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Abstract: Iterative methods were employed to obtain solutions of linear and non-linear systems of
equations, solutions of differential equations, and roots of equations. In this paper, it was proved that
s-iteration with error and Picard—-Mann iteration with error converge strongly to the unique fixed
point of Lipschitzian strongly pseudo-contractive mapping. This convergence was almost F-stable
and F-stable. Applications of these results have been given to the operator equations Fx = f and
x + Fx = f, where F is a strongly accretive and accretive mappings of X into itself.
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1. Introduction and Preliminaries

Consider a normed space X, F :X — X is a mapping, M is an iteration procedure and A, m,, € (0,1),
we present the following iterative sequences.
wo € X,
Wyl = M(F/ Wn)/

is called s-iteration [1] if:
W1 = AFzp + (1= 2A;)Fwy,

1
Zy = NuFwy + (1 -m,)wy, Y1 > 0. M
X € X,
X1 = M(F, x,)
is called Picard—Mann iteration [2] if:
X1 = Fyn (2)
Yn = MFxy + (1= Ap)x,, ¥ 1 > 0.
wp € X,
Wyt1 = M(F/ WH)/
is called s-iteration with errors if
W1 = AFzy + (1= A,)Fwy, +ay, 3)

zZp = NyFwy + (1=1,)wy + ¢y, Y12 0.
where Y77 [lanll < 00, Y72 o lleull < oo.

X0 €X,
Xpr1 = M(F, x,)
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is called Picard—Mann iteration with errors if:

Xn+1 = Fy, +an

4
Yn = MFxy + (1= Ay)xn, ¥ 1 2 0. )

where ¥ [lanl| < oo.

Throughout this paper, we studied three cases: convergence, almost stability, and stability of
schemes of sequences defined in Equations (3) and (4). In the following, we recall the needed definitions
and lemmas.

Definition 1 ([3]). Let x,,41 = M(F, x,) be an arbitrary iteration procedure such that {x,} converges to a fixed
point p of F. For a sequence {q,} suppose that

&n = g1 = M(F, x,)|l,n = 0.

Then the iteration procedure is said to be F —stable if lim 0, = 0, implies to lim g, = p.
n—o00 n—o00

Definition 2 ([4]). Let F,{xy, 1+ 1}, u,qn, and p be as shown in Definition 1. Then, the iteration procedure is
said to be almost F-stable if ¥, 6, < co implies that lim g, = p.
n—oo

Definition 3 ([5]). Let X be a normed space and F : X — X be a mapping then for fixed m, 0 < m < oo, F is
said to be Lipschitzian if:
IEx — Fyll < m lx = yll ¥x, y €X. ®)

Let X’ be the dual of X, a set valued mapping J: X — 2% is said to be the normalized duality
mapping [5] if:
J(x) ={j e X" Cx, 3y = lllllxdl, 1§11 = llxll}, ¥ x € X

where ) denotes the duality pairing, i.e., (,) : Xx X' — K, {x, j) = j(x).
It is known that a Banach space X is smooth if and only if the duality mapping J is single [5].

Definition 4 ([6]). Let X be a normed space, F : X — X be a mapping. Then, F is called strongly
pseudo-contractive if for all x, y € X, the following inequality holds:

||x— y” < ||(1 + 1)(x— y) —rt(Fx - Fy)” (6)

Yr > 0and somet > 1.
Or equivalently [7], if there exist v = %, where, | > 1 such that

(Fx—Fy,j(x—y)) <tlx -yl Vx, y € X.
If t = 1 in inequality (6), then F is called pseudo-contractive.
Definition 5 ([8]). A mapping F : X — X is said to be
i-  Strongly accretive, if there is x > 0 such that for each x,y € Xthere exists j(x —y) € J(x — y)
(Fx = Fy,j(x=y)) 2 vl -yl @)
ii-  Accretive, if v = 0 in Equation (7).

