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Abstract: In the present paper, we study geodesic mappings of special pseudo-Riemannian manifolds
called V;(K)-spaces. We prove that the set of solutions of the system of equations of geodesic
mappings on V, (K)-spaces forms a special Jordan algebra and the set of solutions generated by
concircular fields is an ideal of this algebra. We show that pseudo-Riemannian manifolds admitting
a concircular field of the basic type form the class of manifolds closed with respect to the geodesic

mappings.
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1. Introduction

The problem of geodesic mappings of the pseudo-Riemannian manifold was first studied by
Levi-Civita [1]. There exist many monographs and papers devoted to the theory of geodesic mappings
and transformations [1-37]. Geodesic mappings play an important role in the general theory of
relativity [8,26].

Let Ay = (M, V) be an n-dimensional manifold M,, with an affine connection V without torsion.
We denote the ring of smooth functions on M, by f(M,), the Lie algebra of smooth vector fields on
M,, by X(M,,) and arbitrary smooth vector fields on M, by X, Y, Z.

A diffeomorphism f: A, — A, is called a geodesic mapping of A, onto A, if f maps any geodesic
curve on A, onto a geodesic curve on A, [6,24-26,33].

A manifold A, admits a geodesic mapping onto A, if and only if the equation [6,24-26,33]

VxY =VxY + lP(X)Y + IIJ(Y)X
holds for any vector fields X, Y and where ¥ is a differential form on M,,(= M,,).

If ¢ = 0 then geodesic mapping is called trivial and nontrivial if 1 # 0.

Let V;, = (My, §) be an n-dimensional pseudo-Riemannian manifold with a metric tensor g and
V be a Levi-Civita connection.

A pseudo-Riemannian manifold V,, admits a geodesic mapping onto a pseudo-Riemannian
manifold V,, if and only if there exists a differential form ¢ on V,, such that the Levi-Civita equation
[6,24,26,33]

(V22)(X,Y) = 29(2)3(X,Y) + $(X)3(Y, Z) + p(Y)F(X, Z) M

holds for any vector field X, Y, Z.
Or in the coordinate form

Sijk = 2i8ij + Yijk + YiSik, @)
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where ¢; = V,;¥, ¥ is a scalar field, g;; are components of the metric § and comma “,” denotes a
covariant derivative with respect to V.

The Levi-Civita Equation (1) is not linear so it is not convenient for investigations.
Sinyukov [24,33] proved that a pseudo-Riemannian manifold V,, admits a geodesic mapping if and
only if there exist a differential form A and a regular symmetric bilinear form a on V; such that
the equation

(V20)(X,Y) = MX)g(Y, Z) + M(Y)g(X, Z) )

holds for any vector field X, Y, Z. Or in the coordinate form
i = Aigjk + Aj&iks 4)

where a;; and A; are components of 2 and A, respectively. Note that A; = V;A, A is a scalar field.
Solutions of (2) and solutions of (4) are related by the equalities

ajj = exp(2T(X)) - & &in 8jp and A; = —exp(2T(X)) - & Zia
;= exp(2¥(x)) - 3% gia gjp and A (2¥(x)) - 8" 8ia Y5

where g;; are components of the metric g, (g") = (gij)’l and (§7) = (gi]-)’l.
If V; (n > 2) admits two linearly independent solutions not proportional to the metric tensor g
then [24]
(VyA)(X) =Ka(X,Y)+ug(X,Y) and Vxu =2KA(X), (5)

where K is a constant and y is a scalar field on V,or in the coordinate form
V]'/\i = Ka,»j + U gij and Viu =2KA. 6)

A pseudo-Riemannian manifold satisfying the Equations (3) and (5) is called a V;,(K)-space.

These spaces for Riemannian manifolds were introduced by Solodovnikov [34] as V(K)-space
and in another problem for pseudo-Riemannian manifolds were introduced by Mikes [14,24] as
Vi (B)-space (in this case B = —K).

A vector field ¢ on a pseudo-Riemannian manifold V;, is called concircular if

(Vye)X =0g(X,Y), 7)

where ¢ is a scalar field on V;;, see Reference [24] (p. 247), Reference [33] (p. 83) and Yano [38].

