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Abstract: This paper is devoted to an analysis on locating and counting satellite components
born along the stability circle in the parameter space for a family of Jarratt-like iterative methods.
An elementary theory of plane geometric curves is pursued to locate bifurcation points of such
satellite components. In addition, the theory of Farey sequence is adopted to count the number
of the satellite components as well as to characterize relationships between the bifurcation points.
A linear stability theory on local bifurcations is developed based upon a small perturbation about
the fixed point of the iterative map with a control parameter. Some properties of fixed and critical
points under the Mobius conjugacy map are investigated. Theories and examples on locating and
counting bifurcation points of satellite components in the parameter space are presented to analyze
the bifurcation behavior underlying the dynamics behind the iterative map.
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1. Introduction

A dynamical system can be formulated by any fixed rule describing the time-dependence of
an evolving point with its position in the relevant state(phase)-space. It is then best described by
a function whose domain and codomain respectively consist of time as an independent variable
and state(phase)-space as a dependent variable. The independent variable time can be measured in
terms of integers, real or complex numbers. An example of continuous dynamical systems can be
seen in differential equations, while other examples of discrete dynamical systems can be seen in
difference equations. This analysis will be limited to a discrete dynamical system which is governed
by a difference equation in the form of an iterative method: with ¥ s as a fixed point operator [1]

xpp1 = Yy(xn), forn € NU{0}. (1)

Such an operator ¥ can be found in root-finding problems of many fields of applied sciences
and has been enhanced by many researchers [2-9] to find better iterative numerical solutions.

The convergence behavior of iterative sequence (1) indeed implies the long-term behavior of
discrete dynamical system (1). Hence, taking initial guess x( as an evolving point, we can trace the
long-term behavior of the discrete dynamical system as a sequence of k-fold compositions of ¥
applied to an initial guess xo:

{x0, ¥ s (x0), ¥F(x0), -, ¥h(x0), -, },
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where ¥ is generally meromorphic. The lemma in Section 1.2.1 of [10] suffices to deal with ¥ ¢ that is
a rational function.
Cordero et al. [11] have recently introduced a family of optimal iterative root-finding methods for
a system of nonlinear equations F(x) = 0 in the following form:
Y1) = x() o P () T (), o
20 = () — g F (M) TR, = 0,1, -+, with £0) = F/(x() T F (y(),

where 7 is a complex-valued parameter; F : D C C" — C" has a zero « € D with m € N and is
holomorphic [12] in a neighborhood of «; H : X — X is a matrix function with X = C"*" as an
m X m complex matrix satisfying the following hypotheses (i)—(iii):

(i) H'(u)(v) = hquv with H' as the first derivative of H such that H' : X — £(X),
(i) H"(u,v)(w) = hyuvw with H" as the second derivative of H such that H” : X2 — £(X),
(iii) H"'(u,v,w)(s) = hzuvws with H"" as the third derivative of H such that H" : X® — £(X),

where £(X) denotes the space of linear mappings from X — X and hy, hp, h3 € C.

Then, we have the following variant of Theorem 3 presented from Cordero et al. [11]:

Theorem 1. Let v = 2/3, F and H be introduced in Equation (2) with H(I) = I,hy = —3/4,h, = 9/4 and
|h3| < oo. Then, iterative numerical scheme (2) converges to the root « of F, starting from a given initial guess
xO) sufficiently close to «, with the following error equation:

38 C
en1 = (5+ 8—1h3)C§ —CyCs + é)eﬁ +0(ed),

where C; = jl!F’(zx)*lF(uc),j =2,3,---and ey, = x" — .

Applications of the above theorem cover a number of existing studies introduced in [11]
and references cited therein. For m = 1, by considering the one-point compactification of C,
namely, the Riemann sphere C = C U {co}, Cordero et al. [11] have pursued the complex dynamics
on C for Jarratt-like uniparametric iterative map (2), with

H(t)=1- Z(t -1+ %(t —-1)2+ %/\(t —1)3 for parameter A = 53, 3)
for periodic points via Mobius conjugacy [13] map M(z) = Z=},(a # b) applied to a quadratic
polynomial (z — a)(z — b). Although they included an analysis of the A-parameter space, our primary
aim of this paper is to pursue a somewhat advanced study of the A-parameter space where bifurcation
behavior along the stability circle needs to be extensively analyzed.

The remaining part of this paper is devoted to the development of further properties in additional
five sections. Described in Section 2 are preliminary studies on long-term behavior of a dynamical
system via conjugacy defined on C. Section 3 fully discusses a linear stability theory based on the
analysis of a small perturbation about the fixed point of the iterative map (2) under the Mobius
conjugacy and classifies the local bifurcations into three types according to the location of the spectral
radius of the conjugated iterative map along the unit circle. In Section 4, we describe some properties
of the fixed and critical points related to the dynamics under the Mobius conjugacy map. Section 5
investigates a long-term dynamical behavior of the conjugated iterative map. Parameter spaces
along with dynamical planes are defined and extensively explored with a number of self-explanatory
illustrative figures. In addition, we develop a theory on tracking down bifurcation points budding
from another component [14] in the parameter space from a viewpoint of plane geometry. Finally,
in Section 6, we draw an overall conclusion and briefly state the future work.
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2. Preliminary Studies

For ease of discussion of two dynamical systems F and G, one needs to perceive the notion
of conjugacy [15,16], follow Theorem 2.1 of [16] describing the invariances of topological and
diffeomorphic conjugacies, and remark on the preservation of the dynamical behavior between two
n-fold composite dynamical systems F”" and G" under topological conjugacy with F* = ho G" o h~!
for any integer n.