Or equivalently [9]
llx — yll < llx — y + t(Fx — Fy)||, for some t > 0 (8)



Mathematics 2019, 7, 765 3o0f12

Proposition 1 ([10]). The relation between (strong) pseudo-contractive mapping and (strong) accretive mapping
is that: F is (strong) pseudo-contractive if and only if (I — F) is (strong) accretive.

Lemma 1 ([11]). Let {p,} be a non-negative sequence such that, py41 < (1 —=yy)pn + pn, where y, € (0,1),
VneN, Y vy, = oo, and u, = o(yn). Then nlgn pn=0.

A general version of Lemma 1 is:

Lemma 2 ([12]). Let {&,,} be a non-negative sequence such that &1 < (1 —yn)&n + by + tn, n = 0, wherey, €
[0,1], Yn e N, ¥,y = 00, and by, = 0(yn), Lo tin < . Then T}im &, =0.

Lemma 3 ([13,14]). Let X be a real Banach space, F : X — X be a mapping

i-  If Fis continuous and strongly pseudo-contractive, then F has a unique fixed point.
ii- I Fis continuous and strongly accretive, then the equation Fx = f has a unique solution for any f € X.

iii- I F is continuous and accretive, then F is m-accretive and the equation x + Fx = f has a unique solution
forany f € X.

For more details about previous preliminaries and to determine the important aspects of the
convergence of iterative sequences, we recommend the book by C. Chidume [5] and the paper by B.E.
Rhoades and L. Saliga [15].

2. Main Results

The following condition is needed:

(A1): If Ay,m, € (0,1),v € (0,1) and m > 0, then

m((m +1)(14n,) +Am?(2 4+ (m - 1)71,1)) - 2-v)M(2m+m(m—-1)n,) < vm—e, where e €
(0,m).

Theorem 1. Let X be a real Banach space and F : X — X be Lipschitzian strongly pseudo-contractive mapping
with Lipschitz constant m. Suppose that {w,} be in (3), nh_r)n ay = nh_r)n cn = 0and (A1) is verified. Then:

1-  {wy} converges strongly to the unique fixed point p.

2 st =PI < S+ llanll + (1= 225 lga = pll+ (3 + m?)lcall, Vi 2 0.

Proof. From Lemma 3, we obtain that F has a unique fixed point, and from Equations (3), (6), and
Proposition 1 we have:

Fwy, = wyy1 + AFwy, — A Fzy —ay,
= Wyt1 + AFwy = AyFzy —a, + 20, W1 — 20 W41 — TA Wy
F1A W41 — AFwy1 + A Fwyg (9)
= (1 4+ A)Wai1 + M (I =F=1D)wy 1 — (1 =1)AFwy + (2= 1)A2(Fwy, — Fz,,) + A (Fwy,y1 — Fzy)
—(14+ (2=1)Ap)an

Let p be a fixed point of F:
p=0+N)p+MI-F-1D)p-(1-1)Asp (10)

Fw,—p=1+M)(wyi1—p) + M[I-F-1)w,q — (I-F—1I)p]-

(1= ) (Fwn =) + (2 = 1)A2 (Fwyy — F2n) + A (Fwpsq — Fzn) = (14 (2= 1)) (1)
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IFwu = pll = (14 Al (Wag1 = p) + 2% [(I-F = tD)w,, 1 — (I-F—1D)p]]|
— (1 =1)MallFwy, — pll = (2 = ©)A2|[Fwy, — Fz,ll — AullFwi, 11 — Fz,|

=3llaxll
Thus:
(1 +A)lwy g1 =pll
< (14 (1 =0)A)IFwy = pll + (2 = 1)A2|[Fw,, — Fzy |l + AullFw,, 1 — Fz,ll
+3llanl|
Wyt —pll < 1+>\ [(1+ (1= 0)An)lIFwy, — pll + (2 = ¥)AZ[IFwy, — Fzyl| (12)
+ ?\nIIFwn+1 Fzy|| + 3lla|l]
Wyt —pll < 1+7\ (14 (1= )N mllwy — pll + (2 = 1)A2|[Fwy, — Fzyll
FAullFwy 1 — Bzl + 3||an||]
Observe that

