The antilinear part of the time evolved operator    a ^   n ℓ m   ( j )    is given by


   β n  ( j )    ( t ,  t 0  )  =  κ n 2   β n   ( t .  t 0  )  −  λ n 2    β ¯  n   ( t ,  t 0  )  + 2 i  κ n   λ n  Im  [   α ¯  n   ( t ,  t 0  )  ]  ,  



(122)




where, as we have already seen,     g n    β n   ( t ,  t 0  )    is square summable. Then, performing an analysis along the lines of Ref. [13], one can show that     g n    β n  ( j )    ( t ,  t 0  )    is square summable if and only if the sequence   {   g n    λ n  }   is square summable, assuming that the second derivative of the mass function   s ( t )   exists and is integrable in every compact subinterval of  I  [13]. Hence, the Fock representation constructed from the   S O ( 4 )  -invariant complex structure j will allow to implement the dynamics as a unitary mapping if and only if j is equivalent to   j 0  . Thus, up to unitary transformations, the   j 0  -Fock representation is unique: the criteria of symmetry invariance and of unitary implementability of the time evolution select a unique preferred representation of the CCRs.



Two remarks about the   j 0  -Fock quantization are in order.




	(1)

	
Let us recall that given a free scalar field  ϕ  propagating in a globally hyperbolic spacetime, a Hadamard representation of the CCRs can be specified [1] by looking for a vacuum state with a two-point function   〈 ϕ ( x ) ϕ ( y ) + ϕ ( y ) ϕ ( x ) 〉   that has a short-distance behavior of the Hadamard type [93]. Although the Hadamard criterion does not suffice to pick out a unique preferred quantization in general, it has been shown that, for the case of free scalar fields in spacetimes with compact Cauchy slices, all Hadamard vacua belong to the same class of unitarily equivalent states [1]. Since this result applies to a free scalar field propagating in a closed FLRW spacetime, we have at our disposal two different criteria (the Hadamard approach, on the one hand, and the discussed requirements of invariance and unitarity, on the other hand) in order to select a unique preferred quantization of the scalar field. One may be wonder whether the unitary and the Hadamard quantizations are in conflict or not. The answer, as it is shown in Ref. [17], is that no conflict arises between the two approaches. In fact, since Hadamard states are unitarily equivalent to adiabatic vacuum states [94,95], one can proceed to translate the form of adiabatic states from the original  ϕ -description to the scaled  ψ -description   ( ψ = a ϕ )   and then realize the equivalence of the resulting quantization with the   j 0  -Fock representation [17]. That is, when the Hadamard quantization is reformulated in the scaled field description, the resulting representation of the CCRs is related to the   j 0  -Fock representation by means of a unitary transformation. So, in the framework of the scaled  ψ -description, the Hadamard and the unitary quantizations allow for equivalent physical predictions. It is in this sense that one can assure that there is no tension between the invariant, unitary   j 0  -Fock representation and the Hadamard quantization.




	(2)

	
As we have mentioned in Section 3.1, the choice of fundamental classical variables involves an inherent ambiguity in the quantization of both mechanical and field systems. On account of this ambiguity, it is natural to ask whether a quantization with   S O ( 4 )   invariance and unitary dynamics can be achieved for a distinct pair of fundamental canonically conjugate variables, say   ( ζ ,  P ζ  )  , related to   ( φ , π )   by a time dependent canonical transformation, compatible with the symmetries of the field equations and with all linear structures on phase space, namely


  ζ = F  ( t )  φ ,   P ζ  =  π  F ( t )   + G  ( t )   h  φ .  



(123)







Here, F and G are restricted to be smooth real functions of time, with   F ( t )   different from zero everywhere. Without loss of generality, one can set   F (  t 0  ) = 1   and   G (  t 0  ) = 0  . (In fact, the initial values   F (  t 0  )   and   G (  t 0  )   define an irrelevant time independent linear canonical transformation, which does not modify the spatial symmetries, nor the dynamics. The quantum representation for the transformed and the original fields is actually the same [22].)



In this way, relationships (123) carry all the time dependence of the possible change of variables. By analyzing the new dynamics obtained with the transformation (123), it has been demonstrated in Refs. [14,15] that no transformation of this type (apart for the identity) can lead to a classical evolution that admits a unitary implementation with respect to any of the Fock representations defined by a   S O ( 4 )   invariant complex structure. Hence, the criteria of invariance and of unitarity fix not only the representation of the CCRs (up to unitary transformations) but, remarkably, the choice of field description as well. In this sense, the ambiguities in the quantization process are fully removed.










5.2. Flat FLRW Spacetimes


Let us now consider a real scalar field  ϕ  propagating in a flat FLRW background with the spatial topology of a three-torus. By scaling the field with the conformal factor, the system can be described as a KG-field  ψ , subject to a time dependent potential   V  ( ψ )  = s  ( t )   ψ 2  / 2  , propagating in a fictitious   ( 3 + 1 )  -dimensional static spacetime   ( M ,  g  α β   )  , with   M ≈ I ×  T 3    and   g  α β    given by Equation (75), with   t ∈ I =  R +    and an induced spatial metric   h  a b    equal to the standard metric of the three-torus. The canonical phase space can be described as in the discussion below Equation (75) of Section 3.4. The field dynamics, that is governed by Equation (74) with  Δ  being the LB operator on   T 3  , is invariant under the group of isometries of the three-torus formed by rigid rotations in each of the periodic spatial directions that diagonalize the spatial metric,    R  θ i   :  x i  →  x i  +  θ i   , with    θ i  ∈  S 1   , and   i = 1 , 2 , 3  . We will denote the composition    R  θ 1   ∘  R  θ 2   ∘  R  θ 3     by   R  θ →   , with    θ →  =  (  θ 1  ,  θ 2  ,  θ 3  )   .



The configuration and momentum can be decomposed as in Equation (76), taking as the basis   {  X n   ( x )  }   of the space of square integrable functions on   T 3   the eigenfunctions of the LB operator   exp  ( i  n →  ·  x →  )  /   ( 2 π )   3 / 2    , where    n →  =  (  n 1  ,  n 2  ,  n 3  )   ,    n i  ∈ Z   (  i = 1 , 2 , 3  ), and the corresponding eigenvalues are equal to   −  ω n 2  = −  n →  ·  n →   . Since the field is real, we have that the associated complex Fourier coefficients   φ  n →    and   π  n →    satisfy     φ ¯   n →   =  φ  −  n →      and     π ¯   n →   =  π  −  n →     . To avoid having to deal with these reality conditions, we will expand the configuration and momentum in the alternative basis of real eigenfunctions   { cos  (  n →  ·  x →  )  , sin  (  n →  ·  x →  )  }  . Furthermore, since the ultraviolet obstructions to the unitary implementation of the time evolution do not depend on the removal of a finite number of degrees of freedom from the system, we will ignore the zero mode    n →  =  ( 0 , 0 , 0 )    from now on. The exclusion of this mode does not alter the field properties of the system and it can be quantized separately. In terms of Fourier modes corresponding to sines and cosines, the configuration and momentum are given by [43,44,45]


  φ  ( t ,  x →  )  =  1  π  3 / 2     ∑  n →     q  n →    ( t )  cos  (  n →  ·  x →  )  +   q ˜   n →    ( t )  sin  (  n →  ·  x →  )   ,  



(124)






  π  ( t ,  x →  )  =   h   π  3 / 2     ∑  n →     p  n →    ( t )  cos  (  n →  ·  x →  )  +   p ˜   n →    ( t )  sin  (  n →  ·  x →  )   .  



(125)







Only triples   n →   of integers in which the first non-zero component is positive are contained in the sum. All different triples satisfying this restriction are to be summed over (once each of them). Since   π =  h   φ ˙   , we have that    p  n →   =   q ˙   n →     and     p ˜   n →   =    q ˜  ˙   n →    . From the basic PB    { φ  ( x )  , π  (  x ′  )  }  = δ  ( x −  x ′  )    and Equations (124) and (125), one can check that the only non-vanishing PB are    {  q  n →   ,  p   n →  ′   }  =  {   q ˜   n →   ,   p ˜    n →  ′   }  =  δ   n →    n →  ′     .



The equations of motion for the field modes coincide in each eigenspace of the LB operator, with eigenvalue   −  ω n 2    [see (78)],


    q ¨   n →   = −  (  ω n 2  + s )   q  n →   ,     q ˜  ¨   n →   = −  (  ω n 2  + s )    q ˜   n →   .  



(126)







It is worth noticing that, in contrast with the situation encountered for closed universes, where the number of independent eigenfunctions with the same eigenvalue is simple to derive in an exact form, in flat universes the degeneracy   g n   of each eigenspace of the LB operator presents a complicated dependence on the label n because of the existence of accidental degeneracy. Indeed, apart from the triples related by permutations of the components, or by a flip of sign in one of the components, one can find triples which lead to the same eigenvalue. Nonetheless, even though the exact dependence of the degeneracy with n cannot be given explicitly, an inspection of the asymptotic behavior of   g n   allows us to conclude that the sequence formed by    g n  /  ω n 4    is, in fact, summable [45] (see also Ref. [43]). The argument is as follows. Recall that the triples are restricted to have a positive integer as their first non-vanishing component. However, since there exist two modes for each value of   n →  , namely the cosine and sine modes, we can assign these two modes to the pair of vectors   (  n →  , −  n →  )  . So, in spite of the existing restriction, we can make correspond modes to all vectors with integer components, with the zero excluded. Let   D N   be the number of modes for which the eigenvalue function   ω n   is in the interval   ( N , N + 1 ]  , with N a natural number. Geometrically,   D N   is nothing but the number of vertices of the cubic lattice with step equal to one that are contained between the sphere of radius N and the sphere of radius   N + 1   (including the surface of this latter sphere). Therefore,   D N   increases with N like   N 2   and, consequently, the sum    ∑ N   (  D N  /  N 4  )    is finite. Since   1 /  ω n    is strictly decreasing with n, we have that    ∑ n   (  g n  /  ω n 4  )  ≤  ∑ N   (  D N  /  N 4  )   , inequality from which the result follows.



