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1. Introduction

In 1967, Bregman [1] discovered an effective technique using the so-called Bregman distance
function Dy in the process of designing and analyzing feasibility and optimization algorithms.
This opened a growing area of research in which Bregman'’s technique was applied in various ways
in order to design and analyze some algorithms for solving not only feasibility and optimization
problems, but also algorithms for solving variational inequality problems, equilibrium problems, and
fixed point problems for nonlinear mappings (see [2—4]).

In recent years, several authors have been constructing algorithms for finding fixed points
of nonlinear mappings by using the Bregman distance and the Bregman projection (see [5,6] and
the reference therein). In 2003, Bauschke et al. [7,8] first introduced the class of Bregman firmly
nonexpansive mappings which is a generalization of the classical firmly nonexpansive mappings.
A few years ago, Reich [9] studied the class of Bregman strongly nonexpansive mappings and showed
the existence of their common fixed points.

Motivated by the aforementioned results, we investigate the new class of Bregman generalized
a-nonexpansive mappings. We prove the existence of fixed points for such mappings under some
conditions, and establish weak and strong convergence theorems regarding those fixed points. This is
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achieved by utilizing the Ishikawa and Noor iterative schemes, as well as Halpern’s algorithm to
generate a convergent sequence with desired properties.

Throughout this paper, we assume that E is a real Banach space with the norm | - || and the
dual space E*. We denote the value of x* € E* at x € E by (x,x*). If {x,},cn is a sequence in E,
we denote the strong convergence and the weak convergence of {x, },cn to a point x € E by x, — x
and x, — x, respectively.

Let C be a nonempty subset of E and T : C — C be a mapping. Then, a point x € C is called a
fixed point of T if Tx = x and the set of all fixed points of T is denoted by F(T). A mapping T : C — C
is said to be:

e  nonexpansive if
ITx~ Tyl < | —yll, VxyeC

e quasi-nonexpansive if F(T) # @ and
ITx =yl < [x—yl, VxeCyeFT)
o Suzuki-type generalized nonexpansive [10] if
1
sl =Tx| < lx—yll = [Tx - Tyl < [x —y[, VxyeC
° a-nonexpansive, where o < 1, if
ITx = Ty[|* < || Tx — yl* + aflx — Ty [ + (1 - 20) [lx = y|I*, Vx,y € C;
e generalized a-nonexpansive [11], where a € [0,1), if
1
Sllx =Tl < lx =yl

= [ITx = Ty|| < & Tx —yl| + allx = Ty[| + (1 = 2a)[x = y[l, Vx,ycC.

Let C be a nonempty subset of a Banach space E and T : C — C be a nonexpansive mapping.
Forany x; € C,

o  The Ishikawa iteration [12] is given by

{ Yn = ,BnTxn + (1 - ,Bn)xn; )

Xpt1 = YnTyn + (1 - ’)/n)xn, Vn eN,

where {B, },eny and {7, }nen are sequences in [0, 1) with some appropriate conditions.
e  The Noor iteration [13] is given by

Zy = “nTXn ‘l’ (1 - an)xn,
Yn = ,BnTZn + (1 - ,Bn)xn/ (2)
Xp1 = YnTyn + (1 - 'Yn)xnr Vn €N,

where {ay}yen, {Bntneny and {yn}lneny are the sequences in [0,1) with some
appropriate conditions.

A Banach space E is said to satisfy Opial’s property if, for any sequence {x, } ,c in E that converges
weakly to x € E, we have

limsup ||x, — x|| < limsup ||x, —y||, Yy € E\ {x}.

n—oo n—oo
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Opial’s property is a powerful tool that can be utilized to derive a weak or strong convergence of
some iterative sequences [14]. In fact, since every weakly convergent sequence is necessarily bounded,
we have limsup,,_, . [|x, — x|| and limsup,,_, . ||x, — y|| are finite.

Note that Opial’s property is satisfied in Banach spaces ¥ for 1 < p < oo, but not in L, [0, 27]
spaces for1 < p < coand p # 2.

Next, we recall the definition of a Bregman distance which is not a distance in the usual sense.
Let E be a Banach space and f : E — R be a strictly convex and Gateaux differentiable function.
Let Dy : E x E — R be defined by

D¢(x,y) = f(x) — f(y) — (x =y, Vf(y)), Y(x,y) € ExE. 3)

Then, we define The Bregman distance [15] between x and y to be D¢(x,y). In general, Dy is not
symmetric and does not satisfy the triangle inequality. Clearly, we have D¢(x,x) = 0, but D¢(x,y) =0
may not imply x = y, for instance, when f is a linear function on E. Moreover, since f is convex, it is
clear that D¢(x,y) > O forall x,y € E.

Let f : E — R be a strictly convex and Géteaux differentiable function and C C E be nonempty.
A mapping T : C — E is said to be:

e  Bregman nonexpansive if
Df(Tx, Ty) < Df(x,y), Vx,y € C;

e Bregman quasi-nonexpansive if F(T) # @ and

D¢(p, Tx) < Df(p,x), Vx € C, p € F(T);
e Bregman skew quasi-nonexpansive if F(T) # @ and

D¢(Tx,p) < Dg(x,p), Vx € C, p € F(T);
e Bregman nonspreading if

D¢(Tx, Ty) + Df(Ty, Tx) < Dg(Tx,y) + D¢(Ty,x), Vx,y € C.

Working with a Bregman distance D¢ with respect to f, the following Opial-like inequality holds [16]:
for any Banach space E and sequence {x, },cy in E, we have

lim sup Df(xn,x) < limsup Df(xn,y), 4)

n—o0 n—o0

whenever x,, — x # y (see Lemma 4 for details). This is called the Bregman—Opial property.

Inspired by the property, we propose a new class of Bregman generalized a-nonexpansive mappings
by using the Bregman distance as follows:

For any « € [0,1), amapping T : C — C is said to be Bregman generalized a-nonexpansive if

D¢(Tx, Ty) < aDf(Tx,y) +aDy(x, Ty) + (1 —2a)D¢(x,y), VYx,y € C. (5)
Let us give an example of a Bregman generalized a-nonexpansive mapping where F(T) # @.

Example 1. Let f : R — R be a mapping defined by f(x) = x*. The associated Bregman distance is given by

Dp(x,y) = x* —y* — (x —y)(4y°)
=x* 43yt —dx®, Vx,y e R
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Now, we define a mapping T : [0,0.9] — [0,0.9] by
Tx = x2, Vx € [0,0.9].

It is easy to verify that F(T) = {0}. While T is not a generalized n-nonexpansive mapping, it is indeed a
Bregman generalized a-nonexpansive mapping with respect to D in the sense of the equation (5). Indeed, define
a mapping ¢ : [0,0.9] x [0,0.9] — R by

g(x,y) = aD¢(Tx,y) +aDs(x, Ty) + (1 — 2a)Ds(x,y) — Df(Tx, Ty), Yx,y € [0,0.9],

e Dy(Tx,) = F(Tx) = F(y) — (Tx — y, V() =8 + 3yt — 458,
D¢(x, Ty) = f(x) = f(Ty) — (x = Ty, Vf(Ty)) = x* + 3y° — 4x°,
Dg(x,y) = f(x) = f(y) = (x =y, Vf(y)) = x* +3y* —4xy’,
Dy(Tx, Ty) = f(Tx) — f(Ty) — (Tx — Ty, Vf(Ty)) = x® +3y® — 4x°.

Then, we have

g(x,y) = aD¢(Tx,y) +aDs(x, Ty) + (1 — 2a)Ds(x,y) — D¢ (Tx, Ty)
= a(x® + 3y* — 4x%®) + a(x* +3y® — dxy®)
+ (1 —2a) (x* + 3y* — 4xy®) — (28 + 3% — 4x%y®).
= (1—a)(x* +3y* — 2% —3®) + 4x? (x(2— y3) + xy® — x).

If we take o € [}, 1), then we can verify that g(x,y) > 0 for all x,y € [0,0.9] as shown in Figure 1. Hence, T
is a Bregman generalized a-nonexpansive mapping.

Our paper is organized as follows: in Section 2, we state several definitions and known results
about Banach space and Bregman distance. In Section 3, we apply the Bregman-Opial property
to present some fixed point theorems and we prove some weak and strong convergence theorems
for Bregman generalized a-nonexpansive mappings in Banach spaces. In Section 4, we give some
numerical examples to illustrate the main results, which extend and generalize the results of Suzuki [10],
Pant et al. [11] and Naraghirad et al. [17].