The following lemma is a variant of the well-known Banach fixed-point theorem or contraction
mapping principle [17].

Lemma 1. Let QO C Cand f : QO — Q be analytic. Furthermore, let f have a fixed point { € Q) with
|f'(&)| < 1. Then, f has a unique fixed point & and the sequence {z,11 = f(zx)}§ converges to §, provided
that any zo € ) is given.

In Lemma 1, zg can be chosen as a critical point z* of f, due to the fact that f'(z*) = 0 implies
z* € (). The result of Lemma 1 with zy = z* yields the following corollary.

Corollary 1. Let ¢ be the fixed point described in Lemma 1. Then, every critical orbit (which is an orbit of a
critical point) of f tends to C.

Remark 1. Corollary 1 provides a background for the definition of the parameter space to be discussed in
Section 5. In fact, an orbit of any point in a small neighborhood of the fixed point ¢ tends to & according to
Proposition 4.4 of [18], which constitutes a basis for the definition of the dynamical plane in Section 5.

The following definition [19-21] plays a role in describing the qualitative behavior of a dynamical
system.

Definition 1. Let zg be in the domain of f. The orbit of zq is defined to be the sequence { f*(z¢) }>, with f* as
the k-fold composite map of f. Then, we say the following:

(a)  zq has period k (or is a period-k point ) if f*(zq) = zo, with all distinct zo, f(z0), f>(20), - - -, f¥ 1 (z0).
Ifk =1, then zg is called a fixed point.

(b)  If zg is a period-k point (or k-periodic point), then the orbit of zy is called a k-periodic orbit (or k-cycle).

(c) If zg is a point some iterate of which is periodic, i.e., if there exists an integer 1 < £ < k — 2 satisfying
*(z0) = f¥(z0), then zg is called an eventually periodic (or a pre-periodic) point.

(d) If the the orbit of zy contains a subsequence converging to to a stable periodic point, then zy is called an
asymptotically periodic point.

(e) If zg is not of types (a),(c),(d), then z is called an aperiodic (or a non-periodic) point. The orbit of such z
is said to be “non-periodic, stochastic or chaotic”.

3. Linear Stability Theory and Local Bifurcations

Consider a discrete dynamical system F : C" x C — C™ with m € N defined by
Zy41 = F(zn,A), neNU{0}, 4)

where A € Cis a control parameter and zy € C" is given. Assuming ¢ € C" is a fixed point of F, we
take a small perturbation about ¢ by writing

zn = G+ 0, ©)
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where the initial perturbation dy # 0 is arbitrary. For a given A, expanding Equation (4) about ¢ up to
the first-order term in J,, yields:

E+0pi1=F(E+06n,A) = F(EA)+ S5+ O(|6,]%), (6)

with § = S(¢, A) as an m x m Jacobian matrix evaluated at . As a consequence, we are ready to discuss
the linear stability about the fixed point by considering

Sus1 = SOy 7)
We transform Equation (7) by means of an m X m nonsingular matrix P to obtain
b n+l — I bn/ (8)

where b, = P~15,, and ] = P~!SP is the Jordan canonical form [22] of S with k Jordan blocks
Ji,J2,- -+, Ji. A typical J; is given by an r; X r; upper triangular matrix with w;’s as all diagonal entries
and 1’s as all super-diagonal entries as shown below:

w; 1 0 0
0 Wi 1

]i: 0 7
0 - 0 w 1

where w; is an eigenvalue of S. Without loss of generality, let J; be chosen such that |w;| = p(S), which
is the spectral radius of S. For simplicity, we denote J; by J, w; by w and r; by r. The limit behavior of
the perturbation J,, = Pb,, will be best described by analyzing a subsystem

byi1=J by =TJ" by, )

where b, € C’ consists of the corresponding r components of b, related with J. Note that, by induction
onn €N, J"is given by

n (rll)wn—l (n)wn—z (rﬁl)wn—r-ﬁ-l
0 W (H)wnfl (rﬁz)wnfrJrZ
jr=1" : : (10)
: . ' W't (111)60”71
0 0 w"

If r = 1 in Equation (10), i.e., all eigenvalues of S are simple, then, based on the component-wise
expressions, we easily obtain the following lemma:

Lemma 2.

(i) limy ey =0 ifand only if p(S) < 1.
(i) |limy—se0 On| = co ifand only if p(S) > 1.
(i) 0 < |limy—e0dn| < M for some finite M > 0 if and only if p(S) = 1.

If r > 2 in Equation (10), i.e., some eigenvalues of S are multiple, and then we obtain:

Lemma 3.

(i) limy—edy =0 ifand only if p(S) < 1.
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(i) |limy—eo 6n| = o0 if and only if p(S) > 1.

