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Abstract: The aim of this study is to investigate the existence of solutions for the following Fredholm
integral inclusion ¢(t) € {f(t) + fol K(t,s, go(s))gs} for t € [0,1], where f € C[0,1] is a given real-valued
function and K : [0,1] x [0,1] x R — K (R) a given multivalued operator, where K., represents the
family of non-empty compact and convex subsets of R, ¢ € C[0, 1] is the unknown function and ¢ is a
metric defined on C[0, 1]. To attain this target, we take advantage of fixed point theorems for a-fuzzy
mappings satisfying a new class of contractive conditions in the context of complete metric spaces. We
derive new fixed point results which extend and improve the well-known results of Banach, Kannan,
Chatterjea, Reich, Hardy-Rogers, Berinde and Ciri¢ by means of this new class of contractions. We also
give a significantly non-trivial example to support our new results.
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1. Introduction and Preliminaries

In 1922, Stefan Banach [1] established a prominent fixed point result for contractive mappings in
complete metric space (Q, 0).

Definition 1. ([1]) A mapping Q : R — R is called a contraction if 3 A € [0,1) such that

0(Qy, Qy) < Ao(g,¥) 1
Vo, € Q.

Jleli and Samet [2] introduced a new type of contraction and established some new fixed point
theorems for such contraction in the context of generalized metric spaces.

Definition 2. Let © : (0,00) — (1, 00) be a function satisfying:

(®1) O isnondecreasing.
(©2) For each sequence {a;,} C R, lim, 0 ©(a,) = 1if and only if limy 0 () = 0.
(®3) Thereexist0 < h < land! € (0,00] such that lim,_,q+ O@w-1 _
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A mapping Q : R — R is said to be @-contraction if there exist the function © satisfying (®1)—(®3)
and a constant k € (0,1) such that,

0(Qe, Q) # 0= 0(0(Qp, QY)) < [O(a(¢, ¥))I¥ @)

Vo, € Q. We denote by F the family of functions © satisfying (©1)—(®3) and which are continuous from
the right. For more details in this direction, we refer the following [3-8] to the reader.

In 1969, Nadler [9] initiated the notion of multi-valued contraction and extended Banach contraction
principle from single-valued mapping to multivalued mapping.

Definition 3. ([9]) A point ¢ € R is called a fixed point of the multi-valued mapping Q : R — 2% if 9 € Qg.
For 01,0 € C(R),let H: C(R) x C(R) — [0, 00) be defined by

H(Qq, ) = max{ sup o(¢,Y2), sup o(y, 1)}
ey pey

where o(¢, () = inf{d(¢, ) : € Oy}. Such H is called the generalized Hausdorff~-Pompieu metric
induced by the metric ¢ and 2%, CL(R) and CB('R) indicate the classes of all nonempty, closed and closed
and bounded subsets of R, respectively.

Definition 4. ([9]) A mapping Q: R — CB(R) is said to be a multi-valued contraction if 30 < A < 1 such that

H(Qg,Qy) < ro(¢,¥) 3)
Vo, € Q.

Theorem 1. ([9]) Let (Q, 0) be a complete metric space and Q: R — CB(R) a multi-valued contraction; then, Q
has a fixed point.

In 1994, Constantin [10] introduced a new family P of continuous functions p : (R*)> — R*
satisfying the following assertions:

(1) p(1,1,1,2,0),p(1,1,1,0,2),p(1,1,1,1,1) € (0,1].
(02) p is sub-homogeneous, that is, for all (@1, 92, 93, ¢4, 95) € (R')> and & > 0, we have

P(D‘(Plr a(PZI 044’3/ D‘(P4/ lX(P5> S ap((Pl/ (PZI (P3/ (P4/ (PS)
(p3) pis anon-decreasing function, that is, for ¢;, ¢; € RT, ¢i <¢;,i=1,...,5 wehave

(91, 92, 93, @1, ¢5) < p(P1, P2, P3, Pa, P5)

and if ¢, 9; € RY, i = 1,...,4, then p(¢1, 92, ¢3,¢4,0) < p(¢1,¥2,93,14,0) and
(@1, 92, 93,0, 94) < p(P1,P2,13,0, Py).

Constantin also obtained a random fixed point theorem for multivalued mappings. Isik [11] utilized
the above-mentioned family P of functions and established fixed point theorem for multivalued mappings
in complete metric space.

On the other hand, Heilpern [12] employed the conception of fuzzy set to introduce a family of fuzzy
mappings to generalize the multivalued mapping and obtained a fixed point result for fuzzy contractions
in the setting of metric linear space. It is worth noting that the theorem given by Heilpern [12] is a real
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generalization of Nadler’s result in the sense of fuzzy mappings. Moreover, we use the following notations
that have been recorded from [13-20]:

A fuzzy set in R is a mapping with domain R and values in [0, 1]. If () is a fuzzy setand ¢ € R,
then Q; (¢) is called the grade of membership of ¢ in ()1. The a-level set of ()5 is denoted by [()], and is
defined in this way:

(], = {9: M(p) = a}ifac(0,1],

[D]y ={¢: u(e) > 0}.
Here, Q) denotes the closure of the set (. Let (R) be the collection of all fuzzy sets in a metric space

R.

Definition 5. [15] Let Q1, Q2: R — (R). A point ¢ € R is called a common - fuzzy fixed point of Q1 and Qo if
Ja € [0,1] so that ¢ € [Q1¢], N [Q2¢], - If« =1, then it reduces to common fixed point of Q1, Q2: R — (R).