2. Preliminaries

In this section, we introduce necessary definitions and results to be used later on.
LetS={x € E:|x| =1}

x+y

e A Banach space E is said to be strictly convex if || = H < 1 whenever x,y € Sand x # y.

e The space E is also said to be uniformly convex if, for all € € (0,2], there exists 6 > 0 such that
=y H <1-6.

e A Banach space E is said to be smooth if

x,y € Sand ||x —y| > e imply

Lty — ]
t—0 t

(6)

exists forall x,y € S.
e  The space E is also said to be uniformly smooth if the limit (6) is attained uniformly in x,y € S.

Note that the following are well known:

(1) Every uniformly convex Banach space is strictly convex and reflexive.
(2) A Banach space E is uniformly convex if and only if E* is uniformly smooth.
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(8) If Eisreflexive, then E is strictly convex if and only if E* is smooth (see, for instance, Takahashi [18]
for more details).

Let E be a smooth Banach space and let f(x) = ||x||? for all x € E. Then, it follows that
Vf(x) = 2Jx for all x € E, where | is the normalized duality mapping from E into E*. Hence,
D¢(x,y) = ¢(x,y) ([19]), where ¢ : E x E — R is defined as follows:

¢(x,y) = x> = 2(x, Jy) + |yl V(xy) € ExE. @)

If E is a Hilbert space, the Equation (7) reduces to Df(x,y) = ||lx — y||.

A function f : E — (—0c0, 40| is said to be proper if the dom f = {x € E : f(x) < oo} # @.Itis
also said to be lower semi-continuous if the set {x € E : f(x) < r} is closed for all » € R. The function f
is said to be convex if

flax+(1-a)y) < af(0) + (1 - 0)f(y), VryeE ac (01). ®)

It is also said to be strictly convex if the strict inequality holds in the inequality (8) forall x,y € dom f
with x #yand a € (0,1).

In the sequel, we shall denote by I'(E) the class of proper lower semi-continuous convex functions
on E.

For each f € I'(E), the subdifferential of of f is defined by

of (x) ={x*" € E*: f(x)+(y —x,x") < f(y), Yy € E}, Vx € E.

Rockafellar’s theorem [20,21] ensures that 0f C E x E* is maximal monotone. If f € T'(E) and
g : E — Ris a continuous convex function, then d(f + g) = df + dg. For each f € T'(E), the (Fenchel)
conjugate function f* of f is defined by

F1() = sup{(x ) = F()), V' € B
It is well known that
F(x)+ f5(x*) > (x,x*), V(x,x*) € E x E*,

and (x, x*) € 9f is equivalent to
f)+ () = (x,x7), ©

We also know that, if f € T(E), then f* : E* — (—oo,+o0] be a proper weak® lower
semi-continuous convex function (see Phelps [22] for more details on convex analysis).

In the sequel, we shall denote by I'*(E*) the class of proper weak™ lower semi-continuous convex
function on E*.

Let f : E — R be a convex function.

e Forany x € E, the gradient V f(x) of f is defined to be the linear functional in E* such that

V) = tim TETZIE) gy g

t—0

e The function f is said to be Gateaux differentiable at x if (—, V f(x)) € E* for all x € E. In this case,
we denote (—, Vf(x)) by Vf(x).

e  The function f is also said to be Fréchet differentiable at x if, for all € > 0, there exists § > 0 such
that ||y — x|| < J implies (see [6])

f(y) = f(x) =y =2, V)| <elly — x|
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e A convex function f : E — R is said to be Giteaux differentiable on E (Fréchet differentiable
on E, respectively) if it is Gateaux differentiable everywhere (Fréchet differentiable everywhere,
respectively).

We know that, if a continuous convex function f : E — R is Gateaux differentiable on E, then V f
is norm-to-weak” continuous on E. We also know that, if f is Fréchet differentiable on E, then Vf is
norm-to-norm continuous on E (see Butnariu and Iusem [15]).

Let S;(xo) = {x € E : ||x — x¢|| = r} be the closed unit sphere with the radius r > 0 centered at
xg € E in a Banach space E.

e A function f : E — R is said to be strongly coercive if, for any sequence {x, },cny such that ||x,||
converges to oo, we have
i f(xn) .
im —— =
n=o ||xy
e [Itisalso said to be bounded on bounded sets if f(Sy(xp)) is bounded for eachr > 0. Let S = {x € E :
||x|| = 1} be the unit sphere of E.
e Afunction f : E — Ris said to be uniformly convex on bounded sets [23] (pp. 203, 221) if p,(t) > 0
forallr,t > 0, where p; : [0, +00) — [0, +o0] is called the uniform convexity of f defined by

nf af(x)+ (1 —a)f(y) — flax+ (1 —a)y) Vs 0
—yll=tae(0,1) a(1—a) , VE2>0.

t) = 1
Pr( ) x,y€5,(0),[|x

It is known that p,(f) is a nondecreasing function. The function f is also said to be locally uniformly
smooth on bounded sets ([23], pp. 207, 221) if the function o; : [0, +00) — [0, +c0] defined by

af(x + (1 —a)ty) + (1 —a)f(x — aty) — f(x)
a(l—a)

o(t) = sup
x€5,(0),yeSg,ae(0,1)

satisfies

o, (t
lim r():o, Vr > 0.
tl0

If f : E — R is uniformly convex on bounded sets of E, then we have

flax+ (1 —a)y) <af(x) + (1 —a)f(y) —a(l —a)or(lx —yll) (10)

forall x,yin S,(0) and & € (0,1).
Let E be a Banach space and f : E — R be a strictly convex and Gateaux differentiable function.
By the Equation (3), the Bregman distance Dy satisfies [24]

Dy(x,2) = Dp(x,y) + Dy(y,2) + (x — y, VF(y) - VF(2)), Vx,y,z € E. a1

In particular, we have

D¢(x,y) = —Ds(y,x) +(y — x,Vf(y) = Vf(x)), YVx,y € E. (12)

The following definition is slightly different from that in Butnariu and Iusem [15] (p. 65) and
Koshsaka [6]:

Definition 1. Let E be a Banach space. Then, a function f : E — R is said to be a Bregman function if the
following conditions are satisfied:

(a) f is continuous, strictly convex and Gateaux differentiable;
(b) theset {y € E: Ds(x,y) < r} is bounded for all x € E and r > 0.
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The following lemma follows from Butnariu and Iusem [15] and Zalinscu [23]:

Lemma 1. Let E be a reflexive Banach space and let f : E — R be a strongly coercive Bregman function. Then,
we have the following:

Vf : E — E* is one-to-one, onto and norm-to-weak™ continuous.

(¥ — 4, V(x) — V() = O ifand only if x .

{x € E: D¢(x,y) < r} is bounded for all y in E and r > 0.

dom f* = E*, f*is Gateaux differentiable function and V f* = (V)L

L=

Let C be a nonempty closed convex subset of a reflexive Banach space E. Let f : E =+ Rbea
strictly convex and Géteaux differentiable function. Then, it follows from [25] that, for any x € E and
xo € C, we have

D¢(xg,x) = min D¢ (y, x).
£ (%0, %) rynelg (Y, x)

The Bregman projection proj- from E onto C is defined by projjé(x) = xp for all x € E. Itis well
known that xo = pro jf (x) if and only if

(y —x0, Vf(x) = Vf(xg)) <0, Vy €C. (13)
It is also known that pro ]{: from E onto C has the following property:
Dy(y, proj(x)) + Dy(projl-(x),x) < Dy(y,x), ¥y € C, x € E. (14)

f

For more details on Bregman projection proj, see Butnariu and Tusem [15].
Now, we have the following propositions (see Zalinscu [23] (pp. 222, 224)):

Proposition 1. Let f € T'(E) be convex. Consider the following statements:

1. f is bounded and uniformly smooth on bounded sets;
2. fis Fréchet differentiable on E = dom f and V f is uniformly continuous on bounded sets;
3. f*is strongly coercive and uniformly convex on bounded sets.

Then, we have 1 <= 2 <= 3. Moreover, if f is strongly coercive, then we also have 1 = 3. In this case, E* is
reflexive (also E is reflexive if E is a Banach space).

Proposition 2. Let f € T'(E). Consider the following statements:

1. f is strongly coercive and uniformly convex on bounded sets;
2. f*is bounded and uniformly smooth on bounded sets;
3. f*is Fréchet differentiable on E* dom f* and V f* is uniformly continuous on bounded sets.

Then, we have 1 = 2 <= 3. Moreover, if f is bounded on bounded sets then 2 = 1. In this case E* is
reflexive (also E is reflexive if E is a Banach space).

