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Abstract

:

This paper reports a theoretical study on the magnetohydrodynamic flow and heat exchange of carbon nanotubes (CNTs)-based nanoliquid over a variable thicker surface. Two types of carbon nanotubes (CNTs) are accounted for saturation in base fluid. Particularly, the single-walled and multi-walled carbon nanotubes, best known as SWCNTs and MWCNTs, are used. Kerosene oil is taken as the base fluid for the suspension of nanoparticles. The model involves the impact of the thermal radiation and induced magnetic field. However, a tiny Reynolds number is assumed to ignore the magnetic induction. The system of nonlinear equations is obtained by reasonably adjusted transformations. The analytic solution is obtained by utilizing a notable procedure called optimal homotopy analysis technique (O-HAM). The impact of prominent parameters, such as the magnetic field parameter, Brownian diffusion, Thermophoresis, and others, on the dimensionless velocity field and thermal distribution is reported graphically. A comprehensive discussion is given after each graph that summarizes the influence of the respective parameters on the flow profiles. The behavior of the friction coefficient and the rate of heat transfer (Nusselt number) at the surface (y = 0) are given at the end of the text in tabular form. Some existing solutions of the specific cases have been checked as the special case of the solution acquired here. The results indicate that MWCNTs cause enhancement in the velocity field compared with SWCNTs when there is an increment in nanoparticle volume fraction. Furthermore, the temperature profile rises with an increment in radiation estimator for both SWCNT and MWCNT and, finally, the heat transfer rate lessens for increments in the magnetic parameter for both types of nanotubes.
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1. Introduction


The idea of nanofluid was first introduced by Choi [1] in 1995. In his pioneering study, Choi named nanofluids as one of the most essential type of fluids for an enhanced heat transfer rate. Nanofluids are formed by suspending nanoparticles of interested metals in the base fluid. To date, different types of nanoparticles as well as the base fluids are used in the literature. Some of them are magnetic nanoparticles, polymeric nanoparticles, carbon nanotubes, liposomes, quantum dots, metallic nanoparticles, dendrimers, polymeric nanoparticles, and many others. The base fluids are always water, oil, and/or ethylene glycol. The metallic nanoparticles are alumina, carbides, copper, metal oxides, and nitrides, whereas non-metallic nanoparticles are graphite and the well-known carbon nanotubes. Researchers have used different combinations of nanoparticles and base fluids, however, nobody gave a final decision about which combination of nanoparticles and base fluid can give a better enhancement in the heat transfer rate (see, for example, the works of [2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18]).