As in our previous discussions, let us call    t 0  ∈ I   the initial reference time. At   t =  t 0    we introduce the complex structure   j 0   defined in Equation (82). Since this complex structure is totally determined by the spatial metric, it is invariant under the three-torus isometries. The   j 0   annihilation-like variables are


   a  n →   =  1   2  ω n      (  ω n   q  n →   + i  p  n →   )  ,    a ˜   n →   =  1   2  ω n      (  ω n    q ˜   n →   + i   p ˜   n →   )  .  



(127)







The corresponding creation-like variables are given by the complex conjugates    a ¯   n →    and     a ˜  ¯   n →   . The annihilation and creation-like variables provide a complete set of coordinates on phase space. The action of   j 0   is diagonal in these variables; namely,    j 0   (  a  n →   )  = i  a  n →    ,    j 0   (   a ¯   n →   )  = − i   a ¯   n →    , and likewise for    a ˜   n →    and     a ˜  ¯   n →   . Given that the different Fourier modes decouple in the dynamics and, in addition, the equations of motion for them depend only on the LB operator, we get that the Bogoliubov coefficients of the time evolution transformation from   t 0   to t have the form (88), namely


   a  n →    ( t )  =  α n   ( t ,  t 0  )   a  n →   +  β n   ( t ,  t 0  )    a ¯   n →   ,    a ¯   n →    ( t )  =   α ¯  n   ( t ,  t 0  )    a ¯   n →   +   β ¯  n   ( t ,  t 0  )   a  n →   ,  



(128)




and similarly for    a ˜   n →    and     a ˜  ¯   n →   . The Bogoliubov coefficients   α n   and   β n   are given as in Equation (87), with T being replaced with q, when time evolution is that of the pair   (  a  n →   ,   a ¯   n →   )  , and with   q ˜   when the considered evolved pair is   (   a ˜   n →   ,    a ˜  ¯   n →   )  .



Taking into account the degeneracy   g n   of the eigenspaces of the LB operator, we have that the time evolution is unitary implementable in the Fock representation defined by   j 0   if and only if the sequence   {  g n  |  β n   ( t ,  t 0  )   | 2  }   is summable for all possible values of   t ∈ I  . From the analysis performed in Section 5.1, it follows that, in the ultraviolet regime and provided that the function   s ( t )   has an integrable first derivative in every closed time subinterval, the antilinear coefficients    β n   ( t ,  t 0  )    behave as    β n   ( t ,  t 0  )  = O  (  ω n  − 2   )   , where the symbol O indicates the asymptotic order. Therefore, the unitarity of the dynamics depends upon the asymptotic behavior of the sequence   {  g n  /  ω n 4  }  . Since this sequence is certainly summable, as we have seen above, we conclude that the time evolution is unitarily implementable with respect to the complex structure   j 0  .



In this way, we have at hand a Fock representation which is invariant under the isometries of the three-torus consisting of the transformations   R  θ →   , and which allows for a unitary implementation of the dynamics. In order to know whether or not this representation is unique, we need to examine how many classes of unitarily equivalent representations have elements in the whole family of invariant and unitary Fock representations. Remarkably, the answer is that this family consists of representations in one and only one equivalence class. The sketch of the proof is as follows (see Refs. [43,45] for details).



The first step is to characterize the compatible complex structures that are invariant under the group of transformations   R  θ →   . A careful analysis shows that, for every invariant complex structure j (compatible with the symplectic structure), the annihilation and creation-like variables defined by j are related to the corresponding variables for   j 0   by a Bogoliubov transformation which only mixes modes with the same labels   n →   (and the mixing depends only on this label) [43,45]. Specifically,


       a  n →   ( j )         a ¯   n →   ( j )       =      κ  n →      λ  n →         λ ¯   n →       κ ¯   n →            a  n →         a ¯   n →       ,        a ˜   n →   ( j )          a ˜  ¯   n →   ( j )       =      κ  n →      λ  n →         λ ¯   n →       κ ¯   n →             a ˜   n →          a ˜  ¯   n →       ,  



(129)




where the coefficients   κ  n →    and   λ  n →    satisfy that    |   κ  n →     |  2  −   |  λ  n →   |  2  = 1   for all   n →  . Thus, the antilinear part of the time evolved annihilation-like variables   a  n →   ( j )    and    a ˜   n →   ( j )    is given by


   β  n →   ( j )    ( t ,  t 0  )  =  κ  n →  2   β n   ( t ,  t 0  )  −  λ  n →  2    β ¯  n   ( t ,  t 0  )  + 2 i  κ  n →    λ  n →   Im  [   α ¯  n   ( t ,  t 0  )  ]  .  



(130)







The next step in the proof is to suppose that    β  n →   ( j )    ( t ,  t 0  )    in Equation (130) is square summable (i.e., we suppose that the j-Fock representation allows, indeed, for a unitary implementation of the dynamics). It is a simple matter to see that the square summability of    β  n →   ( j )    ( t ,  t 0  )    and that of    β n   ( t ,  t 0  )   , that we have already proven, imply that   {  (  λ  n →   /  κ  n →   )  Im  [   α ¯  n   ( t ,  t 0  )  ]  }   is square summable. By using the ultraviolet behavior of alpha,    α n   ( t ,  t 0  )  = exp  [ − i  ω n   ( t ,  t 0  )  ]  + O  (  ω n  − 1   )   , and assuming that the mass function   s ( t )   possesses a second derivative which is integrable in every closed subinterval of  I , an average in time together with a suitable application of Luzin’s theorem [96] shows then that   { |  λ  n →   /  κ  n →    | 2  }   is summable [43,45]. Employing that    |   κ  n →     |  2  −   |  λ  n →   |  2  = 1  , one can see that   {  λ  n →   }   must be square summable as well. But this summability is precisely the necessary and sufficient condition for the representations given by j and   j 0   to be unitarily equivalent. Therefore, the family of invariant and dynamically unitary Fock representations contains representations in only one equivalence class, namely that of   j 0  .



The requirements of invariance under spatial symmetries and of unitary implementability of the time evolution select, apart from a unique family of unitarily equivalent Fock representations, a unique preferred canonical pair of field variables. Indeed, consider the most general form of a time dependent, linear canonical transformation scaling the field,


  ξ = F  ( t )  φ ,   P ξ  =  π  F ( t )   + G  ( t )   h  φ ,  



(131)




where   F ( t )   and   G ( t )   are assumed to be twice differentiable real functions, with initial values set (without loss of generality) to   F (  t 0  ) = 1   and   G (  t 0  ) = 0  , and such that   F ( t )   is non-vanishing. Then, one can show [43,45] that a unitary evolution with respect to a complex structure that is   R  θ →    -invariant is only possible when   F ( t )   and   G ( t )   are the unit and the zero constant functions, respectively. That is to say, no time dependent scaling or redefinition of the field momentum is allowed. In total, we have that the ambiguities in the Fock quantization coming from the scaling of the field and from the choice of representation are fully removed.





6. Uniqueness for Scalar Fields in de Sitter Spacetime


Let us now consider the propagation of a minimally coupled, massless, and real scalar field  ϕ  in de Sitter spacetime, the maximally symmetric spacetime of positive constant curvature. In conformal time, the metric can be written in the form


   g  α β   d  x α  d  x β  =  a 2   ( t )   − d  t 2  +  h  a b   d  x a  d  x b   ,  



(132)




where the conformal factor is    a 2   ( t )  = 12  R  − 1    sin  − 2    ( t )   , with R denoting the constant spacetime curvature. Besides,   h  a b    is the standard metric of the three-sphere, given in Equation (106). Scaling the field with   a ( t )  , one gets that the dynamics of the new field   ψ = a ϕ   is dictated by Equation (74), namely    ψ ¨  − Δ ψ + s  ( t )  ψ = 0 .   Here,   s  ( t )  = 1 − R  a 2  / 6   and  Δ  is the LB operator on   S 3  , the eigenfunctions of which are the harmonics   Q  n ℓ m    given in Equation (107),   Δ   Q  n ℓ m   = −  ω n 2   Q  n ℓ m     with    ω n 2  = n  ( n + 2 )   . Owing to the complete analogy of the system with that of a (re-scaled) KG field propagating in a closed FLRW spacetime, discussed in Section 5.1, for which a unique preferred Fock representation was specified for quite generic mass terms   s ( t )  , we could already claim that the criteria of unitary dynamics and of invariance of the vacuum under the spatial symmetries single out a unique quantization for the scalar field in de Sitter spacetime. For the sake of completeness, however, we will briefly discuss the quantization in a slightly different way, by considering complex modes and (see below) a frequency that differs from   ω n   in the introduction of annihilation and creation-like variables.



Since the harmonics provide a complete and orthonormal set for the expansion of functions on the three-sphere, we can write the field  ψ  as


  ψ  ( t , x )  =  ∑  n , ℓ , m    φ  n ℓ m    ( t )   Q  n ℓ m    ( x )  .  