The following result was first proved in Kohsaka and Takahashi [6] (see Lemma 3.1, p. 511):

Lemma 2. Let E be a Banach space and let f : E — R be a Gateaux differentiable function, which is uniformly
convex on bounded sets. Let {xy},en and {yn }nen be bounded sequences in E and nh_r)rolo D¢(xn,yn) = 0,

then we have lim ||x, —y, ||=0.
n—oo

The following lemma is slightly different from that in Kohsaka and Takahashi [6] (see
Lemmas 3.2 and 3.3, pp. 511, 512):
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Lemma 3. Let E be a reflexive Banach space, let f : E — R be a strongly coercive Bregman function and V be
the function defined by

V(x,x*) = f(x) = (x,x") + f*(x¥), Vx € E, x" € E*.
The following assertions hold:

1. Dy(x,Vf*(x*)) = V(x,x*) forall x € E and x* € E*.
2. V(x,x*)+(Vf*(x*) —x,y*) < V(x,x*+y*) forall x € E and x*,y* € E*.

It also follows from the definition that V is convex in the second variable x* and

V(x,Vf(y)) = Ds(x,y).
The following result was proved by Huang [16]:

Lemma 4. Let E be a Banach space and f : E — R be a strictly convex and Gateaux differentiable function.
Suppose that {x, } ,en is a sequence in E such that x, — x for some x € E. Then,

limsup D¢ (xp, x) < limsup D¢ (xn, )

n—o0 n—o0

for all y in the interior of dom f with y # x.

Let C be a nonempty closed convex subset of a reflexive Banach space E. Let {x,},cn be a
bounded sequence in E and f € I'(E) be Gateaux differentiable function. For any x € E, we set

Br(x,{xx}) = limsup Df(xp, x).

n—o0

e The Bregman asymptotic radius of {xy } ,cn relative to C is defined by
Br(C,{xn}) = inf{Br(x,{x,}) : x € C}.
e The Bregman asymptotic center of {xy } ,cn relative to C is defined by
BA(C,{xn}) = {x € C: Br(x,{x,}) = Br(C, {x,})}.
The following result was proved by Naraghirad [17]:

Proposition 3. Let E be a reflexive Banach space and f : E — R be strictly convex, Giteaux differentiable
function, bounded on bounded sets. Let C be a nonempty closed convex subset of E. If {xy } en is a bounded
sequence of C, then BA(C, {xn }nen) = {z} is a singleton.

Proof. In view of the definition of Bregman asymptotic radius, we may assume that {x, } ,cn converges
weakly to z € C. By Lemma 4, we conclude that BA(C, {x, },en) = {z}. O

Let S be a nonempty set and B(S) be the Banach space of all bounded real-valued functions on S
with the supremum norm. Let E be a subspace of B(S) and u be an element of E*. Then, we denote by
u(f) thevalueof pat f € E. Ife(s) = 1 forall s € S, sometimes y(e) will be denoted by :(1). When E
contains constants, a linear functional y on E is called a mean on E if ||u|| = u(1) = 1 (see, for instance,
Takahashi [18] for more details).

Theorem 1. Let E be a subspace of B(S) containing constants and let y be a linear functional on E. Then, the
following conditions are equivalent:
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1. ||ul| = pu(1) =1,ie., pisameanonE.
2. The inequalities

inf f(s) < p(f) <sup f(s)

seS =r

hold for each f € E.

Let [*® be the Banach lattice of bounded real sequences with the supremum norm and y be a linear
continuous functional on . Let x = (x1, X, - - - ) be a sequence in [*. Then, sometimes we denote by
pn(xn) the value u(x).

Theorem 2. (The existence of Banach limit) There exists a linear continuous functional p on 1°° such that
Il = (1) = 1 and u(xn) = p(xos1) for each x = (1, %, -) € I,

Note that

1. If{xp}nen € 1®° and x,, > 0 for each n € N, then p(x,) > 0.
If x, = 1foreachn € N, then p(x,) = 1.

Such a functional y is called a Banach limit and the value of i at {x,, },cn € [ is denoted by p,xy
(see, for example [18].)
The following lemmas were proved by Reich and Sabach [26]:

Lemma 5. Let E be a reflexive Banach space and let f : E — R be strictly convex, continuous, strongly coercive,
Gateaux differentiable function, and bounded on bounded sets. Let C be a nonempty, closed and convex subset of
E.Let T : C — E be a Bregman quasi-nonexpansive mapping. Then, F(T) is closed and convex.

The following result was proved by Mainge [27]:

Lemma 6. Let {ay,},cn be a sequence in R with a subsequence {ay, };icy such that a,, < a, 41 foreachi € N.
Then, there exists another subsequence {am, }ren such that, for all (sufficiently large) number k, we have

Amye < Amye41, Ak < Ayg+1-
In fact, we can set my = max{j <k:a; <aj;1}.
Lemma 7 ([28]). Let {sy },cn be a sequence of nonnegative real numbers satisfying
Sut1 < (1= 7n)Sn +Ynbn, V21,

where {7y }nen and {6, } e satisfy the following conditions:

(@) {Yn}nen C [0,1] and L3> yy = 00 o, equivalently, [T 1 (1 — 7v,) = 0;
(b) limsup d, < 0o0r X371 yndn < 0.

n—o0

Then, we have lim s,, = 0.
n—oo

3. The Main Results

3.1. Approximating Fixed Points

In this section, we obtain some fixed point theorem for a generalized a-nonexpansive mapping
with respect to the Bregman—Opial property.
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Lemma 8. Let f : E — R be a strictly convex and Giteaux differentiable function. Let C be a nonempty closed
convex subset of a reflexive Banach space E. Let T : C — E be a Bregman generalized a-nonexpansive mapping.
Then, we have

D¢(x, Ty) < Ds(x, Tx) + (1 —a)Ds(x,y) +aDs(Tx, Ty)
+a{x —Tx,Vf(y) — Vf(Ty)) + (x — Tx, Vf(Tx) — Vf(Ty)), Vx,y € C.

Proof. Let x,y € C. In view of the equation (11), we have

D¢(Tx, Ty) < aDg¢(Tx,y) +aDs(x, Ty) + (1 — 2a) D¢ (x,y)
= «[D¢(Tx,x) + Ds(x,y) + (Tx — x, Vf(x) = Vf(y))]
+a[Df(x, Tx) + Dp(Tx, Ty) + (x — Tx, Vf(Tx) — Vf(Ty))]
+ (1 —2a)D¢(x,y)
= aD¢(Tx,x) +aDs(x,y) + a(Tx —x, Vf(x) = Vf(y))
+aDg(x, Tx) +aD¢(Tx, Ty) + a{x — Tx, Vf(Tx) — Vf(Ty))
+(1—2a)D¢(x,y)
= Dy(Tx,x) + (1 —a)Ds(x,y) + aDg(x, Tx) + aDf(Tx, Ty)
T a(Tx — x, Vf(x) - VF(y) +alx - Tx, VF(Tx) — VA(Ty))
= —aDg(x, Tx) + a(x — Tx, Vf(x) — Vf(Tx))
+ (1 —a)Dg(x,y) +aDs(x, Tx) +aD¢(Tx, Ty)
- a(Tx = x, Vf(x) = V£(y) +alx — Tx, VF(Tx) - V(Ty))
= (1—-a)Ds(x,y) +aDs(Tx, Ty)
+alx = Tx, Vf(y) = Vf(Ty)) + a(x = Tx, Vf(Tx) = Vf(Ty))
= (1-a)Ds(x,y) +aD¢(Tx, Ty) + af{x — Tx, Vf(y) — Vf(Ty)).

This, together with the equation (11), implies that
D¢(x,Ty) = Ds(x, Tx) + D¢(Tx, Ty) + (x — Tx, Vf(Tx) — Vf(Ty))

< Dg(x, Tx) + (1 — a)Ds(x,y) + aD¢(Tx, Ty)
+a(x = Tx, Vf(y) = VF(Ty)) + (x = Tx, Vf(Tx) = Vf(Ty)).

This completes the proof. [

Proposition 4. (Demiclosedness Principle) Let f : E — R be a strictly convex, Giteaux differentiable function
and bounded on bounded sets function. Let C be a nonempty subset of a reflexive Banach space Eand T : C — E
be a Bregman generalized a-nonexpansive mapping. If x, — z in C and nh_r)r;o | Txp — xy ||= 0, then we have
Tz =z

Proof. Since {x, },cn converges weakly to z and lim,, .« || Tx, — X5, ||= 0, both the sequences {x, } ,en
and {Tx, },cn are bounded. Since V f is uniformly norm-to-norm continuous on bounded subsets of
E (see, for instance, [23]), we arrive at

tim |V ()~ Vf(Tx) || = 0.