In addition to the above discussion, each type of nanoparticle and base fluid has its unique importance. In this work, carbon nanotubes (CNTs) were used as nanoparticles suspended in Kerosene oil, chosen as base fluid. CNTs are elongated, tubular structure, and 1–2 nm in diameter (see, for example, the works of [19,20,21,22,23]). However, the best CNTs are those arranged in the form of hexagonal network of carbon atoms rolled up to form a steam-less hollow cylinder (Choi and Zhang [24]). CNTs were first discovered by a Japanese physicist Sumio Iijma in 1991 for multiple wall nanotubes (Sumio [25]). However, it took less than two years before single wall nanotubes were discovered. Several researchers these days are taking keen interest in studying CNTs owing to their unique nanostructures, high thermal conductivity, and exceptional mechanical strength and corrosion resistance. These novel characteristics of CNTs make them useful in industry such as solar cell, nanotube transistors, lithium ion batteries, chemical sensors, and so on. The theoretical and experimental researchers usually use two types of CNTs, namely single-walled carbon nanotubes (SWNTs) and multi-walled carbon nanotubes (MWNTs). Choi [26] found anomalous thermal conductivity enhancement in nanotubes’ suspensions. Hone [27] studied, in details, the thermal properties of CNTs. Kamali and Binesh [28] numerically investigated heat transfer enhancement in non-Newtonian nanofluids using CNTs. Prajapati et al. [29], Kumaresan and Velraj [30], and Wang et al. [31] also provided some interesting studies on CNTs. Khan et al. [32] examined heat transfer using CNTs and fluid flow with Navier slip boundary conditions. Noreen et al. [33] used CNTs and analyzed thermal and velocity slips on Magnetohydrodynamics (MHD) peristaltic flow in an asymmetric channel. Noreen and Khan [34] studied heat transfer using individual MWCNTs owing to the metachronal beating of cilia. Ebaid and Sharif [35] suspended CNTs in a base fluid and studied the effect of a magnetic field on fluid motion and enhanced the rate of heat transfer of nanofluids using CNTs (also see the works of [36,37,38,39]). Zhang et al. [40] examined the effects of surface modification on the thermal conductivity and stability of the suspension formulated using the CNTs. Aman et al. [41] suspended CNTs in four different types of molecular liquid and studied heat transfer enhancement in the free convection flow of Maxwell nanofluids. Zhang experimentally investigated the heat transfer of CNTs membranes. Soleimani et al. [42] studiedthe impact of carbon nanotubes-based nanofluid on oil recovery efficiency using core flooding. Details about the MWCNTs were provided by Taheriang et al. [43] for enhanced thermophysical properties of nanofluids in a critical review. Wang et al. [44], in their review paper, studied mechanisms and applications of CNTs in terahertz devices. Pop et a. [45] studied the well-known stagnation point fluid flow over a stretching sheet involving the heat transfer factor due to radiation. Sharma and Singh [46] investigated stagnation point flow past a linearly stretching sheet with additional effects of variable thermal conductivity, heat source/sink, and MHD. Some other important studies with some interesting experimental findings are given in the works of [47,48,49,50,51,52,53,54,55,56,57,58,59,60] and cross references cited therein.



The basic objective of this examination is to report an MHD flow of nanofluid with Kerosene oil as base fluid and CNTs as nanoparticles over a variable thicker surface. Such formulation is not found in the literature so far. Two types of CNTs (SWCNTs and MWCNTs) are chosen. The problem is first arranged in suitable nonlinear differential equations using reasonable transformations. Analytic solution is obtained by utilizing a notable procedure called the optimal homotopy analysis technique (O-HAM). Several plots are generated to discuss the physical behavior of embedded parameters on the dimensionless velocity field and thermal distribution. The results for skin-friction (wall-drag) coefficient and rate of heat transfer (Nusselt factor) are computed in tabular data form. The present results are successfully reduced to the published results in the literature when compared.




2. Mathematical Formulation


The present communication reports a theoretical study on the magnetohydrodynamic flow and heat exchange of carbon nanotubes (CNTs)-based nanoliquid over a variable thicker surface. Kerosene oil is taken as the base fluid for the suspension of nanoparticles. Two types of carbon nanotubes (CNTs) are accounted for saturation in base fluid. Flow phenomenon is investigated in the presence of applied magnetic field. SWCNTs and MWCNTs are utilized as nanomaterials and kerosine oil is as base liquid. The impact of radiation and viscous dissipation are considered in the heat analysis. The thickness of the surface mentioned by   y = B    (  x + b  )       1 − m  2       is variable. The ambient temperature is taken to be constant. The physical model can be seen in Figure 1.



The boundary layer equations for the aforementioned problem (see, for example, the works of [49,50,51,52]) are as follows:


    ∂ u   ∂ x   +   ∂ v   ∂ y   = 0 ,  



(1)






  u   ∂ u   ∂ x   + v   ∂ u   ∂ y   =  U e    d  U e    d x   +  ν  n f      ∂ 2  u    ∂ 2  y   −   σ  B 0 2     ρ  n f      (  U −  U e   )  ,  



(2)






  u   ∂ T   ∂ x   + v   ∂ T   ∂ y   =  α  n f      ∂ 2  T    ∂ 2  y   −  1  ρ  C p      ∂  q r    ∂ y   +    ν  n f     ρ  C p      (   ∂ u   ∂ y   )  2  ,  