Proof. (i) After close inspection of upper off-diagonal entries in Equation (10), we find

n(n—1)(n—=2)---(n—j+1) _ 4. n(n—1)(n=2)---(n—j+1) _ .
Tl = lim, 0 ol =0for1 <j<r-—1

if and only if |w| < 1 by applying L'Hospitals’s rule j times. Hence, all upper off-diagonal entries
vanish as n — oo if and only if |w| < 1. (ii) Similarly, we find lim, ;0 (;.’)|a)|”_j =ooforl <j<r-—1
ifand only if |w| > 1. O

limy, 00 (;?)|w|”’j = limy 0

Remark 2. When all eigenvalues of S are simple, according to Lemma 2, the fixed point behavior or long-term
orbit behavior of the iterative map F is stable if and only if p(S) < 1 (modulus of all eigenvalues of S < 1),
and unstable if and only if p(S) > 1 (modulus of some eigenvalues of S > 1) from a viewpoint of the linear
stability. According to the Bolzano—Weierstrass Theorem [14], the result (iii) of Lemma 2 indicates that there
exists a convergent subsequence of {6, }, which will induce k-periodic orbits of F as well as its non-periodic
bounded orbits, if and only if p(S) = 1.

Since p(S) around the unit circle plays a significant role in stability analysis, we had better
designate the unit circle as the stability unit circle shown in Figure 1 for further analysis.

Consequently, the geometrical properties in the parameter space when p(S) = 1 would play
key roles in analyzing the long-term orbit behavior of F. Such a long-term orbit behavior will often
experience an abrupt qualitative change when an eigenvalue w (or Floquet multiplier [23]) of S with
the maximum modulus crosses a certain location w* of the stability unit circle. This kind of qualitative
change in the behavior of a dynamical system is called a bifurcation. We classify such bifurcations [24]
in the space of control parameters into three types according to the location of w* along the stability
unit circle as follows:

(1) The (cyclic) fold(saddle-node) bifurcation occurs when w* = 1.
(2) The flip(period-doubling) bifurcation occurs when w* = —1. ‘
(3) The Neimark-Sacker(secondary Hopf) bifurcation occurs when w* = e, purely complex,

with 8 # 7,0 < 6 < 271.

The location of the control parameter in the parameter space where a qualitative change in the
behavior of a dynamical system occurs is called a bifurcation point. To locate such a bifurcation point,
after solving the relation |w| = p(S(&,A) = 1 for A in terms of w exactly or numerically, we can trace
the control parameter A as w varies along the stability unit circle. As a result, the bifurcation point A*
in the parameter space can be given by A(w*) based on the types of bifurcation mentioned above.

Im(w)

Neimark-Sacker

Flip Re(w)

Neimark-Sacker

Figure 1. Bifurcations on the stability unit circle.
4. Fixed and Critical Points under the Mobius Conjugacy Map

For iterative map (2) with m = 1 and H(t) given by Equation (3), we will discuss some properties
of fixed and critical points under the Mobius conjugacy map, as A varies in the finite complex plane.
To effectively treat a one-dimensional iterative map, we conveniently denote x(") = x,, forn € NU {0}.

Let ¥ be defined by x,11 = ¥¢(xx) in Equation (2) and be conjugate to a map ] through
a diffeomorphic Mdbius conjugacy map M(z) as introduced in Section 1. For ease of analysis,
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we consider f(z) = (z —a)(z — b) as a prototype quadratic polynomial and find that the resulting |
will generally take the form dependent on 4, b and A. Very favorably, M(z) with f(z) = (z —a)(z — b)

leads us to:
z*(405 + 32) + 1134z + 113422 4 4862° + 81z*%)

A) = , 11
JEA) = g 4862 1 113422 1 113423 & (405 + 321 (1)
which is free of 4 and b.
We now find the derivative of | from Equation (11) given by:
3242°(z +1)°Q(z; A
) = ZEELAEY, 12)

where Q(z; 1) = 405 + 32A + z(810 — 48A) + z%(405 + 32A) and q(z) = 81 + 486z + 113422 + 113423 +
z%(405 + 32A).

With our first glance of Equation (12), we find that z = —1 is a free critical points [25] for any A € C.
Other free critical points may be found from the roots of Q(z; A) as a function of A.

Useful properties of | and ]’ regarding the strange fixed points [25] and free critical points can be
derived in the similar manner as done in Sections 3.1 and 3.2 of [16]. The important consequences of
these properties lead us to the following proposition:

Proposition 1.

(a) If¢ € Cisany fixed point of |, then so is %
(b) Ifg € Cis any critical point of ], then so is %

© J(LA) = ﬁholdsforany/\ € Candanyz € C.

d) J(&A) = ]'(%;)\)for any A € C and any fixed point & € C of |.

The underlying dynamics behind iterative map (11) will be initiated by investigating the fixed
points of | and their stability. Fixed points of | can bound from the roots of J(z; ) — z:

z—1)-T(z;A)
q(2)
where T(z;A) = 81 + 567z + 170122 + z3(2430 — 32)) + 1701z* + 567z + 812°.
Clearly, z = 1 is a strange fixed point which may give us an appealing impact on the relevant

dynamics. To locate other strange fixed points dependent on A, we seek the roots z of T(z;A) = 0in
Equation (13) for given values of A. In view of Proposition 1(a), the strange fixed points of J(z; A) are

found by solving T(z;A) =13 (22 +ciz+1) = 0,i.e., z = —1(c; + /c? —4) wherec;, (1 < i < 3)
are the three roots of the relation 16(2A — 81) + 1698¢ — 567¢> + ¢ = 0.

In view of Equation (12), we are able to describe the stability of the strange fixed point z(A) = 1
using A-values in the following theorem whose proof is the similar to that of Theorem 3.5 from [16].