In view of Lemma 2, we deduce that 1311 D f(xn, Tx,) = 0. Set
n (o)

My = sup{[[Vf(xa) L IVF(Tx) [ IV ()L [IVF(T2)] : n € N} < o0,
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By Lemma 8, it follows that, forall n € N,

Df(xn,Tz) < Df(xn,Txn) (1-— oc)Df(xn,
+a(xn — Txy, Vf(z) = Vf(Tz
+ af

) +aDg(Txn, Tz)
)+ (xn — Txn, Vf(Txy) = Vf(Tz))
—Df(xn,T n) + (1—a)Df(xn, z)
a[Df(Txpn, xn) + Dp(xn, Tz) + (Txn — xu, V f (xn) — Vf(T2))]
+a(xy, — Txy, Vf(z) = Vf(Tz)) + (xp — Txn, Vf(Txy) — Vf(Tz))

= Dg(xn, Txn) + (1 — &) Dg(xn, 2)

+aD¢(Txn, xn) +aDg(xn, Tz) + a(Txn — x0, Vf(xn) — Vf(T2))

+a(xy —Txn, Vf(z) = Vf(Tz)) + (xn — Txn, Vf(Txy) — Vf(T2))
= Df(xn,Txn) +(1- rx)Df(xn,z)

— tfo(xn, Txn) + a(xy — Txp, Vf(xn) — Vf(Txy))

+ an(xn/ TZ) +D‘<xn — Txy, Vf(TZ) - vf<x”)>

+a(xy — Txy, Vf(z) = Vf(Tz)) + (xn — Txn, Vf(Txn) — Vf(T2))
= (1 —a)Dg(xn, Txn) + (1 —a)Ds(xn,2) + aDf(xn, Tz)

+a(xy — Txn, Vf(z) = V(Txn)) + (xn — Txy, Vf(Txn) — Vf(T2))
< (1 —a)D¢(xn, Txy) + (1 — a)D¢(xn,z) + aDs(xn, Tz)

+alln = Txall[VF(z) = VF(Txa)]

+ [lxn = Txa|[[[Vf(Txn) = VF(Tz)]
<(1- ac)Df(xn, Txn) + (1 — uc)Df(xn,z) + (fo(xn,Tz)

+ 2aMy||xp — Txpl|| + 2My || xn — Txy||
<(1- uc)Df(xn, Txn) + Df(xn,z)

+2aMy || xn — Txn || +2My ||xy — Txu |,

which implies that
limsup D¢ (xp, Tz) < limsup Dg(xn, z).

n—oo n—o0

Therefore, it follows from the Bregman—Opial-like property that Tz = z. This completes the proof. O

By Theorem 2, we can derive the following result, in which examples of the mapping T satisfying
all the conditions can be found in Hussain [5].

Theorem 3. Let f : E — R be a strictly convex, continuous, strongly coercive, Giteaux differentiable function,
bounded on bounded sets and uniformly convex on bounded sets of E. Let C be a nonempty closed convex subset
of a reflexive Banach space E and T : C — C be a mapping. Let {x, },en be a bounded sequence of C and p be a
mean on [*°. Suppose that

#nDf(xn, Ty) < pnDys(xn,y), Vy € C.

Then, T has a fixed point in C.

Corollary 1. Let f,C and T be given as above. If C is also bounded and T : C — C is a Bregman generalized
x-nonexpansive mapping, then T has a fixed point.

Proof. Let y be a Banach limit on [*® and x € C be such that {T"x},cy is bounded. For each n € N,
we have

D¢(T"x, Ty) < aDf(T"x,y) + tfo(T”*lx, Ty)+ (1— Za)Df(Tnflx,y), vy € C.
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This implies that

unDp(T"x, Ty) < apnD¢(T"x,y) + apnD¢(T"x, Ty) + (1 — 20)pun D (T"x,y)
< (L= a)unDp(T"x,y) + apnDp(T"x, Ty).
Thus, we have
unD¢(T"x, Ty) < unD¢(T"x,y), Vy € C.
Therefore, it follows from Theorem 3 that F(T) # @. This completes the proof. [I

3.2. Weak and Strong Convergence Theorems for Bregman Generalized a-Nonexpansive Mappings

In this section, we prove some weak and strong convergence theorems concerning Bregman
generalized a-nonexpansive mappings in a reflexive Banach space. Naraghirad [17] proves the
following lemma.

Lemma9. Let f : E — R be a strictly convex and Gateaux differentiable function. Let C be a nonempty closed
convex subset of a reflexive Banach space E and T : C — C be a Bregman skew quasi-nonexpansive mapping
with F(T) # @. Let {x } nen and {yn } nen be the sequences defined by the Ishikawa iteration:

Yn = BuTxn+ (1= Bn)xn, 15)
Xn41 = YnTyn + (1= yu)xn, Vn €N,

where { By} nen and {yn tnen satisfy the following control conditions:

(a) 0 <y, < By <1forallneN;

(b) lim B, =0;

71?000

©) E57uBn = oo.

Then, the following assertions hold:

1. max{Df(xy41,2), Df(yn,z)} < Ds(xn,z) forallz € F(T) and n € N.
2. ILm Dy (xn, z) exists for any z € F(T).
n—oo

Proof. 1. Letz € F(T). In view of inequality (10), we have

D¢(yn,z) = Df(BnTxn + (1 — Bn)xn, 2)
< ,Ban(Txn,z) +(1— ,Bn)Df(xan) — Bn(1 - ,Bn)Pr(HTxn/Z) - (xn/Z)H)
< ,Ban(xn,Z) +(1- 5n)Df(xan)
= Df(xn,2).

Consequently, we get

Dy (xnt1,2) = Dp(ynTyn + (1 — yn)xn, 2)
< 1D (Tyn,z) + (1 = 1) Dy (xn,2) = Yu(1 = yu)pr (I Tyn, 2) — (xu, 2)1)
< MnDg(yn 2) + (1 = 1) Dy (xn, 2)
< YuDf(xn,2) + (1 = 7n) Df(xn, 2)
= D¢(xn, 2)-
Therefore, we have 1.
2. Since Df(xy41,2) < Df(xn,z) for eachn € N, {Df(xy, 2) }nen is a bounded and nonincreasing

sequence for all z € F(T). Thus, we have limy,—,c D (xy, z) exists for any z € F(T). This completes the
proof. O
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Theorem 4. Let f : E — R be a strictly convex, Giteaux differentiable function, bounded on bounded sets and
uniformly convex on bounded sets of E. Let C be a nonempty closed convex subset of a reflexive Banach space E
and T : C — C be a Bregman generalized a-nonexpansive and Bregman skew quasi-nonexpansive mapping.
Let {Bn}nen and {yn}nen be the sequences in [0,1) and {x, },en be the sequence defined by the Ishikawa
iteration with x, € C. Assume that lim |xn — Txp|| = 0. Then, we have the following:

1. If{xu}nen is bounded and ligg;lf | Txp — x4|| =0, then F(T) # @.
2. IfF(T) # @, then {x, } yen is bounded.

Proof. 1. By Corollary 1, we see that the fixed point set F(T) of T is nonempty. Assume that {x, },en

is bounded and linl inf || Tx, — x, ||= 0. Consequently, there is a bounded subsequence {Txy, }ren
n—o00
of {Txy },en such that klim | Txn, — xp, || = 0. Since Vg is uniformly norm-to-norm continuous on
—r 00

bounded sets of E (see, for example, [23]), we have
lim [[V£(Tx,) V£ ()| = 0.
— 00
In view of Proposition 3, we conclude that BA(C, {x;, }) = {z} for some z in C. Let
My = sup{||Vf(xn )l IV f(Txn )|, V£ @], [[VF(T2)]| : k € N} < 0.
It follows from Lemma 4 that