IEwWy — Fzy| < |[Fwy — pll + llp — Fzull < mllwy, = pll 4 ml|z, — pl|

13
<2m+ m(m —1)n,llwy, — pll + mllcy|| (19

IFWy 1 = Fzall < mllwy 1 = znll < [m(m + 1) + Ngm(2m + m(m — 1), llwy—

14
Pl Frum(n + )]l — pll + mllall + millcall + Aurlicull (19

By substituting Equations (14) and (13) in (12), we get:

IWyt1 = P|| < 1+)\ [(1 + (1 - r))\n)m”"\’n —p||
A ([m(m +1) + Nym(2m + m(m — 1)n,,) +n,m(m + 1)]|lw, —pll
+mllanll + mllcall + Aum?llcall) + (2= 0)AZ((2m + m(m
_1)nn||wn - p|| + m”Cn”) + 3”“71”]
= o (L4 (1= 1)) m 4+ Agm(m 4 1) (1 +n,,) + 2A5m 2+7\2 m?(m—1)n,
+(2—r)>\2((2m+m(m Dyl = pll + [ 2% m + 55 [llaal
2
+[(21+% m+ 1A (m + m)]”Cn”
(1= 2% [mr = m((m +1)(1 +n,,) + M2+ (m = 1)n,))
+ = (2= 0)Au((2m + m(m = 1), JlIwn = pll + [+ 3]l
+[3m -+ m2 el
= [1- 2% 1wy — pll + [+ 3llanll + [3m + m?]llcal

IA

Lemma 1 yied to nlim Wy = P.
For part(2):
Let {qn} be a sequence in X, defined {5,} by &, = lIq,, ;1 — 8n

— ay||, where
an = MFzy + (1-Ay)Fq,, 20 =n,Fq, + (1-7,)q, + ¢ ,n > 0.

llq,, 11 =PIl < l1q, 1 = 8 = anll + llaxll + llgn — pll < &1 + llaxll + llgn — plI (15)
Since:
Fqn =0n+ AnFqn - MiFzy
= (1 + )\n)gn + 7\11(1 -F- rI)Qn - (2 - r)}\ngn + AnFqn + Ay (an - an)

= (14 An)on + M(I=F =Ty — (1-r)AuFq, + (2 - 1)A2(Fq,, — Fz,)
+An(Fan — Fzy)

(16)

Thus:
p=0Q+AN)p+MI-F-tI)p-(1-1)A\,p (17)
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Fq,—p=(1+M)(gn—p) + M[(I-F-1)gy - (I-F-1D)p] - (1 _T)An(Fqn _P)
+(2 - 1)A2(Fq,, — Fzu) + Au(Fan — Fz).

So that:
IFq, = pll > (1 + Al (8 — p) + 3% [(I-F = tT)g, — (I- F—xD)p|
—(1=1)Ay X |[Fq,, — pll = (2= 1)A2|IFq,, — Fzull = AullFay — Fzyl|
> (1 + )\n)Hgn - P” - (1 - r)An”Fqn - p|| - (2 - r))\%”Fqn — Fz|
=AnllFgn — Fzy||
Thus:

llan = pll < 15| (1 + (1= 1)Au)lIFq,, = pll + (2 = V)AZIIFq,, — Fzull + AullFan — Pz,

(18)
llgn — P” < ﬁ (1 + (1 - r)An)mIan - P” + (2 - r)A%IIFqn — Fzyll + AullFgn — Fz,|

Observe that

IFq,, — Fzall < IIFq, = pll + llp = Fzull < mliq,, - pll + mllz, - pl 19)
< 2m~+m(m—1)n,llq, — pll + mllc,ll
IFan — Fzull < mllgn — zull < m{|[Fq,, — q,/l + AullFq, — Fzull +n,4liq, — Fq, |l + licall]
< [m(m+1) +Aym(2m + m(m - 1)n,,) +n,m(m +1)]llq, —pll (20)
+rmllc|