If ¢ # 0 a concircular field belongs to the basic type otherwise it belongs to the exceptional type.

A pseudo-Riemannian manifold V;, admitting a concircular field is called an equidistant space
[24,33]. The equidistant space belongs to the basic type if it admits a concircular field of the basic type
and it belongs to the exceptional type if it admits concircular fields only of the exceptional type [33].

Concircular fields play an important role in the theories of conformal and geodesic mappings
and transformations. They were studied by a number of geometers: Brinkmann [39], Fialkow [40],
Yano [38], Sinyukov [33], Aminova [3], Mike$ [13-16,24], Shandra [28-31] and so forth.

Let us denote the linear space of all concircular fields on V,, by Con(V,,). If c}), cee 1(?) is a basis in
Con(V,) then the tensor field

m P ‘B
a= ) Clp®o)
a,f=1%B

is a solution of the system (3), where C (= C ) are some constants. So V,, admits the geodesic mapping.
«p Bua

Pseudo-Riemannian manifolds admitting concircular fields form the class of manifolds which is
closed with respect to the geodesic mappings [24,33]. Let a pseudo-Riemannian manifold V,, admit a
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geodesic mapping onto a pseudo-Riemannian manifold V,, , if there exists a concircular field ¢ on V,
then there exists a concircular field ¢ on V, such that

0 =exp(¥) (0 + g7 pit)). ®)

A concircular field ¢ is said to be special if

Z(0) =Kg(Z, 9), )

where K is a constant and it is said to be convergent if ¢ is a constant. A pseudo-Riemannian manifold V/,
admitting a convergent field is called a Shirokov space, see References [24,31-33].

If there exist two linearly independent concircular fields on V;, then all concircular fields on V,
are special with the same constant K, see Reference [24]. A pseudo-Riemannian manifold V,, admitting
a special concircular field is a V;,(K)-space. On a V;,(K)-space any concircular field is special.

2. Shirokov Spaces and V,,(K) Spaces (K # 0)

Lemma 1. Let a pseudo-Riemannian manifold V,,.1 = (My+1, G) admit convergent fields ¢ such that
a) [|¢] <0and b) (Vy§)X =K-G(X,Y), (10)

for any vector field X, Y on M,, 1, where K (# 0) is a constant. Then there exists the adapted coordinate system
(x!) = (20, x) in which the components Gy; of the metric G are reduced to the form

-1 0

Gyy = exp(2Kx°) - gii (%) (11)

0
K

where gij(xk) are the components of the metric of some Vy=(My, ), L ],...=1,...,n+1,i,j,...=1,...,n.

Proof. Let ¢! be the components of the vector fields ¢ g-conjugate with a convergent fields ¢ in a
coordinate system (x!) on V,,11 = (M,,;1,G). Then due to (10b) they satisfy

V' =Kéj. (12)

Let D be the linear space of all vector fields on V,,; which are orthogonal to EZ) It is easy to check

that D is involutive. So if we use as a natural basis of X(M,, 1) the basis {¢;} = {213, e;}, where {e;}, is
the basis in D, we get the coordinate system (x!) = (x%, x') in which

a) ¢' =d; b) Gio=0. (13)
In these coordinates the Equations (12) are equivalent to
Ty = K4}, (14)

where f}K are the components of the Levi-Civita connection of the metric G.
Let us consider the conditions (14). If I =0, ] = j we have

9;Goo = 0. (15)

If I =0,] =0weget
ajGOO = 2K Gy (16)
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It follows from (15) and (16) that Gy = C - exp (2K x°), where C is a constant. Due to (10a) it
holds C < 0. We can choose it such that C = —1. So

Goo = — exp (2K x0). (17)
If I =i,] = jwe obtain dyG;; = 2K Gjj. So

(K
Gij = exp (2K xo) L]g ) (18)

It follows from (13b), (17) and (18) that in the coordinate system (x!) = (x0, x*) the components
Gy reduce to the form (11).