D¢ (xn,, Tz) < Df(xnk, Txn,) + (1 —a)Dg(xpy, z) + aDg(Txy,, Tz)
+ a(xn, — Txtny, Vf(z) = Vf(Tz)) + (xn, = T, V(Txy,) — Vf(Tz))
= Df(xnk, Txn,) + (1 —a)Df(xpy, 2)
+ alD(Titny ) + Dy (o T2) + (T, — 2y, Vf (k) — VF(T2))]
(tn, — Ttn, V£(2) = VA(T2)) + (5, — T, VF(Tx,) — VF(T2))
= Df(xpy, Txn) + (1 — a) D¢ (xn,, 2)
+aDg(Txp, xn,) + aDg(xn, Tz) + a(Txn, — Xn,, Vf(xn,) — Vf(T2))
+a(xy, — Txn, Vf(z) =V (Tz)) + (xn, — Txn,, Vf(Tx,, ) — Vf(Tz))
= Dy (xn, Txn,) + (1 — ) Ds(xn, 2)
- D‘Df(x"k'Tx"k) + a(xn, — Txp, Vf(xn) = Vf(Txn,))
+aDg(xpy, Tz) + a{xy, — Txy, Vf(Tz) = Vf(xn,))
+a(xy, — Txn, Vf(z) =V (Tz)) + (xn, — Txn,, Vf(Tx,, ) — Vf(Tz))
= (1 —a)Dy¢(xny, Txn,) + (1 — &) Df(xn;, 2) + Dy (xn,, Tz)
+ a2, — Ttn,, Vf(2) = Vf(Txtn)) + (X = T, Vf(Txtny) = V(T2))
< (1= a)Dy(xn,, Txn,) + (1 — a)Dg(xny, z) + aDy(xn,, Tz)
i, — T [V £(2) = VAT || + 10, — T [V £(T) — VE(T2)]|
< (1 —a)Ds(xn, Txy) + (1 — &) D¢ (xn,, 2) + aDy(xn,, Tz)
 20My [, — T ||+ 2My [, — T, |
< (1 —a)Ds(xn, Txyy) + Dy (xn,, 2)
- 20My [ — T ||+ 2M [, — T, |
for each k € N. This implies
lim sup Df(xnk,Tz) < limsup Df(xnk,z).

n—oo n—oo
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From the Bregman—Opial-like property, we obtain Tz = z.
2. Let F(T) # @ and let z € F(T). It follows from Lemma 9 that Jim |xn — z ||= 0 exists and

hence {xy, },cn is bounded. This implies that the sequence { Ty, },cn is bounded too. This completes
the proof. O

Theorem 5. Let f : E — R be a uniformly convex, Gateaux differentiable function and bounded subset on
bounded sets of E. Let C be a nonempty closed convex subset of a reflexive Banach space E. Let T : C — C bea
Bregman generalized a-nonexpansive and Bregman skew quasi-nonexpansive mapping with F(T) # @. Let
{Bn}nen and {yn}nen be the sequences in [0,1) and {x, },cn be the sequence with x1 € C defined by the
Ishikawa iteration. Then, the sequence {x, },cN converges weakly to a fixed point of T.

Proof. By Corollary 1, we see that the fixed point set F(T) of T is nonempty. It follows from Theorem 4
that {x, },cn is bounded and nlgrolo ITy, — xx|| = 0. Since E is reflexive, there exists a subsequence
{xn, }ien of {x }yen such that x,, = p € Casi — co. By Proposition 4, we have p € F(T).

Now, we claim that x, — p as n — co. If not, then there exists a subsequence {xy, }icny of {X; }nen
such that {xn]. }jen converges weakly to a point g € C with p # g. In view of Proposition 4 again,
we conclude that g € F(T). By Lemma 9, nh_r>ro10 D¢(xn, z) exists for all z € F(T). Thus, it follows from
the Bregman—Opial-like property that

n—oo

lim Df(xnf p) = 115?0 Df(xni'p) < 11523 Df(xfli/ q)

= lim Dy(xy,q) = ]lgf}o Dy (xn;,q)

n—oo

< lim Df(xn],,p) = lim Df(xn,p),

j—)OO n—o0

which is a contradiction. Thus, we have p = g and the desired assertion follows. This completes the
proof. O

Theorem 6. Let f : E — R be a uniformly convex, Giteaux differentiable function bounded subset on
bounded sets of E. Let C be a nonempty closed convex subset of a reflexive Banach space E. Let T : C — C
the Bregman generalized a-nonexpansive and Bregman skew quasi-nonexpansive mapping. Let {Bn}nen,
{vn}nen be the sequences in [0,1) and {x, },cn be the sequence with x1 € C defined by the Ishikawa iteration.
Then, the sequence {xy },cn converges strongly to a fixed point z of T.

Proof. By Corollary 1, we see that the fixed point set F(T) of T is nonempty. In view of Theorem 4,
it follows that {xy, },,en is bounded and lirg inf | Tx, — x| = 0. By the compactness of C, there exists a

subsequence {xy, }ren of {xy }nen such that {x, }reny converges strongly to a point z € C. In view of
Lemma 2, we deduce that klim D f(xnk, z) = 0.
—r 00

Now, we assume that klim | Txy, — x4, || = 0and, in particular, {Txy, }iec is bounded. Since V f
—00

is uniformly norm-to-norm continuous on bounded sets of E (see, for example, [23]), we have
Tim [V (Tx,) = 9 f ()| = 0,

Let
Ms = sup{[IV £ Gen) | | Txn | IV (@) [V F(T2)] : k € N} < oo,
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In view of Lemma 8, we obtain

Dy (xpy, Tz) < Df(xnk, Txn) + (1 —a)Df(xn,, z
<x”k Txnk,Vf( ) Vf(TZ)
- Df<xnk, Tx,) + (1 - ) Dy (3, 2)
& Dy (Tt ) + Dy (¥ T2) + (T, — g, V f () — VF(T2))]
alxn, — Txy, Vf(z) =V (Tz)) 4+ (xn, — Txn, Vf(Txy,) — Vf(Tz))
= Dy(xpy, Txn) + (1 — a) D¢ (xn,, 2)
+aDg(Txp, xn,) +aDg(xn, Tz) + a(Txn, — xn,, Vf(xn,) — Vf(T2))
+ (y, — T, Vf(2) = VF(T2)) + (¥, — T, VS (T) — VF(T2))
= Dg(xp, Txp) + (1 — a) D¢ (xn,, 2)
- D‘Df(x”k/Txﬂk) + “<xﬂk — Ty, vf(xﬂk) - vf(Tx”k)>
+aDg(xpy, Tz) + a{xy, — Txy,, Vf(Tz) = Vf(xn,))
(g, — T, Vf(2) = VA(T2)) + (¥, — T, VS (T) — VF(T2))
= (1 —a)Ds(xny, Txn,) + (1 — a) D (xny., 2) + aDg(xny, Tz)
+ a(xn, — Tn, Vf(2) = Vf(Txw,)) + (xn, — Ty, V(Txn,) = Vf(T2))
< (1—a)Dg(xn, Txn,) + (1 — &) Df(xny, 2) + aDg(xny, Tz)
+ aflxn, = Txu [V (2) = VA(Txn )|l + [0, — Txn[[|[Vf(Txn,) = V(T2)]
< (1 —a)Dg(xn, Txn,) + (1 — &) Df(xny, 2) + aDg(xn,, Tz)
+ 20 M3 || xXn, — Tty || + 2Ms|| x5, — Tatn, |
<(1- uc)Df(xnk, Txn, )+ Df(xnk,z)
+ 20 M3 ||xn, — Txn, || +2Ms|[ x5, — T ||

+aDg¢(Txn,, Tz)

)
)+ (xn, — Ty, Vf(Txy, ) — Vf(Tz))

for all k € N. It follows that klim |xn, — Tz|| = 0, and thus we have Tz = z. In view of Lemmas 2
— 00

and 9, we conclude that lim |xn — z|| = 0. Therefore, z is the strong limit of the sequence {x; },cn.
n—oo
This completes the proof. [

3.3. Bregman Noor’s Type lteration for Bregman Generalized a-Nonexpansive Mappings

In this section, we propose the following Bregman Noor type iteration for Bregman generalized
x-nonexpansive mappings.

Let E be a reflexive Banach space and C be a nonempty closed convex subset of E. Let f : E =+ R
be a strictly convex and Géateaux differentiable function. Let T : C — C be a Bregman generalized
a-nonexpansive mapping with the fixed point set F(T) # @. Let {x, } yen, {¥n }nen and {z, }en be
three sequences defined by

zn = a0y V(Txn) + (1 —an)Vf(xn),
Yn = VBV f(Tzn) + (1= Bn)Vf(xn)], (16)
$ni1 = projl(V (1 Vf(Tya) + (1 = 1) V(xa)]), ¥n €N,

where {ay }en, {Bn tneny and {74 }nen are the sequences in [0,1).