Remark 1. Let (R,0) be a metric space and let Q1,Qp: R — (R) and for each ¢, € R,
Jag, (¢), g, () € (0,1] such that [Qlfp}ag (9) [ngb]ag () € CB(R). Assume that there exist some © € |-
1 2

and k € (0,1) such that
00, 1), 0(2,[Q19l,g () 2, 128y ) V)]
®(H([qu)]agl(q’) 4 [QZIP]aQZ(lP))) < |:® (P < (QD/ [QZVJLXO Q) (IIJ [qup]ag ?) >>:| (4)
fOT’ all (P'lp € R with H([qu)]zxgl((p) ’ [Q2¢]AQZ(1[J)) > 0.
Then, from Inequation (4), we get

k

0(9, ), 0(9, [0y (9)) (W, [Q¥]ag (4))
O(H([@1¢ag, (9)/ [Q¥]ag (p) = [@(;)( (9 [QYlag, (p))- (l/J [Qi9]ug, )> ))]

®< <g(¢,¢) 0(9: [Q19lug () 0¥ [Qzl/J] () >>
b 0@, [Qaluy () 0 [l (p)> '

Since © is non-decreasing, we obtain

4 1Q o Q «
H([Qw]wwf[Qzlp]agzw<p< o9 9),2(9: [99lug, () €W [Qo¥]eg, ) )

(9 (LYl (y) 0¥ [0 ()

forall ¢,y € R with H([Q1¢], (9) - [Q2¥lag, ())-
We need the following lemmas of [11] in the proof of our main result.

Lemmal. [11]Ifp € P and ¢,v € R are such that

¢ <max{p (Y, ¥, 9,9+ ,0),0(¢, % ¢,0,¢+¢),0 W o, ¢,¥+¢0),0e90,¢+¢)},

then @ < 1.



Mathematics 2019, 7, 808 40f 19

Lemma 2. [11] Let (R, 0) be a metric space and (31, )y € CL(R) with H(Qq, ) > 0. Then, for each h > 1
and for each ¢ € (), there exists P = (@) € Qp such that (¢, ) < hH(Qy, Q).

In this paper, we obtain certain new fixed point theorems for a-fuzzy mappings satisfying a new
class of contractive conditions in the context of complete metric space. We also investigate the existence
of solutions for Fredholm integral inclusion. We also provide a non-trivial example to support our
new results.

2. Main Results

Theorem 2. Let (R,0) be a metric space and let Q1,Q: R — (R) and for each ¢,y € R,
Jag, (¢), g, () € (0,1] such that [Qlfp}lxg (9) [Q2¢]ag2(¢) € CB(R). Assume that there exist some ® € F
1

and k € (0,1) such that

o 0(9, ), 0(9, [0y (9)) €W, [Q¥ag (y))r >>:|k o
(9, [l (y) 0¥ [Q19lag ()

®(H([Ql(P]v¢Ql (@) 7 [sz}agz(w))) <

for all ¢, € ¢ with H([Q1 (l’]agl ()7 [Qzlp]ﬂégz(lﬁ)) > 0. Then, there exists ¢* € R such that
2SS [qu) ]ag](q)*) N [qu) ]aQZ((p*) :
Proof. Let ¢g be an arbitrary point in R. By hypothesis there exists a g, (¢0) € (0, 1] such that [Q; ¢o] ag, (¢0)
is a nonempty, closed and bounded subset of R. Let ¢1 € [Q1 o] ng, (¢o) - FOr this @1, there exists a g, (¢1) €
1
(0,1] such that [Qp¢1] wo, (¢1) 18 @ nonempty, closed and bounded subset of R.
2

O (0 (91,Q01lugy(0)) = @ (H ([Q190hag, (g [Q91)ag,e0))
- o 0(9o, 91), 2(p0, [Q190]ag (g5))r (91, (291 (p1)) ‘
= T\ 090, [Q201g, (g1)) (91, [Q190]u5 (g0)
k
<

o a(9o, 1), 0(9o, 1), 0(91, [Q291]ag (gy))
b o(9o, [Q21]ug (1)) 0

- o o(9o, 1), (90, 1), 0(@1, [Q291]ag (4))-
P 090, (2], )10

and so
oo, ¢1), 0(@0, 1), 0(@1, [291]ay (p1))
,[Q291], < NG
Q<(P1 [ Z(Pl] Qz((P1)> p( Q((POI[QZ(Pl}an((pl))/O
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Now, Lemma 1 gives that ¢ ((pl, [Q2¢1],, (

2, ¢1)) < 0(9o, ¢1)- Thus, we obtain

@ H([Qlfpo]ag (90 [Q201]ag (o >>)

- lo 2(9o, 91), 0(90, [L190lag (g9)) (91, [Q21]ag (g1))- *
B 3 o(go, 1) + 0(91,[Q291]ag (4y)):0
k
(9o, 91), 090, 1), (@0, 1),
< 1° (p < 20(9o, ¢1),0 ))]
< [©(a(go, p1)p (1,1,1,2,0))]"
< [©(a(go, )"
and hence
© (H ([Qlcpo]agl(%),[qum]agz((pl))) < [© (a(go, 1)1 (6)

Since ® € [ is continuous function from the right, there exists a real number /1 > 1 such that
k
© (MH ([Q190]ug, (gn) [9291]u0, () ) < [© (20, 1)) )
As

0 (91,1201]ug,91)) < H (100l (gu) /[ Q201]ug(g1)) < 1 ([Q100)ug g0y [Q201ag01))

by Lemma 2, there exists ¢, € [Q¢1] 2o, (91) (obviously, ¢ # ¢1) such that
2

0(p1,92) < H (1Q190)uy (g0) /1Q201)uc,(g) ) - ®)