J(zA) —z = 2 p (13)

Theorem 2. Let us define Y = {A € C: A+ 22| > 324}, § = {A € C: |A+ 2P| = 324} and
M = {A € C: |A+ 2| < 324}. Then, the strange fixed point z(A) = 1 becomes attractive, parabolic,
and repulsive, respectively, whenever A € Y, A € S,and A € M.

Remark 3. Fiqure 2 displays Y, S, and M. It is better to call S the stability circle since the fixed point
z(A) = 1 with A in a neighborhood of S becomes either repulsive or attractive.
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Figure 2. Stability circle S for strange fixed point z(A) = 1.

5. Bifurcation in the Parameter Space

Our further investigation on the complex dynamics of conjugated map J(z;A) given by
Equation (11) is essentially limited to the analysis of long-term behavior of J(z;A). A useful task
is preferably to use a free critical point z and generate its orbit under the action of J(z; A), which will
induce attracting periodic orbits for each given A according to Corollary 1. The orbit behavior of two
critical points z and % of | is best described in Proposition 1(c) and Remark 4.

Corollary 2. Let g € N be given. If z € C is a g-periodic point of |, then so is %

Proof. With the help of Proposition 1(c) and fixed point invariance property [16] under topological
conjugacy for g-fold composition of | with i(z) = 1, we easily find that J9(1;1) = 7 é. N = 1 for any
givenA € C. O

Proposition 2. Let §(A) be a fixed point of ] (z; A) found from T(z; A) = 0 in Equation (13). Let {1(A) and
0(A) = ﬁ be two critical points of ] (z; A) found from Q(z; A) = 0 in Equation (12). Suppose that the orbit
of critical point {1 approaches a g-periodic point ¢ of ], i.e., J1(&; A) = ¢ in the long run for a given A € C and
q € N. Then, the orbit of {» approaches a q-periodic point % of J(z; A).

Proof.

¢(A) = lim J"(§1;A) = lim JPH(g1;4) = JT0 (lim JP(Z1;4) = J7(5(A); M), (14)
) k— 00 k—o0

after writing out n = pk + g for any p € Nwithg € {0,1,2,---,p — 1}. In view of Proposition 1(c)
and Equation (14), we find:

,}g{}oln(gm) — ,}EEOI”(%;

1 1 :1:]”1

N = o A~ IEA) €

E;/\). O

Remark 4. In view of Proposition 2, the orbit of {» behaves in quite the same way as the other {7 does.

By consulting Section 4.1 of [16], we now reintroduce the notions of the parameter space P and
dynamical plane D to effectively display the iteration dynamics of | as follows:

P = {A € C : an orbit of a free critical point z tends to a number 0, € C under the action of J(z; 1)},
D = {z € C: an orbit of z for a given A € P tends to a number ¢; € C under the action of J(z;A)}.
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In view of Equation (13), the possible fixed points are given by 0,1, c0 and (A). When 0y, 0 €
{0,1,00,&(A)}, there may exist a g-periodic point in the orbit for 4 € NU {0}. If ¢ = 0, then the orbit is
non-periodic but bounded.

Thanks to the basic properties of the dynamical plane D consisting of a union of attractor basins,
extensively studied in [11], we in this paper only investigate some interesting properties of the
parameter plane P. According to Remark 4, we consider only one branch of the critical points {; for
its typical orbit behavior.

In Figure 4, a parameter space P associated with free critical points {7 (A) is illustrated. If a
g-periodic orbit is generated under the action of ({1;A) for A € P, then A is painted in color ¢,
assigned by Table 1 as well as identified by Figure 3. Throughout the current computing experiments
with the aid of Mathematica [26], the error bound has been set to 10~° within 3000 iterations to check
the g-periodic convergence of an orbit related to P or D.

Table 1. Coloring scheme for a g-periodic orbit with g € NU {0}.

q Gy
Ci(fixed point co) C (fixed point 0) Ci (fixed point 1) Ci (other strange fixed point)
magenta cyan yellow red
e O G - S 7 ique whi
orange light green brown blue green dark yellow antique white
oG Ci Cu Ci Cis Cu Cis
light pink khaki melon thistle lavender turquoise plum
Cie, Gy . Cis, Co Cao Ca Cx
orchid medium orchid blue violet dark orchid purple powder blue sky blue
Cos Cos Cos . Cas | 27 G Cao
deep sky blue dodger blue royal blue medium spring green apple green medium sea green  forest green
[ .G Ca G | . G Cas .G
dark blue olive drab bisque moccasin light salmon salmon light coral
Ca7 Cag Cso . Cao Cy Cp Cys
Indian red dark red peach puff fire brick sandy brown wheat tomato
Cu Css Cas Cy7 Cus G . Cso
2<g<92 orange red chocolate pink pale violet red deep pink violet red gainsboro
. Ga Cs2 Css Css Gs GCso . Cs7
light gray dark gray gray charteruse electric indigo electric lime lime
Css Cso Coo | Ce1 Ce2 Ce . Ca
silver teal pale turquoise rosy brown honeydew lemon chiffon misty rose
. Ces Ces Ce7 . Ces Ceo Crno . Cn
mint cream gold crimson light crimson lavender blush slate blue light cyan
Cn .. Cn Cn | .G Cre Cry Crs
coral light blue aquamarine light yellow peru violet papaya whip
Cro Cso Cs1 Cs Css Css Css
dark orange sea green yellow green emerald green Maya blue sapphire blue linen
Cso Cs7 Css Cso | Cop . Cor Cop
beige oldlace navajo white coral pink dark salmon light magenta ruby
q=0xoOr Cy
q>92 black

*: ¢ = 0 implies that the orbit is non-periodic but bounded. These 96 colors are explicitly illustrated in Figure 3.