By substituting Equations (20) and (19) in (18), we get:

llgn —pll < 1+>\ [(1+ (1 =1)Ay)mllq, — pll + A ([m(m + 1) + Aym(2m + m(m —1)n, )+
M (m -+ D]l = pll+ mlleall + Aelleall) + (2= 1)A2
(2m + m(m = 1)n,llq, = pll + mlicall)

= 1 (T4 (1= 0)An)m + Agm (m+1)(1+nn)+2?\2m2+7\2 2(m—1)n,+

2 —1)A2((2m + m(m - Dn,lllq, — p||+[ 1+;\Z\ m+ 1+)\ (m —i—m)]llc I (21)

[1— 124 [mr = m((m + 1) (1 +n,) + A2 (2 + (m = 1)n,,))
+(2 =1)Au((2m + m(m —1)n,]llq, - pll
+[(2 - r)?\zm + (m2 + m))\%]llcnll

= [1- 22 |iq,, - pll + [3m + n2]llcallcall

—~

IA

Substituting Equation (21) in (15) we obtain:

”qn+1 - P“ < IanH = g — nll + llanll + llgn — P|| < O + llanll + llgn — P”

Ane

22
< St laall + [1 = 22 i, — pll + [3m+ 2]l 2

O

Theorem 2. Assume that X, F, p, m, {wy}, {za}, {gn}, {An}, {nn}, and {04} be as in Theorem 1 and (A1) is
satisfied. Then the sequence (3) is almost F-stable.

Proof. Assume that }.° 5, < co. Then, we prove that lim g, = p.
n—oo

Now, using Equation (22) such that &, = |lq,, —pll, v, = %"fﬂ, by = [3m + m?]lcull + llanll, and
W, =0, ¥Yn=>0.
Note that limb,, = 0, thus Lemma (1.8) holds, such that hm E,n = O yields hm ng, =p. O

n—oo
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Theorem 3. Let X, F, p, m, {qn}, {An}, {nu}, {an}, {cn}, and {04} be as in Theorem 1 and (A1) is satisfied.
Then {w,,} is F-stable.

Proof. Suppose that nh_r)n b, = 0, then by applying Lemma 1 on (22) of Theorem 1, we obtain nh_r)r.}o q, =p-
o

Example 1. Let X = (0,1]), F: X — X by Fx = 5, hence, the conditions in Equations (5) and (6) are satisfied
as shown below.

IFx = Fyll = 13 = 31l < 3llx — yllFx = Fy,j(x — y)) < tllx - yl> < (Fx - Fy)(x - y)
-s5llx—yl=

| —
<[~ 4§l vl = e —yi?

Now, put Ay, = % , Qn = %, Yn ZO,sincenli_r&qn =0, toshowthatgi_r)l‘}oén =p=0.

8n = 9,41 — xn1ll = l1q,, 1 — Fq,, +anll = ||n+1 L)
“ (- )‘n) 7\n qn”
- n+1l 9
_“n+1_zﬁ__”=> hmén =0.

Corollary 1. Let X, F, p, m, {qu}, {Au), {nn}, {an}, {cn}, {6u} be as in Theorem 1, and {w,} defined by
Equation (1), then {w,} :

1. converges strongly to the unique fixed point p.
2. isalmost F-stable
3. is F-stable.
To prove the next results, we replace the inequality in the condition (A7) by
(Ay) : m(l +m? + A (1 +m)) <tm?-e
Theorem 4. Suppose that X is a real Banach space F : X — X is Lipschitzian strongly pseudo-contractive

mapping with Lipschitz constant m. For wy € X, let {x,,} be in Equation (4), nh_r)n ay = 0 (Ap) is satisfied. Then:

1-  {xn} converges strongly to the unique fixed point p.
2 ligpeq — Pl < 80+ (1= 25 1lg, = pll + llaull, Y1 2 0.

Proof. From Lemma 3, we obtained that F has a unique fixed point.

