. mathematics ﬁw\o\w

Article
Fixed Point Results for Multivalued Presi¢ Type
Weakly Contractive Mappings

Abdul Latif !, Talat Nazir >*{0 and Mujahid Abbas 3*

1 Department of Mathematics, King Abdulaziz University, P. O. Box 80203, Jeddah 21589, Saudi Arabia
2 Department of Mathematics, COMSATS University Islamabad, Abbottabad Campus,

Abbottabad 22060, Pakistan

Department of Mathematics, Government College University, Lahore-54000, Pakistan

Department of Mathematics and Applied Mathematics, University of Pretoria, Hatfield,

Pretoria 002, South Africa

*  Correspondence: talat@ciit.net.pk or talat@cuiatd.edu.pk

check for
Received: 28 May 2019; Accepted: 2 July 2019; Published: 6 July 2019 updates

Abstract: We present fixed points results of multivalued Presi¢ type k-step iterative mappings
satisfying generalized weakly contraction conditions in metric spaces. An example is presented to
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and extend various comparable results in the existing literature.
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1. Introduction and Preliminaries

A Banach contraction principle [1] is the simplest and useful tool having a variety of scientific
applications such as proving the existence of the solution of linear, nonlinear, differential, integral,
and difference equations. Several extensions and generalizations of Banach contraction principle are
present in the current literature. Kannan [2] established fixed point theorem on certain type of contraction
mappings that are independent of the Banach contraction principle. Boyd and Wong [3] extended the
Banach contraction and derived a ¢-generalized contraction mapping in metric spaces. Rhoades [4]
obtained fixed point results for weakly contractive maps. Dutta and Choudhury [5] established
(1, ¢)-contraction mappings and proved fixed point results of these mappings. Choudhury et al. [6]
proved fixed points of multivalued a- admissible mappings and stability of fixed point sets in metric
spaces. Latif and Beg obtined [7] the geometric fixed points for single and multivalued mappings.

We begin with Banach contraction principle, its extensions, some definitions and results that are
used in the sequel.

Theorem 1. Let (X, d) be a complete metric space and f : X — X . If for any x,y € X, the following condition holds:

d(fx, fy) < ad(x,y),

where a constant « € [0,1). Then, there exists at most one point x* € X having x* = f(x*). In addition, for
any xo € X, given iterative sequence x, 11 = f (x,) converges to x*.
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Definition 1. In a given metric space (X, d), self-mapping f : X — X is called weakly contractive if for any
x,y € X, we have

d(fx, fy) < d(x,y) — (d(x,y)),
where a continuous and non-decreasing function ¢ : [0,00) — [0, 00) is satisfying ¢(0) = 0 and tlim ¢(t) = oo.
— 00

For a positive integer k > 1, consider a mapping f : X* — X. An element x* € X is called a fixed point of

fifx* = f(x*,x*, ..., x%).

The kth order nonlinear difference equation is given by

Znik = f(Zn, Xns1, -+ Znak-1), n=20,1,2,... 1)
with the initial values z1,z3, . ..,z € X.

The problem related to Equation (1) becomes the problem of fixed point theory in the sense that an
element x* in X solves Equation (1) if and only if x* is the fixed point of mapping S : X — X defined as

S(x) = f(x,x,...,x), forallx € X.
Presi¢ [8] obtained very useful result in this direction given as follows:

Theorem 2 ([8]). Let (X,d) be a complete metric space. If a mapping f : X* — X, for a positive integer k
satisfies that

d(f(z1,22,- -, 2k), f (22, - 2k, 2k11)) S 1d(z1,22) + 12d(22,23) + - o« + 14 (28, 204 1),

forall z1,zy,...,2,1 € X, where constants r1,ry,..., 1 > 0 such that r1 + 1y + ...+ 1 < 1. Then,
there exists at most one point z* € X such that f(z*,z*,...,z*) = z*. Moreover, for any arbitrary points
21,22,...,2x € X, the sequence {z, ,y } given in Equation (1) converges to z*.