46

-
©

58 60

70 7

82 83 84 85 86 87 88 n 0

Figure 3. Color chart defined in Table 1.
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The following theorem describes the favorable property of symmetry on the parameter space.
Theorem 3. Parameter space P is symmetric about its horizontal axis.

Proof. The proof follows from Theorem 4.3 of [16] by identifying F(A, z) in Lemma 3.5 of [6] such that
F(A,z) = Q(z;A) = 405(z + 1)% 4+ 16A(2 — 3z + 22%) and using J(z; A) from Equation (11). O

Judging from the parameter spaces in Figure 4, we instantly find a number of typical regions
identified by arrow numbers 1 < g < 10. With A selected in a region identified by g, the critical orbit
approaches to a g-periodic point of J. Note that the possible fixed points of J(z; A) from Equation (13)
are 0,1,00 and ¢(A) given by the roots of T(z; A). Similarly, Equation (12) gives the possible critical
points given by the roots of Q(z;A). Since J(0;A) =0, J(=1;A) =1 = J(1;A), J(o0; A) = oo for any
A€ Cand J(¢(A); A) is A-dependent, one should pay attention to the orbit behavior of a A-dependent
critical point {(A) as A varies in the complex plane. Such an orbit behavior of {(A) is effectively
characterized by tracing the relevant limit behavior such that

lim J"({(A);A) =y e C.

n—00

300

100.

-100.

-300.

-500. -400. -300. -200. -100. 0. 100. 200 300,

Figure 4. Parameter space P.

If  is not a constant but bounded, then the orbit of {(A) will approach a non-periodic but
bounded orbit. On the other hand, if < is constant, then we write n = pk 4 ¢ for any p € N with
g€{0,1,2,---,p—1}. Thus, we obtain

Jim J"(G(A);A) = lim JPFIG(A);A) = JTo (Lim JP*(Z(A);A) = J(E(7)i7) =7 €T,
00 —00 k—oc0
implying that vy is a g-periodic point. In case v = ¢(A), then

J1(E(A)A) = E(A) forq € {0,1,2,- -+, p—1},
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which implies that {(A) is any attracting g-periodic point due to J7(¢(A); A) being a bivariate rational
function of z and A; note that § = 0 induces a non-periodic bounded point. Hence, any attracting
g-periodic components occur along the boundary dY as seen in P.

We further observe the following bifurcation phenomena as A varies: when A crosses the boundary
Y, the fixed point ¢(A) = 1 loses its stability, but another non-periodic bounded point or attracting
g-periodic fixed point will gain their stability and begin to emerge along the boundary dY.

Figure 5 displays components where g-periodic orbits are generated with g € {0,1,2,3,---,}
budding from the component Y associated with the fixed point {(A) = 1. The g-periodic satellite
components with g4 € N can be seen, some of which are indicated by numbers g with arrow lines. Their
boundaries are inscribed along the boundary of Y in the manner of Farey sequence [27]. The number
of g-periodic satellite components can be determined by means of the lengths of this Farey sequence,
which will be discussed later in Section 5.1.2.

14, 146,

(8) A7 €S (h) Ass e s (i) Ago €8

Figure 5. Bifurcation point A, of a period-k component H; along the stability circle S.
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5.1. Locating and Counting Bifurcation Points Budding from Y

We first introduce some notions for a qualitative as well as a quantitative bifurcation analysis.
A component H in P is called hyperbolic if ](z; A) has a finite attracting cycle for each given A € H;
here, the word "hyperbolic’ comes from the meaning of "hyperbolicity’ [28] of a rational function,
not from that of a fixed point of a dynamical system. It turns out that H is an open set with infinitely
many connected components, each of which is characterized by the period of the corresponding cycle.
From now on, we will omit the word "hyperbolic’ to describe components under consideration as
simply as possible. The notions for satellite and primitive components should be referred to those
described in [21]. The primitive components are indeed standing alone themselves.

Figure 6 well illustrates typical bifurcation geometries between such two aforementioned
components H and W. The location of the control parameter where H buds from W is said to
be the root point [21] of H. If we view this kind of budding phenomenon from the side of W, then the
root point can be regarded as a bifurcation point of W where it splits into two components based on the
lexical meaning of the word bifurcation.

/ N
/
r// AL \\
( H \)
\ /
\\ . / //
(a) (b) (0)

Figure 6. Typical bifucation geometries for satellite and primitive components. (a) inscription;
(b) circumscription; (c) mergence.

