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Abstract: Starlike functions have gained popularity both in literature and in usage over the past
decade. In this paper, our aim is to examine some useful problems dealing with g-starlike functions.
These include the convolution problem, sufficiency criteria, coefficient estimates, and Fekete-Szeg6
type inequalities for a new subfamily of analytic and multivalent functions associated with circular
domain. In addition, we also define and study a Bernardi integral operator in its g-extension for
multivalent functions. Furthermore, we will show that the class defined in this paper, along with the
obtained results, generalizes many known works available in the literature.

Keywords: multivalent functions; g-Ruschweyh differential operator; g-starlike functions;
circular domain; g-Bernardi integral operator

1. Introduction

The study of g-extension of calculus and g-analysis has attracted and motivated many researchers
because of its applications in different parts of mathematical sciences. Jackson was one of the main
contributors among all mathematicians who initiated and established the theory of g-calculus [1,2]. As
an interesting sequel to [3], in which the g-derivative operator was used for the first time for studying
the geometry of g-starlike functions, a firm footing of the usage of the g-calculus in the context of
Geometric Function Theory was provided and the basic (or g-) hypergeometric functions were first used
in Geometric Function Theory in a book chapter by Srivastava (see, for details, [4] (pp. 347 et seq.)). The
theory of g-starlike functions was later extended to various families of g-starlike functions by Agrawal
and Sahoo in [5] (see also the recent investigations on this subject by Srivastava et al. [6-11]). Motivated
by these g-developments in Geometric Function Theory, many authors added their contributions in
this direction which has made this research area much more attractive in works like [4,12].

In 2014, Kanas and Rdducanu [13] used the familiar Hadamad products to define a g-extension of
the Ruscheweyh operator and discussed important applications of this operator in detail. Moreover,
the extensive study of this g-Ruscheweyh operator was further made by Mohammad and Darus [14]
and Mahmood and Sokét in [15]. Recently, a new idea was presented by Darus [16] that introduced a
new differential operator called a generalized g-differential operator, with the help of g-hypergeometric
functions where they studied some useful applications of this operator. For the recent extensions of
different operators in g-analogue, see the work in [17-19]. The operator defined in [13] was extended
further for multivalent functions by Arif et al. in [20] where they investigated its important applications.
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The aim of this paper is to define a family of multivalent g-starlike functions associated with circular
domains and to study some of its useful properties.

Background

Let 2, (p € N={0,1,2,...}) contain all multivalent functions say f that are holomorphic or
analytic in a subset D = {z : |z| < 1} of a complex plane C and having the series form:
flz)=2"+) alﬂ,zl“’, (zeD). 1)
=1

For two analytic functions f and g in D, then f is subordinate to g, symbolically presented as
f < gorf(z) < g(z),if we can find an analytic function w with the properties w (0) = 0 & |w (z)| < 1
such that f(z) = g(w(z)). Also, if g is univalent in D, then we have

f(z) < g(z) = f(0) =¢(0) and f(D)C g(D).

For given g € (0,1), the derivative in g-analogue of f is given by

f(z) - f(42)

D’if(z): Z(l*q) /(Z#O/q#l) (2)

Making (1) and (2), we easily get that forn € Nand z € D:

o [ee]
Dy { Y anapz" TP } =Y. [n+plyanspz P, 3)
n=1

n=1

where

1_q n—ll
=5y =1+ Lo =0

Forn € Z* :=Z\ {—1,-2,...}, the g-number shift factorial is given as

] 1 — 1, n=0,
q [1]q[2]q...[n]q,n6N.

Also, with x > 0, the g-analogue of the Pochhammer symbol has the form

1, n=0,
[x/‘ﬂqn: !
[x/q][x+1/q] [x—'_n_l/lﬂ/ ne N/

and, for x > 0, the Gamma function in g-analogue is presented as
I(x+1)=[x,q]T;(t) and I (1) = 1.
We now consider a function
D, (g u+Liz)=2"+ Y Apyp2"P, (p>—1,z€D), 4)
n=2

with
1+ 1,qln+p

5
[n+ plg! ©

An+p -
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The series defined in (4) converges absolutely in D. Using &, (g, u; z) with u > —1 and idea of
convolution, Arif et al. [20] established a differential operator Eg M 2, — Ap by

LV () =@, (g 2) % f(2) =28 + Y Ansp anipz"™P, (zE€D). ©
n=2

We also note that

lim ®,(q,4;z) = ———— and lim E”er_lf(z) = f(z) * L
o1 (1—z)"*! g1 (1—z)"*!

Now, when g — 17, the operator defined in (6) becomes the familiar differential operator
investigated in [21] and further, setting p = 1, we get the most familiar operator known as
Ruscheweyh operator [12] (see also [22,23]). Also, for different types of operators in g-analogue,
see the works [16,17,19,24-26].

