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Abstract: This paper analyzes the nonlocal elliptic system involving the p(x)-biharmonic operator.
We give the corresponding variational structure of the problem, and then by means of Ricceri’s
Variational theorem and the definition of general Lebesgue-Sobolev space, we obtain sufficient
conditions for the infinite solutions to this problem.
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1. Introduction

This article analyzes the system ∆2
p(x)u(x) −M

(∫
Ω
|∇u(x)|p(x)

p(x) dx
)
∆p(x)u(x) + ρ(x)|u|p(x)−2u(x) = λ f (x, u) in Ω,

u = ∆u = 0 on ∂Ω,
(1)

where Ω ⊂ RN(N ≥ 2) with a smooth boundary. p(x) ∈ C(Ω), λ > 0, ρ(x) ∈ L∞(Ω),∆2
p(x)(u) is

the operator defined as ∆(|∆u|p(x)−2∆u). N
2 < p− := essinfx∈Ωp(x) ≤ p+ := esssupx∈Ωp(x) < ∞.

The continuous function M : [0,∞)→ R satisfies 0 < m0 ≤M(t) ≤ m1 for every t ≥ 0. f : Ω ×R→ R
has certain conditions.

The biharmonic equation have many applications, such as describing the theorem of beam
vibration, image processing, and so on. In [1], under appropriate conditions and Ricceri’s three critical
point theory, Li &Tang researched a class of p-biharmonic problems, and three solutions were obtained
under the navier boundary value. In [2], Wang & An studied the problem: ∆2u(x) −M

(∫
Ω |∇u|2dx

)
∆u(x) = λ f (x, u) in Ω,

u = ∆u = 0 on ∂Ω.
(2)

In [3], when the nonlinear term f (x, u) satisfying the (AR) condition, using the mountain pass
theorem and local minimum theorem, two non-trivial solutions of the p-biharmonic system have
been obtained. The authors in [4] researched the same problem in [3] and obtained multiple solutions
according to Ricceri’s variational Principle.

The p(x)-biharmonic problem is the general form of the p-biharmonic problem. The operator is
no longer a satisfied homogeneous and pointwise identity. The p(x)-biharmonic problem ∆

(
|∆u|p(x)−2∆u

)
= f (x, u) in Ω,

u = ∆u = 0 ∂Ω,
(3)
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has also been studied a lot, see [5–10]. When f (x, u) = λ|u|p(x)−2u in problem (3), Ayoujil & EI Amross [5]
used Ljusternik-Schnirelmann critical point theorem and found that there are multiple eigenvalues to
this problem. When f (x, u) = λV(x)|u|q(x)−2u in problem (3), 1 < q(x) < p(x) < N

2 < s(x), V(x) ∈ Ls(x),
there are multiple eigenvalues to this problem in the neighborhood of the origin in [7]. In [9], Kong
studied the p(x)-Biharmonic equation with the Mountain pass theorem. In [11], Miao obtained the
many solutions to the (p1(x), · · · , pn(x))-biharmonic problem.

The nonlocal problems that arise in elasticity and population models and have attracted much
attention in recent years, see [12–19]. In [14], Dai & Hao considered the nonlocal system

−M

∫
Ω

|∇u(x)|p(x)

p(x)
dx

∆p(x)u(x) = f (x, u), (4)

with a Dirichlet boundary condition. When the nonlinear term f (x, u) satisfying the (Ambrosetti
-Rabinowitz condition, there are multiple solutions to the problem (4) using the Fountain theorem.
In [20], multiple solutions for the (p(x), q(x)) problems with the Kirchhoff type were obtained using
Ricceri’s critical point theorem. Based on the Ricceri’s variational principle, Miao [18] studied the
(p1(x), · · · , pn(x)) problems with a Kirchhoff operator.

Although there have been many important results for biharmonic and nonlocal equations in recent
years, the corresponding results have also been applied in practice. However, there is little research
about the nonlocal elliptic systems involving p(x)-Biharmonic operators. At present, the problem of
the variable index has important applications in many disciplines and fields. The chief aim of this
article is to research the system (1) under appropriate conditions using Ricceri’s variational principle.

2. Preliminaries

This section we introduce important theorems on Lp(x)(Ω), W2,p(x)(Ω) which we will use in
this paper.