Thus by Inequalities (7) and (8), we have

© (091, 92)) < © (hH (12190l (gn) 1 [Q201)ug (g ) ) < [© (000, 91))])"-

Thus, we have

® (o(¢1, 92)) < [© (o0, ¢1))]"- )
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For @), 3ng, (¢2) € (0,1] such that [Ql(l’ﬂlxg (92) € CB(R). Thus, we have
1

0 (0 (92 1Q02lug (g1)) = @ (H ([Q201hag, (g0 [Q192)ng, ()
=0 (H ([QWZ]“QJ%) ’ [QZ%]WQZ(%)))
o (e(goz,qol),e(cpz,[glqoz] (o)) 091, [Q201],, 2(%)),))]"
= b 0(92,[Q291]0y. (o)) 201, [Q192],y (g)
<

0,0(¢1, [qu’z]

P

o iy
[ < (e(q)z,q)l) (92, (192, (9y) - 0(P1, 92), ))]k
Olp

o, [ o9 e(e2(Qezy 4 elor92), ¢
] OQ(%[qu’z]

. 0(91,92),0(92, [Q192]ag (4y) - Q(@1, 92),
g 0, Q((m,[Ql(Pz}

(@1, 92),0(92, [Q192],, o(p1, 92),
0, 0(¢1, [QHPZLXQ (¢2)

and so

Y (4’2/ [Qupz]wl(q]z)) <p

Now, Lemma 1 gives that ¢ ((pz, [Q1¢2] ) < 0(@1, ¢2). Thus, we obtain

xg, (92)

@(H ([qu)l]agz(%)/[qu’z]agl((pz))) @ H([Qlfpz] ) 19291y (g )))

_ l ( ( (91, 92), (902/[Qﬂl’z]agl(%)rQ((Plrsz)/ ))Y
- 0,0(¢1, [Qu92]ag (4)
k

(91, 92), 091, 92), 0(91, 92),
= [6 (p ( 0,20(¢1, ¢2) ))]
< [© (ol 92)p (1,1,1,0,2))]
< [0 (o(g1, 92))]"

and hence
© (H (1Q201)uq (1) [Q192)us () ) < [© (291, 92))]"- (10)

Since ® € [ is continuous function from the right, there exists a real number / > 1 such that
k
© (1H (1Q201)u (1) /[Q192)us () ) < [© (a1, 92))]"- an
As

0 ((P2, [Q1<P2]agl((p2)) <H ([92901]@2(%) , [Qlfpz]agl(m) <hH ([Qz(Pl]an((pl)/ [qu)z]agl((pz)) :



Mathematics 2019, 7, 808 7 of 19

by Lemma 2, there exists @3 € [Q1¢7] 2o, (92) (obviously, g3 # ¢7) such that
1

Q(QDZI (P3) <hH ([QZ(pl]szz((pl) ’ [quoz]agl(qu)) . (12)

Thus by Inequalities (11) and (12), we have

© (0(92,93)) < © (H ([Q291],y, (p1)[Q192]ug, ()] ) < [© (01, 92))]"-
Thus, we have
® (0(2, 93)) < [0 (o1, 92))]". (13)

Thus, pursuing repeatedly, we get {¢,} in R so that ¢r,11 € [Q1¢24] wg, (gan) + P2n+2 €
[qu)zn“‘ﬂ“gz((l’zwl)’
©(0(92n41, P2042)) < [O(0(920, 92041)))" (14)

and
O(0(P2n+2, P2n+3)) < [O(e(P2n+1, P2u+2))] (15)

¥V n € N. By Inequalities (14) and (15), we get
1< 0(0(gn 1)) < [O(0(n-1,9u))]" (16)
Vn e N.Let o, := 0(¢u, ¢n41) for all n € NU {0}. From Inequality (16), we get
1< O(ow) < [©(00)]" (17)
which implies that nlgr;o O(0,) = 1. By (®;), we have nlgr;o 0n = 0. Now, we claim that {¢, } is a Cauchy

sequence: for this, consider Condition (©3). From (®3), there exist h € (0,1) and I € (0, o) such that

lim

A T =1L (18)

Take A € (0,1). By the definition of limit, there exists ny € N such that
[oa)" < ATMO(ow) — 1]
for all n > ng. Using Inequality (17) and the above inequality, we deduce
nlon]" < A7 ([©(0)F" ~ 1).

This implies that
lim n[an]h = lim n[Q(fpnr(Pn+1)]h =0.

n—oo n—o00

Then, there exists n; € N such that
1
— (19)

1
nh

(P, Pus1) <
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for n > ny . Now, we prove that {¢, } is a Cauchy sequence. For m > n > n;, we have

—_

m—

— 1 [ee]
Qonrq)m Z (Pzr§0i+1 Z i1/h = 2{ 1/h°

Since, 0 < h <1, Y72, il converges. Therefore, 0(¢n, o) — 0 as m,n — oo. Thus, we proved that
in

{¢n} is a Cauchy sequence in R. The completeness of R ensures that there exists ¢* € R such that,
limy e ¢ — ¢*, thatis

lim ¢, = ¢*.

n—oo

(20)

Now, we prove that ¢* € [Q2¢"],  (,+)- Assuming on the contrary that ¢* ¢ [Q2¢"], (,+), then
2 2
Jny € Nand a subsequence { ¢y, } of {¢,,} so that