(133)







Since  ψ  is a real field and     Q ¯   n ℓ m   =   ( − 1 )  m   Q  n ℓ − m    , we have that the time dependent coefficients   φ  n ℓ m    must satisfy the reality conditions     φ ¯   n ℓ m   =   ( − 1 )  m   φ  n ℓ − m    . Introducing the decomposition (133) into the field equation, we get that the time depending complex coefficients   φ  n ℓ m    obey the equation of motion (78) which, after substituting   a  ( t )  = 12  R  − 1    sin  − 2    ( t )    and    ω n 2  = n  ( n + 2 )   , reads


    φ ¨  n  +    ω ˜  n 2  − 2  sin  − 2   t   φ n  = 0 ,  



(134)




where  n  collectively denotes the triple of indices   ( n , ℓ , m )   and     ω ˜  n 2    =    (  ω n 2  + 1 )  =   ( n + 1 )  2   . The general solution to Equation (134) is [46]


   φ n   ( t )  =  A n    sin t    P ν μ   ( − cos t )  +  B n    sin t    Q ν μ   ( − cos t )  ,  



(135)




where   P ν μ   and   Q ν μ   are the associated Legendre functions [81,92] with   ν = n + 1 / 2   and   μ = 3 / 2  , whereas   A n   and   B n   are arbitrary complex constants. Given that the field momentum is   π =  h   ψ ˙   , we have that its Fourier coefficients    π n  = ∫ π   Q ¯  n   d 3  x  , that satisfy the reality conditions     π ¯   n ℓ m   =   ( − 1 )  m   π  n ℓ − m    , are related to   φ n   by    π n  =   φ ˙  n   . From this relationship and Equation (135), one gets that the time evolution from an arbitrary initial reference time   t 0   to a final time t takes the form [46]


        φ n   ( t )         π n   ( t )       =  T n   ( t ,  t 0  )        φ n   (  t 0  )         π n   (  t 0  )       ,   T n   ( t ,  t 0  )  =  W n   ( t )   W n  − 1    (  t 0  )  ,  



(136)




with


   W n   ( t )  =       R ν μ   ( − cos t )       S ν μ   ( − cos t )          R ˙  ν μ   ( − cos t )        S ˙  ν μ   ( − cos t )       ,  



(137)




where    R ν μ   ( − cos t )   ,    S ν μ   ( − cos t )   , and their time derivatives are


      R ν μ   ( − cos t )       =        sin t    P ν μ   ( − cos t )  ,   S ν μ   ( − cos t )  =   sin t    Q ν μ   ( − cos t )  ,         R ˙  ν μ   ( − cos t )     =     1   sin η      ( ν + 1 / 2 )  cos t  P ν μ   ( − cos t )  +  ( ν + μ )   P  ν − 1  μ   ( − cos t )   ,         S ˙  ν μ   ( − cos t )     =     1   sin η      ( ν + 1 / 2 )  cos t  Q ν μ   ( − cos t )  +  ( ν + μ )   Q  ν − 1  μ   ( − cos t )   .     



(138)







Let us now introduce the annihilation and creation-like variables


   a n  =  1   2   ω ˜  n      (   ω ˜  n   φ n  + i  π n  )  ,    a ¯  n  =  1   2   ω ˜  n      (   ω ˜  n    φ ¯  n  − i   π ¯  n  )  .  



(139)







The relation between the variables (139) and the corresponding ones associated to the frequency   ω n  , i.e.,    b n  =  (  ω n   φ n  + i  π n  )  /   2  ω n      and     b ¯  n  =  (  ω n    φ ¯  n  − i   π ¯  n  )  /   2  ω n      (where we exclude the zero mode), is given by a Bogoliubov transformation    b n  =   α ˜  n   a n  +   β ˜  n    a ¯  n    characterized by     α ˜  n  =  (   ω ˜  n  +  ω n  )  / 2     ω ˜  n   ω n      and     β ˜  n  =  (   ω ˜  n  −  ω n  )  / 2     ω ˜  n   ω n     . A direct calculation shows that the square of the antilinear part, which is given by    |    β ˜  n    |  2  = 1 /  ( 2  y n  )  +  (  y n  / 2 )  − 1  , where    y n    =     ( 1 −   ω ˜  n  − 2   )   1 / 2    , behaves as   O (   ω ˜   n   − 4   )   in the asymptotic regime, so that   {   ( n + 1 )  2  |   β ˜  n   | 2  }   is summable [recall that the degeneracy factor is    g n  =   ( n + 1 )  2   ]. Hence, the complex structures defined by the choice of annihilation and creation-like variables   (  a n  ,   a ¯  n  )   and   (  b n  ,   b ¯  n  )   give rise to unitary equivalent Fock representations. Since the variables   (  b n  ,   b ¯  n  )   are nothing but those associated with the complex structure   j 0  , they define an   O ( 4 )  -invariant Fock representation. On the other hand, since the variables   (  a n  ,   a ¯  n  )   are defined by a complex structure   j  0 ˜    (equivalent to   j 0  ) which also depends on the LB operator only, we conclude that the   j  0 ˜   -Fock representation is   O ( 4 )  -invariant as well.



From Equations (136) and (139), and using the reality conditions for the Fourier coefficients   φ n   and   π n  , we get that the annihilation and creation-like variables evolve according to


        a  n ℓ m    ( t )          ( − 1 )  m    a ¯   n ℓ − m    ( t )       =  U n   ( t ,  t 0  )        a  n ℓ m    ( t )          ( − 1 )  m    a ¯   n ℓ − m    ( t )       ,  



(140)




where


   U n   ( t ,  t 0  )  =  M n   T n   ( t ,  t 0  )    M  n  − 1     =         α n   ( t ,  t 0  )       β n   ( t ,  t 0  )          β ¯  n   ( t ,  t 0  )        α ¯  n   ( t ,  t 0  )       ;   M n  =  1   2   ω ˜  n           ω ˜  n    i       ω ˜  n     − i      .  



(141)







The coefficients   α n   and   β n   can be explicitly obtained from the matrices   W n  , relations (138), and the matrices   T n   and   M n  . Taking into account the asymptotic behavior of the functions   P ν   and   Q ν   at large values of the degree   ν = n + 1 / 2   (see for instance Ref. [92]), a lengthy but direct calculation shows that    β n   ( t ,  t 0  )    is of order   O (  n  − 2   )   in the ultraviolet regime [46]. Hence, we have that     g n    β n   ( t ,  t 0  )    is of order   O (  n  − 1   )  , and consequently


   ∑  n = 0  ∞   ∑  ℓ = 0  n   ∑  m = − ℓ  ℓ   |   β n   ( t ,  t 0  )    |  2  =  ∑  n = 0  ∞    ( n + 1 )  2    |  β n   ( t ,  t 0  )  |  2  < ∞ ,  



(142)




for all values of   t 0   and t. Thus, the dynamics is unitarily implementable in the   j  0 ˜   -Fock representation. This conclusion corrects the claims of Ref. [97], where it is argued that one cannot attain quantum unitarity of the evolution for the massless field in de Sitter spacetime, independent of the field redefinition   ϕ → f ( t ) ϕ  . We have seen that it is perfectly possible to find suitable canonical variables and construct for them a well-defined Fock quantization such that the dynamics admits a unitary implementation.



It it worth pointing out that our unitarity result holds as well for any massive free field. The Fock representation defined by the choice (139) of annihilation and creation-like variables provides a quantum description where the time evolution of a free massive field admits a unitary implementation. Indeed, it can be verified from the asymptotic behavior of   P ν μ   and   Q ν μ   that, for any constant value of the parameter  μ , including complex numbers and the massive case   μ =   ( 9 / 4 − 12  m 2  / R )   1 / 2    , the corresponding beta coefficient in the Bogoliubov transformation of the time evolution satisfies that    β n   ( t ,  t 0  )  = O  (  n  − 2   )    when   n → ∞   for all t and   t 0   [46]. Hence, given a scalar field with   m ≥ 0  , there exists at least one Fock representation where the time evolution is implementable as a unitary operator. Moreover, in view of the uniqueness of the   j 0  -Fock representation for scalar fields with time dependent mass on   S 3   [see Section 5.1], and that   j  0 ˜    is equivalent to   j 0  , one can conclude that the   j  0 ˜   -Fock representation provides the unique (up to unitary equivalence) Fock representation of the CCRs that satisfies the criteria of invariance and of unitarity for KG fields (massive or not) in de Sitter spacetime. Furthermore, the unique field description from which an invariant Fock representation with unitary dynamics can be specified is the  ψ -description.



Finally, let us discuss briefly the connection between this quantization and the choice of (translated) Hadamard states (in the  ψ -description). For massive free fields in de Sitter spacetime, the standard Fock representation is accomplished by using mode solutions of the form (135), with   μ =   ( 9 / 4 − 12  m 2  / R )   1 / 2     and


   A n  =    π 4    Γ ( n − μ + 3 / 2 )   Γ ( n + μ + 3 / 2 )      e  i π μ / 2   ,   B n  = −   2 i  π   A n  ,  



(143)




that provide a unique invariant solution under the full   O ( 1 , 4 )   symmetry group, satisfying the Hadamard condition [98,99]. Explicitly, this solution is defined by the modes


   χ n   ( t )  =  A n    R ν μ   ( − cos t )  −   2 i  π   S ν μ   ( − cos t )   .  



(144)







The vacuum of the corresponding Fock representation is known as the Bunch-Davies vacuum [100]. The question naturally arises of whether or not the   j  0 ˜   -Fock quantization is unitarily equivalent to the representation based on the Bunch-Davies vacuum, that follows from the requirement of full de Sitter invariance and the Hadamard condition in the massive field case. The answer, as it is shown in Ref. [46], is that these two quantizations turn out to be unitarily equivalent. So, no tension arises between the   j  0 ˜   -Fock representation (specified by imposing the requirements of invariance and of unitarity of the dynamics) and the standard Fock representation defined by the Bunch-Davies vacuum.