Lp(x)(Ω) = {u |u is measurable,
∫

Ω
|u(x)|p(x)dx < ∞}

has the norm

|u|p(x) = inf

τ > 0 |
∫

Ω

∣∣∣∣∣∣u(x)τ
∣∣∣∣∣∣p(x)dx ≤ 1

.

Wm,p(x)(Ω) = {u ∈ Lp(x)(Ω) | Dγu ∈ Lp(x)(Ω), |γ| ≤ m, m ∈ Z+}

has the norm
||u||m,p(x) = Σ|γ|≤m|Dγu|p(x)

γ is the multi-index and |γ| is the order.
The closure of C∞0 (Ω) in Wm,p(x)(Ω) is the Wm,p(x)

0 (Ω). From [21], Lp(x)(Ω), Wm,p(x)(Ω) are Banach
space and have reflexivity, uniform convexity and separability.

Proposition 1. ([21]) Suppose 1
p(x) +

1
p0(x) = 1, then Lp0(x)(Ω) and Lp(x)(Ω) are conjugate space, and satisfy

the Holder inequality:∣∣∣∣∣∣∣∣
∫
Ω

uvdx

∣∣∣∣∣∣∣∣ ≤
(

1
p−

+
1

(p0)−

)
|u|p(x)|v|p0(x), u ∈ Lp(x)(Ω), v ∈ Lp0(x)(Ω).

We denote X := W1,p(x)
0 (Ω)∩W2,p(x)(Ω) and has the norm

||u|| = inf

λ > 0 |
∫

Ω


∣∣∣∣∣∣∆u(x)
λ

∣∣∣∣∣∣p(x) +
∣∣∣∣∣∣∇u(x)
λ

∣∣∣∣∣∣p(x) +
∣∣∣∣∣∣u(x)λ

∣∣∣∣∣∣p(x)
dx ≤ 1

,
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X is separable and reflexive Banach spaces. By [22], ‖ · ‖, ‖ · ‖2,p(·) and | 4 u|p(·) are equivalent norms of X.

Proposition 2. ([21,23]) For every ∀u ∈ Lp(x)(Ω), let J(u) =
∫

Ω |u|
p(x)dx, we have:

(1) |u|p(x) < 1(= 1;> 1)⇔ J(u) < 1(= 1;> 1) ;

(2) |u|p(x) ≥ 1⇒ |u|p
−

p(x)
≤ J(u) ≤ |u|p

+

p(x)
;

(3) |u|p(x) ≤ 1⇒ |u|p
+

p(x)
≤ J(u) ≤ |u|p

−

p(x)
;

(4) |u|p(x) → 0⇔ J→ 0 .

According to the Proposition 2, for u ∈ X, we can deduce the following conclusions:

||u||p
−

≤

∫
Ω

(
|∆u|p(x) + |∇u|p(x) + ρ(x)|u|p(x)

)
dx ≤ ||u||p

+
if ||u|| ≥ 1, (5)

||u||p
+
≤

∫
Ω

(
|∆u|p(x) + |∇u|p(x) + ρ(x)|u|p(x)

)
dx ≤ ||u||p

−

if ||u|| ≤ 1. (6)

The inequality of (5) and (6) play an important role in the deduction of main conclusions.

Proposition 3. ([10]) When p− > N
2 , Ω ⊂ RN is a bounded region, the X 7→ C(Ω) is a compact embedding.

According to the Proposition 3, ∀u ∈ X, there exists a constant K > 0 that depends on p(·), N, Ω:

||u||∞ = sup
x∈Ω
|u(x)| ≤ K||u||. (7)

Define the function Iλ : X→ R

Iλ(u) = Φ(u) − λΨ(u),

Φ(u) =
∫

Ω

|∆u|p(x)

p(x)
dx + M̂

(∫
Ω

|∇u|p(x)

p(x)
dx

)
+

∫
Ω

ρ(x)|u|p(x)

p(x)
dx, (8)

Ψ(u) =
∫

Ω
F(x, u)dx. (9)

where M̂(t) =
∫ t

0 M(s)ds, F(x, u) =
∫ u

0 f (x, t)dt.
The functional Φ, Ψ : X→ R are Gateaux differentiable functions, ∀v ∈ X, we have:

〈Φ′(u), v〉 =
∫

Ω
|∆u|p(x)−2∆u∆vdx + M

(∫
Ω

|∇u|p(x)

p(x)
dx

)∫
Ω
|∇u|p(x)−2

∇u∇vdx +
∫

Ω
ρ(x)|u|p(x)−2uvdx,

〈Ψ′(u), v〉 =
∫

Ω
f (x, u)vdx,

Furthermore, we can deduce that in order to find the weak solution of Problem (1), we can turn to
find the critical point of Iλ. ∀u ∈ X, ||u|| > 1, according to (5), we can get

Φ(u) ≥
1

p+
∫

Ω |∆u|p(x)dx + m0
∫

Ω
|∇u|p(x)

p(x) dx + 1
p+

∫
Ω ρ(x)|u(x)|

p(x)dx

≥
M−
p+ ||u||

p− ,

where M− = min{1, m0}. Clearly Φ is coercive.
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3. Main Results

The following results are due to Ricceri’s [24].

Theorem 1. ([24]) Suppose Banach space X is reflexive; Ψ, Φ : X→ R are Gateaux differential equations,
Ψ satisfies sequentially weakly upper semicontinuity, Φ satisfies coercive and sequentially weakly lower
semicontinuity. When r > inf

X
Φ, denote

ϕ(r) := in fu∈Φ−1((−∞,r))

sup
v∈Φ−1((−∞,r))

Ψ(v) −Ψ(u)

r−Φ(u)

and
γ := liminfr→+∞ϕ(r), δ := liminfr→(inf

X
Φ)+ϕ(r).

Hence, one has

(a) ∀r > inf
X

Φ and λ ∈ (0, 1
ϕ(r) ), the functional Iλ = Φ − λΨ has a global minimum in Φ−1((−∞, r)), which is

a critical point (local minimum) of Iλ in X.
(b) If γ < +∞, then, ∀λ ∈ (0, 1

γ ), one of the following two conclusions holds: either

(b1) Iλ has a global minimum, or
(b2) Iλ has a sequence local minimum (critical points) denoted by {un}, lim

n→+∞
Φ(un) = +∞.

(c) If δ < +∞, then, ∀λ ∈ (0, 1
δ ), one of the following two conclusions holds: either

(c1) Φ has a global minimum which is a local minimum of Iλ, or
(c2) Iλ has a sequence of pairwise distinct local minimum (critical points) which weakly converges to a
global minimum of Φ.

According Theorem 1, we can receive the following conclusions

Theorem 2. Suppose
(A1) ∀(x, t) ∈ Ω × [0,+∞), F(x, t) ≥ 0.
(A2) Denote S(x̃, l2) as a ball with center at x̃ and radius of l2, x̃ ∈ Ω, 0 < l1 < l2.S(x̃, l2) ⊂ Ω If we put

α := liminfσ→+∞

∫
Ω sup
|t|<σ

F(x, t)dx

σp−
,

β := limsupt→+∞

∫
S(x̃,l1)

F(x, t)dx

tp+
.

One has
α < Lβ,

where

L =
p−M−

p+Kp−(θ1 + m1θ2 + |ρ(x)|∞θ3)
,

θ1 =
π

N
2

Γ(1 + N
2 )

 2N
l22 − l21

p+

(lN2 − lN1 ),

θ2 =
2π

N
2

Γ(N
2 )

 2
l22 − l21

p+ lp
++N

2 − lp
++N

1

p+ + N
,
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θ3 =
2π

N
2

Γ(N
2 )

 lN1
N

+

 1
l22 − l21

p+∫ l2

l1
(l22 − r2)

p+
rN−1dr

,
Then, for every

λ ∈ Λ :=
M−

p+Kp−

(
1

Lβ
,

1
α

)
,

there exists a series of unbounded weak solutions to the problem (1).

Proof. Based on previous results, Φ, Ψ meet Theorem 1. Since Φ(0) = 0,Ψ(0) ≥ 0, then, when r > 0,
we have:

ϕ(r) ≤

sup
Φ(v)<r

∫
Ω F(x, v)dx

r
. (10)

From (A2), there exists a sequence {ξn} and ξn → +∞ as n→ +∞ , the following conclusion
is valid:

lim
n→+∞

∫
Ω sup
|t|<ξn

F(x, t)dx

ξ
p−
n

= α < +∞. (11)

From Proposition 2, ∀u ∈ X, we have:

Φ(u) ≥M−min
{
||u||p

−

p+
,
||u||p

+

p+

}
.