Q((Pan-&-l/ [quo*]agz(qjx)) > O

for all ny > np. Now, using Inequality (5) with ¢ = @2, 11 and i = ¢*. Taking Remark 1 into account, we
have

0(P2m1, [Q20"Nug, 9) = H([Q1020)ag (g, ) /(9207 Tug, (9)

Q(?an/ QD*), Q((Panr [Ql?an] an (q’an))’ Q((P*/ [QZ(P*]U(Qz((P*)),
b 0920 [Q29" g (9r)): €97 [Q1020) g (g, ))

(P2 ¢7), 0(@2ns P2m+1), (9%, [ Q29" (4))s
(92n, Q29 ]ug (p)),0(97 P2m41) '

Passing the limit as n — oo in the above inequality, we obtain

0(9"/[929"]ag, () < P (0,0,0(9", (920" g, (1)) (97, 120" (). 0)

which implies by Lemma 1 that
0 <9, [Q¢"]ug () <0

which is a contradiction. Hence, 0(¢*, [Q2¢"],, (p+)) = 0. Since [Q2¢7],  (,+) is closed, we deduce that
2 2

7ANS [QZ(P*]“QZW*) . ?imilarly, one can easily show that ¢* € [Ql(P*]“Ql(fP*) . Thus ¢* € [Ql(P*]an((P*) N

[Qz(p*}agz((P*) as required. O

Example 1. Let R = [0,1] and define 9 : R x R — R* by

olp. ) =lo—1yl.

Clearly, (R, o) satisfies all axioms of complete metric space. Define Q1, Q> : R — (R) by

¢
azf(?p<t§—?p
S5if1e <t<3

) — 2 7 16 =9
Q1(p)(t) %if%<t§%
g <i<1
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and

wif0<t
L <t
bt <
Lifg <t

Q(e)(t) =

~

IA IAIA A
= Ul @S

such that
ol - [0.2],
2l = [o2]

fora € [0,1] and ¢ € R. Let p : (RT)> — R* be defined by p(p1, 92, 3, 91, ¢5) = max {1, 92, ¢3, P4, P5}
and O(t) = eV'. All the hypotheses of our main Theorem 2 are satisfied to obtain 0 € [Q10], N [Q20], for
k=e1€(0,1).

The following result for one fuzzy mapping is a direct consequence of our main theorem.

Corollary 1. Let (R,0) be a complete metric space and let Q: R — (R) and for each ¢, € R,

Jag(p), ag(y) € (0,1] such that [Q¢l, (p), [Qlsy(y) € CB(R). Assume that there exist some © € F
and k € (0,1) so that

ol ), 0(9, Q9] ) 08 Q0] ) Y]
O(H([Q0lug(g) - [Q¥]ag(y)) = l@ (p ( ¢ Q(qv,[gw]ajwﬁf?(wr[Q%Q(q)ﬁ(w ))]

Vo, € Rwith H([Q¢],, () - [le]lxg(lﬁ)) > 0. Then, there exists ¢* € R such that ¢* € [Q¢™],(ov) -

3. Consequences for Fuzzy Fixed Points

Corollary 2. [7] Let (R, 0) be a complete metric space and let Q1, Qp : R — (R) and for each ¢, ¢ € R, 3

ag,(¢), a0, () € (0,1] such that [ngo]ag (9) [924’]0@ () € CB(R). Assume that there exist some © € -
1 2

and k € (0,1) such that

O(H([Q19u, (g)/[Q2¥]u, (p))) < [© (2l 9))]"

Y @, € R with H([Qlfp]agl((p) / [Qzl‘b}wz(lﬁ)) > 0. Then, there exists ¢* € R such that ¢* € [Q1¢"]
[Q20"ug, (9 -

xg, (¢*) n

Proof. Consider p € P given by p(¢1, 92, ¢3, 91, ¢5) = ¢1. Then, the result follows from Theorem 2. [

Corollary 3. [7] Let (R,0) be a complete metric space and let Q : R — (R) and for each ¢, € R,

Jag(e),ag(yp) € (0,1] such that [Qg¢], [Qllb]ﬂ(g(lp) € CB(R). Assume that there exist some ® € F

ole)”
and k € (0,1) such that

O(H([Q9]o(g)/ [Q¥]ag(p)) < [© (el )"
V¢, € Rwith H([Q¢,,(g) , [Qag () > 0- Then, there exists ¢* € R such that ¢* € [Q¢™], (o) -
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Corollary 4. Let (R,0) be a complete metric space and let Q1,Qp: R — (R) and for each ¢, € R,
Jag, (@), a0, () € (0,1] such that [Q19], (), [Q2¥la, (y) € CB(R). Assume that there exist some © € F
1 2

and k € (0,1) such that

OH([Q19,g () [Q2¥]ug, ) < [© (29, [Q16lug () + (W [Q2¥]ug )]

or all 9, € R with H(|O; , 190 > 0. Then, there exists @* € R such that ¢* €
P Plag, (9) Plag, (y) ® ¢
[Q197]ug, () N [L297ug, (g) -

Proof. Consider p € P given by p(¢1, ¢2, 93,91, ¢5) = ¢2 + @3. Then, the result follows from
Theorem 2. O

Corollary 5. Let (R,0) be a complete metric space and let Q1,Q: R — (R) and for each ¢, € R,
g, (), ag,(¥) € (0,1] such that [Q19],, (4), [Q¥la, () € CB(R). Assume that there exist some © € |-
1 2

and k € (0,1) such that

O(H(Q1¢)yg (g)/1Q2Wlag,(g1)) < [© (200,291, () + 08 [Q10)eg ()]

for all ¢, € R with H([qu)]“gl(q’)’[QZIMWQZ(IP)) > 0. Then, there exists ¢* € R such that ¢* €
(197, (¢) N [Q20 lug, (9) -