To develop a technique tracking down such bifurcation points in P, it is useful to define a
k-periodic (hyperbolic) component Hy = {A € C : J(z; A)that has an attracting k-cycle} as a subset
of H. For notational convenience, we now write J(z;A) as J)(z) to locate bifurcation points under
discussion. We further characterize Hj by the following expression:

<1} (15)

Hj = {A € C : there exist ¢ such that JX(¢) = & and ‘;Z]ﬁ(z)
2=¢

In particular, Hy plays the role of a main component from which finite-periodic components
are born. A choice of A-dependent free critical points {(A) satisfying Q({;A) = 0 in Equation (12)
would produce P whose A-value leads us to a long-term dynamical behavior with possible periodic,
non-periodic or chaotic orbits, as A varies in the complex plane. An analysis of periodic orbits of {(A)
in the long run is of our current interest. To fully characterize H;, we need to inspect the strange fixed
point {(A) = 1 with ¢(A) given by a root of T(&; A) in Equation (13). In the current analysis, we are
limited to considering satellite components H; born along the stability circle S being associated with
the strange fixed point ¢(A) = 1.

5.1.1. Tracking down Bifurcation Points of Satellite Components Budding from Y

As we can see parameter spaces P in Figure 4, various components of finite periods bud from
the boundary S of Y. It would be better to call Y the main component due to the fact that satellite
components of finite periods bud from Y as typically configured with W = Y in Figure 6a.

Let 9Y denote the boundary of ¥ and A be a boundary point of dY. If a period-q component H,
emerges at A, then it is natural to name such A as the period-q bifurcation point. If a primitive component
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H, emerges at A, then such a bifurcation point A usually turns out to be a cusp point at which two
branches of a boundary curve dH,; meet together such that the tangent of each branch is equal.
Suppose that a period-q component H;, as shown in Figure 6, buds at A € dY (" dH, from Y for a
given q € N. Then, the g-periodic point ¢ of | satisfies the following relations:
{If(é) =& =¢ a8
d%])?(z) |z:r§ = ‘347,

where [) (&) = J(&A) and B = J/(€). Let ¢ = |¢|e' be a parametric representation for t € [0,27].
It will be shown that relation B7 = 1 is satisfied at A where Y and H,; share the common tangent line as
illustrated in Figure 6.

Due to the fact that ], ((¢)) in Equation (11) is a bivariate rational function of both variables ¢
and A, we solve J, (Z(t)) = £(t) for A to obtain:

At) = @(E(1) = @ (E(1)), (17)

with ®(z) as a rational function. Thus, such A(t) will trace a parametric curve in C as a function of t.
As a result, the derivative % computed at the fixed point ¢ is given by:

dA _d®(z(t) dz| AP (z(t) dz|  _ dd(z(t) ,, dz 18
dt — dz dil=¢ dz dtl—¢  dz 7 dtl=g’ (18

which implies that 37 = 1 by directly comparing the second and last relations in Label (18).

Note that %‘ represents the common tangent line evaluated at the period-q point () in the
direction of t. Solving process of 9 = 1 suggests us the following notion of ¢/g-bifurcation point as
introduced in the work of [16]:

Definition 2. For a given q € N, let B(A) = 2™/9, with £ € {0, 1,2, ---, g — 1} and gcd(¢,q) = 1 for
¢ # 0, then A is called the £/ q=bifurcation point of Y or £/q—root point of Hy.

According to the values of B in Definition 2, the fold bifurcation and the flip bifurcation
respectively occur with (£,q) = (0,1) and (¢,q) = (1,2), while the Neimark-Sacker bifurcation
occurs with all other values of (¢, ).

In view of Theorem 2 and by a close inspection of the parameter space P, we desire to locate the
£/ g-bifurcation point A along dY. To this end, from relation

o 1296

we find A in terms of §:
405 3
4 B

After substituting = ¢%0/q in Definition 2, we obtain the following proposition.

A= (19)

Proposition 3. The desired {/q-bifurcation points Ay, along Y are found to be

o405 3
= " T et

foragivenq € Nwith¢ € {0, 1,2, ---, q— 1} and gcd(¢,q) = 1 for £ # 0.

Table 2 lists some values of AM for 1 < g <10, and some of them are indicated by arrow lines
in Figure 5. The 0/1-bifurcation point is of fold bifurcation and the 1/2-bifurcation point is of flip
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bifurcation. All other ¢/g-bifurcation points are of Neimark—Sacker bifurcation. It is interesting to
observe intuitively that g-periodic components H, for (§ = 2,4,6,- - - ,) are born in descending order
of its area size monotonically clockwise along the upper half-circle of S.

Table 2. Selected ¢/g-bifurcation points Ay, for 1 < g < 10.

¢
q
0 1 2 3 4 5 6 7 8 9
1 22275
2 —425.25
3 ( 7263.25) . (463.25)
~280.592 280592
. (7101.25) ( 101‘25)
—324 324
5 (—1.1284 ) ( 363. 37z> ( 363. 372) (—1412849)
~308.142 190.442 190.442 308.142
6 ( 60.75 ) ( 60.75 )
~280.592 280.592
7 ( 100.761 ) ( 173. 347> ( 393. 164) (7393.164> <7173.347> (100.761)
~253.313 315.877 140.578 140,578 315.877 253.313
5 ( 127.853 ) ( 330. 353) 4530.353) <127.853
~229.103 229.103 229.103 229.103
9 ( 146.948 ) ( 44, 988) (7405.71) (7405.71> (744.988) (146.948)
~208.263 319.078 ~110815 110815 319.078 208.263
0 ( 160.872 ) ( 201 372) (401.372) (1604872)
~190.442 308.142 308.142 190.442
263.25 .
* (7280'592) = —263.25 - 280.5921, i = /1.