Conversely, if the components Gj; of the metric G in the coordinate system (x!) = (x%, x') reduce
to the form (11) then the components T}K of the Levi-Civita connection reduce to the form:

I, = K, fg]. =0, fg]. = 5; r?] = gij, rf] = rf] (19)

where Fi-{]- are the components of the Levi-Civita connection of the metric g. Using direct calculations

it is easy to verify that a vector field with components ¢} = &} by virtue (19) satisfies the conditions
(10a) and (12). O

Remark 1. The components G/ of the inverse metric G in the adapted coordinate system (x') = (x9,x)
reduce to the form

GU = exp(—2K 1) ( 0 ) . (20)
0 Kgi(xh)

Lemma 2. The pseudo-Riemannian manifold V,, 1 = (M, 41, G) with the metric defined by the conditions (11)
admits an absolutely parallel covector field ¢ if and only if its components in the adapted coordinate system
(xT) = (x0, x%) reduce to the form

§1 = exp(Kx”) (0("), 9i(x")), @D

where o(x¥) and @;(x¥) satisfy the following equations on V,, = (My, g):
Vipi = 08ij, (22)
Vie =Kgj. (23)

Proof. Let @1 be the components of an absolutely parallel covector field ¢ in the adapted coordinate
system (x!) = (x0,x') on V.11 = (M,,;1,G). So

V91 =0 (24)

If ] =0,] =0 we get from (24) by virtue (19): dg@o — K §o = 0.
Thus
o = exp(Kx") o(x"). (25)

Ifl=i]=0: dop; — K ¢$; = 0. Hence,

§; = exp(Kx0) ¢;(x). (26)
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IfI=0,]=j: 9j¢po — K @; = 0. Due to (25) and (26) we have (23) and
ifI=1i,] = 9j¢i— &ijo — I'j¢a = 0. Thus, we obtain (22).

Conversely, using direct calculations it is easy to check that if the covector field ¢ has components
@; = exp(Kx0) (o(x"), 9;(x¥)) in the adapted coordinate system (x') = (x%,x') on V.41 = (M1, G)
with metric (11), where o(x*) and @;(x*) satisfy the Equations (22) and (23) on V;, = (M,, g), then ¢
due to (19) it is absolutely parallel. [

Remark 2. The Equations (22) and (23) are the coordinate forms of the Equations (7) and (9) defining a
special concircular field. So the conditions (21) establish a one-to-one correspondence between absolutely parallel
covector fields on the Shirokov space V,, 1 = (My41, G) and special concircular fields on the V,,(K)-space
K #0.

In a similar way, it is possible to prove the following statement.

Lemma 3. The pseudo-Riemannian manifold V,, 1 = (M, 11, G) with the metric defined by the conditions (11)
admits an absolutely parallel symmetric bilinear form i if and only if its components in the adapted coordinate
system (x!) = (x9, x*) reduce to the form

xk i (xk
p(xt) A )) o

= 0

a;p =exp(2Kx") (
Ai(xF) ai(xF)

where aij(xk), Ai(x%) and p(x¥) satisfy the Equations (4) and (6) on V, = (My, g).

Remark 3. The Equations (4) and (6) define a V,,(K)-space. So the conditions (27) establish a one-to-one

correspondence between absolutely parallel symmetric bilinear forms on the Shirokov space V11 = (M;+1,G)

and solutions of the system (4) and (6) defining geodesic mappings of the V;,(K)-space (K # 0).

Remark 4. The set of absolutely parallel symmetric bilinear forms on V,, = (My, g) is a special Jordan algebra
1 2 12
Jo with the operation of multiplication A x A = {A; A}, where A is the linear operator g-conjugate with a

1 2
bilinear form a, defined by g(AX,Y) = a(X,Y) and {A; A} are Jordan brackets
1 2 1 21
{A;A} == (AA+AA). (28)
The condition (28) can be rewritten in the vector form as
12 1 (2 1 (2
2{g;a} (X, Y)=a [AX,Y ) 4+a | AY,X (29)

or in the coordinate form
12 12 12
2{a;a}i]- :gub (aaiahj —i—aa]-abi) . (30)

This statement follows from the Lemma 2.