Proof. Consider p € P given by p(¢1, 92, 93,91, ¢5) = ¢4 + ¢5. Then, the result follows from
Theorem 2. [O

Corollary 6. Let (R,0) be a complete metric space and let Q1,Qx: R — (R) and for each ¢, € R,
Jag, (¢), g, (p) € (0,1] such that [ngo]agl(q)) , [Qzlp}agz(lp) € CB(R). Assume that there exist some ® € |-

and k € (0,1) and non-negative real numbers «, B,y with & + B+ v < 1 such that

OH([Qi0luy () [Q2¥)ag, (1)) < [© (w09, )+ Bol9, (19l (4) +0(¥, [Qzlp]agz(w)))}k

or all ¢, € R with H([Q , 9o > 0. Then, there exists ¢* € R such that ¢* €
224 Plag, (9) 7 1€2¥lag, (y) ¢ 9
[Q10"ag, (9) N2 lug, (o) -

Proof. Consider p € P given by p(¢1, 92, 93, 4, 95) = a@1 + B@2 + 7¢3. Then, the result follows from
Theorem 2. [O

Corollary 7. Let (R,0) be a complete metric space and let Q1,Qx: R — (R) and for each ¢, € R,
Jag, (@), a0, () € (0,1] such that [Qw]agl(q}) , [tap}wz(lp) € CB(R). Assume that there exist some ® € |

and k € (0,1) and non-negative real number « € (0,1] and L > 0 such that

OH([Qi9)y () [Q2¥]1e, () < [0 (w0l ) + Lo, (19l o))

for all ¢, € R with H([Q19¢],, ((P)’[Qzlﬂwz(l/ﬂ)) > 0. Then, there exists ¢* € R such that ¢* €
1
(919" Tag, (9) N [Q29"Lug, (o) -
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Proof. Consider p € P given by p(¢1, ¢2, 93, ¢1, ¢5) = a¢1 + Les. Then, the result follows from Theorem
2. 0O

Corollary 8. Let (R,0) be a complete metric space and let Q1,Qx: R — (R) and for each ¢, € R,
Juag, (@), a0, (y) € (0,1] such that [Qﬂp]a » [Qa¥loy (y) € CB(R). Assume that there exist some © € |-

and k € (0,1) and non-negative real numbers «, [3 v,0,L wzth &+ B+ v+ 6+ 2L < 1such that

k

¢, 9) +Bo(9, [Qi9lag (p) + 70 [Q¥]ug (y)) >]
))

ag(
@’(H([QW]an(w'[Qﬂ”wz(w))§l@< +00(9, [Q2¥lu, (g)) + L (10l (5

or all 9, € R with H(|O; , 190 > 0. Then, there exists @* € R such that ¢* €
P Plag, (9) Plag, (y) ® ®
[Q197]ug, (9) N [L297ag, (g) -

Proof. Consider p € P given by p(¢1, 2, 93, 91, ¢5) = a@1 + Pe2 + Y¢3 + ¢4 + Les. Then, the result
follows from Theorem 2. [J

Corollary 9. [3] Let (R, 0) be a complete metric space and let Q1, Qx: R — (R) and for each ¢, € R, 3
xg, (@), xg,(§) € (0,1] such that [Q1¢], (9)” [Qzlp]ag ) € CB(R). Assume that there exist some © € |-

and k € (0,1) such that
o0, 1),0(0, [Q10)ug () 0¥, [Q28]ug 1) | \]"
© { max o(91Q¥lag )+ Hen: 19)eg, (9)
2

for all @, € R with H([qu)]ag ((P),[Qzlﬂlxg (#J)) > 0. Then, there exists ¢* € R such that ¢* €
1 2
(197, (¢) N [Q20"lug, (9) -

OH([Q19lag, (g) / [L2¥]ag, (p) <

Proof. Consider p € P given by p(¢1, ¢2, ¢3, ¢4, ¢5) = max {gol, @2, @3, P55 } Then, the result follows
from Theorem 2. [

Corollary 10. Let (R, 0) be a complete metric space and let Qq, Qp: R — (R) and for each ¢, € R, 3
60, (9), a0, () € (0,1] such that [Q1¢9],, (4), [Q¥la, (y) € CB(R). Assume that there exist some © € f
1 2

and k € (0,1) such that

(e, 9), 09, [Q19lug (9))r €W, [l (4))
@(H([Qlcp]agl(ﬁ")’[Qzlp]ocgz(‘/’)))S[®<max{ M) (lp 1010lug (o) })]

k

for all @, € R with H([Ql(p]ag (q)),[QzlPLXQ (IP)) > 0. Then, there exists ¢* € 'R such that ¢* €
1 2
[Q197]ag, (¢) N [Q20 g, (9) -

Proof. Consider p € P given by p(¢1, 92, 93, ¢4, ¢5) = max {@1, 92, ¢3, 1, ¢5} . Then, the result follows
from Theorem 2. [
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Corollary 11. Let (R, 0) be a complete metric space and let Qq, Qp: R — (R) and for each ¢, € R, 3
ag, (), ag,(y) € (0,1] such that [Ql(p]aQ ()7 [szp]ag () € CB(R). Assume that there exist some ® € F
1 2

and k € (0,1) such that

k
O(H(Q0y ) [ QW) < ®<max{ 0(¢, ), (9, [Q0ag () 0, [QPy ) })1 a1

(@, [Q¥]uy(y)) 0¥, (290 ()

forall g, € R with H([Q¢,(¢) [Q¥]ay(y)) > O Then, there exists ¢* € R such that ™ € [Qe*], (o) -