5.1.2. Counting Bifurcation Points of Satellite Components Budding from Y

The Farey sequence J, is a set of rational numbers £ g with coprime integers p and g satisfying
0 < p < g < narranged in ascending order by size. Charles Haros [29] discovered this sequence in
1806, but Augustin-Louis Cauchy [30] named it after geologist John Farey [31].

On the left side of Figure 7, we find dots with ordered pairs of numbers (¢,¢) indicating
circumferential locations of bifurcation points Ay, along the boundary of Y. Furthermore, on the
right side of Figure 7, we also find their homeomorphic images onto the upright unit interval.

(1.2)

@7 +

3.8)

(1.3)

2,7)

(1.4)

(1,7)
(1.8)

——— -0 — - oo

©0.1)

Figure 7. Farey sequence of bifurcation points A,;.
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Thus, % € Fnif 0 < £ < g < n with coprime integers ¢ and g, treating the numbers 0 = % and

1 = 1. For example,

01 011 01121
fl{1/1}/F2{1/2/1}/f3{1/3/2/3/}/”'

Here, 1 simply indicates the top end of the upright unit interval and matches the circumferential
location with % As described in [27], we introduce the well-known Farey addition: if § and § with

3 < 5 are Farey neighbors, then the mediant is given by: g D 2 = Z—t;j anc;) sati;ﬁes % < Z I; < %
Figure 7 illustrates such properties as typically shown by an example: 3 < 3 < 5

Indeed, the total number of bifurcation points of Ay, with g < 1 is given by | F,| — 1, with [ F, | as
the length of F, stated in the theorem below.

Theorem 4. With ¢(k) as Euler’s totient function, the length of Farey sequence JF is given by:
n
[ Ful =1+ ¢(k).
k=1

Proof. The Farey Sequence F,_; contains every reduced fraction with denominators at most n — 1.
If we want to create F, we have to add all reduced fractions with a denominator that is coprime to .
Therefore, | Fy| = |Fu—1| + ¢(n) with | F1| =2 =1+ ¢(1). Hence, the proof is completed. [

A result of the above theorem directly leads us to:

Corollary 3. The total number of q-periodic satellite components budding from Y with q < n is given by the
summatory Euler’s totient function:

6. Discussion with Concluding Remarks

Under the Mobius conjugacy map M(z) = %=¢, (a # b) applied to a simple quadratic polynomial,
we have explored bifurcation phenomena behind the long-term orbit of a free critical point under
the action of Jarratt-like iterative map (2) with H(t) in Equation (3). The bifurcation behavior for
occurrence of g-periodic satellite components has been analyzed in the parameter spaces in view of
elementary theory of plane geometry. The boundary of the main component where the A-dependent
critical orbit of ], (z) tends to the fixed point 1 has been found to be a circle along which infinitely
many periodic satellite components are born. The linear stability theory and the elementary viewpoint
of plane geometry on the existence of the common tangent line between the boundary of the main and
budding components have enabled us to successfully locate bifurcation points where new satellite
components arise. In addition, a theory of the Farey sequence plays an essential role in counting the
number of such bifurcation points characterized by inscription-type bifurcation geometries illustrated in
Figure 6a.

Future study should focus not only on long-term orbit behavior in the parameter spaces for
bifurcation phenomena related to satellite and primitive components, but also convergence behavior
dependent on initial values in the dynamical planes.



Mathematics 2019, 7, 839 15 of 16

Author Contributions: Formal analysis, Y.IK,; Investigation, YH.G.

Funding: The first author (Y.H. Geum) was supported by Basic Science Research Program through the
National Research Foundation of Korea funded by the Ministry of Education under the research grant
NRF-2018R1D1A1B07047715.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Campos, B.; Cordero, A.; Torregrosa, J.R.; Vindel, P. Orbits of period two in the family of a multipoint variant
of Chebyshev-Halley family. Numer. Algor. 2016, 73, 141-156. [CrossRef]

2. Behl, R,; Cordero, A.; Motsa, S.; Torregrosa, J. On developing fourth-order optimal families of methods for
multiple roots and their dynamics. Appl. Math. Comput. 2015, 265, 520-532. [CrossRef]

3. Behl, R,; Cordero, A.; Motsa, S.; Torregrosa, J. Multiplicity anomalies of an optimal fourth-order class of
iterative methods for solving nonlinear equations. Nonlinear Dyn. 2018, 91, 98-112. [CrossRef]

4. Geum, Y.H, Kim, Y.I. A two-parameter family of fourth-order iterative methods with optimal convergence
for multiple zeros. J. Appl. Math. 2013, 2013, 369067. [CrossRef]

5. Geum, Y.H,; Kim, Y.I; Magrefidn, AA. A biparametric extension of King’s fourth-order methods and their
dynamics. Appl. Math. Comput. 2016, 282, 254-275. [CrossRef]

6. Geum, Y.H. Kim, Y.I; Magrefian, A.A. A study of dynamics via Mobius conjugacy map on a family
of sixth-order modified Newton-like multiple-zero finders with bivariate polynomial weight functions.
J. Comput. Appl. Math. 2018, 344, 608-623. [CrossRef]

7. Magrefidn, A.A. Different anomalies in a Jarratt family of iterative root-finding methods. Appl. Math. Comput.
2014, 233, 29-38.