Motivated from the work studied in [3,18,27-29], we establish a family S, (q, , A, B) using the

operator E,}; P71 as follows:
Definition 1. Suppose that g € (0,1) and —1 = B < A = 1. Then, f € 2, belongs to the set S; (q, 1, A, B),
if it satisfies

DL () 14 Az

- < , @)
Pl 7 f(z)  TH Bz
where the function 342 is known as Janowski function studied in [30].
1+Bz
Alternatively,
qull,};ﬂPlf(z) _
, L;Hrp—l

feS,(amAB) & pally S <L ®)

_ qu£,77+p71f(z)
palch 7 f(2)

Note: We will assume throughout our discussion, unless otherwise stated,

-1=B<A=<149€(0,1),peN, and p > —1.

2. A Set of Lemmas

o o
Lemma 1. [31] Let h(z) =1+ ) dyz" < K(z) =1+ Y% kuz" in . If K(z) is convex univalent in D,
n=1 n=1

then, -
|du| < |k1|, forn = 1.

Lemma 2. Let W contain all functions w that are analytic in D, which satisfies w (0) = 0 & |w(z)| < 1 if the
Sfunctionw € VW, given by

w(z) = i wiZk (z € D).
k=1

Then, for A € C, we have
‘wz waﬂ < max {1; |A|}, )

and

1 1 35
w3 + W Wy + Wy

<
i LE (10)
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These results are the best possible.

For the first and second part, see references [32,33], respectively.

3. Main Results and Their Consequences
Theorem 1. Let f € 2, have the series form (1) and satisfy the inequality given by

[e0)

Antp ([n+p,q] (1= B) = [p,q] (1= A)) |ansp| < [p.q] (A—B). (11)

n=1

Then, f € S, (9,1, A, B).
Proof. Toshow f € S (9,1, A, B), we just need to show the relation (8). For this, we consider

quﬁg+p_1f(z)
[l Ch "7 f(2)
quﬁgﬂa—lf(z)
palcy P f(2)

2D LY (2) — [p, gl L4 (2)
Alp,q) Ly f (2) — BzDy £y P F (2) |

Using (6), and with the help of (11) and (3), we have

[PA)ZP+ L0 q Antpnsp[n+pglz" P = [pq) (2P + X5y Antplnspz"'P)
A[P/q] (Zp‘f‘z,io:] /\n+p{1n+pzn+p) —B([P,lﬂzp-‘rzzozl /\n+pan+p [n+p,q]z’1+l’)
_ ’ Lot Antpanip([ntpgl—[p.a))z"?

(A=B)[p.glzP + 151 Antpan+p(Alp.q)—Bln+pg])z"*?
n+p

Lt Antplanip| ([n+pg]—[p.a]) 2]
(A=B)[pallzlP ~E5_y Ausp|ansp|(Alp.g)—Bln+p.g))lzl"?

< Yoe1 Antplantp|(n+pg]—[p4g))
= (A-B)[pAl-Xiy Aurp|anip| (Alp.gl—Bln+p.q)

<1,

where we have used the inequality (11) and this completes the proof. [

Varying the parameters y, b, A, and B in the last Theorem, we get the following known results
discussed earlier in [34].
Corollary 1. Let f € 2 be given by (1) and satisfy the inequality
Y ([ng)(1-B)—1+A)[a| < A-B.
n=2
Then, the function f € S;[A, B].
By choosing g — 17 in the last corollary, we get the known result proved by Ahuja [22] and,

furthermore, for A = 1 — « and B = —1, we obtain the result for the family S* (¢) which was proved
by Silverman [35].

Theorem 2. Let f € S; (q, 1, A, B) be of the form (1) . Then,

A—B
|ap+] = %E\Hp)’ "
and forn = 2,
(A—B)lpnnl( [p,q](A—B>)
< A-BwE / 13
|anip| = Mty E Tprta-na) "



Mathematics 2019, 7, 670 50f12

where
o _ [p.4]
A T i) )

Proof. If f € S; (q, 1, A, B) , then by definition we have

DL (2) 1+ Aw(z)

pq) L7 f () 1+ Bw(z)

(15)

Let us put

Then, by Lemma 1, we get
|da| < A~ B. (16)

Now, from (15) and (6), we can write

zP + 21 [n[;;jq] Anip anpz"P = (1 + 21 dnz”> (z” + ¥ Anyp an+pz”+”> . (17)
n= n=

n=1

Equating coefficients of z" "7 on both sides,

Anp ([0 +p,al = [pa) anvp - = [P 4] Autp—1 @nspardi + -+ [P, ] A 14 pdr.
Taking absolute on both sides and then using (16) , we have
n—1
Nwip ([n+p.q] = [p.q) anp| = [p,q) (A —B) (1 + ) My ’aker‘) :
k