Corollary 12. Let (R, 0) be a complete metric space and let Qq, Qp: R — (R) and for each ¢, € R, 3
ag,(¢), a0, () € (0,1] such that [qu)]ag (9)” [Qzl[J]le (p) € CB(R). Assume that there exist some © € F
1 2

and k € (0,1) such that
(@[ Q19luy (p)) W[y, (y))
O | max o(e,9), a 2 2,
29[V () +e W [Q19)g (5)

2

k

®(H([Q1 q)Lle (p) 7 [Qﬂl]]agz(lp))) <

for all ¢, € R with H([ngo]agl(qo),[Qzlp}wzw)) > 0. Then, there exists ¢* € R such that ¢* €
[Q197]ag, (p7) N [Q29"ag, (9

Proof. Consider p € P given by p(¢1, ¢2, 93, P4, ¢5) = max {q)l, %, % } Then, the result follows
from Theorem 2. [

4. Consequences for Multivalued Mappings
Fixed point theorems for multivalued mappings can be derived from fuzzy fixed point theorems in

this way.

Theorem 3. Let (R, 0) be a complete metric space and let F,G : R — CB(R). Assume that there exist some
©® € F and k € (0,1) such that

H(Fp,Gy) >0 = O(H(Fo,Gy)) <

o <p< ol 9) 0(g Fo), o(p, GY), ))Y
(9, Gy) o, Fg)

YV @, € R. Then, F and G a have common fixed point.

Proof. Definea : R — (0,1] and Q1,92 : R — (R) by

) a(g), ift € Fo,
and
) a(e), ift € Go,
Then,

[Q19]ap) = {t: Qu(@)(t) = a(9)} = Fp and [,y = {t: Qa(9)(t) = a(p)} = Go.
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Thus, Theorem 2 can be applied to obtain ¢* € R such that ¢* € [Q; 4’*]0@ (@) N [Qz(p*]ag (¢*) =
1 2
Fo*NGe*. O

The main result of Isik [11] can be deduced by taking one mapping in Theorem 3.

Corollary 13. [11] Let (R, 0) be a complete metric space and let G : R — CB(R ). Assume that there exist some
® € F and k € (0,1) such that

k
H (Gg,Gy) > 0 — O(H(Go, Gp)) < |© <p ( ol 9),e(9, Go) o, Gy), ))]

o(e, Gy), o(y,Go)

forall , ¢ € R. Then, there exists ¢* € R such that ¢* € Go*.

We derive the main result of Vetro [6], which is itself a ©-generalization of Nadler’s [9] fixed point
theorem from Theorem 3.

Corollary 14. [6] Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some
® € F and k € (0,1) such that

H(Gg,Gy) > 0 = O(H(Gy,Gy)) < [0 (a(¢, 9))I"
forall @, € R. Then, there exists ¢* € R such that ¢* € Go*.

Proof. Consider p € P given by p(¢1, 92, ¢3, 91, 5) = @1 and F = G. Then, the result follows from
Theorem 3. [

The following result is a ©-generalization of Kannan [21] fixed point theorem for
multivalued mapping.

Corollary 15. Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some
©® € F and k € (0,1) such that

H(Gp,Gy) > 0= H (Gg,Gy) > 0 = O(H(Ge, Gy)) < [0 (9, Go) + o1, Gy)))
forall o, € R . Then, there exists ¢* € R such that ¢* € Go™.

Proof. Consider p € P given by p(¢1, 92, 93, 91, ¢5) = ¢2 + ¢3 and F = G. Then, the result follows from
Theorem 3. [

The following result is a ©-generalization of Chatterjea [22] fixed point theorem for
multivalued mapping.

Corollary 16. Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some
©® € F and k € (0,1) such that

H(Gg,Gy) > 0= O(H(Gy,Gp)) < [O (a(9, Gy) + o(y, Gg))]*

forall , ¢ € R. Then, there exists ¢* € R such that ¢* € Go*.
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Proof. Consider p € P given by p(¢1, 92, 93, 1, ¢5) = ¢4 + ¢5 and F = G. Then, the result follows from
Theorem 3. O

The following result is a ©-generalization of Reich [23,24] fixed point theorem for
multivalued mapping.

Corollary 17. Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some
® € F and k € (0,1) and non-negative real numbers w, B, vy with « + B+ v < 1 such that

H(Go,Gyp) > 0 = O(H(Gg,Gy)) < [O (xa(p, ) + o(¢, Go) + 1a(y, Gp))]*

forall @, € R. Then, there exists ¢* € R such that ¢* € Go*.

Proof. Consider p € P given by p(¢1, 92, 93, ¢4, ¢5) = a¢1 + Bg2 + v¢3 and F = G. Then, the result
follows from Theorem 3. O

The following result is a ©-generalization of Berinde’s [25] fixed point theorem for
multivalued mapping.

Corollary 18. Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some
® € F and k € (0,1) and non-negative real number « € (0,1] and L > 0 such that

H(Gg,Gyp) > 0 = O(H(Gg,Gp)) < [O (xa(p, ) + Lo(p, Gg))]*

forall , ¢ € R. Then, there exists ¢* € R such that ¢* € Go*.