Put rn = M−
p+

(
ξn
K

)p−
for all n ∈ N. When u ∈ Φ−1(−∞, rn), we have Φ(u) < rn.

If ||u|| ≤ 1, we can deduce M−
p+ ||u||

p+ < rn, then ||u|| <
(

rnp+

M−

) 1
p+ .

If ||u|| ≥ 1, we can deduce M−
p+ ||u||

p− < rn, then ||u|| <
(

rnp+

M−

) 1
p−

.

Hence for n large enough (rn >M−),

||u|| <
(

rnp+

M−

) 1
p−

.

From (7),

|u(x)| < K
(

rnp+

M−

) 1
p−

= ξn

Then the inclusion of sets is valid

Φ−1(−∞, rn) ⊆
{
|u(x)| < ξn; u ∈ X

}
. (12)

From (10)–(12), we have

ϕ(rn) ≤

sup
Φ(v)<rn

∫
Ω F(x, v)dx

rn
≤

∫
Ω sup
|t|<ξn

p+Kp−F(x, t)dx

M−ξp−
n

. (13)

Combination condition (A2), We can get the following conclusion

γ ≤ liminf
n→+∞

ϕ(rn) ≤
p+Kp−α

M−
< ∞. (14)
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Hence, Λ ⊂ (0, 1
γ ).

Next step, we want to check that Iλ does not have global minimum for λ ∈ Λ. Indeed, since

1
λ
<

p+Kp−Lβ
M−

,

we consider a positive real sequence
{
ηn

}
→ +∞ as n→ +∞ and θ > 0 such that

1
λ
< θ <

p+Kp−L
M−

·

∫
S(x̃,l1)

F(x,ηn)dx

η
p+
n

. (15)

For n large enough, denote un ∈ X by

un(x) =


0, x ∈ Ω\S(x̃, l2),
ηn, x ∈ S(x̃, l1),
ηn

l22−l21
(l22 − |x− x̃|2), x ∈ S(x̃, l2)\S(x̃, l1).

(16)

Then
∂un(x)
∂xi

=

 0, x ∈ Ω\S(x̃, l2)∪ S(x̃, l1),
2ηn
l22−l21

(x̃i − xi), x ∈ S(x̃, l2)\S(x̃, l1),

∂2un(x)
∂x2

i

=

 0, x ∈ Ω\S(x̃, l2)∪ S(x̃, l1),
−2ηn
l22−l21

, x ∈ S(x̃, l2)\S(x̃, l1).

We see that ∫
Ω
|∆un|

p(x)dx =

∫
S(x̃,l2)\S(x̃,l1)

|∆un|
p(x)dx ≤ θ1η

p+
n , (17)∫

Ω
|∇un|

p(x)dx =

∫
S(x̃,l2)\S(x̃,l1)

|∇un|
p(x)dx ≤ θ2η

p+
n , (18)∫

Ω
|un|

p(x)dx =

∫
S(x̃,l1)

|ηn|
p(x)dx +

∫
S(x̃,l2)\S(x̃,l1)

|un|
p(x)dx ≤ θ3η

p+
n , (19)

therefore,

Φ(un) ≤
1

p−
(θ1 + m1θ2 + |ρ(x)|∞θ3)η

p+
n . (20)

At the same time, from (A1), we can get

Ψ(un) =

∫
Ω

F(x, un)dx ≥
∫

S(x̃,l1)
F(x,ηn)dx. (21)

from (15), (20) and (21). When n is sufficiently large, we can deduce that

Iλ(un) = Φ(un) − λΨ(un)

≤
1

p− (θ1 + m1θ2 + |ρ(x)|∞θ3)η
p+
n − λ

∫
S(x̃,l1)

F(x,ηn)dx

≤
M−

p+Kp−L
η

p+
n − λθ

M−

p+Kp−L
η

p+
n

< M−

p+Kp−L
(1− λθ)ηp+

n ,

(22)

so
Iλ(un) = −∞, as n→ +∞.