(3)




where velocity components are    (  u ,   v  )    along the  x - and  y -axes, respectively;  T  denotes the temperature;    (   ν  n f   ,    α  n f    )    denotes the effective kinematic viscosity and thermal diffusivity of nanoliquid, respectively;    (   U w  ,    U e   )    are defined as the stretching surface and free stream velocity, respectively;    q r    defines the radiative heat flux; and    C p    defines the specific heat. The fruitful characteristics of nanoliquids may be defined using the properties of base liquid and carbon nanotubes and the solid volume fraction of CNTs in the base liquids (see, for example, the works of [49,50,51,52]) as follows:


     μ  n f   =    μ f       (  1 − φ  )    2.5     ,    ν  n f   =    μ  n f      ρ  n f     ,    ρ  n f   =  (  1 − φ  )     ρ f  + φ  ρ s    (   C p   )   CNT   ,        α  n f   =    k  n f      ρ  n f      (   C p   )    n f     ,      k  n f      k f    =    (  1 − φ  )  + 2 φ     k  CNT      k  CNT   −  k f     ln     k  CNT   +  k f    2  k f        (  1 − φ  )  + 2 φ    k f    k  CNT   −  k f     ln     k  CNT   +  k f    2  k f       ,      



(4)




where viscosity of nanoliquid is defined by    μ  n f    ; nanoparticle volume fraction is defined by   φ ;   and density of liquid and CNTs are defined by    ρ f    and    ρ  CNT   ,   respectively. Base liquid’s thermal conductivity is defined by    k f   ; thermal conductivity of nanoliquids is defined by    k  n f   ;   the specific heat of nanoliquids, base liquid, and carbon nanotubes are defined by      (   C p   )    n f   ,        (   C p   )   f   , and      (   C p   )    CNTs    , respectively; while thermal conductivity of CNTs is defined by    k  CNT    , with boundary conditions as follows:


       at    y = B   (  x + b  )      1 − m  2     ,    U w   ( x )  = U =  U 0    (  x + b  )  m  ,   T =  T w  ,    v = 0 ,          as    y → ∞ ,   u →  U ∞    (  x + b  )  m  =  U  e  ( x )    ,     T →  T ∞  .    



(5)







Using Rosseland approximation, we get the accompanying articulation


   q r  =   − 4  3     σ ∗     K ∗      ∂  T 4    ∂ y   = −   16  σ ∗    3  K ∗     T 3    ∂ T   ∂ y   ,    



(6)




where the mean absorption coefficient is defined by    k ∗   , the Stefan–Boltzmann constant is defined by    σ ∗   , and    T 4    defined using Taylor series expansion about    T ∞    is


   T 4  = 4  T ∞ 3  T − 3  T ∞ 4  .  











The state of surface firmly relies on  m . It should be noted that, for   m = 1 ,   the surface is flat; the thickness of the wall rises for   m < 1   and the surface shape becomes of the outer convex type. The wall thickness decreases for   m > 1   and, consequently, the surface shape becomes of the inner concave type; m is accountable for the motion type, that is, for   m = 0 ,   the motion is linear with constant velocity. Motion deceleration and accelerated are defined by   m < 1   and   m > 1 .   Employing the transformations


    ξ = y      U o     (  x + b  )    m − 1     2  v f     (  m + 1  )    ,     ψ =    1  m + 1   2  v f   U o     (  x + b  )    m + 1     F  ( ξ )  ,    Θ  ( ξ )  =   T −  T ∞     T w  −  T ∞    ,       u =  U o    (  x + b  )  m   F ′   ( ξ )  ,     v = −     m + 1  2   v f   U o     (  x + b  )    m − 1      [  F + ξ  F ′    m − 1   m + 1    ]  ,      



(7)




the incompressibility condition is consequently fulfilled and Equations (2), (3), and (5) are lessened to the following:


   (   1      (  1 − φ  )    2.5    (  1 − φ + φ     ρ  CNT      ρ f      )      )     F ‴  + F  F ″  −   2 m   m + 1      (  F ′  )   2  +   2 m   m + 1    A 2  −  M 2   (   F ′  − A  )  = 0 ,    



(8)






   (     k  n f   /  k f     (  1 − φ + φ       (  ρ  c p   )    CNT        (  ρ  c p   )   f      )     )     (  1 +  4  3  k  n f   /  k f     R d   )     Θ ″  + Pr F  Θ ′  + Pr E c    (  F ″  )   2  = 0 ,    



(9)






     F ′   ( α )  = 1 ,   F  ( α )  = α   1 − m   1 + m   ,   Θ  ( α )  = 0 ,      at    α = B     m + 1  2     U 0     ν f      ,        F ′  ( ∞ ) → A ,   Θ  ( ∞ )  → 1     α → ∞ ,      



(10)




where   α = B      m + 1  2       U 0     ν f         is the wall thickness parameter. Putting


  F  ( ξ )  = f  ( η )  = f  (  ξ − α  )  .  











The final equations in one variable form are given here:


   (   1        (  1 − φ  )    2.5    (  1 − φ + φ     ρ  CNT      ρ f      )       )     f ‴  + f  f ″  −   2 m   m + 1      (  f ′  )   2  +   2 m   m + 1    A 2  −  M 2   (   f ′   ( η )  − A  )  = 0 ,    



(11)






   (     k  n f   /  k f     (  1 − φ + φ       (  ρ  c p   )    CNT        (  ρ  c p   )   f      )     )     (  1 +  4  3  k  n f   /  k f     R d   )     θ ″  + Pr f  θ ′  + Pr E c    (  f ″  )   2  = 0 ,    



(12)






     f ′   ( 0 )  = 1 ,   f  ( 0 )  = α   1 − m   1 + m   ,   θ  ( 0 )  = 0 ,      at    η = 0 ,        f ′  ( ∞ ) → A ,   θ  ( ∞ )  → 1     η → ∞ ,      



(13)




where  A  is defined as ratio parameter,  M  is defined as magnetic parameter,    R d    is defined as radiation estimator,   Pr   is defined as Prandtl number, and   E c   is defined as the well-known Eckert number. Mathematically,


  A =    U ∞     U 0    ,   M =     σ  B 0 2    ρ  c p      ,    R d  =   4  σ ∗   T 3     k f   K ∗    ,   Pr =   μ  c p   k  ,   E c =    U w 2     c p   (   T w  −  T ∞   )    .  











The expression of friction coefficient (wall-drag) and local Nusselt (the heat transfer) number are


     C f  =    τ w    ρ f  U w 2    ,    N  u x  =   ( x + b )  q w     k f   (   T ∞  −  T w   )    ,        τ w  =  µ  n f     (    ∂ u   ∂ y    )   y = B    (  x + b  )       1 − m  2       ,     q w  = −  κ  n f     (    ∂ T   ∂ y    )   y = B    (  x + b  )       1 − m  2       .    











The dimensionless forms of the above parameters are


   C f    Re  x    1 2     =  1     (  1 − φ  )    2.5        1 2  ( m + 1 )    f ‴   ( 0 )  ,    N  u x   Re     − 1  2     = −    k  n f      k f       1 2  ( m + 1 )    θ ′   ( 0 )  ,    








where     Re  x  =     U w  ( x + b )    ν f       denotes Reynolds number.