Lemma 10. Let f : E — R be a strongly coercive Bregman function. Let C be a nonempty closed convex subset
of a reflexive Banach space E. Let T : C — C be the Bregman quasi-nonexpansive mapping. Let {x, },cn,

{Yn }nen and {zn }pen be the sequences defined by the equation (16) and {an tpen , {Bn }nen and {yn nen be
the sequences in [0, 1). Then, the following assertions hold:
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1. max{Dg(w, xy11), Df(w,yn), Df(w,zn)} < Ds(w,xy) forallw € F(T) and n € N.
2. lim D¢(w, xn) exists for any w € F(T).

n—oo

Proof. Let w € F(T). In view of Lemma 3 and the equation (16), we conclude that

D¢(w,zn) = D (w, 0nVf(Txn) + (1 — an) V£ (xn))
= V(w,anVf(Txn) + (1= an)Vf(xn))
< anV(w, Vf(Txn)) + (1 —an)V(w, Vf(xn))
= ayDf(w, Txn) 4 (1 — an) Dy (w, )
< aanf(w,xn) +(1- oan)Df(w,xn)
= Df(w,xn).

In addition, we have

D¢(w, yn) = Df(w, VBV f(Tzn) + (1= Bn)Vf(xn))
= V(w, BV f(Tzn) + (1 = Bn)Vf(xn))
< BV (w, V(Tzn)) 4+ (1= Bu)V (w0, Vf(x4))
= BuDs(w, Tzn) + (1 — Bn) Dy (w, xn)
< BuDg(w,zn) 4 (1 = Bu) Dy (w, xn)
= BuDs(w, xn) + (1= Bn) Dy (w, xn)
= Df(w, xn).

Consequently, using the inequality (14), we have

Df(w, Xu+1) = Dy (w, profl (Vf*[1aV f(Tyu) + (1 = 42) Vf (a)]))
< Df(w' VvV (Tyn) + (1= v2) Vf(xn)])
= V(w0, 1V f(Tyn) + (1 = 2) V£ (xn))
< 'YnV(w/ Vf(Tyn)) + (1 - 'Yn)v(w/ vf(xn))
= YuDf(w, Tyn) + (1 = 7n) D (w, xn)
< ¥uDf(w,yn) + (1 = vu)Df(w, xn)
= YDy (w, xn) + (1 = n)Df(w, xn)
= Df(w,xn).

This implies that {Df(w, x)},cn is a bounded and nonincreasing sequence for all w € F(T). Thus,
we have lgn D¢ (w, xn) exists for any w € F(T). This completes the proof. [
n—oo

Theorem 7. Let f : E — R be a strongly coercive Bregman function that is bounded on bounded sets and
locally uniformly convex and locally uniformly smooth on E. Let C be a nonempty, closed and convex subset of a

reflexive Banach space E. Let T : C — C be the Bregman generalized a-nonexpansive mapping. Let {ay }en,
{Bn}nen and {7y, }yen be the sequences in [0,1) satisfying the following control condition:

Z YnBnon(1 — ay) = +oo. (17)
n=1

Then, the following are equivalent:
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1. There exists a bounded sequence {x, },cn C C generated by equations (16) such that
liminf || Tx, — x,| = 0.
n—o0
2. The fixed point set F(T) # @.

Proof. The implication 1 = 2 follows similarly as in the first part of the proof of Theorem 4.

For the implication 2 = 1, we assume that F(T) # @. The boundedness of the sequences
{x%ntnen, {Yntneny and {zn}pen follows from Lemma 10 and Definition 1. Since T is a Bregman
quasi-nonexpansive mapping, it follows that, for any g € F(T), we have

Df(q, Txp) < Df(q,xn), Vn € N.

This, together with Definition 1 and the boundedness of {x; },cn, implies that {Tx, },c is bounded.
The function f is bounded on bounded sets of E and so V f is also bounded on bounded sets of E* (see,
for example, [[15], Proposition 1.1.11] for more details). This implies that the sequences {V f(x,) } ,en,

{VF ) bnew, AV f(2n) bnew, {Vf(Tzn) Ynew, {Vf(Tyn) }nen and {V f(Txu) }nen are bounded in E*.

In view of Proposition 1, it follows that dom f* = E* and f* is strongly coercive and uniformly convex
on bounded sets of E*. Let 5o = sup{[|V f(xy)l|, |V f(Txn)|| : n € N} < coand let p}, : E* — R be the
gauge of uniform convexity of the (Fenchel) conjugate function f*.

Claim. Forany p € F(T) and n € N, we have

Dg(p,zn) < Df(p,xn) — an(1 = an)og, ([IVf(x0) = Vf(Txn)|])- (18)

Let p € F(T). For each n € N, it follows from the definition of the Bregman distance (3), Lemma 3,
the inequality (10) and the equation (16) that

Dy(p,zn) = f(p) = f(zn) = (p = 20, V f(z0))
+ £ (Vf(zn)) = (20, V f(2zn)) = (p — 20, V f(zn))
+ f(Vf(zn)) — (20, Vf(zn)) = (P, Vf(zn)) + (20, V f(z0))
+ (1= an)Vf(xn) + anVF(Txn)) = (p, (1= an) Vf(xn) + anV f(Txn))
—an)f(p) +anf(p) + (1 —an)f*(Vf(xn) + anf* (Vf(Txn))
- txn(l —an)p5, ([IVf(xn) = VI(Txn)|) = (1= an){p, Vf(xn)) — an(p, V(Txn))
= (1 —an)[f(p) + 1 (Vf(xn)) = (p, Vf(xn))]
+anlf(p) + f1(Vf(Txn)) = (p, V,(Txn))] — an(1 = an)pg, ([ Vf(xn) = VF(Txn) )
= (1= an)[f(p) = f(xn) + (xn, V(xu)) = (p, Vf(xn))]
+anlf(p) = f(Txn) + (Txn, Vf(Txn)) = (p, Vf(Txn))]
— (1 = an)p5, (V£ (xn) = Vf(Txa)]])
=(1- D‘n)Df( Xn) + “an(Pr Txn) — an(1l— "‘n>P;(||Vf(xn> = V£(Txn)l|)
< (L= an)Ds(p,xn) + anDs(p, xn) — an(1 = an)pg, (V£ (xn) = Vf(Txn)l])
= Dy¢(p, xn) — an(L — an)pg, (I1Vf (xn) = V(Txu)|])-
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In view of Lemma 3 and the inequality (18), we obtain

D¢(p,yn) = Dp(p, BV f(Tzn) + (1 — Bu) V f (%))
=V (p, BnVf(Tzn) + (1= Bn)Vf(xu))
< BaV(p, V(Tzn)) + (1= Bn)V(p, V(xn))
= BuDs(p, Tzn) + (1= Bu) Dy (p, %n)
< BuDs(p,zn) + (1= Bn)Df(p, Xn)
= BuDy (p, xn) — Butn (1 — an)0s, (IV f(x0) = VF(Txn)|))-

Thus, it follows from Lemma 3 and the inequality (18) that

D¢(p, xu1) = Dy (p, VI [1uV f(Tyn) + (1 = 1u) Vf(xn)]))

= V(P/ YuVf(Tyn) + (1 - ’Yn)vf(xn))
<9V (P, Vf(Tyn)) + (1 = 1)V (p, Vf(xn))
= ¥uDs(p, Tyn) + (1 = vu)Ds (p, xu)
< 1uDf(p,yn) + (1= 1) Dy (p, )
= YuDs(p,xn) — YnanPn(1 — an) 3, (V£ (xn) = VF(Txu)||) + (1 = 1) Dy (p, Xn)
< Dg(p,xn) — YntnBn(1 — an)pd, (1V f(xn) = VF(Txn)||)

and so

YnttnPn (1 — an)pg, ([[V f(xn) = VF(Txn)||) < Dp(p, xn) — D (p, Xn11)- (19)

Since {Dy(xn,z) }nen converges, together with the control condition in equation (17), we have
7}1_1;{}0 IVf(xn) = Vf(Txn)| = 0.
Since V f* is uniformly norm-to-norm continuous on bounded sets of E* (see [23]), we arrive at
liminf ||x,, — Tx,|| = 0. (20)
n—oo
This completes the proof. [

Theorem 8. Let f : E — R be a strongly coercive Bregman function which is bounded on bounded sets,
locally uniformly convex and locally uniformly smooth on E. Let C be a nonempty closed convex subset of a
reflexive Banach space E. Let T : C — C be the Bregman generalized a-nonexpansive mapping with F(T) # Q.
Let {an e, {Bn}tnen and {yn }nen be the sequences in [0,1) satisfying the following control condition:

o1 nBran(l — ay) = +o0.