Proof. Consider p € P given by p(¢1, 92, ¢3, 91, ¢5) = ap1 + Legs and F = G. Then, the result follows
from Theorem 3. O

The following result is a ®-generalization of Hardy and Rogers’ [26] fixed point theorem for
multivalued mapping.

Corollary 19. Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some
®cFandk € (0,1)and non-negative real numbers «, 3,7y, 6 and L with a + 4+ v + 0 + 2L < 1 such that

+60(¢, Gy) + Lo(y, Go)

forall ¢, € R. Then, there exists ¢* € R such that ¢* € Gg*.

k
H (Gg,Gp) > 0 — O(H(Gg, Gp)) < [(9( wo(g, )+ pale, Go) + va(y, Gy) )]

Proof. Consider p € P given by p(¢1, 92, 3, 91, ¢5) = a1 + P@2 + Y93+ d¢s + Lgs and F = G. Then,
the result follows from Theorem 3. [

The following result is a ®-generalization of Ciri¢ [27] fixed point theorem for multivalued mapping.

Corollary 20. Let (R, 0) be a complete metric space and let F,G : R — CB(R). Assume that there exist some
® € F and k € (0,1) such that

H(Fp,Gy) > 0= O(H(F¢p,Gy)) <

@<max{ o(e.9),0(9, Fo), oy, Gy), })Y
Q

(fp/GlP);e(lﬁ,P ?)
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forall , ¢ € R. Then, F and G have common fixed point.

Proof. Consider p € P given by p(¢1, 92, ¢3, ¢4, ¢5) = max {gol, @2, 93, (P4+(P5 } Then, the result follows
from Theorem 3. [

Corollary 21. Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some

©® € F and k € (0,1) such that
k
o(e,¥), 0(e, Go), o(y, Gy),
© (max { (47 G¢)+e(¢ 9)

forall ¢, ¢ € R. Then, there exists ¢* € R such that ¢* € Gg*.

H(Go,Gy) > 0= O(H(Gg,Gy)) <

The following result is a ®-generalization of Ciri¢ [28] fixed point theorem for multivalued mapping.

Corollary 22. Let (R, 0) be a complete metric space and let F,G : R — CB(R). Assume that there exist some

©® € F and k € (0,1) such that
k
o ol 9).o(9, Fp), oy, GY),
(max{ (9, Gy), o(y, Fo)

forall ¢, ¢ € R. Then, there exists ¢* € R such that ¢* € Fo* N Ge™.

H(Fg,Gy) > 0 — ©(H(F¢,Gy)) <

Proof. Consider p € P given by p(¢1, 92, 93, @1, ¢5) = max {@1, 2, ¢3, 1, ¢5} . Then, the result follows
from Theorem 3. O

The following result is a ©-generalization of Ciri¢’s [27,28] fixed point theorem for
multivalued mapping.

Corollary 23. Let (R, 0) be a complete metric space and let G : R — CB(R). Assume that there exist some

©® € F and k € (0,1) such that

k
H(Go,Gw) > 0 — ©(H(Go, G o (e, ¥),a(e, Go) oy, Gi),
(Gg,Gy) > 0 — O(H(G, Gy)) < <m{ Pran oo

YV @, € R. Then, F and G have common fixed point.

Corollary 24. Let (R, 0) be a complete metric space and let F,G : R — CB(R). Assume that there exist some
® € F and k € (0,1) such that

O(H(Fg,Gy)) < [@ (max { olp, ), 2OFO)+2l$.C) 0(9.G¥) + o(9.Go) })]

forall ¢, € R with H(Fo, Gy) > 0. Then, there exists ¢* € R such that ¢* € Fo* N Ge*.

Proof. Consider p € P given by p(¢1, 92, 93, ¢4, ¢5) = max {(p 1 (P2+(P3 ¢4+¢5 } Then, the result follows
from Theorem 3. [
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5. Applications

The aim of this section is to apply the established results to obtain the existence of solutions for a
certain Fredholm integral inclusion. Consider the following integral inclusion of Fredholm type,

o) € [0+ [ K5 00)es] @)

for t € [0,1], where f € C[0,1] is a given real-valued function and K : [0,1] x[0,1] xR — K¢, (R) a given
multivalued operator, where K., denotes the family of non-empty compact and convex subsets of R and
¢ € CJ[0,1] is the unknown function.

Now, consider the metric ¢ on C|0, 1] defined by

(@, ) = (max |¢(t) — p(t)]) = max [p(t) — ¢(t)] (23)
te[0,1] te[0,1]
forall ¢, ¢ € C[0,1]. Then, (C[0,1], 0) is a complete metric space.
We assume the following:
(A1) For each ¢ € CJ0,1], the operator K : [0,1] x [0,1] x R — K (R) is such that K(t,s, ¢(s)) is
lower semicontinuous in [0,1] x [0,1].
(Ay) There exists a continuous function ! : [0,1] x [0,1] — [0, +-00) such that

max{|¢(s) — ¢(s)|, lp(s) — K(t,s, ¢(s))],
ko (t,s) —ky(ts)| < I(ts) { 19(s) — K(t,5,9(s))|, |o(s) — K(t,5,9(s))], [(s) — K(t,5, 9(s))|} }

forallt,s € [0,1], ¢,y € C[0,1].
(Aj3) There exists some k € (0,1) such that
1

sup [ I(t,s)os <k.
te[0,1] /0

Theorem 4. Under Conditions (Aq)-(As), the integral inclusion in (22) has a solution in C[0,1].