3 1.2 12 1 2 2 1
2a(X,Y):K<a(AX,Y)+a(AY,X)>—(A®A+/\®A)(X,Y), (31)
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3 1 2 2 1 12 51
2/\(X):K<A(AX)+/\(AX)> - (y)L(X)—f—y/\(X)), (32)
12
i =Kg! (M)—Hl. (33)

The algebra | is isomorphic to the special Jordan algebra Jo of absolutely parallel symmetric bilinear forms
on the Shirokov space V11 = (My,11, G) with the metric (11).

Proof of the theorem follows immediately from the Lemma 2 and (20), (27) and (30).

Remark 5. Due to (29) the unit of the algebra Jo is G so the unit of the algebra | is <§, 0, —1).

Remark 6. If there exists a convergent field ¢ on V11 = (My 41, G) such that || @|| > 0, then there exists the
adapted coordinate system (x') = (x°,x') in which the components Gy; of the metric G reduce to the form

1 0
Gy = exp(2Kx°) —gii(ak) |-
° Tk

where g;;(x*) are the components of the metric of some Vyy = (M., g). Using this metric and (29) we can define
1 2 1 2
a new operation of multiplication {-,-},. It is obvious that {A; A} = —{A;A},.
Corollary 1. Let V,, = (My,g) be a Vy,;(K)-space (K # 0) then there exists the solution (a, A, u) of the
system (4) and (6) satisfying the following conditions:
_es(XY)

Ka(AX,Y) = (A®A)(X,Y) = ==, (34)
KA(AX) — uA(X) =0, (35)
Kg'(AA) = = —e, (36)

where e takes values £1, 0.

Proof. Let b be an absolutely parallel symmetric bilinear form on the Shirokov space V;,11 = (M, 41, G)
with the metric (11). Then as it has been shown in Reference [11] there exists the absolutely parallel
symmetric bilinear form @ on V,, ;1 = (M,;1, G) such that A?> = ¢ or in the equivalent form

i(AX,Y)=eG(X,Y). (37)
The Equation (37) means that {@,4} = e G. Hence if (4, A, jt) is the corresponding solution of the

system (4) and (6) on the V,(K)-space (K # 0) then taking into account (31)—(33) we get (34)—(36).
O

As mentioned above concircular fields generate a solution of the Equation (2). Denote this set of
solutions by J..

Theorem 2. | is an ideal of ].

Proof. To prove that J. is an ideal of ] on V,, = (M,, ) it is equivalent to prove that ], is an ideal of Jy
on V11 = (M, 41, G), where ]y is the set of absolutely parallel symmetric bilinear forms generated by
absolutely parallel covector fields.
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Let q%), .. .,rqr; be a basis of the linear space Conv(V,,11) of absolutely parallel covector fields on
Vi41 = (My+1,G). Then any absolutely parallel symmetric bilinear form generated by absolutely
parallel covector fields has the components

where C (= C) are some constants. Let dj; be the components of the arbitrary absolutely parallel
«p Ba
symmetric bilinear form 4. We should prove that {&,b} € Jo.. We have

B B

Lz U B B UL
2{a,b} =GPTY_ C(¢1ppary+¢rppar) =Y. C(91®]+¢;P)), (38)
Dé,ﬁzlaﬂ D(,ﬁ:laﬁ

B
where & = (ﬁpD arr GPT is an absolutely parallel covector field. Therefore,
B m ¥
o, =Y g, (39)
y=1

where F,e are some constants. It follows from (38) and (39) that

m
o B
2{a,b};= Y (ng+FJl%> P19].

Thus, {4,b} € Jo.. O
3. V,(0)-Spaces
Let (M,.g) be a V,,(0)-space, then there exists a solution of the system
Viai; = Aigjk + A&iks (40)

ViAi = Uik, (41)

where y is a constant and A; = V;A. Thus, a V,,(0)-space is a Shirokov space.

Lemma 4. If the V;,(0)-space does not admit any convergent field of the basic type and ¢ is an absolutely
parallel covector field on it, then there exists the sequence of absolutely parallel covector fields {(Dﬁ } (x € N)
such that

) "9 (X) = H(AX) = FAX), b) H(A*) =0, VaeN, (42)

29
where g%) =g, df = (0;), A* is the vector field g-conjugate with A.