According to Theorem 1 (b), Theorem 2 is proved. �
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Theorem 3. Suppose (A1) holds and:
(A3) ∀x ∈ Ω, F(x, 0) = 0;
(A4) Let x̃ ∈ Ω, 0 < l1 < l2,

α0 := liminf
σ→0+

∫
Ω sup
|t|<σ

F(x, t)dx

σp+
,

β0 := limsup
t→0+

∫
S(x̃,l1)

F(x, t)dx

tp−
,

such that
α0 < L1β

0,

where

L1 =
p−M−

p+Kp+(θ′1 + m1θ
′

2 + |ρ(x)|∞θ
′

3)
,

θ′1 =
π

N
2

Γ(1 + N
2 )

 2N
l22 − l21

p−

(lN2 − lN1 ),

θ′2 =
2π

N
2

Γ(N
2 )

 2
l22 − l21

p− lp
−+N

2 − lp
−+N

1

p− + N
,

θ′3 =
2π

N
2

Γ(N
2 )

 lN1
N

+

 1
l22 − l21

p−∫ l2

l1
(l22 − r2)

p−
rN−1dr

,
Hence, for every

λ ∈ Λ1 :=
M−

p+Kp+

(
1

L1β
0 ,

1
α0

)
,

the problem (1) has infinity solutions which converges to 0.

Proof. According to (A3), we have minXΦ = 0.
{ξn} is a real sequence, ξn → 0+ as n→ +∞ and

lim
n→+∞

∫
Ω sup
|t|<ξn

F(x, t)dx

ξ
p+
n

= α0 < ∞. (23)

Put rn =
M−ξp+

n

p+Kp+ for all n ∈ N. Hence, by assumption (A4), we can get

δ ≤ liminf
n→+∞

ϕ(rn) ≤
p+Kp+

M−
·

∫
Ω sup
|t|<ξn

F(x, t)dx

ξ
p+
n

=
p+Kp+α0

M−
< +∞. (24)

It is clear that Λ1 ⊆ (0, 1
δ ).

We now show that Iλ does not take the local minimum at 0. For λ ∈ Λ1, we have

1
λ
<

p+Kp+L1β0

M−
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{
ηn

}
is a positive sequences ηn → 0+ as n→ +∞ . θ > 0 satisfies

1
λ
< θ <

p+Kp+L1

M−
·

∫
S(x0,R1)

F(x,ηn)dx

ηp−
. (25)

Let
{
un(x)

}
defined by (16), we have:

Φ(un) ≤
1

p−
(θ′1 + m1θ

′

2 + |ρ(x)|∞θ
′

3)η
p−
n . (26)

Combining (25) and (26), we have:

Iλ(un) = Φ(un) − λΨ(un) <
(1− λθ)M−ηp−

n

p+Kp+L1
< 0 = Iλ(0). (27)

According to Theorem 1 (c), Theorem 3 is proved. {un} is the solution satisfying the condition and
un → 0 . �

Example 1. Let Ω = ((−1, 1))2, M(t) = a + bt (a, b > 0) for all t ≥ 0, then m0 = a. p(x) defined on Ω by
p(x1, x2) = x1

2 + x2
2 + 3. {an} is an increasing sequence given by:

a1 = 2, an+1 = n(an)
2 + 2(n ≥ 1).

Define the function f : Ω ×R→ R by

f (x1, x2, t) =


(an+1)

6e
1− 1

1−(t−an+1)
2 +x1

2+x2
2

2(an+1−t)

[1−(t−an+1)
2]

2 , i f (x1, x2, t) ∈ Ω ×∪n≥1S(an+1, 1),

0, otherwise,

where S(an+1, 1) denotes a unit ball with center at an+1. Then we can calculate

F(x1, x2, t) =

(an+1)
6e

1− 1
1−(t−an+1)

2 +x1
2+x2

2

, i f (x1, x2, t) ∈ Ω ×∪n≥1S(an+1, 1),

0, otherwise,

F is nonnegative and F(x1, x2, 0) = 0 for (x1, x2) ∈ Ω. The maximum of F on Ω × S(an+1, 1) is:

F(x1, x2, an+1) = (an+1)
6ex1

2+x2
2 .

Therefore:

limsupn→∞
F(x1, x2, an+1)

an+1
5 = +∞.