For the massless case, the definition of the Bunch-Davies vacuum breaks down and there is no de Sitter-invariant Hadamard vacuum [98]. However, since this is due to the dynamics of the zero mode only [98,99], we have that proper solutions for the zero mode (or a proper independent quantization of that single mode) together with the   n ≠ 0   solutions (144) still provide a complete set of well-defined solutions, and hence a well-defined quantization. Thus, as it is shown in Ref. [99], one can arrive at a one-parameter family of solutions for the zero mode such that, together with the solutions (144) for   n ≠ 0  , one obtains   O ( 4 )  -invariant Hadamard vacua. A direct calculation then shows that the   j  0 ˜   -Fock representation for the massless KG field is, in fact, unitarily equivalent to the representation defined by these   O ( 4 )  -invariant Hadamard vacua [46] (let us remark that the particular quantization used for the zero mode is irrelevant, except perhaps in what concerns whether it satisfies or not the Stone-von Neumann conditions, because unitary equivalence depends on the behavior of states in the ultraviolet regime). In this way, the complex structures   j H   characterizing the   O ( 4 )  -invariant Hadamard vacua belong to the equivalence class of the complex structure   j  0 ˜   , which in turn is the equivalence class of   j 0  .




7. Uniqueness for Scalar Fields in Bianchi I Universes


The criteria of symmetry invariance and of a unitary dynamics have been successfully imposed not only in homogeneous and isotropic backgrounds, but also in anisotropic spacetimes with shear, which are then not conformally symmetric. Specifically, the criteria have been employed to remove the ambiguities in the quantization of scalar fields propagating in Bianchi I spacetimes [47]. This Section gives an overview of the result of uniqueness for these anisotropic scenarios.



Let us consider a free real scalar field  ϕ  with mass m propagating in a Bianchi I spacetime with spatial sections of three-torus topology. In a diagonal system of coordinates, and with   t ∈ I  , where  I  is a connected interval of the real line, the metric of the Bianchi I universes can be written in the form


   g  α β   d  x α  d  x β  = −  N 2   ( t )  d  t 2  +  ∑  i = 1  3   a i 2   ( t )    ( d  x i  )  2  ,  



(145)




where   N ( t )   is the lapse function and    a i   ( t )    are the scale factors of the three diagonal directions, with   i = 1 , 2 , 3  . The LB operator  Δ  is essentially self-adjoint on the space of square integrable functions with respect to the measure    h   d 3  x =  ∏ i   a i  d  x i    and, owing to the compactness of the spatial sections, it has a discrete spectrum. A complete set of eigenfunctions of the LB operator is provided by the set of plane waves   exp ( i  k →  ·  x →  )   in   T 3  , where    k →  =  (  k 1  ,  k 2  ,  k 3  )  ∈  Z 3   . The corresponding eigenvalue is


   Δ k  = −  ∑  i = 1  3      k i   a i    2  .  



(146)







Note that there are different wave vectors   k →   with the same eigenvalue   Δ k   (i.e., the spectrum is degenerate). The eigenspaces of  Δ  provide irreducible representations of the group formed by the composition of rigid rotations in the three principal spatial directions of the tori, which are the Killing symmetries of the Bianchi I universes.



Since the field  ϕ  is real, we will consider its Fourier expansion in terms of the real basis of cosine and sine functions obtained from the real and imaginary parts of the plane waves. Thus, the configuration and momenta of the field at time t are (ignoring again the zero mode in our discussion)


  φ  ( t ,  x →  )  =  1   4  π 3      ∑   k →  ∈ L     q  k →   ( 1 )    ( t )  cos  (  k →  ·  x →  )  +  q  k →   ( 2 )    ( t )  sin  (  k →  ·  x →  )   ,  



(147)






  π  ( t ,  x →  )  =  1   4  π 3      ∑   k →  ∈ L     p  k →   ( 1 )    ( t )  cos  (  k →  ·  x →  )  +  p  k →   ( 2 )    ( t )  sin  (  k →  ·  x →  )   ,  



(148)




where  L  stands for the lattice


  L   =    {  k →  |  k 1  > 0 }  ∪  {  k →  |  k 1  = 0 ,  k 2  > 0 }  ∪  {  k →  |  k 1  = 0 =  k 2  ,  k 3  > 0 }  ,  



(149)




introduced to avoid duplication of the real modes in the Fourier expansion. From the basic brackets at equal time    { φ  (  x →  )  , π  (   x →  ′  )  }  = δ  (  x →  −   x →  ′  )    and Equations (147) and (148), it follows that the only non-zero PB are


   {  q  k →   ( l )   ,  p   k →  ′   (  l ′  )   }  =  δ  l  l ′     δ   k →    k →  ′    ,  



(150)




where   l ,  l ′  = 1 , 2  . To simplify the notation, in what follows we will denote any of the canonical pairs   (  q  k →   ( 1 )   ,  p  k →   ( 1 )   )   and   (  q  k →   ( 2 )   ,  p  k →   ( 2 )   )   by   (  q  k →   ,  p  k →   )  , unless otherwise stated.



In order to achieve a quantum description that satisfies the requirements of invariance under the spatial symmetries and of a unitary dynamics, and inspired by the case of free scalar fields propagating in FLRW spacetimes, we introduce a time dependent transformation of the field canonical pairs, regarded as variables that change with the considered section of constant time t. However, in contrast to the isotropic case, where the transformation is just a time dependent scaling of the configuration field variable, we now consider a transformation that, on account of the lack of isotropy, is also mode dependent (for a discussion on time and mode dependent canonical transformations see Ref. [101]). Specifically, we introduce the canonical change [47]


    q ˜   k →   =   b ( τ ,  k ^  )     q  k →   ,    p ˜   k →   =  1  2   b ( τ ,  k ^  )      2  p  k →   +  q  k →     d  d τ   ln b  ( τ ,  k ^  )   .  



(151)







Here,   k ^   stands for the unit vector    k →  / k  ,  τ  is the harmonic time, defined by   N  ( t )  d t =  a 3   ( τ )  d τ   with    a 3   ( τ )    =    a 1   ( τ )   a 2   ( τ )   a 3   ( τ )   , and


  b  ( τ ,  k ^  )  =  a 3     ∑  i = 1  3       k ^  i   a i    2    ,  



(152)




where    k ^  i   denotes the components of the unit vector   k ^  . In the following, we will denote the function   b ( τ ,  k ^  )   just by   b  k ^   , in order to shorten the notation. Notice that, in the limit of isotropy (  a =  a 1  =  a 2  =  a 3   ),   b  k ^    becomes just    b  k ^   =  a 2   , and we recover the scaling employed in isotropic scenarios (see Section 5). The transformation (151) respects the symmetries of the LB operator  Δ  (i.e., the spatial Killing symmetries). By setting   N =  a 3   , one can see that the dynamics of the new canonical pairs   (   q ˜   k →   ( l )   ,   p ˜   k →   ( l )   )   is governed by the respective Hamiltonians [47]


   H  ( l )   =  1 2   ∑   k →  ∈ L    b  k ^        p ˜   k →   ( l )    2  +  [  k 2  +  s  k ^    ( τ )  ]      q ˜   k →   ( l )    2   ,  l = 1 , 2 ,  



(153)




with


   s  k ^    ( τ )  =  m 2      a 3   b  k ^     2  +  3 4       b ˙   k ^    b  k ^  2    2  −  1 2     b ¨   k ^    b  k ^  3   .  



(154)







Here, the dot stands for the derivative with respect to the harmonic time  τ . Note that, up to the factor   b  k ^   ,   H  ( l )    is a sum of Hamiltonians of harmonic oscillator type, one for each mode, with masses that depend on time as well as on   k ^  . From Equation (153) one gets that the Hamiltonian equations of motion for the modes are      q ˜  ˙   k →   =  b  k ^     p ˜   k →     and      p ˜  ˙   k →   = −  b  k ^    (  k 2  +  s  k ^   )    q ˜   k →    . By writing their real solutions in the form


    q ˜   k →    ( τ )  =  Q  k →    e  i  Θ  k →  q   ( τ )    +   Q ¯   k →    e  − i   Θ ¯   k →  q   ( τ )    ,    p ˜   k →    ( τ )  = k   P  k →    e  i  Θ  k →  p   ( τ )    +   P ¯   k →    e  − i   Θ ¯   k →  p   ( τ )     ,  



(155)




where   Q  k →    and   P  k →    are complex constants, and    Θ  k →  ε   ( τ )    are complex functions (  ε = q , p  ), it can be shown [47] that the solutions with initial conditions    Θ  k →  ε   (  τ 0  )  = 0   and     Θ ˙   k →  ε   (  τ 0  )  = k  b  k ^    (  τ 0  )    have an asymptotic (ultraviolet) behavior given by


   Θ  k →  ε   ( τ )  = k  η  k →    ( τ )  + O  (  k  − 1   )  ,   η  k →    ( τ )  =  ∫   τ 0   τ  d  τ ′   b  k ^    (  τ ′  )  ,  



(156)




provided that the function    s  k ^    ( τ )    possesses a first derivative which is integrable in every closed interval of the time domain  I . From Equation (155) and the above initial conditions, it is not difficult to see that


         q ˜   k →         p ˜   k →       τ  =  T  k →    ( τ ,  τ 0  )         q ˜   k →         p ˜   k →        τ 0   ;   T  k →    ( τ ,  τ 0  )  =      Re   e  i  Θ  k →  q   ( τ )          1 k  Im   e  i  Θ  k →  q   ( τ )             − [  k 2  +  s  k ^    (  τ 0  )  ]  k  Im   e  i  Θ  k →  p   ( τ )         Re   e  i  Θ  k →  p   ( τ )          .  