3. Mathematical Analysis


3.1. OHAM (BVPh 2.0)


The governing problems are explained using BVPh 2.0, via the homotopy analysis method (HAM)-based Mathematica package. The BVPh 2.0 is simple to utilize. It simply needs to compose the required governing problems. For each governing equation, we select the proper auxiliary linear operators and accurate initial guess for every undetermined function. Expression of linear operators and initial guesses are


   f 0  ( η ) = A η + ( 1 − A ) ( 1 − exp ( − η ) ) − α   m − 1   m + 1   ,    



(14)






   θ 0  ( η ) = 1 − exp ( − η ) ,    



(15)






   L f  ( f ) =    d 3  f   d  η 3    −   d f   d η   ,    L θ  ( θ ) =    d 2  θ   d  η 2    − θ ,    



(16)




with


   L f   [   E 1  +  E 2  exp ( η ) +  E 3  exp ( − η )  ]  = 0 ,    



(17)






   L θ   [   E 4  exp ( η ) +  E 5  exp ( − η )  ]  = 0 ,    



(18)




above    E i  ( i = 1 ,   2 , … ,   5 )   shows arbitrary constants.




3.2. Optimal Convergence Analysis


The estimations of convergence control parameters    (   h f  ,    h θ   )    in kerosene oil nanoliquids for both type of nanotubes, that is, SWCNTs and MWCNTs, are calculated through the boundary value problem solver package BVPh 2.0. We now continue to attain the solution of governing equations via Boundary value problem solver package BVPh 2.0. These governing equations hold two unknown convergence estimates    (   h f  ,    h θ   )   . Optimal estimates of these parameters are calculated by the total minimum error. It ought to be seen that the convergence estimates assume an essential part in the frame of the homotopy analysis method (HAM), and HAM differs from other analytical techniques. To enormously diminish the Central Processing Unit (CPU) time, the average residual error at the  k th-order of estimate is characterized by


   ε θ f   (   h f  ,    h θ   )  =  1  N + 1     ∑   J = 0  N     [    ∑   i = 0  N    (  f i  )   η = j π    ]   2  ,    



(19)




and


   ε θ f   (   h f  ,    h θ   )  =  1  N + 1     ∑   J = 0  N     [    ∑   i = 0  k    (  f i  )   η = j π   ,     ∑   i = 0  k    (  θ i  )   η = j π    ]   2  .  



(20)







The optimal estimates of    h f    and    h θ    for single-walled (SWCNT) kerosene oil are    h f  = − 0.338076 ,      h θ  = − 0.112645   and those for multi-walled (MWCNT) kerosene oil are    h f  = − 0.373325 ,      h θ  = − 0.122976  . Figure 2 and Figure 3 are drawn to see the relative total residual errors for SWCNT and MWCNT kerosene oil, respectively.





4. Results and Discussion


The flow and heat transfer of CNTs (SWCNTs and MWCNTs) with kerosene oil as a base liquid are investigated. The governing set of nonlinear differential equations is numerically solved. The impact of  A  on    f ′   ( η )    is plotted in Figure 4 for kerosene oil for SWCNTs and MWCNTs. It is noticed that the velocity field rises for the increment in  A  for both   A > 1   and   A < 1 .   On the other side, for   A > 1   and   A < 1 ,   the related thickness of boundary layer has a reverse trend, but for   A = 1 ,   no boundary layer is found. This means that the surface and ambient velocities are the same. The velocity field is dominant for single-walled tubes as compared with multi-walled tubes. Figure 5 illustrates the impact of  ϕ  on    f ′   ( η )   . It is observed that velocity distribution is the mounting function for the increment in  ϕ  for SWCNTs and MWCNTs. The increment in nanomaterial volume fraction leads to rise in the convective flow. It is likewise noticed that    f ′   ( η )    enhances for kerosene oil nanoliquid for MWCNT as compared with SWCNT. The significance of magnetic parameter on the velocity field is outlined in Figure 6. The velocity    f ′   ( η )    and related boundary layer decrease for larger estimates of the magnetic estimator. The increment in  M  demonstrates the rise in resistive power (Lorentz force) and, therefore, the velocity of the liquid reduces. It is additionally noticed that velocity distribution is dominated for MWCNT as compared with SWCNT kerosene oil. Figure 7 is drawn for the behavior of  m  on    f ′   ( η )  .   It is analyzed that, for the higher power index, the velocity profile shows reduction for SWCNTs and MWCNTs using base liquid kerosene oil.