Observe that, by taking k = 1, Theorem 2 becomes the Banach contraction principle.
Ciri¢ and Presi¢ [9] extended Theorem 2 in the following way.

Theorem 3 ([9]). Let (X,d) be a complete metric space. If a mapping f : X* — X, for a positive integer k
satisfies that

A(f(z1,2z0, - z), f(z2, -+ 2k, 2k01)) < rmax{d(zy1,22),d(22,23),...,d(zk, 2k41) },

forall zq,zy, ...,z 1 € X, where 0 < r < 1. Then, there exists a point z* € X such that f(z*,z*,...,z*) =
z*. Moreover, for any arbitrary points z1,zy, . ..,z € X, the sequence {z, .} given in Equation (1) converges
to z* and

m zy).

lim z, = f(lim z,, lim z,,..., i
n—o00 n—o0

n—oo n—oo
If, in addition,
d(f(Zl,Zl, - ,Zl),f(Zz,Zz - ,Zz)) < d(Zl,Zz)

holds for all zq,zp € X, with z1 # zp, then z* is the unique point in X with f(z*,z*,...,z*) = z*.
The significance of Theorems 2 and 3 lies in the study of global asymptotic stability of the

equilibrium problem for the nonlinear difference Equation (1) were obtained in [10,11].
Pécurar [12] established a result for Presic-Kannan operators in the following way:.
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Theorem 4 ([12]). Let (X,d) be a complete metric space. If a mapping f : X¥ — X, for a positive integer k

satisfies that
k

d(f(z1,2z2,--.,21), f(z2,23,. .., 2k41)) < a ’ d(zi, f(zi,zi, ..., 2i)),

1

+
—_

l
—

holds for all (z1, 22, . .., zk1) € X*+1, where a constant a € R with 0 < ak(k +1) < 1, then:

(i) f has at most one fixed point z* € X.
(ii) For arbitrary points z1,zy, ...,z € X, the sequence {z, .} defined by Equation (1) converges to z*.

Recently, Abbas et al. [10] obtained the iterative approximation of fixed points of generalized weak Presi¢
type operators.

Theorem 5 ([10]). Let (X,d) be a complete metric space. If a mapping f : X¥ — X, for a positive integer k
satisfies that

d(f(Z],Zz,. . .,Zk),f(Zz,Z:;,.. .,Zk+1)) < max{d(zi,ziH) 1< < k}
—¢p(max{d(z;,zi11): 1 <i<k}),

for all (z1,22,...,2k41) € XK1, where ¢ : [0,00) — [0,00) is a lower semi-continuous function with
¢(t) = 0ifand only if t = 0. Then, for any arbitrary points z1,zo, ...,z € X, the sequence {z,} defined by
Equation (1) converges to u € X such that u = f(u,u ..., u). Moreover, if

d(f(xq,x1,...,x1), f(x2,x2...,%2)) < d(x1,x2) — p(d(x1,x2)),
holds for all x1,x, € X with x1 # x, then fixed point of f is unique.

Various other useful results of generalized Pre$i¢ type operators and its applications in various
spaces are presented in [11,13-20]. Recently, Alecsa [21] introduced Pre$i¢ convex contraction and
obtained the unique fixed point in the setup of metric spaces. Ali et al. [22] obtained the best proximity
results of nonself operators in the metric space structure. Babu et al. [23] proved the fixed point results
of Presi¢ type mapping in b-Dislocated metric spaces. Common fixed point of Presi¢ type mappings
were established in [24].

For a metric space (X, d), we set:

N(X) = {A:Aisanon-empty subsetof X},
B(X) = {A:Aisanon-emptybounded subset of X},

CB(X) = {A:Aisanon-empty closed and bounded subset of X} and
C(X) = {A:Aisanon-empty compact subset of X}.