(157)







Symmetry invariant complex structures on phase space (and hence symmetry invariant Fock representations) for the Bianchi I universes are totally characterized by definitions of annihilation and creation-like variables of the linear form [47]


       a  k →   ( l )         a ¯   k →   ( l )       =  M  k →         q ˜   k →   ( l )         p ˜   k →   ( l )       ,   M  k →     =        f  k →      g  k →         f ¯   k →        g ¯   k →   .      ,  



(158)




with


   f  k →     g ¯   k →   −  g  k →     f ¯   k →   = − i .  



(159)







This latter restriction ensures the standard PB relationship    {  a  k →   ( l )   ,   a ¯    k →  ′   (  l ′  )   }  = − i  δ  l  l ′     δ   k →    k →  ′     .



Let us now consider families of representations that are connected by a unitary implementable dynamics. Given the Cauchy initial section   Σ  τ 0   , we specify an invariant Fock representation for the KG system by adopting as annihilation and creation-like variables the set formed by    a  k →   ( l )    (  τ 0  )    and     a ¯   k →   ( l )    (  τ 0  )   , regarded as coefficients in an expansion of the field in an appropriate basis of solutions. Recall that the initial variables are related to their evolved ones,    a  k →   ( l )    ( τ )    and     a ¯   k →   ( l )    ( τ )   , by a Bogoliubov transformation. The linearity of this transformation and of the space of solutions imply that    a  k →   ( l )    ( τ )    and     a ¯   k →   ( l )    ( τ )    can be used as a new set of annihilation and creation-like coefficients on the initial time section   Σ  τ 0   . This new set defines a distinct Fock representation of the system that, by construction, is obtained from the previous one by dynamical evolution. The different representations specified in this way will be equivalent if and only if the introduced dynamics is implementable as a unitary operator on the Fock space associated to any of them. Let us present an explicit construction of these families of representations.



From Equations (157) and (158), it follows that


        a  k →    ( τ )          a ¯   k →    ( τ )       =  U  k →    ( τ ,  τ 0  )        a  k →    (  τ 0  )          a ¯   k →    (  τ 0  )       ,  



(160)




where


   U  k →    ( τ ,  τ 0  )  =  M  k →    ( τ )   T  k →    ( τ ,  τ 0  )    M   k →   − 1    (  τ 0  )    =         α  k →    ( τ ,  τ 0  )       β  k →    ( τ ,  τ 0  )          β ¯   k →    ( τ ,  τ 0  )        α ¯   k →    ( τ ,  τ 0  )  .      .  



(161)







We have ignored the superscript l in Equation (160) since   M  k →    and the evolution transformation   T  k →    are independent of it. The Bogoliubov coefficients alpha and beta of the time evolution can be directly read off from Equation (161). In particular, we have


     i  β  k →    ( τ ,  τ 0  )     =     f  k →    ( τ )   g  k →    (  τ 0  )  Re   e  i  Θ  k →  q   ( τ )     −  g  k →    ( τ )   f  k →    (  τ 0  )  Re   e  i  Θ  k →  p   ( τ )             −     1 k   f  k →    ( τ )   f  k →    (  τ 0  )  Im   e  i  Θ  k →  q   ( τ )     −    k 2  +  s  k ^    (  τ 0  )   k   g  k →    ( τ )   g  k →    (  τ 0  )  Im   e  i  Θ  k →  p   ( τ )     .     



(162)







We now impose the condition of unitary implementability of the time evolution, namely    ∑   k →  ∈ L     |  β  k →    ( τ ,  τ 0  )  |  2  < ∞   for all times  τ . From Equations (156) and (162), a rigorous analysis shows [47] that the necessary and sufficient conditions to attain a square summable sequence   {  β  k →    ( τ ,  τ 0  )  }   in a consistent and non-trivial way [that is, satisfying the restriction (159) and avoiding a trivialization of the dynamics] are



	(1)

	
There exists a subset    L  ′   of  L , differing from the latter set in a finite number of elements at most, such that


   f  k →    ( τ )  =   k 2    e  i  F  k →    ( τ )    + k  θ  k →  f   ( τ )  ,   g  k →    ( τ )  =  i   2 k     e  i  F  k →    ( τ )    +  θ  k →  g   ( τ )  ,  



(163)




for all    k →  ∈   L  ′   . Here,   F  k →    is an undetermined phase, whereas   k  θ  k →  f   ( τ )    and    θ  k →  g   ( τ )    are subdominant terms in the asymptotic limit   k → ∞  .




	(2)

	
The subdominant terms   k  θ  k →  f   ( τ )    and    θ  k →  g   ( τ )    must satisfy for all  τ  the square summability condition


   ∑   k →  ∈   L  ′    k   |  θ  k →  f   ( τ )  + i  θ  k →  g   ( τ )  |  2  < ∞ .  



(164)








	(3)

	
To satisfy restriction (159), the subdominant terms must be related by


  Re  i   e  − i  F  k →     +   2 k     θ ¯   k →  f    θ  k →  g   = Re   θ  k →  f   e  − i  F  k →      .  



(165)











In short, the elements of a time dependent family of invariant Fock representations that satisfy the above three (necessary and sufficient) conditions will be related by a dynamical evolution that can be implemented as a unitary endomorphism in Fock space. Among all possible Fock representations that verify conditions (163), (164), and (165), we find the analogue of the   j 0  -Fock representation, which is given by


    f ˚   k →   =   k 2   ,    g ˚   k →   =  i   2 k    .  



(166)







From Equations (156), (162), and (166), one can check that    |   β  k →    | = |   s  k ^    (  τ 0  )  O  (  k  − 2   )   |   , so that   {  β  k →   }   is a square summable sequence. Remarkably, the representations of any of the possible quantizations with a unitary dynamics are all equivalent among them [47] (i.e., there is just one family of unitary equivalent invariant Fock representations allowing the dynamics to be unitarily implementable). In particular, all of them are unitarily equivalent to the analogue of the   j 0  -Fock representation, at any value of the time parameter. More explicitly, let us consider any Fock representation belonging to a family that is connected by a unitarily implementable dynamics, with annihilation and creation-like variables   (  a  k →   ,   a ¯   k →   )  . From Equation (158), it is straightforward to see that these annihilation and creation-like variables at generic time  τ  are related to those of the (analogue of the)   j 0  -Fock representation,   (   a ˚   k →   ,    a ˚  ¯   k →   )  , by means of the Bogoliubov transformation


        a  k →         a ¯   k →       τ  =  K  k →    ( τ )         a ˚   k →          a ˚  ¯   k →       τ  ;   K  k →   =  M  k →     M ˚   k →   − 1     =        κ  k →      λ  k →         λ ¯   k →        κ ¯   k →   .      .  



(167)







The Bogoliubov coefficients kappa and lambda are


   κ  k →    ( τ )  =  1   2 k      f  k →    ( τ )  − i k  g  k →    ( τ )   ,   λ  k →    ( τ )  =  1   2 k      f  k →    ( τ )  + i k  g  k →    ( τ )   .  



(168)







Taking into account the asymptotic behavior of   f  k →    and   g  k →   , given by Equation (163), we get from Equation (168) that


   ∑   k →  ∈  L ′     |   λ  k →      ( τ )  |  2  =  1 2   ∑   k →  ∈  L ′    k   |  θ  k →  f   ( τ )  + i  θ  k →  g   ( τ )  |  2  .  



(169)







The finiteness of this sum is just the necessary and sufficient condition (164) for the unitary implementability of the dynamics, unitarity that indeed we are assuming for the quantization determined by   (  a  k →    ( τ )  ,   a ¯   k →    ( τ )  )  . Since this finiteness implies that the sum of    |   λ  k →      ( τ )  |  2    over all    k →  ∈ L   also converges, we conclude that the considered quantizations are unitarily equivalent. Hence, the invariant Fock quantization defined by   (   a ˚   k →   ,    a ˚  ¯   k →   )   is, up to unitary transformations, the unique one that allows for a unitary implementation of the dynamics.




8. Conclusions


In this work, we have presented an overview of the uniqueness results attained in recent years for the Fock quantization of Gowdy cosmological models, and of (test) real KG fields minimally coupled to FLRW, de Sitter, and Bianchi I spacetimes, accomplished by imposing the requirements of (i) invariance under the isometries of the spatial sections and (ii) unitary implementability of the Heisenberg dynamics. For the cases of Gowdy models and (test) KG fields in FLRW and de Sitter backgrounds, the uniqueness of the quantum representation follows from the removal of the ambiguities in the quantization of scalar fields with time dependent mass in spatially compact ultrastatic spacetimes, as a consequence of the fact that Gowdy models and KG fields in conformally ultrastatic spacetimes can be mapped, after a suitable transformation, to a system of the aforementioned type. Let us emphasize that this transformation is itself completely determined by the requirements of invariance and unitarity. So, no ambiguities are left in the process. The proposed criteria single out a preferred description of the system, by means of a preferred choice of the set of variables that are to be quantized, and fixes a unique family of equivalent Fock representations. For the case of test KG fields in Bianchi I universes, the performed analysis is slightly different because of the lack of isotropy. This requires a non-local time dependent canonical transformation (more specifically, a time dependent canonical transformation such that the change of the configuration and momentum variables is mode dependent) that defines a new set of canonical variables supporting a family of symmetry invariant Fock representations that allow for a unitary implementation of the dynamics. Remarkably, this family is contained just in one equivalence class of unitarily equivalent Fock representations, with the analogue of the   j 0  -Fock quantization in it. Although the ambiguity in the representation of the CCRs is fully removed in this manner, it is worth mentioning that the ambiguity concerning the parametrization of the phase space for Bianchi I universes remains to be elucidated.