Let {x,}nen be iteratively generated by the Equation (16). Then, there exists a subsequence {xy, }icn of
{xn }nen which converges weakly to a fixed point of T.

Proof. It follows from Theorem 7 that {x, },cy is bounded and lirg inf||Tx, — x,|| = 0. Since E is

reflexive, then there exists a subsequence {xy, }icn of {x; },en such that x,, = p € Casi — co. Thus,
in view of Proposition 4, we conclude that p € F(T) and the desired conclusion follows. This completes
the proof. O

The construction of fixed points of nonexpansive mappings via Halpern’s algorithm [29] has
been extensively investigated recently in the current literature (see, for example, [30] and the references
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therein). Numerous results have been proved on Halpern’s iterations for nonexpansive mappings in
Hilbert and Banach spaces (see, for example, [10,31,32]).

Theorem 9. Let f : E — R be a strongly coercive Bregman function which is bounded on bounded sets, locally
uniformly convex and locally uniformly smooth on E. Let C be a nonempty closed convex subset of a reflexive
Banach space E. Let T : C — C be the Bregman generalized a-nonexpansive mapping with F(T) # @. Let
{an }nen, {Bntnen and {yn }nen be the sequences in [0, 1) satisfying the following control conditions:

(a) lim v, =0;

H;}ow
(b) 257 1yn = +oo;
(c) 0< 11m1nf/3n <limsup 8, < 1.

n—oo

Let u,x1 € C be chosen arbitrarily and let {x, },cn be the sequence generated by

zn =y Vf(xn) + (1 —an)Vf(Txy),
— VA [BaVf(xn) + (1= Ba) V(za)], (21)
X1 = profe (VA [yaV () + (1= 1)V f(yn)]), Vn € N.

Then, {x,} converges strongly to projlf_.(T)u.

Proof. We divide the proof into three steps. In view of Lemma 5, we conclude that F(T) is closed and
convex. Set

w = projému.

Step 1. Now, we prove that {x, },en, {Vn}nen and {z, },en are the bounded sequences in C.
In fact, we first show that {x, } ,cn is bounded. Let p € F(T) be fixed. In view of Lemma 3 and the
Equation (21), we have

D¢ (p,zn) = Dy (p, anVf(xn) + (1 — an) V(Txn))
V(P f () + (1 — ) VF(T2)
< "‘nv(p/ Vf(x )) (1—an)V (P; Vf(Txn))
= oanf(p, xp) + (1 —ay Df(p, Txy)
< tanf(p,xn) (1—ay Df(Prxn)
=Dy (p,xn)-

In addition, we have

D¢(p,yn) = Df(P/ YV BnVf(xn) + (1= Bn)Vf(zn)])
=V (p, BV f(xn) + (1= Bu)Vf(zn))
< BaV(p, VF(xn) + (1= Bu)V(p, Vf(zn))
= BuDs(p,xn) + (1= Pu)Ds (p, 2n)
< BuDy(p,xn) + (1= Bu)Ds (p, xu)
= D¢ (p, xn)-
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This, together with the Equation (16), implies that

Di(p, xns1) = Dy (p, projl (W F*[ya ¥ F(u) + (1 = 1) V£ (ya)])
= Df(P, Vv Vf(u)+(1- 7n)vf(]/n>])
=V(p v Vfu)+ 0 =7)Vf(yn))

<V (p, VW) + 0 =73)V(p, V(yn))

= 1uDg(p,u) + (1= 1) Ds (p, yn)

< 1Dy (p,u) + (1= 14)Ds (P, yn)

< 1Dy (p,u) + (1 = 1) Ds (p, xn)

< max{D¢(p,u), Ds(p,xn)}-

Thus, by induction, we obtain

Df(p,an) < max{Df(p,u),Df(p, x1)}, VneN. (22)

This implies that the sequence {D¢(p, xx) } nen is bounded:
Df(p, xp) < My, VneN. (23)

In view of Definition 1, we deduce that the sequence {x, },cn is bounded. Since T is the Bregman
quasi-nonexpansive mapping from C into itself, we conclude that

Df(p, Txy) < Df(p,xn), Vn e N. (24)

This, together with Definition 1 and the boundedness of {x, },cn, implies that {Tx, },,cn is bounded.
The function f is bounded on bounded sets of E and so V f is also bounded on bounded sets of E*
(see, for example, [[15], Proposition 1.1.11] for more details). This, together with Step 1, implies that the
sequences {V f(x) }nen, {Vf Wn) bnen, {V S (zn) }nen and {V f(Txy) } en are bounded in E*. In view
of Proposition 1, it follows that dom f* = E* and f* is strongly coercive and uniformly convex on
bounded sets of E. Let s3 = sup{ ||V f(xn)|, |Vf(Txy)|| : n € N} and pg, : E* — R be the gauge of the
uniform convexity of the (Fenchel) conjugate function f*.
Step 2. Next, we prove that

Dy(w,zn) < Dp(w,xn) — an(1 — ) (1 - ,Bn)P;(HVf(xn) = Vf(Txn)|l), VneN. (25)
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For each n € N, in view of the definition of the Bregman distance (3), Lemma 3 and Lemma (9),
we obtain

D¢ (w, zn)

w (zn) — (W —zn, V f(2zn))

(Vf(zn)) = (20, Vf(zn)) — (W — 20, Vf(zn))
f(Vf(zn) = (20, V f(zn)) — (@, V f(zn)) + (20, V f(zn))
FQ = an)Vf(xn) +anVF(Txn)) = (w, (1= an)Vf(xn) +anVf(Txn))
an) f(w) + anf(w) + (1= an) f(Vf(xn) +anf (Vf(Txn))

— (1 — )5, ([[Vf (xn) = Vf(Txn)]])

— (1= an){w, Vf(xn)) — an(w, Vf(Txy))

= (1= an)[f(w) + fH(Vf(xn) = (w, Vf(xn))]

+ o [f(w) + F(Vf(Txn)) — (w, VF(Txn))]

— (1 — )5, ([IVf (xn) = Vf(Txn)]])
= (L= an)[f(w) = f(xn) + (xn, VI (x2)) = (w, Vf(x2))]
+an[f(w) = f(Txn) + (Txn, VF(Txn)) — (w, Vf(Txn))]
— an (1 — )5, ([IVf (xn) = Vf(Txn)]])
(1- "‘n>Df(wf Xn) + “an(w/ Txp) — an (1 — “n)P:S(va(xn) = V£(Txa)|)
(1- ‘Xn)Df(wr Xn) + "‘an(w/ Xp) — o (1 — “n)P§3(||Vf(xn) = Vf(Txn)ll)
Dy (w,xn) = an(1 — an )5, ([|[Vf(xn) = Vf(Txn)|)).

In addition, we have

Df(w,yn) = Df(w, BuV f(xn) + (1 = Bn)V f(2z0))
= V(w, BuVf(xn) + (1= Bn)Vf(zn))
< BuV(w, Vf(xn)) + (1= Bu)V(w, Vf(zn))
= BuDs(w, xn) + (1 — Bu) Dy (w, zn)
< ,Ban(w xXn) + (1= Bn) Df(w Xn)
— (L= an)(1 = Bu)ps, (IVf (xn) = Vf(Txn)|)
= Dy (w,xn) — an(1 — an) (1 = Bu)ps, (IVf(xn) = VF(Txn)|])-

In view of Lemma 3 and the inequality (25), we obtain

f
f

) —

w) +
w) +
)+

w

A
f
A
A
(1-

IAN I

Al

Dy (w, xn+1) = Df(w, projl(V f*lynV £ (1) + (1= 1)V £ (yn)])
= Df(w VI Vf(u) +(1- 'YH)vf(yn)])
= V(w, v Vf(u) + (1 —v)Vf(yn))
<PV (w, V) + (1= 1)V (w0, VI(yn)) (26)
= YuDg(w,u) + (1 — ) Df (w0, yn)
< 1Dy (w, 1) + (1 = yu) [Dy(w, xn)
— (L= an)(1 = Bu)ps; (IVf (xn) = Vf(Txn) ).