An analysis of   E c   on   θ  ( η )    is portrayed in Figure 8. It is worth mentioning that   θ  ( η )    becomes higher for the increment in   E c   for both SWCNT and MWCNT. The increment in Eckert number leads to larger drag forces between the fluid materials. Consequently, more heat is induced and the temperature distribution increases. The influence of  ϕ  on   θ  ( η )    is drawn in Figure 9. Here, temperature distribution reduces with the increase in  ϕ . Additionally, the increment in the nanomaterial volume fraction causes the improvement of the convective heat phenomenon from heated liquid along the cold surface, and consequently, temperature reduces. It is additionally noted that the temperature distribution is dominant for MWCNT as compared with SWCNT. Figure 10 outlines the significance of the temperature in light of an adjustment in the estimations of the radiation parameter    R d    for MWCNT and SWCNT. Obviously, the temperature distribution and related boundary layer thickness improve for higher values of the radiation estimator    R d   . It is obvious that the surface heat flux increments under the effect of thermal radiation. Consequently, temperature enhances inside the boundary layer region.



Table 1 displays the thermophysical characteristics of the base liquid kerosene oil with carbon nanotubes. Table 2 is set up for the square average residual errors of governing problems at various orders of approximations. It is noticed that the square average residual error diminishes as the request of estimation rises for SWCNTs and MWCNTs using kerosene oil. Table 3 is drawn for the numerical values of the friction estimator for various estimates of different related parameters. It is examined that the friction estimator is larger for higher estimates of   m ,   M ,   ϕ  , and  α , while it decreases for larger  A  for both SWCNTs and MWCNTs. Table 4 is set up for the numerical estimates of local Nusselt number for different values of different appropriate parameters. It is examined that the local Nusselt parameter rises for larger   A ,    R d  ,    Ec   , and  ϕ , while it lessens for increments in  α  and  M  for both single-walled and multi-walled carbon nanotubes. Table 5 exhibits the relative investigation of the skin fraction coefficient with the past work of Pop et al. [45] and Sharma and Singh [46] in limiting cases. It is established that all the outcomes have a decent understanding.




5. Conclusions


The present communication reports a theoretical study on the magnetohydrodynamic flow and the heat exchange of carbon nanotube (CNT)-based nanoliquid over a variable thicker surface. Kerosene oil is taken as the base fluid for the suspension of nanoparticles. Two types of carbon nanotubes (CNTs) are accounted for saturation in base fluid, particularly the single-walled and multi-walled carbon nanotubes, best known as SWCNTs and MWCNTs. The system of nonlinear equations is gained by a reasonable transformation. Analytic solution is obtained by utilizing a notable procedure called the optimal homotopic analysis technique. The key points are given below:




	
MWCNTs causes enhancement in velocity field as compared with SWCNTs when there is an increment in the nanoparticle volume fraction  ϕ .



	
Higher values given to the magnetic number reduce the flow velocity and are dominant for MWCNTs as compared with SWCNTs.



	
Temperature profile rises with an increment in radiation estimator for both SWCNT and MWCNT.



	
Augmented values of Eckert number enhance the thermal distribution, but lesser for SWCNT as compared with MWCNT.



	
Friction coefficient rises for increments in   m , M , ϕ  , and  α  for both type of nanotubes.