For the sake of clarity and completeness of the presentation, we have discussed in some detail the classical and quantum theories of scalar fields in globally hyperbolic spacetimes. In particular, we have commented the two kinds of ambiguities that arise in the canonical quantization program, namely (i) the choice of fundamental observables (at least among a family of candidates related by linear transformations) and (ii) the selection of a Hilbert space representation of the CCRs. Special attention has been given to the introduction of complex structures on phase space, and to the role that they play in the quantum theory (both in the construction of a Hilbert space representation and in the ambiguity for the parameterization of the CCRs). The Bogoliubov transformations that encode the classical time evolution and the unitary implementability of the dynamics have also been discussed. For non-stationay systems, or more specifically for scalar fields with a time dependent mass in ultrastatic spacetimes   I × Σ  , we have introduced the complex structure   j 0  , that is the simplest complex structure which gives rise to an invariant Fock quantization (  j 0   commutes with the isometries of the spatial manifold  Σ ). We sketched the   j 0  -Fock representation for KG fields with time dependent mass in ultrastatic backgrounds with the spatial topology of a circle, a three-sphere, and a three-torus. That is, we explicitly displayed the   j 0  -Fock representation for cases that describe the local degrees of freedom of linearly polarized Gowdy models, and KG fields in FLRW and de Sitter spacetimes. (We obviated the case of axisymmetric KG fields with time dependent mass on   S 2  , that describes the Gowdy    S 1  ×  S 2    and   S 3   cosmological models, because this can be done by simply replacing in Section 3.4 the harmonics    X n  =  Q  n ℓ m     on   Σ =  S 3    with the spherical harmonics    X n  =  Y  ℓ m     on   Σ =  S 2   .)



Although we have exploited the uniqueness of the   j 0  -Fock representation in very specific ultrastatic backgrounds (namely,   Σ =  T 3    and   Σ =  S n   , with   n = 1 , 2 , 3  ), it is worth emphasizing that the discussed uniqueness result, attained by imposing the criteria of symmetry invariance and of a unitary dynamics, is not restricted to these spatial topologies, but has been extended to ultrastatic spacetimes with arbitrary compact Riemannian sections  Σ  of dimension   d ≤ 3   [16,17]. In particular, the   j 0  -Fock representation for a KG field with mass m in   ( 1 + 1 )   Minkowski spacetime   M ≅  S 1  × R  , is the unique Fock representation satisfying the requirements of invariance and unitarity. This is of course not in conflict with the standard Fock representation specified by imposing Poincaré invariance. Indeed, the complex structure   j 0   and the standard complex structure    j m   ( φ , π )  =  ( −   ( − Δ +  m 2  )   − 1 / 2   π ,   ( − Δ +  m 2  )   − 1 / 2   φ )    belong to the same equivalence class. (These complex structures are related via a Bogoliubov transformation with    β k  =  (  ω k  − k )  /  ( 2   k  ω k    )   , where    ω k  =    k 2  +  m 2     . In the ultraviolet regime    β k 2  ≈  m 4  /  ( 16  k 4  )  + O  (  m 6  /  k 6  )   , behavior from which our statement follows.) Apart from this simple example, it is worth remarking that, more generally, no conflict arises between the Hadamard approach (reformulated in terms of the scaled field of the  ψ -description) and the criteria of invariance and of dynamical unitarity, at least for the cases of scalar fields in closed FLRW [17] and de Sitter spacetimes [46].



As we mentioned in the Introduction, the criteria of symmetry invariance and of unitary implementability of the quantum evolution have been successfully extended to select a unique preferred Fock representation for fermion fields in cosmological scenarios [48,49,50,51,52,53,54,55]. This and the uniqueness results here reviewed have been fruitfully exploited e.g., within the Hybrid Quantization Approach [32] in order to deal with (both scalar and fermionic) perturbations in quantum cosmology (see, for instance, Refs. [102,103,104,105,106,107,108,109]).



Finally, notwithstanding the repeatedly verified effectiveness and robustness of these criteria of invariance and of unitarity, there are still many interesting questions, applications, and extensions to be addressed. Some of them are the following. (It might also be interesting to explore the applications of these proposals in the context of de Sitter Projective Cosmology, comparing results with the discussion presented in other recent works in the literature ( see e.g., [110]). We thank one of the anonymous reviewers for calling our attention to this point.)



	
Generalizations to other dimensions: As we pointed out, the uniqueness of the   j 0  -Fock representation extends to spacetimes with arbitrary compact Riemannian sections  Σ  of dimension   d ≤ 3  . The proof of this result is based on the behavior of the time evolution in the ultraviolet regime. Using this behavior, the satisfaction of the condition that guarantees the unitary implementability of the dynamics depends critically on the dimension of  Σ  and, though the condition is fulfilled for   d ≤ 3   [16], in general it is not satisfied in dimensions greater or equal than four. In such cases, an open issue is whether one can still find a different Fock representation that leads to a unitary evolution and analyze whether its equivalence class is singled out uniquely by our criteria of invariance and of unitarity.



	
Other backgrounds: Other interesting backgrounds where the criteria of invariance and of unitarity can be tested are shear free anisotropic spacetimes, like Bianchi III cosmologies.



	
Other fields: Even though the discussion has been focused primarily on the uniqueness of scalar and fermionic fields, there seems to be no obstacles (neither conceptual nor technical) to extend the analysis to other kind of fields, for example Maxwell fields, applying to them the proposed criteria to pick out a unique preferred Fock quantization.










Author Contributions


All authors contributed equally to this work. All authors have read and agreed to the published version of the manuscript.




Funding


This work was supported by Project No. MINECO FIS2017-86497-C2-2-P from Spain, Project DGAPA-UNAM IN113618 from Mexico, and COST Action CA16104 GWverse, supported by COST (European Cooperation in Science and Technology).




Acknowledgments


The authors acknowledge L. Castelló Gomar, A. Corichi, B. Elizaga Navascués, M. Fernández-Méndez, L. Fonseca, M. Martín-Benito, D. Martín-de Blas, J. Olmedo, S. Prado, P. Tarrío, and T. Thiemann for scientific collaborations and conversations.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Wald, R.M. Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics; Chicago University Press: Chicago, IL, USA, 1994. [Google Scholar]

	



Simon, B. Topics in Functional Analysis; Streater, R.F., Ed.; Academic Press: London, UK, 1972. [Google Scholar]

	



Ashtekar, A.; Lewandowski, J. Background independent quantum gravity: A status report. Class. Quantum Grav. 2004, 21, R53. [Google Scholar] [CrossRef]

	



Rovelli, C. Quantum Gravity; Cambridge University Press: Cambridge, UK, 2004. [Google Scholar]

	



Rovelli, C. Loop quantum gravity. Living Rev. Relativ. 2008, 11, 5. [Google Scholar] [CrossRef]

	



Thiemann, T. Modern Canonical Quantum General Relativity; Cambridge University Press: Cambridge, UK, 2007. [Google Scholar]

	



Gambini, R.; Pullin, J. A First Course in Loop Quantum Gravity; Oxford University Press: Oxford, UK, 2011. [Google Scholar]

	



Lewandowski, J.; Okolow, A.; Sahlmann, H.; Thiemann, T. Uniqueness of diffeomorphism invariant states on holonomy—Flux algebras. Commun. Math. Phys. 2006, 267, 703–733. [Google Scholar] [CrossRef]

	



Ashtekar, A.; Magnon, A. Quantum fields in curved space-times. Proc. R. Soc. Lond. A 1975, 346, 375. [Google Scholar] [CrossRef]

	



Ashtekar, A.; Magnon-Ashtekar, A. A curiosity concerning the role of coherent states in quantum field theory. Pramana 1980, 15, 107–115. [Google Scholar] [CrossRef]

	



Haag, R. Local Quantum Physics—Fields, Particles, Algebras; Springer: Berlin, Germany, 1996. [Google Scholar]

	



Cortez, J.; Mena Marugán, G.A.; Serôdio, R.; Velhinho, J.M. Uniqueness of the Fock quantization of a free scalar field on S1 with time dependent mass. Phys. Rev. D 2009, 79, 084040. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A.; Velhinho, J.M. Fock quantization of a scalar field with time dependent mass on the three-sphere: unitarity and uniqueness. Phys. Rev. D 2010, 81, 044037. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A.; Olmedo, J.; Velhinho, J.M. A unique Fock quantization for fields in non-stationary spacetimes. JCAP 2010, 10, 030. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A.; Olmedo, J.; Velhinho, J.M. Uniqueness of the Fock quantization of fields with unitary dynamics in nonstationary spacetimes. Phys. Rev. D 2011, 83, 025002. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A.; Olmedo, J.; Velhinho, J.M. A uniqueness criterion for the Fock quantization of scalar fields with time dependent mass. Class. Quantum Grav. 2011, 28, 172001. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A.; Olmedo, J.; Velhinho, J.M. Criteria for the determination of time dependent scalings in the Fock quantization of scalar fields with a time dependent mass in ultrastatic spacetimes. Phys. Rev. D 2012, 86, 104003. [Google Scholar] [CrossRef]

	



Gowdy, R.H. Vacuum spacetimes with two-parameter spacelike isometry groups and compact invariant hypersurfaces: Topologies and boundary conditions. Ann. Phys. 1974, 83, 203–241. [Google Scholar] [CrossRef]

	



Corichi, A.; Cortez, J.; Mena Marugán, G.A. Quantum Gowdy T3 model: A unitary description. Phys. Rev. D 2006, 73, 084020. [Google Scholar] [CrossRef]

	