Proof. Taking into account that the V;,(0) does not admit any convergent fields of the basic type we
obtain from (41) that
ViAi = 0. (43)

Let ¢; be the components of an absolutely parallel covector field ¢ on a V;,(0). Denote g%) = ¢.
Consider the covector field

pi=a;¢—fA, (44)
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where a! are components of the linear operator A (zz{: = gl'ay). Tt follows from (44) due to (40) and (43)

2 1
Vi = @A g, (45)

where A! = ¢f);. According to our assumption it follows from (45) that
g%)t)\t =0 and ng%l- =0.

Applying now similar argumentation to the covector ¢; and continuing the process in this way,
we obtain the desired sequence. [

Remark 7. The Equation (42b) due to (42a) can be rewritten as

a—1

(A *)=0, Va €N, (46)

o
where A is the a-s power of the linear operator A.

Theorem 3. Let a pseudo-Riemannian manifold V;, be a V;,(0)-space. Then there exists a convergent field of

o
the basic type on V;, or there exists the sequence of linearly independent absolutely parallel covector fields {A },
(e =1,2...,p <n—1)such that

N (X) = A(AX) — Aa(X), A(A A) =0, Vaca, 47)

p P
A(AX) = A A(X), (48)

1
where A = A, A* is the vector field g-conjugate with A.

Proof. (1) It follows from (41) that if y # 0 then A is a convergent field of the basic type on V;;(0).
(2) Let 4 = 0, then VA = 0. According to the Lemma 4 and the Remark 7 we can construct the

o
sequence of absolutely parallel covector fields {A } (« € N) such that

a+1 o Q a—1
A(X)=A(AX)—AMX), AMAA)=0, VaeN.

This sequence contains no more than p (< n — 1) linearly independent covectors. Otherwise,
V. (0) will be locally flat and so it will admit a convergent field of the basic type. Thus,

1 p a
where C, are constants and A, ..., A are linearly independent. Changing A (defined to a constant) we
p+1
canmake A =0.Sowe get (48). O

Corollary 2. If the V;,(0)-space does not admit any converging fields of the basic type and ¢ is an absolutely

parallel covector field on it, then
a—1

A (¢*)=0, VaeN (49)

where ¢* is the vector field g-conjugate with ¢.
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-1 a—1 a—1
Proof. We get from (46): (aA A)= AAg")= A (¢*)=0. O

The following statement holds.

Theorem 4. Let a pseudo-Riemannian manifold V,, admit a geodesic mapping onto a pseudo-Riemannian
manifold V,, if there exists a concircular field of the basic type on V,,, then there exists a concircular field of the
basic type on V.

Proof. Let ¢ be a concircular field of the basic type on V,, (¢ # 0), then there exists a concircular
field ¢ on V;,. Let us suppose the contrary, namely that V,, does not admit concircular fields of the
basic type. It means that ¢ = 0. So ¢ is an absolutely parallel covector field and, therefore, V,, is a
Vi1 (0)-space [30]. So according to Theorem 3 there exists a V,, on the sequence of linearly independent

o
absolutely parallel covector fields {A } (« =1,2,...,p < n — 1) satisfying (47) and (48). The Equation
(48) in the coordinate form can be written as

tp p
Cli/\t = AAI (50)
Contracting (50) with éj- (the inverse operator to a;») by i and taking into account that A; = —aly;
we get
p p
)\] =—-A P;. (51)

p p
The condition (49) means that ¢'A; = 0. Hence, due to A # 0 it follows from (51) that ¢!y = 0.
On the other hand since ¢ # 0 and ¢ = 0 the Equation (8) gives us ¢'y; # 0. This contradiction proves
the theorem. [

Remark 8. The Theorem 4 shows that pseudo-Riemannian manifolds admitting a concircular field of the
basic type (i.e., equidistant spaces of the basic type) form the class of manifolds closed with respect to the
geodesic mappings. The same properties have spaces of constant curvature [24,33], Einstein spaces [17,24]
and 'V, (K)-spaces [24].

Corollary 3. Let an equidistant space of the exeptional type V, admit a geodesic mapping onto a
pseudo-Riemannian manifold V,,, then V,, is an equidistant space of the exeptional type.
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