Fy, = xu11—an
= Xp41 + 20 Xp41 = 2Mn X1 — X1 + A X1 — AnFx
+AFx, 1 —ay (23)
= (1 + An)xn+1 + 7\11(1 -F- rI)anrl + 7\n<Fxn+l - Fyn) - (1 - r)AnFyn
(14 (2=1)An)an

= (14 An)p + An(I=F=1D)p — (1 - 1)Aup (24)
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So that:

Fy, —p = (14 M) (%n41 = p) + A[(I=F = tD)x, 11 — (1= F=1D)p] - (1= 1)A,(Fy, - p)
ANu(Frng1 = Fy, ) = (1+ (2= 1)Au)ay
IFy, = pll = (14 A)ll(xuy1 = p) + 125 (1= F = tD)x,41 = (1= F =2D)p]|
—(1=1)AullFy,, — pll = AullFxy 41 — Fy, |l = 3llanl|

Thus:
(T+AM)lleuy1 = pll < (1+ (1 =1)A)lIFy,, = pll + AnllFx; 1 = Fy, [l + 3llaqll 25)
Iens1 =PIl < 25 [(1 4 (1= O)A)IFy, = pll + AullFxi i1 = By, Il + 3lagl]
Observe that:
IFy, —pll - < m[(1=Au)llxn = pll + AullFxn — pll] = m(1 = Ay + mAn)llxy = pll (26)
< m||x, - pl|
Since 1 < myields (1 —A, +mA,) <m
IFx,0 41 = By, |l < mll g1 = yall < mlIFy,, = xall + Aulln = Bl + llanl] o)
= m| (14 m? + (1 + m))llx = pll + lla]
By substituting Equations (27) and (26) in (25), we yielded:
ln 1 = pll < 5 [+ (1= 0)An)m2 + N[ (1 + m? + A (14 m))llxn = pll + llaul]
+3la]l]
n 1 = pll = b [(1+ (1= 0)A)m? + Aym((1 4+ m? + Ay (1 + m)) |l = pll
H o m + 3 laall
< [1= 124 [m2e = m(1 + m? + Ny (1+ m) )]l = pll + [ + 3]la|
= [1= 25 lxn = pll + [+ 3] lanl
By applying Lemma 1, we get nlgiolo Xy =p.
For prove part (2):
Let {qn} C X, defined {8,,} by 6, = llq,,. 1 — 9n — anll, where
an =Fy,, yu = MFq, + (1-2Ai)q, +cn,n>0. (28)
9,11 =PIl < 119,41 = 90 = aull + llanll + llgn = pIl < 8n + llanll + llgn — pll
Since:
Fy, = 6n = gn + 22080 — 2M8n — YA 80 + 1A Fan — AyFgn + ApFgn
— (1 + )\n)gn + >\1’l (I - F - rI)gn - (2 - I’))\nFyn + }\ann (29)
= (14 A)an + Au(T=F =) an + Au(Fan = Fy, ) = (1= 1)\ Fy,
=1+M)p+MI-F-1Dp-(1-1)Asp (30)
So that:

Fy, —p = (14 M) (an = p) + Ma[(I= F=1D)g, = (I-F =1D)p] - (1 - t)Au(Fy, - p)
+7\n<F9n —Fyn)
IFy, = pll = (14 Al (80— p) + 724 [(1-F = 1D)gn — (I— F = )|
—(1=1)M\ullFy, = pll = AullFgn = Fy, |l
> (14 An)llan — pll = (1 = v)AulIFy,, — pll = AullEay — Fy, ||
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This implies that:
lon = pll < 75| (1 (1= 9)M)IFy,, = pll+ AullFan = Fy, (31)
Hence:
IFy, —pll < [ (1= An)llg, = pll + AullFq,, = pli] = m(1 =\, + mA,)llq, - pl 32)
< m?||q,, - pll
Since 1 < myields (1 —A, + mA,) <m
IFan = Fy,|I < mllan = yall < m|lIFy, — q,ll + Adllq, - Fa, ] @)
= m|(1+m? + X (14 m))]llq,, - pli
Substituting Equations (33) and (32) in (31) yielded that:
lan = pll < 15 [(1+ (1= 0)A)m? + Agn(1 + 12 + Ay (1 +m))|llg,, — pl
<[1- &x [m2e = m(1 4 m2 + Ay(1 + m))]llq, - pl (34)
[ ]”xn p”
Substitute Equation (34) in (28), to obtain:
Ane
0 =PIl < 8t [1 = 725 Mg, = Il + (35)

O

Theorem 5. Assume that X, F, p,m, {xn}, {qn}, {An}, and {06,,} be as in Theorem 4 and the hypothesis that the
condition (Ay) is satisfied. Then {x,} in Equation (4) is almost F-stable.