	
Heat transfer rate lessens for increments in  α  and  M  for both SWCNT and MWCNT.
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Nomenclature


The following abbreviations have been used in this text:










	Name/Title
	Description
	Unit



	   x ,   y   
	Cartesian (horizontal and vertical) coordinates
	  m  



	   u ,   v   
	Velocity (horizontal and vertical) components
	    m s    



	    ν  n f     
	Kinematic viscosity of the nanofluid
	      m 2   s    



	    μ  n f     
	Dynamic viscosity of the nanofluid
	   Pa · s   



	  B  
	Magnetic field strength
	      (   Ω m   )    − 1     



	    ρ  f l     
	Density of the base fluid
	   Kg ·  m  − 3     



	    ρ  n f     
	Density of the nanofluid
	



	  k  
	Thermal conductivity
	   W ·  m  − 1   ·  K  − 1     



	  α  
	Thermal diffiusivity
	    m 2  ·  s  − 1     



	   T ,    T w  ,    T ∞    
	Temperature distributions
	  K  



	    U w    
	Stretching velocity
	   m ·  s  − 1     



	   C ,    C w  ,    C ∞    
	Concentration distributions
	



	    D B    
	Brownian diffusion
	



	    D T    
	Thermophoresis
	



	   N u   
	Nusselt number
	



	   S h   
	Sherwood number
	



	    C f    
	Drag force coefficient
	



	    N b    
	Brownian diffusion parameter
	



	    N t    
	Thermophoresis parameter
	



	  b  
	Integer
	



	   SWCNTs   
	Single-walled carbon nanotubes
	



	   MWCNTs   
	Multi-walled carbon nanotubes
	



	   CNTs   
	Carbon nanotubes
	



	   MHD   
	Magnetohydrodynamic
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Figure 1. Physical flow model. MWCNT, multi-walled carbon nanotube; SWCNT, single-walled carbon nanotube. 
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Figure 2. Total error vs. order of approximations. 
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Figure 3. Total error vs. order of approximations. 
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Figure 4. Impact of A on velocity    f ′   ( η )   . 
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Figure 5. Impact of  ϕ  on velocity    f ′   ( η )   . 
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Figure 6. Impact of  M  on velocity    f ′   ( η )   . 
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Figure 7. Impact of  m  on velocity    f ′   ( η )   . 
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Figure 8. Impact of   E c   on velocity   θ  ( η )   . 
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Figure 9. Impact of  ϕ  on velocity   θ  ( η )   . 
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Figure 10. Impact of   E c   on velocity   θ  ( η )   . 
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Table 1. Data of thermophysical properties for the given particles and fluid. MWCNT, multi-walled carbon nanotube; SWCNT, single-walled carbon nanotube.
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Properties

	
Base Fluid

	
Particles




	

	
Kerosene Oil

	
SWCNT

	
MWCNT






	
  ρ  

	
783

	
2600

	
1600




	
    c p    

	
2090

	
425

	
796




	
  k  

	
0.145

	
6600

	
3000











[image: Table] 





Table 2. Mean square residual errors.






Table 2. Mean square residual errors.





	

	
SWCNT

	
MWCNT




	
   k   

	
     ε k f     

	
     ε k θ     

	
     ε k f     

	
     ε k θ     






	
  2  

	
   3.42849 ×   10   − 6     

	
   0.0372506   

	
   8.92410 ×   10   − 4     

	
   0.0171806   




	
  4  

	
   4.19794 ×   10   − 7     

	
   2.72977 ×   10   − 2     

	
   1.12544 ×   10   − 6     

	
   4.46668 ×   10   − 3     




	
  8  

	
   8.05829 ×   10   − 8     

	
   4.16494 ×   10   − 3     

	
   3.82436 ×   10   − 9     

	
   4.90227 ×   10   − 7     




	
12

	
   8.02125 ×   10   − 10     

	
   3.18276 ×   10   − 6     

	
   1.07810 ×   10   − 10     

	
   1.75135 ×   10   − 8     




	
   14   

	
   7.59501 ×   10   − 10     

	
   1.08974 ×   10   − 7     

	
   1.08022 ×   10   − 11     

	
   1.57636 ×   10   − 9     




	
   16   

	
   2.32740 ×   10   − 11     

	
   1.51108 ×   10   − 8     

	
   8.61210 ×   10   − 13     

	
   1.70647 ×   10   − 10     
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Table 3. Skin friction (wall drag) data.
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   α   