Then we can then get

β = limsupt→+∞

∫
S(x̃,l1)

F(x1, x2, t)dx1dx2

t5 = |S(x̃, l1)|limsupt→+∞

F(x1, x2, t)
t5 = +∞,

where |S(x̃, l1)| is the measure of S(x̃, l1). On the other hand, by choosing σn = an+1 − 1, then we have
sup

|t|<σn
F(x1, x2, t) = (an)

6ex2
1+x2

2 .
Hence

limn→∞
sup

|t|<σn
F(x1, x2, t)

(an+1 − 1)3 = 0
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and:

liminfσ→+∞

sup
|t|<σF(x1, x2, t)

σ3 = 0.

Therefore:

α := liminf
σ→+∞

∫
Ω sup

|t|<σF(x1, x2, t)dx1dx2

σ3 = |Ω|liminfσ→+∞

sup
|t|<σF(x1, x2, t)

σ3 = 0 < Lβ = +∞,

Then from Theorem 2, for every λ > 0, the problem ∆
(
|∆u|x

2
1+x2

2+1∆u
)
−

(
a + b

∫
Ω
|∇u(x)|x

2
1+x2

2+3

x2
1+x2

2+3 dx
)
div

(
|∇u|x

2
1+x2

2+1
∇u

)
+ ρ(x)|u|x

2
1+x2

2+1u(x) = λ f (x, u) in Ω,

u = ∆u = 0 on ∂Ω,

exists as a series of unbounded weak solutions.

4. Discussion

When p(x) = p in problem (1), the corresponding conclusions were given in [4]. The study of a
nonlocal type problem involving p-biharmonic operator has been extended to the p(x)-biharmonic
operator and reached more general conclusions. The results obtained in this paper can provide a
theoretical basis for future research on such problems.

Author Contributions: The author is the only author responsible for the writing and revision of this manuscript.

Funding: Project support by the National Natural Science Foundation of China (No.11861078). The Project of
Science Research Fund of Yunnan Education Department (2019J0689).

Acknowledgments: We thank the referees for assisting in preparation of this manuscript.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Li, C.; Tang, C.L. Three solutions for a Navier boundary value problem involving the p-biharmonic.
Nonlinear Anal. 2010, 72, 1339–1347. [CrossRef]

2. Wang, F.; An, Y. Existence and multiplicity of solutions for a fourth-order elliptic equation. Bound. Value Probl.
2012, 2012, 1–9. [CrossRef]

3. Ferrara, M.; Khademloo, S.; Heidarkhani, S. Multiplicity results for perturbed fourth-order Kirchhoff type
elliptic problems. Appl. Math. Comput. 2014, 234, 316–325. [CrossRef]

4. Massar, M.; Hssini, E.M.; Tsouli, N.; Talbi, M. Infinitely many solutions for a fourth-order Kirchhoff type
elliptic problem. J. Math. Comput. Sci. 2014, 8, 33–51. [CrossRef]

5. Ayoujil, A.; EI Amrouss, A.R. On the spectrum of a fourth order elliptic equation with variable exponent.
Nonlinear Anal. 2009, 71, 4916–4926. [CrossRef]

6. Ayoujil, A.; EI Amrouss, A.R. Continuous spectrum of a fourth order nonhomogeneous elliptic equation
with variable exponent. Electron. J. Differ. Equ. 2011, 2011, 1–12.

7. Ge, B.; Zhou, Q.M.; Wu, Y.H. Existence of the p(x)-biharmonic operator with indefinite weight. Z. Angew.
Math. Phy. 2015, 66, 1007–1023. [CrossRef]

8. Heidarkhaniv, S.; Afrouzi, G.A.; Moradi, S.; Caristi, G.; Ge, B. Existence of one weak solution for
p(x)-biharmonic equations with Navier boundary conditions. Z. Angew. Math. Phy. 2016, 67, 1–13.