Proof. Let )7 (8, < oo, to prove that nlgn q, = p-
By using the conclusion of Equation (35) of Theorem 4 and an application of Lemma 1, we get
limq, =p. O

n—oo

Theorem 6. Let X, F, p,m, {qn}, {An}, {an}, and {0} be as in Theorem 4 and (Ay) is satisfied. Then {x,} in (2)
is F-stable.

Proof. Suppose that nlim o, =0. O

_Ane_

By expressing Equation (35) in the form p, 1 < (1-v,)pn + 1, of Lemma 1,where vy, = 15~ "’

pn = llg,, —plland w, = 8, + |la|l, this implies to nli_r;rc}oqn =p.

Corollary 2. Let X, F, p, m, {qn}, {Au}, {an}, and {0,} be as in Theorem 4 and {x,} be in Equation (2).
Then {x,}

1. converges strongly to the unique fixed point p.
2. isalmost F-stable.
3. is F -stable.
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3. Applications

Theorem 7. Let X be a real Banach space and F : X — X be Lipschitzian strongly accretive mapping with
Lipschitz constant m. Define S : X — X by Sx = f + x — Fx. Let {A,}, {nu}, {an}, and {c,} as are in Theorem
1. Forwy, f € X,
Wni1 = MSzn + (1= A)Swy, +ay,
zZn = N Swy 4+ (1 =my,)wy + ¢, Y12 20.

Then {wy,}:

1. converges strongly the unique solution p* of the equation Fx = f.
2. isalmost S-stable.
3. is S-stable.

Proof. The mapping S is Lipschitzian with a constant . = 1 4 m, and from Lemma 3 the equation
Fx = f has a unique solution p*, this implies that S has a unique fixed point p*.

From Equation (7) and Proposition (6), hence

(I-8)x=(I1-8)y,j(x-y)) = (Fx—Fy,j(x—y)) = tlx — y|’, this implies S is strongly
pseudo-contractive, therefore, the proof follows from Theorems 1-3. O

Corollary 3. Let X, F, S, p*, m, {qu}, {An}, {nn}, and{0,} be as in Theorem 7 and {w,,} defined by

W}’l+1 - }\nSZn ‘I’ (1 - }\n)SWn,
Zp = NySwy + (1 -m,)wy, Y1 > 0.

Then {w,} :

1. converges strongly to the unique solutionp*of the equation Fx = f.
2. isalmost S-stable.
3. is S-stable.

Theorem 8. Let X be a real Banach space and F : X — X be Lipschitzian accretive mapping with Lipschitz
constant. Define S : X — X by Sx = f —Fx. Let {A,}, {na}, {an}, and {c,} as are in Theorem 1. For
wo, f €X,
W1 = ASzy + (1= 7A)Swy, + ay,
Zn = N Swy + (1 —=my,)wy +¢p, Y12 0.

Then {w,}:

1. converges strongly to the unique solution p* of the equation x + Fx = f.
2. isalmost S-stable.
3. is S-stable.