	
   A   

	
   ϕ   

	
   M   

	
   m   

	
    −  C f  R  e x    1 2        




	
SWCNT

	
MWCNT






	
0.0

	
0.1

	
0.3

	
0.3

	
2

	
2.55298

	
2.75297




	
0.2

	

	

	

	

	
2.69267

	
2.69167




	
0.4

	

	

	

	

	
2.63276

	
2.63177




	
0.2

	
0.0

	
0.3

	
0.3

	
2

	
2.78805

	
2.78805




	

	
0.1

	

	

	

	
2.69106

	
2.69106




	

	
0.2

	

	

	

	
2.54457

	
2.54457




	
0.2

	
0.1

	
0.0

	
0.3

	
2

	
3.65298

	
3.75297




	

	

	
0.2

	

	

	
3.69267

	
3.69167




	

	

	
0.4

	

	

	
3.62276

	
3.62377




	
0.2

	
0.1

	
0.3

	
0.0

	
2

	
2.61848

	
2.60848




	

	

	

	
0.2

	

	
2.65576

	
2.64576




	

	

	

	
0.4

	

	
2.77469

	
2.75469




	
0.2

	
0.1

	
0.3

	
0.3

	
0.0

	
3.51365

	
3.52365




	

	

	

	

	
0.2

	
3.55576

	
3.53476




	

	

	

	

	
0.4

	
3.57869

	
3.57469
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Table 4. Heat transfer (Nusselt number) data.
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   α   

	
   A   

	
   ϕ   

	
   M   

	
     R d     

	
    E c    

	
    − R  e x  − 1 / 2   N  u x     




	
SWCNT

	
MWCNT






	
0.0

	
0.1

	
0.3

	
0.3

	
0.1

	
0.5

	
5.84027

	
5.94427




	
0.2

	

	

	

	

	

	
5.64158

	
5.65078




	
0.4

	

	

	

	

	

	
5.32405

	
5.36445




	
0.2

	
0.0

	
0.3

	
0.3

	
0.1

	
0.5

	
5.72660

	
5.72560




	

	
0.1

	

	

	

	

	
5.78191

	
5.77091




	

	
0.2

	

	

	

	

	
5.82148

	
5.81148




	
0.2

	
0.1

	
0.0

	
0.3

	
0.1

	
0.5

	
3.45876

	
3.45876




	

	

	
0.2

	

	

	

	
3.55896

	
3.55896




	

	

	
0.4

	

	

	

	
3.78451

	
3.78451




	
0.2

	
0.1

	
0.3

	
0.0

	
0.1

	
0.5

	
5.65429

	
5.65469




	

	

	

	
0.2

	

	

	
5.64380

	
5.64280




	

	

	

	
0.4

	

	

	
5.62461

	
5.61561




	
0.2

	
0.1

	
0.3

	
0.3

	
0.0

	
0.5

	
6.25429

	
6.25129




	

	

	

	

	
0.2

	

	
7.34380

	
7.34281




	

	

	

	

	
0.4

	

	
7.62461

	
7.63461




	
0.2

	
0.1

	
0.3

	
0.3

	
0.1

	
0.0

	
4.15419

	
4.15229




	

	

	

	

	

	
0.2

	
4.34280

	
4.35282




	

	

	

	

	

	
0.4

	
4.62263

	
4.62462
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Table 5. Comparison with previous literature.
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	   A   
	Pop et al. [45]
	Sharma and Singh [46]
	Present Results





	   0.1   
	   − 0.9694   
	   − 0.969386   
	   − 0.96937   



	   0.2   
	   − 0.9181   
	   − 0.9181069   
	   − 0.91813   



	   0.5   
	   − 0.6673   
	   − 0.667263   
	   − 0.66723   



	   0.7   
	
	
	   − 0.43345   



	   0.8   
	
	
	   − 0.29921   



	   0.9   
	
	
	   − 0.15457   



	   1.0   
	
	
	   0.00000   
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