Proof. Let R = C[0, 1]. Define the fuzzy mapping Q : R — (R) by

1
(Q0lgipy = {p e Rv) € 50+ [ K5, 0(eDes, 1< 01}

It is clear that the set of solutions of the integral inclusion in (22) coincides with the set of fixed points
of the operator Q (see [29,30]). Hence, we have to prove that under the given conditions, Q has at least
one fixed point in R. For this, we check that the conditions of Corollary 11 hold true. O

Let ¢ € R be arbitrary; then, there exists ag(¢) € (0,1]. For the multivalued operator K(t,s) :
[0,1] x [0,1] = K¢ (R), it follows from the Michael’s selection theorem that there exists a continuous
operator ky(t,s) : [0,1] x [0,1] — R such that ky(t,s) € Ky(t,s) for each t,s € [0,1]. It follows that
f(t) + fol ko(t,s)es € [Qgl, () - Hence, [Q9], ;) # @ Itis an easy matter to show that [Qg], ) is
closed, and thus the details are omitted (see also [31,32]). Moreover, since f is continuous on [0, 1] and
Ky (t,s) is continuous on [0, 1] x [0, 1], their ranges are bounded. It follows that [Q¢] wo(p) 19 also bounded.
Hence, [Q¢],,(y) € CB(R).
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Let ¢1, 92 € R; then, there exists ag(¢1),ag(91) € (0,1] such that [Qq)l]ag(%) , [Qq)Q]aQ(w) are
nonempty, closed and bounded subsets of R. Let ¢; € [Q¢1] wo(gr) be arbitrary such that

1
pt) € FO)+ [ K(ts or(s))es

for t € [0,1] holds. This means that for all t,s € [0,1], there exists kg, (t,5) € Ky, (t,5) = K(t,s, 1(s))
such that

1
Wi(t) = £+ [ Koy (t5)es
fort € [0,1]. For all g1, ¢p € R, it follows from (A;) that
max{[@1(s) — @2(s)|, [91(s) = K(t,s, ¢1(s))],
|

H(K(t,s, 1) = K(t,s,92) <1(£,5) ¢ |pa(s) = K(t,5, 92(s))], |p1(s) — K(£, s, p2(s))],
|p2(s) = K(t,5, 1(s)) [}

This means that there exists z(t,s) € K, (t,s) such that

max{|p1(s) — @2(s)], [p1(s) = K(,s, 91(s))],
|kgy (£,5) = z(t,5)| < 1(t,5) ¢ lg2(s) = K(t,5,92(5))|, lp1(s) — K(t,s, p2(5))],
|2(s) = K(t,s, 91(s)) [}

forallt,s € [0,1].
Now, we can consider the multivalued operator U defined by

U(t,s) = Ky, (t,s) N{u € R: |ky, (t,5) —u| <I(t,s)|@1(s) — @a(s)|}-

Hence, by (A1), U is lower semicontinuous; it follows that there exists a continuous operator
kg, (t,s) : [0,1] x [0,1] — R such that k¢, (t,s) € U(t,s) for t,s € [0,1]. Then, o (t) = f(t) + fol ko, (t,s)os
satisfies that

)€ f0)+ [ Kisgoes e

t € [0,1]. Thatis, §2 € [Qp2] (y,) and

IN

1
/0 kg, (t,5) —kg,(t,5)| 05

[ 169)10n5) ~ ga(5)les

[91(8) = a(t)]

IN

1 max{|@1(s) — @2(s)], [@1(s) — K(t,5, @1(5))l,
< max | 1693 19a(o) ~ K5, 0206 lo1(s) = K(t5,92))], ¢ es
N\ |p2(s) — K(t,s, ¢1(s)) |}
kmax{ 0(91,92), 0(91, [QP1]ag (o)) (@2, Q2] () }
o(g1, [Q(Pz]ag((pz))/Q(q’z/ [qul]ag(q)l))

A

IN

for allt,s € [0,1]. Thus, we obtain that

(@1, 92), (01, [291]a (1)) (92, [Q92] 1 (4)) }

J92) <k
oY1 ¥2) max{ 21, [CP2lag g2 €92/ [QP1lag gr))
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Interchanging the roles of ¢ and ¢,, we obtain that

(@1, 92),0(91, [QP1]ag (o)) €(@2, [QP2] 0 () }

H([Q 1902, (o) <K
(1991lugp) - [992hagig) max{ 0(@1,[Q92]a g (gr)) 0(92,[QP1 ] g 1)

Taking exponential on both side, we have

eH([Qﬁol]ag(éﬂl)'[Q@z]ang)) < ekmax{g(q’llﬁoZ)/Q(q)l/[lel]wg(q)l))’Q(‘PZ/[Q(pZ]WQ(qJZ))'Q((Plr[gq)z]ug((pz))’Q(‘PZ'[Qcpl]uQ((pl))}‘

Taking the function p € P givenby p(¢1, 92, ¢3, 94, ¢5) = max {@1, P2, P3, 1, ¢5} and © € F defined
by O(t) = eV! for t > 0, we obtain that the condition in (21) is fulfilled. Using Corollary 11, we conclude
that the given integral inclusion has a solution.

6. Conclusions

In this paper, we obtain certain common fixed point theorems for a-fuzzy mappings satisfying a new
class of contractive conditions in the setting of complete metric spaces. We derive various well known
results of the literature as corollaries. The existence of solutions for the Fredholm integral inclusion is
also investigated as application of our main result. We also establish a significant example to support our
results. We hope that the results contained in this paper will raise new associations for those who are
working in ®-contraction, fuzzy mapping and its applications to integral inclusions.
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