Proof. From Lemma 3, hence, the equation x + Fx = f has a unique fixed point p*, (i.e., S has a unique
fixed point p*). By using Equation (8), we obtained:

e =yl < llx =y + v (Fx = Fy)ll = llx =y + 2(Sx = Sy)ll (36)
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Since:

Swy = w1 + A Swy — M Sz —ay
= (T + M)Wt — MSWyp1 + A (Swyp1 — Sz,)Swy + A2 (Swy, — Szy1)
- (1+M)ay

p* = (1+Ax)p* = AiSp*

By using Equation (36), we obtained:

18wy = pll = (14 A)ll(Wis1 = P*) + 2% (SWirr1 = Sp*)ll = AullSwips1 — Szl
A2ISWy = Szall = (1 + Ayl
> (1 + An)llwnJrl - p*ll - A%”SWn - Szl - )\n”SWnJrl -8zl

—(1+ An)llal]
This implies:
Wst = € — 18w = pll & — 1 | Swirs1 — Szall + N ISWy, — Szull + llanll
n+1—P =11, n—Pp T+A, n+1 n T+, n n n

The proof completes by the same way as Theorems 1-3. O

Corollary 4. Let X, F, S, p*, m, {qu}, {An}, {11n}, {On} be as in Theorem 8 and {w,} defined by

W1 = ASzy + (1=A,)Swy,
Zp = NySwy + (1 —-m,)wy, Y1 > 0.

Then {wy,}:

1. converges strongly to the unique solution p*of the equation x + Fx = f.
2. isalmost S-stable.
3. is S-stable.

Theorem 9. Suppose that X is a real Banach space and F : X — X is Lipschitzian strongly accretive mapping.
Define S : X — X by Sx = f +x — Fx. Let {A,,} and {ay}, as are in Theorem 4. For xo, f € X,

Xn+1 = S]/n + ay,
Yn = MSxy + (1= Ay)xy, ¥ 1 > 0.

Then {x,}

1. converges strongly to the unique solution p* of the equation Fx = f.
2. isalmost S-stable.
3. is S-stable.

Proof. We can prove this the same way for Theorem 7. O
Corollary 5. Let X, F, S, p*, m, {qn}, {An}, and {0,} be as in Theorem 8 and {x,} defined by

xn+1 == Syn/
Yn = MSxy + (1= Ay)xy, ¥ 1 > 0.

Then{x,}:

1. converges strongly to the fixed point p* the unique solution of the equation Fx = f.



Mathematics 2019, 7, 765 11 of 12

2. is almost S-stable.
3. is S-stable.

Theorem 10. Let X be a real Banach space,F : X — X is Lipschitzian accretive mapping with Lipschitz
constant m. Define S : X — X by Sx = f — Fx. Let {A,} and {a,}, be as in Theorem 4. For xq, f € X,

Xn+1 = S]/n + ap,
Yn = MSxy + (1= Ap)xy, ¥ 1> 0.
Then {x,}:

1. converges strongly to the unique solution p* of the equation x + Fx = f.
2. isalmost S-stable.
3. is S-stable.

Proof. The proof follows the same way as Theorem 8. O
Corollary 6. Let X, F, S, p*, m, {qu}, {An}, and{d,} be as in Theorem 10 and{x,} defined by

xi’l+l = Syn;
Yn = MSxy + (1= Ay)xy, ¥ 1 >0.
Then {x,} :

1. converge strongly to the unique solution p* of the equation x + Fx = f.
2. isalmost S-stable.
3. is S -stable.

4. Conclusions

For real Banach spaces, very interesting results were proved which say that for a Lipschitzian
strongly pseudo-contractive operator, the s-iteration with error and Picard—-Mann iteration with error
processes converge strongly to the unique fixed point of the operator (Theorems 1 and 4). Some
applications were also given (Theorem 7).

Open Problem

Let B be a non-empty closed convex subset of a Banach space X and {T},S;, Vi=1, 2,..., k} be
two families of total asymptotically quasi-nonexpansive self-mappings. Abed and Hasan [16] studied
the convergence of the iterative sequence {wj}, defined as:

w1 €B

W1 = (1= i) Slwy + win Tl'biy

bin = (1= w;)Stan + i T'b(i_1),

bii1yn = (1 - a(i—l)n)s?_lwn + a1y T by
bon = (1= wan)Shan + az, Thb1y

b, = (1 - aln)sglwn + alnTglbOn/

where by, = w;, and {a,},_; are sequences in (0, 1).
We suggest studying the stability of this iterative sequence.
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