Let

Ms = sup{|Dg (w, u) = D (w, xu)| + an(1 = an)(1 = Bu)ps, (IVf(xn) = Vf(Txn)|) : n € N}.
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It follows from the inequality (26) that

(1= an)(1 = Bn)ps; (IVf(xn) = VF(Txu)||) < Dp(w, xu) = Dp(w, Xp41) + 1uMs. (27)

Let
wn =V V() + (1 —7)Vf(yn)l

Then, x,11 = pro ]/é(wn) for each n € N. In view of Lemma 3 and the inequality (25), we obtain

D¢(w, xn11) = Dy (w, P”Ojjé (V[ V() + (1= 70)V(yn)])
< Df(w/ VIV W) + (1= 7)YV fya)l)
= V(w, V() + 1= 7a)Vf(yn))

< V(w, 1V f(u) + 1 =7)Vfyn) = 1a(Vf(u) = Vf(w))

— (V1 V ) + (A= 1)Vf(yn)] = w0, =1 (Vf(u) = Vf(w))) (28)
= V(w, 1V f(w) + 1= 1) VF(yn)) +vn(wn — w0, Vf(u) — Vf(w))
< 7V (w, V() + 1 =70)V(w, Vf(yn) + vn(wn — w, Vf(u) = Vf(w))

= 1Dy (w,w) + (1 = vn) D (w, yn) + vn(wn — w, Vf(u) = Vf(w))
=(1- 'YH)Df(wryn) +Yn(wn —w, Vf(u) = Vf(w)).

Step 3. Next, we show that x, — w as n — oo.

Case 1. If there exists ng € N such that {D¢(w, x) };,,, is nonincreasing, then {D¢(w, xu) } nen
is convergent. Thus, we have D¢(w,x,) — Df(w,x,41) — 0 as n — oo. This, together with the
inequality (27) and the conditions (a) and (c), implies that

lim o (/[Vf(xn) = Vf(Txa)|| = 0.

n—o0

Therefore, from the property of pg,, it follows that
nli_r)rc}oHVf(xn)—Vf(Txn)H =0. 29)

Since Vf* = (Vf)~! (Lemma 1) is uniformly norm-to-norm continuous on bounded sets of E* (see,
for example, [23]), we arrive at

On the other hand, we have
Df(Txn, zn) = Df(Txn,'yan(xn) + (1= u)Vf(Txn))
= V(Txn, YV f(xn) + (1 = 1) Vf(Txn))
< YV (Txn, Vf(xn)) + (1= 1)V (Txn, Vf(Txn))

(x
= fyan(Txn,xn) (1=, Df(Txn,Txn)
< 'Yan(Txn/xn)

This, together with Lemma 2 and the Equation (30), implies that

lim Df(Txn,zn) =0.

n—oo

Similarly, we have

D¢(zn, wn) < vnDf(zn,u) + (1 = vn)Df(2zn,2n) = YnDf(zn,u) — 0
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as n — oo. In view of Lemma 2 and the Equation (30), we conclude that
lim ||z, — Tx,|| =0, lim [|w, — x| = 0.
n—rco n—oo

Since {xy },en is bounded, together with the inequality (13), we can assume that there exists a
subsequence {xy, }icny of {xy },en such that x,, — z € F(T) (Proposition 4) and

lim sup(x, — w, V£ (1) — Vf(w0)) = lim (x,, =, Vf(u) — Vf ()

=y —w, Vf(u) = Vf(w))
<0.

Thus, it follows that

limsup(z, —w, Vf(u) — Vf(w)) = limsup(x, —w, Vf(u) — Vf(w)) <O0.

n—o0 n—oo

The desired result follows from Lemmas 2 and 7 and the inequality (28).
Case 2. Suppose that there exists a subsequence {1;};cn of {n},cn such that

D¢ (w, xn;) < Df(w, x4,41), Vi €N,

By Lemma 6, there exists a non-decreasing sequence {1y }xcn of positive integers with my — oo
such that
D¢ (w, xmy.) < Dp(w, Xy 41),and Dy(w, xx) < Dp(w, Xy 41), Yk € N.

This, together with the inequality (27), implies that

g (1= oy ) (1 = B )05, (IV f () = Vf (Tt ) ||) < D (w, X, ) — D (w, Xyy41) + Y Ms
< ’)/mkM5, Vk € N.

Then, by the conditions (a) and (c), we get
lim o3, (198 (m,) = V(T ) =0.
By the same argument as in Case 1, we arrive at

lim sup(wp, —w, Vf(u) — Vf(w)) = limsup(x,,, —w, Vf(u) — Vf(w)) <O0. (31)

k—00 k—o0

It follows from the inequality (28) that
Df(w, xmk+l) <(1- 'Ymk)Df(w/ Xy ) + 'YmkDf(w/ Xy ) + Ymy(Zmy — w0, V f(u) =V f(w)). (32)
Since Df(w, Xy ) < Df(w, X 4+1), it follows that

')’mkDf(wr xmk) < Df(wr xmk) - Df(wr xkarl) + Ymy <wmk - w, Vf(u) - Vf(w)>
< Yy (W, —w, Vf(u) = Vf(w)).

In particular, since 7,;,, > 0, we obtain

Dy(w, xm,) < {wm —w,Vf(u) = Vf(w)).
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In view of the inequality (31), we deduce that
kh_r}ro1o D¢(w, xpm, ) = 0.

This, together with the inequality (32), implies
klglolo Dg(w, Xy 41) = 0.
On the other hand, we have
D¢(w,xx) < Dp(w, X 41), Yk €N
. O

This ensures that x;, — w as k — co by Lemma 2. This completes the proof

4. Numerical Examples
In this section, we illustrate a direct application of Theorem 9 on a typical example on a real line

Example 2. Let the mappings f and T be given in Example 1 and set
n+1
= >
{5 = {50011} vzl

n+1
@)= {"E1 )= {5
Consider the following:
E=R, C=10,09], Tx=x% f(x)=x* Vf(x)=4x
—fixeE), fE@ =2 VFE=(3)

fH(x7) = sup{{x", x)
Let initial values x1 = 0 and u = 0.1. Then, we use iteration from the Equation (21) to generate the sequences

{xn‘},‘{’yn} and {z, } as follows:
) (311 + 1) 20

zyp =0y Vf(xy) + (1 —ay)Vf(Tx,) = <
VFB S + (- gVl = | (Tt ) i () 3]
W 500n—1Y 417
5001 ( 5001 )y”] '

¥t = VS ) + (1= 1)V )] = |
We have the following Table 1 and Figures 2 and 3 which show that {xy},{zn} and {y,} converge to w = 0
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Table 1. Values of z,, v, and x;,.

No. of Iterations z, Yn Xy [|%n41 — %l
1 0.0000000  0.0000000  0.0200000  0.0200000
2 0.0000120 0.0133887 0.0185640 0.0014360
3 0.0000085 0.0119489 0.0163510 0.0022130
4 0.0000055 0.0103005 0.0145690 0.0017821
5 0.0000037  0.0090538 0.0132797 0.0012893
6 0.0000027 0.0081755 0.0123411 0.0009386
7 0.0000021 0.0075456 0.0116283 0.0007128
8 0.0000018 0.0070726  0.0110622  0.0005662
9 0.0000015 0.0067004 0.0105959  0.0004662
10 0.0000013  0.0063966 0.0102015 0.0003944
100 0.0000001  0.0027372  0.0046494 0.0000157
200 0.0000001  0.0021635 0.0036871  0.0000062
300 0.0000000 0.0018873  0.0032201  0.0000036
400 0.0000000 0.0017135 0.0029252  0.0000024
491 0.0000000 0.0015998  0.0027318 0.0000019
492 0.0000000 0.0015987  0.0027300 0.0000019
493 0.0000000 0.0015976  0.0027281 0.0000018
494 0.0000000 0.0015965 0.0027263  0.0000018
495 0.0000000 0.0015954 0.0027244 0.0000018
496 0.0000000 0.0015943 0.0027226  0.0000018
497 0.0000000 0.0015933  0.0027208 0.0000018
498 0.0000000 0.0015922  0.0027190  0.0000018
499 0.0000000 0.0015911 0.0027171  0.0000018

0.9

0.8

0.7

0.6

Figure 1. Plotting of g(x,y) for all x,y € [0,0.9] and & = 0.56.
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Figure 2. Plotting of {x,, }, {y»} and {z,} converging to 0 as n — oo.

T

T E|
|—ll@ns1 — @l ||

Values of ||z,+1 — x|

'6 1 1 1 1 1 1 | 1 1

1

0 50 100 150 200 250 300 350 400 450 500
Number of iterations

Figure 3. Plotting of ||x, 11 — x,]|.
5. Conclusions

First, we have established the new class of Bregman generalized a#-nonexpansive mappings.
Second, we have obtained new theorems on fixed points and weak and strong convergence using
multi-step iterations and Bregman generalized a-nonexpansive mappings. Finally, we have analysed
computational procedures based on Ishikawa and Noor iterations with a numerical simulation to
support the results.
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