8. Neta, B.; Scott, M.; Chun, C. Basin attractors for various methods for multiple roots. Appl. Math. Comput.
2012, 218, 5043-5066. [CrossRef]

9.  Garcia-Olivo, M.; Gutierrez, ] M.; Magrefidn, AA A complex dynamical approach of Chebyshev’s method.
SeMA 2015, 71, 57-68. [CrossRef]

10. Hinich, V. Riemann Surfaces. Available online: http://math.haifa.ac.il/hinich/RSlec/lecl.pdf (accessed on
12 March 2019).

11.  Cordero, A.; Guasp, L.; Torregrosa, ].R. Fixed Point Root-Finding Methods of Fourth-Order of Convergence.
Symmetry 2019, 11, 769. [CrossRef]

12.  Shabat, B.V. Introduction to Complex Analysis PART 1I, Functions of Several Variables; American Mathematical
Society: Providence, RI, USA, 1992.

13.  Blanchard, P. The dynamics of Newton’s method. In Proceedings of the Symposia in Applied Mathematics,
Cicinnati, OH, USA, 10-11 January 1994; Volume 49, pp. 139-154.

14.  Ahlfors, L.V. Complex Analysis; McGraw-Hill Book, Inc.: New York, NY, USA, 1979.

15. Beardon, A.F. Iteration of Rational Functions; Springer: New York, NY, USA, 1991.

16. Lee, M.-Y.; Kim, Y.I. The dynamical analysis of a uniparametric family of three-point optimal eighth-order
multiple-root finders under the Mobius conjugacy map on the Riemann sphere. Numer. Algor. 2019, 1-28.
[CrossRef]

17. Wouk, A. A Course of Applied Functional Analysis; John Wiley & Sons, Inc.: Hoboken, NJ, USA, 1979.

18. Devaney, R.L. An Introduction to Chaotic Dynamical Systems; Addison-Wesley Publishing Company, Inc.:
Boston, MA, USA, 1987.

19. Gulick, D. Encounters with Chaos; McGraw-Hill Inc.: New York, NY, USA, 1992.

20. Holden, A.V. Chaos; Princeton University Press: Princeton, NJ, USA, 1986.

21. Peitgen, H.; Richter, P. The Beauty of Fractals; Springer: Berlin/Heidelberg, Germany, 1986.

22.  Ortega, ].M.; Rheinboldt, W.C. Iterative Solution of Nonlinear Equations in Several Variables; Academic Press:
New York, NY, USA, 1970.

23.  Guckenheimer, J.; Holmes, P. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields;
Springer: New York, NY, USA, 1983.

24. Nayfeh, A.H.; Balachandran, B. Applied Nonlinear Dynamics: Analytical, Computational, and Experimental

Methods; John Wiley & Sons: New York, NY, USA, 2008.


http://dx.doi.org/10.1007/s11075-015-0089-0
http://dx.doi.org/10.1016/j.amc.2015.05.004
http://dx.doi.org/10.1007/s11071-017-3858-6
http://dx.doi.org/10.1155/2013/369067
http://dx.doi.org/10.1016/j.amc.2016.02.020
http://dx.doi.org/10.1016/j.cam.2018.06.006
http://dx.doi.org/10.1016/j.amc.2011.10.071
http://dx.doi.org/10.1007/s40324-015-0046-9
http://math.haifa.ac.il/hinich/RSlec/lec1.pdf
http://dx.doi.org/10.3390/sym11060769
http://dx.doi.org/10.1007/s11075-019-00716-8

Mathematics 2019, 7, 839 16 of 16

25.

26.
27.

28.

29.

30.
31.

Chicharro, E; Cordero, A.; Torregrosa, J.R. Drawing Dynamical and Parameters Planes of Iterative Families
and Methods. Sci. World J. 2013, 2013, 780153. [CrossRef] [PubMed]

Wolfram, S. The Mathematica Book, 5th ed.; Wolfram Media: Champaign, IL, USA, 2003.

Ainsworth, J.; Dawson, M.; Pianta, ]J.; Warwick, J. The Farey Sequence. 2012. Available online:
http:/ /www.maths.ed.ac.uk/~aar/fareyproject.pdf (accessed on 2 April 2019).

Carleson, L.; Gamelin, TW. Complex Dynamics; Springer: New York, NY, USA, 1993.

Haros, C. Tables pour évaluer une fraction ordinaire avec autant de decimals qu’on voudra; et pour trouver
la fraction ordinaire la plus simple, et qui approche sensiblement d’une fraction décimale. J. ECole Polytech.
1801, 6, 364-368.

Cauchy, A.L. Démonstration d’un Théoréme Curieux sur Les Nombres. Bull. Des. Sci. 1816, 3, 133-135.
Farey, J. On a Curious Property of Vulgar Fractions. Philos. Mag. . 1816, 47, 385-386. [CrossRef]

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1155/2013/780153
http://www.ncbi.nlm.nih.gov/pubmed/24376386
http://www.maths.ed.ac.uk/~aar/fareyproject.pdf
http://dx.doi.org/10.1080/14786441608628487
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminary Studies
	Linear Stability Theory and Local Bifurcations
	Fixed and Critical Points under the Möbius Conjugacy Map 
	Bifurcation in the Parameter Space
	Locating and Counting Bifurcation Points Budding from Y
	Tracking down Bifurcation Points of Satellite Components Budding from Y
	Counting Bifurcation Points of Satellite Components Budding from Y


	Discussion with Concluding Remarks
	References