Corichi, A.; Cortez, J.; Mena Marugán, G.A. Unitary evolution in Gowdy cosmology. Phys. Rev. D 2006, 73, 041502. [Google Scholar] [CrossRef]

	



Corichi, A.; Cortez, J.; Mena Marugán, G.A.; Velhinho, J.M. Quantum Gowdy T3 model: A uniqueness result. Class. Quantum Grav. 2006, 23, 6301. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A.; Velhinho, J.M. Uniqueness of the Fock quantization of the Gowdy T3 model. Phys. Rev. D 2007, 75, 084027. [Google Scholar] [CrossRef]

	



Corichi, A.; Cortez, J.; Mena Marugán, G.A.; Velhinho, J.M. Quantum Gowdy T3 model: Schrödinger representation with unitary dynamics. Phys. Rev. D 2007, 76, 124031. [Google Scholar] [CrossRef]

	



Barbero, G.J.F.; Gómez Vergel, D.; Villaseñor, E.J.S. Hamiltonian dynamics of linearly polarized Gowdy models coupled to massless scalar fields. Class. Quantum Grav. 2007, 24, 5945. [Google Scholar] [CrossRef]

	



Barbero, G.J.F.; Gómez Vergel, D.; Villaseñor, E.J.S. Quantum unitary evolution of linearly polarized S1 × S2 and S3 Gowdy models coupled to massless scalar fields. Class. Quantum Grav. 2008, 25, 085002. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A.; Velhinho, J.M. Uniqueness of the Fock representation of the Gowdy S1 × S2 and S3 models. Class. Quantum Grav. 2008, 25, 105005. [Google Scholar] [CrossRef]

	



Mukhanov, V. Physical Foundations of Cosmology; Cambridge University Press: Cambridge, UK, 2005. [Google Scholar]

	



Mukhanov, V.F.; Feldman, H.A.; Bradenberger, R.H. Theory of cosmological perturbations. Phys. Rep. 1992, 215, 203–333. [Google Scholar] [CrossRef]

	



Bardeen, J.M. Gauge-invariant cosmological perturbations. Phys. Rev. D 1980, 22, 1882. [Google Scholar] [CrossRef]

	



Halliwell, J.J.; Hawking, S.W. Origin of structure in the Universe. Phys. Rev. D 1985, 31, 1777. [Google Scholar] [CrossRef] [PubMed]

	



Fernández-Méndez, M.; Mena Marugán, G.A.; Olmedo, J.; Velhinho, J.M. Unique Fock quantization of scalar cosmological perturbations. Phys. Rev. D 2012, 85, 103525. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A. Hybrid models in loop quantum cosmology. Int. J. Mod. Phys. D 2016, 25, 1642007. [Google Scholar] [CrossRef]

	



Kleidis, K.; Kuiroukidis, A.; Papadopoulos, D.B.; Verdaguer, E. Graviton production in the scaling of a long-cosmic-string network. Phys. Rev. D 2011, 84, 124044. [Google Scholar] [CrossRef]

	



Kleidis, K.; Papadopoulos, D.B. Particle creation, renormalizability conditions and the mass-energy spectrum in gravity theories of quadratic Lagrangians. Class. Quantum Grav. 1998, 15, 2217. [Google Scholar] [CrossRef]

	



Kay, B.S. Linear spin-zero quantum fields in external gravitational and scalar fields I. A one particle structure for the stationary case. Commun. Math. Phys. 1978, 62, 55–70. [Google Scholar] [CrossRef]

	



Corichi, A.; Cortez, J.; Quevedo, H. Schrödinger and Fock representation for a field theory on curved spacetime. Ann. Phys. 2004, 313, 446–478. [Google Scholar] [CrossRef]

	



Corichi, A.; Cortez, J.; Quevedo, H. On Unitary Time Evolution in Gowdy T3 Cosmologies. Int. J. Mod. Phys. D 2002, 11, 1451–1468. [Google Scholar] [CrossRef]

	



Torre, C.G. Quantum dynamics of the polarized Gowdy T3 model. Phys. Rev. D 2002, 66, 084017. [Google Scholar] [CrossRef]

	



Cortez, J.; Mena Marugán, G.A. Feasibility of a unitary quantum dynamics in the Gowdy T3 cosmological model. Phys. Rev. D 2005, 72, 064020. [Google Scholar] [CrossRef]

	



De Bernardis, P.; Ade, P.; Bock, J.; Bond, J.R.; Borrill, J.; Boscaleri, A.; Coble, K.; Crill, B.P.; De Gasperis, G.; Farese, P.C.; et al. A flat Universe from high-resolution maps of the cosmic microwave background radiation. Nature 2002, 404, 955–959. [Google Scholar] [CrossRef] [PubMed]

	



Peiris, H.V.; Komatsu, E.; Verde, L.; Spergel, D.N.; Bennett, C.L.; Halpern, M.; Hinshaw, G.; Jarosik, N.; Kogut, A.; Limon, M.; et al. First-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Implications For Inflation. Astrophys. J. Suppl. Ser. 2003, 148, 213. [Google Scholar] [CrossRef]

	



Ade, P.A.R.; Aghanim, N.; Arnaud, M.; Ashdown, M.; Aumont, J.; Baccigalupi, C.; Banday, A.J.; Barreiro, R.B.; Bartlett, J.G.; Bartolo, N.; et al. Planck 2015 results XIII. Cosmological parameters. Astron. Astrophys. 2016, 594, A13. [Google Scholar] [CrossRef]

	



Castelló Gomar, L.; Cortez, J.; Martín-de Blas, D.; Mena Marugán, G.A.; Velhinho, J.M. Uniqueness of the Fock quantization of scalar fields in spatially flat cosmological spacetimes. JCAP 2012, 1211, 001. [Google Scholar] [CrossRef]

	



Mena Marugán, G.A.; Martín-de Blas, D.; Castelló Gomar, L. Unitary evolution and uniqueness of the Fock quantization in flat cosmologies. J. Phys. Conf. Ser. 2013, 410, 012151. [Google Scholar] [CrossRef]

	



Castelló Gomar, L.; Cortez, J.; Martín-de Blas, D.; Mena Marugán, G.A.; Velhinho, J.M. Unitary evolution and uniqueness of the Fock quantization in flat cosmologies with compact spatial sections. Electron. J. Theor. Phys. 2014, 11, 43–64. [Google Scholar]

	



Cortez, J.; Martín-de Blas, D.; Mena Marugán, G.A.; Velhinho, J.M. Massless scalar field in de Sitter spacetime: unitary quantum time evolution. Class. Quantum Grav. 2013, 30, 075015. [Google Scholar] [CrossRef]

	



Cortez, J.; Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A.; Olmedo, J.; Velhinho, J.M. Uniqueness of the Fock quantization of scalar fields in a Bianchi I cosmology with unitary dynamics. Phys. Rev. D 2016, 94, 105019. [Google Scholar] [CrossRef]

	



Cortez, J.; Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A.; Velhinho, J.M. Unitary evolution and uniqueness of the Fock representation of Dirac fields in cosmological spacetimes. Phys. Rev. D 2015, 92, 105013. [Google Scholar] [CrossRef]

	



Cortez, J.; Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A.; Velhinho, J.M. Unique Fock quantization of a massive fermion field in a cosmological scenario. Phys. Rev. D 2016, 93, 084053. [Google Scholar] [CrossRef]

	



Cortez, J.; Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A.; Velhinho, J.M. Uniqueness of the Fock quantization of Dirac fields in 2 + 1 dimensions. Phys. Rev. D 2017, 96, 025024. [Google Scholar] [CrossRef]

	



Cortez, J.; Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A.; Velhinho, J.M. Dirac fields in flat FLRW cosmology: Uniqueness of the Fock quantization. Ann. Phys. 2017, 376, 76–88. [Google Scholar] [CrossRef]

	



Cortez, J.; Rodrigues, I.I.; Martín-Benito, M.; Velhinho, J. On the uniqueness of the Fock quantization of the Dirac field in the closed FRW cosmology. Adv. Math. Phys. 2018, 2018, 2450816. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Mena Marugán, G.A.; Prado Loy, S. Backreaction of fermionic perturbations in the Hamiltonian of hybrid loop quantum cosmology. Phys. Rev. D 2018, 98, 063535. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Mena Marugán, G.A.; Prado, S. Asymptotic diagonalization of the fermionic Hamiltonian in hybrid loop quantum cosmology. Phys. Rev. D 2019, 99, 063535. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Mena Marugán, G.A.; Prado, S. Fock quantization of the Dirac field in hybrid quantum cosmology: Relation with adiabatic states. arXiv 2019, arXiv:1910.01346. [Google Scholar] [CrossRef]

	



Corichi, A. Introduction to the Fock quantization of the Maxwell field. La Revista Mexicana de Física 1998, 44, 402–412. [Google Scholar]

	



Corichi, A.; Vukasinac, T.; Zapata, J.A. Polymer quantum mechanics and its continuum limit. Phys. Rev. D 2007, 76, 044016. [Google Scholar] [CrossRef]

	



McDuff, D.; Salamon, D. Introduction to Symplectic Topology; Oxford University Press: Oxford, UK, 2017. [Google Scholar]

	



De Gosson, M. Symplectic Geometry and Quantum Mechanics; Birkhäuser Basel: Berlin, Germany, 2006. [Google Scholar]

	



Cortez, J.; Mena Marugán, G.A.; Velhinho, J.M. Quantum unitary dynamics in cosmological spacetimes. Ann. Phys. 2015, 363, 36–47. [Google Scholar] [CrossRef]

	



Ashtekar, A.A.; Tate, R.S. An algebraic extension of Dirac quantization: Examples. J. Math. Phys. 1994, 35, 6434. [Google Scholar] [CrossRef]