9. Kong, L. Multiple solutions for fourth order elliptic problems with p(x)-Biharmonic operators. Opusc. Math.
2016, 6, 253–264. [CrossRef]

10. Yin, H.H.; Xu, M. Existence of three solutions for a Navier boundary value problem involving the
p(x)-Biharmonic operator. Ann. Pol. Math. 2013, 109, 47–58. [CrossRef]

11. Miao, Q. Multiple Solutions for nonlinear navier boundary systems involving (p1(x), . . . ,pn(x)) biharmonic
problem. Discret. Dyn. Nat. Soc. 2016, 2016, 1–10. [CrossRef]

http://dx.doi.org/10.1016/j.na.2009.08.011
http://dx.doi.org/10.1186/1687-2770-2012-6
http://dx.doi.org/10.1016/j.amc.2014.02.041
http://dx.doi.org/10.22436/jmcs.08.01.04
http://dx.doi.org/10.1016/j.na.2009.03.074
http://dx.doi.org/10.1007/s00033-014-0465-y
http://dx.doi.org/10.7494/OpMath.2016.36.2.253
http://dx.doi.org/10.4064/ap109-1-4
http://dx.doi.org/10.1155/2016/3050417


Mathematics 2019, 7, 756 10 of 10

12. Alves, C.O.; Correa, F.J.S.A.; Ma, T.F. Positive solutions for a quasilinear elliptic equation of Kirchhoff type.
Comput. Math. Appl. 2005, 49, 85–93. [CrossRef]

13. Correa, F.J.S.A.; Figueiredo, G.M. On a elliptic equation of p-Kirchhoff type via variational methods. Bull. Aust.
Math. Soc. 2006, 74, 263–277.

14. Dai, G.W.; Hao, R.F. Existence of solutions for a p(x)-Kirchhoff-type equation. J. Math. Anal. Appl. 2009, 359,
275–284. [CrossRef]

15. Dai, G.W.; Wei, J. Infinitely many non-negative solutions for a p(x)-Kirchhoff-type problem with Dirichlet
boundary condition. Nonlinear Anal. 2010, 73, 3420–3430. [CrossRef]

16. Dai, G.W.; Li, X. On nonlocal elliptic systems of p(x)-Kirchhoff-type under Neumann boundary condition.
J. Math. Res. Appl. 2013, 33, 443–450.

17. Hssini, E.I.M.; Massar, M.; Tsouli, N. Existence and multiplicity of solutions for a p(x)-Kirchhoff type
problems. Bol. Soc. Paran. Mat. 2015, 332, 201–215. [CrossRef]

18. Miao, Q. Infinitely many solutions for nonlocal elliptic systems of (p1(x), . . . ,pn(x)) Kirchhoff type. Math. Meth.
Appl. Sci. 2016, 39, 2325–2333. [CrossRef]

19. Perera, K.; Zhang, Z.T. Nontrivial solutions of Kirhhoff-type problems via the Yang index. J. Differ. Equ.
2006, 221, 246–255. [CrossRef]

20. Massar, M.; Talbi, M.; Tsouli, N. Multiple solutions for nonlocal system of (p(x), q(x)) Kirchhoff type.
Appl. Math. Comput. 2014, 242, 216–226.

21. Fan, X.L.; Zhao, D. On the spaces Lp(x)(Ω) and Wm,p(x)(Ω). J. Math. Anal. Appl. 2001, 263, 424–446. [CrossRef]
22. Zang, A.; Fu, Y. Interpolation inequalities for derivatives in variable exponent Lebesgue-Sobolev spaces.

Nonlinear Anal. 2008, 69, 3629–3636. [CrossRef]
23. Yin, H.; Liu, Y. Existence of three solutions for a Navier boundary value problem involving the p(x)-biharmonic.

Bull. Korean Math. Soc. 2013, 50, 1817–1826. [CrossRef]
24. Ricceri, B. A general variational principle and some of its applications. J. Comput. Appl. Math. 2000, 113,

401–410. [CrossRef]

© 2019 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1016/j.camwa.2005.01.008
http://dx.doi.org/10.1016/j.jmaa.2009.05.031
http://dx.doi.org/10.1016/j.na.2010.07.029
http://dx.doi.org/10.5269/bspm.v33i2.24307
http://dx.doi.org/10.1002/mma.3642
http://dx.doi.org/10.1016/j.jde.2005.03.006
http://dx.doi.org/10.1006/jmaa.2000.7617
http://dx.doi.org/10.1016/j.na.2007.10.001
http://dx.doi.org/10.4134/BKMS.2013.50.6.1817
http://dx.doi.org/10.1016/S0377-0427(99)00269-1
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Preliminaries 
	Main Results 
	Discussion 
	References