=1

and this further implies

A—B n—1
‘un—&-p‘ < (/\J <1 + 2 /\k+p ‘ak+p’> ’ (18)

and this shows that (12) holds for n = 1. To prove (13), we apply mathematical induction.
Therefore, for n = 2, we have from (12):

(A—B)y»
a < UV (14 Ay a ,
|apsa| = Aoty ( Lip |814p])
using (12), we have
|api2| = A-B)y: (1+(A=B)¢1),
N24p

which clearly shows that (13) holds for n = 2. Let us assume that (13) is true for n < m — 1, that is,

M’ﬁ(wm_mw'

<
|am—14p| = Amtp-1 17
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Consider
(A—B) Ym (S
|amip| < o <1 + k; Nt p ‘akﬂa’)
o m—2
- W‘{1+<AB>¢1+...+<AB>%_1 T+ (4—B)y)
m+p t=1

 (A—B)p, [p.4] (A~ B)
- (” ([ )

Amtp 1 p+taql—Ip.q])

}

6 0of 12

this implies that the given result is true for n = m. Hence, using mathematical induction, we achieve

the inequality (13). O
Theorem 3. Let f € S (q, 1, A, B), and be given by (1) . Then, for A € C

§ (A_B)IPZ {1; |U‘},

2
a Aa
p+2 +1
: Api2

where v is given by

Api2p?
p+271
2

AerllPZ

v=(B—(A—B)py)+ (A —B)A.

Proof. Let f € S} (9,1, A, B), and consider the right-hand side of (15), we have

-1
1+AZU(Z) s k ad k
SAOE) (14 AY w ) (14BY we)
14 Bw(z) ( k; kzzl

where
- k
w(z) =) wz",
k=1
and after simple computations, we can rewrite

1+ Aw(z)
1+ Bw(z)

Now, for the left hand side of (15), we have

:1+(A—B)w1z+(A—B){wz—Bw%}zer....

D £F+p_1 0 0 -1
il f @) = 1+ Z WAn—i-p Antpz" 1+ Z Anyp Anypz"

Pl L7 (2)

n=1

2} 1

2 2
A2+pa2+p A1+p al+p> 72 +

A1+p
= 1+ ——a14pz+ -
TR

From (20) and (21) , we have

(19)

(20)

(21)

(22)

(23)
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Now, consider

A—B 2
a2 — )Lapﬂ‘ _ (Aﬁz”bz{ >+ ((A—B)yp, — B)w %}—AA‘iil(A B)%w
(A— Ble +21P%A—BA 2
p+2 { )+ A§+1¢2( ) “r)

using Lemma 2, we have
A B)
’ap+2 )\“pﬂ’ s ( )lp {5 Jul},
where v is given by
Apia¥i

=(B—(A-B +
v ( ( )l[J1) Af,Hle

(A —B)A.
This completes the proof. [

Theorem 4. Let f € S; (q, 1, A, B) and be given by (1) . Then,

2
g+2 ANiphagy 1 A1+p 3 4(2B-1)"+1
Api3 — Api2lpi1 + S(A-B){ —F—— ,
p+3 qz +q+1 A3+p p+28p+1 [3/ 17] A3+p Api1| = ( ) 8A3+p V3
where Py, and Ny p are defined by (14) and (5), respectively.
Proof. From the relations (20) and (21), we have
q+2 Aisphatyp 1 Ay 2 (A= B)ys 2.3
- = 228 [, — 2B B2},
< PTG Asyy PR B Ay, Asiyp {ws —2Bviwn + B}
equivalently, we have
. q+2 A1+pA2+pu g L 1 A1+p 3
3= 2
PET R g1 Ay, PR T gl A,
(A—-B)y3 1 1 " 16B% — 1 »\ . 16B2—32B—5
= Aory w3 + 4w1w2 + — 16 16 (wz wl) + 16 wy
— 2 _ 2 _ —
. 4 B)l/,73{1+16B 1 168> 328 5}
Asip 16 16
< (A—B)ys3 {16B2 - 16B+5}

where we have used (9) and (10) . This completes the proof. [

Theorem 5. Let f € Ay, be given by (1) . Then, the function f is in the class S}, (g, 1, A, B) , if and only if

¢ (B — [p, _ zP — qLzP*!
R e (S| o (24)
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for all
_ _(pgl—1)e
No= Ne=aa-6)
(25)
_ . _ e+ [paa)
= b= ga=p)

and also for N =0, L = 1.

Proof. Since the function f € S (q, 1, A, B) is analytic in D, it implies that Eg -l f(z) # 0forall
z € D* = D\ {0}—that is

LELaA) oty 20 @em),

and this is equivalent to (24) for N = 0 and L = 1. From (7), according to the definition of the
subordination, there exists an analytic function w with the property that w (0) = 0 and |w(z)| < 1
such that
DL () 14 Aw (2)
Pl L7 f(z) 14 Bw(E)

(zeD),

which is equivalent forz € D, 0 < 6 < 27

quﬁgﬂ’*lf (2) 1+ Ae?