	



Ashtekar, A. Lectures on Non-Perturbative Canonical Gravity; World Scientific: Singapore, 1991. [Google Scholar]

	



Putnam, C.R. Commutation Properties of Hilbert Space Operators and Related Topics; Springer: Berlin, Germany, 1967. [Google Scholar]

	



Segal, I.E. Foundations of the Theory of Dynamical Systems of Infinitely Many Degrees of Freedom, I. Matematisk-Fysiske Meddelelser Kongelige Danske Videnskabernes Selskab 1959, 31, 1. [Google Scholar] [CrossRef]

	



Slawny, J. On factor representations and the C⋆-algebra of canonical commutation relations. Commun. Math. Phys. 1972, 24, 151–170. [Google Scholar] [CrossRef]

	



Gelfand, I.M.; Naimark, M.A. On the imbedding of normed rings into the ring of operators in Hilbert space. Matematicheskii Sbornik 1943, 12, 197. [Google Scholar]

	



Segal, I.E. Irreducible representations of operator algebras. Bull. Am. Math. Soc. 1947, 53, 73. [Google Scholar] [CrossRef]

	



Manuceau, J.; Verbeure, A. Quasi-free states of the C.C.R.—Algebra and Bogoliubov transformations. Commun. Math. Phys. 1968, 9, 293–302. [Google Scholar] [CrossRef]

	



Corichi, A.; Cortez, J.; Quevedo, H. Schrödinger representation for a scalar field on curved spacetime. Phys. Rev. D 2002, 66, 085025. [Google Scholar] [CrossRef]

	



Velhinho, J. Canonical quantization of the scalar field: The measure theoretic perspective. Adv. Math. Phys. 2015, 2015, 608940. [Google Scholar] [CrossRef]

	



Shale, D. Linear symmetries of free boson fields. Trans. Am. Math. Soc. 1962, 103, 149–167. [Google Scholar] [CrossRef]

	



Honegger, R.; Rieckers, A. Squeezing Bogoliubov transformations on the infinite mode CCR-algebra. J. Math. Phys. 1996, 37, 4292. [Google Scholar] [CrossRef]

	



Torre, C.G.; Varadarajan, M. Functional evolution of free quantum fields. Class. Quantum Grav. 1999, 16, 2651. [Google Scholar] [CrossRef]

	



Agullo, I.; Ashtekar, A. Unitarity and ultraviolet regularity in cosmology. Phys. Rev. D 2015, 91, 124010. [Google Scholar] [CrossRef]

	



Much, A.; Oeckl, R. Complex structures for Klein-Gordon theory on globally hyperbolic spacetimes. arXiv 2018, arXiv:1812.00926. [Google Scholar]

	



Harrison, E.R. Normal modes of vibrations of the Universe. Rev. Mod. Phys. 1967, 39, 862. [Google Scholar] [CrossRef]

	



Lüders, C.; Roberts, J. Local quasiequivalence and adiabatic vacuum states. Commun. Math. Phys. 1990, 134, 29–63. [Google Scholar] [CrossRef]

	



Torre, C.G. Midisuperspace models of canonical quantum gravity. Int. J. Theor. Phys. 1999, 38, 1081–1102. [Google Scholar] [CrossRef]

	



Barbero, G.J.F.; Villaseñor, E.J.S. Quantization of midisuperspace models. Living Rev. Rel. 2010, 13, 6. [Google Scholar] [CrossRef]

	



Pierri, M. Probing quantum general relativity through exactly soluble midi-superspaces II: Polarized Gowdy models. Int. J. Mod. Phys. D 2002, 11, 135–153. [Google Scholar] [CrossRef]

	



Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, 10th ed.; Abramowitz, M.; Stegun, I.A. (Eds.) U.S. GPO: Washington, DC, USA, 1972. [Google Scholar]

	



Berger, B.K. Quantum graviton creation in a model universe. Ann. Phys. 1974, 83, 458–490. [Google Scholar] [CrossRef]

	



Parker, L. Quantized fields and particle creation in expanding universes. I. Phys. Rev. 1969, 183, 1057. [Google Scholar] [CrossRef]

	



Parker, L. Quantized fields and particle creation in expanding universes. II. Phys. Rev. D 1971, 3, 346. [Google Scholar] [CrossRef]

	



Castagnino, M.; Verbeure, A.; Weder, R. Catastrophes in an expanding universe. Phys. Lett. A 1974, 48, 99–100. [Google Scholar] [CrossRef]

	



Castagnino, M.; Verbeure, A.; Weder, R. Catastrophes in the canonical quantization in an expanding universe. Nuovo Cimento B 1975, 26, 396–408. [Google Scholar] [CrossRef]

	



Castagnino, M.; Weder, R. Creation of particles by time-dependent gravitational fields. Phys. Lett. B 1979, 89, 160–164. [Google Scholar] [CrossRef]

	



Gerlach, U.H.; Sengupta, U.K. Homogeneous collapsing star: Tensor and vector harmonics for matter and field asymmetries. Phys. Rev. D 1978, 18, 1773. [Google Scholar] [CrossRef]

	



Jantzen, R.T. Tensor harmonics on the 3-sphere. J. Math. Phys. 1978, 19, 1163. [Google Scholar] [CrossRef]

	



Lifshitz, E. On the gravitational stability of the expanding universe. Perspect. Theor. Phys. 1946, 16, 587. [Google Scholar]

	



Lifshitz, E.; Khalatnikov, I.M. Investigations in relativistic cosmology. Adv. Phys. 1963, 12, 185. [Google Scholar] [CrossRef]

	



Gradshteyn, I.S.; Ryzhik, I.M. Table of Integrals, Series, and Products, 6th ed.; Jeffrey, A., Zwillinger, D., Eds.; Academic Press: San Diego, CA, USA, 2000. [Google Scholar]

	



Hadamard, J. Lectures on Cauchy’s Problem in Linear Partial Differential Equations; Yale University Press: New Haven, DC, USA, 1923. [Google Scholar]

	



Junker, W. Hadamard states, adiabatic vacua and the construction of physical states for scalar quantum fields in curved spacetime. Rev. Math. Phys. 1996, 8, 1091–1159. [Google Scholar] [CrossRef]

	



Junker, W. Erratum to “Hadamard states, adiabatic vacua and the construction of physical states for scalar quantum fields in curved spacetime”. Rev. Math. Phys. 2002, 14, 511–517. [Google Scholar] [CrossRef]

	



Kolmogorov, A.N.; Fomin, S.V. Elements of the Theory of Functions and Functional Analysis; Dover: New York, NY, USA, 1985. [Google Scholar]

	



Gómez Vergel, D.; Villaseñor, E.J.S. Unitary evolution of free massless fields in de Sitter spacetime. Class. Quantum Grav. 2008, 25, 145008. [Google Scholar] [CrossRef]

	



Allen, B. Vacuum states in de Sitter space. Phys. Rev. D 1985, 32, 3136. [Google Scholar] [CrossRef] [PubMed]

	



Allen, B.; Folacci, A. Massless minimally coupled scalar field in de Sitter space. Phys. Rev. D 1987, 35, 3771. [Google Scholar] [CrossRef] [PubMed]

	



Bunch, T.S.; Davies, P.C.W. Quantum field theory in de Sitter space: Renormalization by point-splitting. Proc. R. Soc. Lond. A 1978, 360, 117. [Google Scholar] [CrossRef]

	



Cortez, J.; Fonseca, L.; Martín-de Blas, D.; Mena Marugán, G.A. Uniqueness of the Fock quantization of scalar fields under mode preserving canonical transformations varying in time. Phys. Rev. D 2013, 87, 044013. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Martín-de Blas, D.; Mena Marugán, G.A. The vacuum state of primordial fluctuations in hybrid loop quantum cosmology. Universe 2018, 4, 98. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A. Fermions in hybrid loop quantum cosmology. Phys. Rev. D 2017, 96, 044023. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A. Modeling effective FRW cosmologies with perfect fluids from states of the hybrid quantum Gowdy model. Phys. Rev. D 2015, 91, 024028. [Google Scholar] [CrossRef]

	



Elizaga Navascués, B.; Martín-Benito, M.; Mena Marugán, G.A. Modified FRW cosmologies arising from states of the hybrid quantum Gowdy model. Phys. Rev. D 2015, 92, 024007. [Google Scholar] [CrossRef]

	



Castelló Gomar, L.; Martín-Benito, M.; Mena Marugán, G.A. Gauge-invariant perturbations in hybrid quantum cosmology. JCAP 2015, 1506, 045. [Google Scholar] [CrossRef]

	



Castelló Gomar, L.; Fernández-Méndez, M.; Mena Marugán, G.A.; Olmedo, J. Cosmological perturbations in hybrid loop quantum cosmology: Mukhanov-Sasaki variables. Phys. Rev. D 2014, 90, 064015. [Google Scholar] [CrossRef]

	



Fernández-Méndez, M.; Mena Marugán, G.A.; Olmedo, J. Hybrid quantization of an inflationary universe. Phys. Rev. D 2012, 86, 024003. [Google Scholar] [CrossRef]

	



Fernández-Méndez, M.; Mena Marugán, G.A.; Olmedo, J. Hybrid quantization of an inflationary model: The flat case. Phys. Rev. D 2013, 88, 044013. [Google Scholar] [CrossRef]

	



Feleppa, F.; Licata, I.; Corda, C. Hartle-Hawking boundary conditions as Nucleation by de Sitter Vacuum. Phys. Dark Univ. 2019, 26, 100381. [Google Scholar] [CrossRef]







© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  mathematics-08-00115


  
    		
      mathematics-08-00115
    


  




  





media/file0.png