- 2
and further written in a more simplified form
(1 + Beif’) 2D, LI (2) — [pg) (1 + Aeif’) LI () £ 0. (27)

Now, using the following convolution properties in (27)

LI e By =L () and LT (2) ¢ g = DL (2),

then, simple computation gives

Y 5 , ) »
% lﬁg-l-p—lf (2) ((1(1_4;)13(11;;) _ [pa] ((1141124) ) P)} #0,

or equivalently

B—[p,q] A)e? _ N +1)zP — LgzPt!
IR e (S )| 2o

which is the required direct part.

Assume that (11) holds true for Ly — 1 = Ny = 0, it follows that

i0(n_
Mﬁgwqf (z) #0, forall z € D.
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2D L P f(2)

lpalcy ™ f(2)
and (11) are equivalent, therefore we have

Thus, the function h (z) = is analytic in D and % (0) = 1. Since we have shown that (27)

quES’H*lf (2) 1+ Ae®

v, d] Es&pflf (2) 1 + Bei® (zeD). (28)
Suppose that
1+ Az
H(z) = 11 B2 z € .

Now, from relation (28) it is clear that H (0D)) N/ (D) = ¢. Therefore, the simply connected domain
h (D) is contained in a connected component of C\H (dD) . The univalence of the function /, together
with the fact that H (0) = 1 (0) = 1, shows that h < H, which shows that f € S; (q, 4, A,B). O

We now define an integral operator for the function f € 2, as follows:

Definition 2. Let f € . Then, L : A, — A, is called the g-analogue of Benardi integral operator for
multivalent functions defined by L (f) = F;,, with n > —p, where F, , is given by

Fyp(z) = 1 -;P, 1 /t” TF(t)dy (29)
0
_ o [1+p4q] nt
= zZP+ ; 17+p+nq}an+pz P, (zeD). (30)

We easily obtain that the series defined in (30) converges absolutely in D. Now, if g — 1, then the
operator F; , reduces to the integral operator studied in [29] and further by taking p = 1, we obtain
the g-Bernardi integral operator introduced in [36]. If § — 1 and p = 1, we obtain the familiar Bernardi
integral operator [37].

Theorem 6. If f is of the form (1), it belongs to the family Sy, (9, u, A, B) and

Fyp(z) =2" 4+ ) buipz"*?, (31)

n=1

where Fy,, is the integral operator given by (29) , then

]b+1’S m+pq y1(A—-B)
PP = In+p+14 Mgy

and forn = 2

| < _lrtpad (A—B)tlJn“(H([[P/q](A—B) )

bypin| =
bl = Gt ey A\ G ba = gD

where Py, and Ny p are defined by (14) and (5), respectively.
Proof. The proof follows easily by using (30) and Theorem 2. [J

Theorem 7. Let f € S; (q, 1, A, B) and be given by (1) . In addition, i Fyp is the integral operator is defined
by (29) and is of the form (31) , then for o € C

< _litpal (A=B)s g\

‘l’]p-‘rZ (prJrl’ [1,] ¥+ p +2, q] Ap+2
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where )
Apiotp [1+palln+p+24]
= (B—(A—B 4Pl A B . 32
v ( ( )lpl) Q%}Jrll/}z( ) [7] p 1,11]2 o ( )

Proof. From (30) and (31), we easily have

by = e
g l+p+1q”
by = TP,
P l1+p+2.49""
Now,
2,4]
booo g2 |- lntpa | tpallptpt24 o |
tps2 =t [ +p+2.q |7 r+p+La)?

By using (22) and (23), we have

m+pyq (A-B
n+p+24q Apia

) ‘wz—vw% ,

‘bp+2 - abng‘ 1

where v is given by (32) . Applying (9), we get

[7’]"‘}7/‘]] (A_B) {1,|U|}.

byip —ob? | <
’ P+2 (% p+1‘ — [17+p+2,q] Ap+2

Hence, we have the required result. [

4. Future Work

The idea presented in this paper can easily be implemented to define some more subfamilies of
analytic and univalent functions connected with different image domains [38—40].

5. Conclusions

In this article, we have defined a new class of multivalent g-starlike functions by using multivalent
g-Ruscheweyh differential operator. We studied some interesting problems, which are helpful to study
the geometry of the image domain, and also used some of the achieved results to find the growth of
Hankel determinant. The idea of this determinant is applied in the theory of singularities [39] and in the
study of power series with integral coefficients. For deep insight, the reader is invited to read [38—44].
Further, we have generalized the Bernardi integral operator and defined the multivalent g-Bernardi
integral operator. Some useful properties of this class of multivalent functions have been studied.
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