For A € N(X) and x € X, the distance d(x, A is given as
d(x,A) =inf{d(x,z) :z € A}.
For A, B € N(X), define
0(A,B) =sup{d(x,B):x € A}, and

H(A,B) = max{é(A,B),6(B,A)}.

Then, H is called Pompeiu-Hausdorff metric on CB(X). Furthermore, (CB(X), H) is complete
metric space if (X, d) is compete metric space.
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Nadler [25] extended the Banach contraction mapping principle to multivalued functions and
established the following result.

Theorem 6. Let (X,d) be a complete metric space and T : X — CB(X). If for any x1, xp € X, the following holds:
H(Tx1, Txp) < Ad(x1,x2),
where, 0 < A < 1. Then, there exists u in X such that u € T (u), that is, T has a fixed point.
We state the following Lemma given by Nadler in [25].

Lemma 1. Let (X, d) be a metric space. If A, B € C(X) and h > 1. Then, for each x1 € A, there exists x, € B
such that
d(xl, XQ) < ]’lH(A, B).

From Lemma 1, we can obtain the following result.

Lemma 2. Let (X, d) be a metric space. If A,B € C(X), T : X — C(X) and h > 1. Then, for any a,b € A
and x1 € T (a), there exists xp € T (b) such that

d(x1,x2) < hH(T (a), T (b)).

Several useful fixed point results for multivalued mappings were established after the work
of Nadler.

Recently, Shulka et al. [20] introduced the notion of set-valued Pre$i¢ type contraction mapping
in product spaces.

Definition 2. Let (X, d) be a metric space. A mapping T : X*¥ — CB(X) is known as a set-valued Presi¢ type
contraction if it satisfies

k
H(T(x1,x2, ..., x), T(x2,x3, 0, X1 1)) < Z a;d(x;, xi11),
i=1

k
forall (x1,x2, ..., x541) € XK1, where nonnegative constants a; satisfies Y a;< 1.
i=1

For the mapping T : X*¥ — N(X), a point u € X is called a fixed point of T if u € T(u,u, ..., u).
By Fix(T), we denote the collection of all fixed points of mapping T.

The associate operator T of mapping T is defined as 7 : X — N(X) by 7(z) = T(z,z,...,z) for
allz € X.

The aim of this paper is to introduce the concept of Presi¢ type weakly contractive multivalued
mappings and then to study the fixed point result for such mappings in metric spaces. We also give
an example to support the results presented herein. Furthermore, the stability of fixed point sets of
multivalued Pre$i¢ type weakly contractive mappings is also obtained.

2. Main Results

In this section, several fixed point results for multivalued Presi¢ type mappings are established.
First, we prove the following main result.
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Theorem 7. Let (X,d) be a complete metric space, k a positive integer and T : X* — C(X). Suppose that

H(T(x1,x2,...,%), T(x2,x3,...,%41)) < max{d(x;,xi;1):1<i<k}
—¢(max{d(x;, xi11): 1 <i < k}) 2)

holds for all (x1,. .., X 1) € XK1, where ¢ : [0,00) — [0, 00) is lower semi-continuous and ¢(&) = 0 if and
only if & = 0. Then, for any arbitrary points x1, ..., xy € X, the sequence {x,  } defined by

Xpak € T(Xp, X1, eo0r Xpag—1), 1 =1,2,...
converges to u € X and u € Fix(T). Moreover, if
H(T(x,%,..,x), T(y,y,....y)) < d(x,y) — ¢(d(x,y)), ®)
satisfies for all x,y € X with x # y, then Fix(T) = {u}.
Proof. Let xq, ..., x; be arbitrary k elements in X. Define the sequence {xy}in X by
Xpak € T(Xn, X1, oor Xyak—1), n=1,2,... withn >k,
Ifx; =xq foralli=n,n+1,..,n+k—1,thenx; € T(x;,xj, ..., x;), that is, x; is the fixed point of

T. Thus, we assume that x; # x;,1 forsomei =n,n+1,..,n+k—1. Let n < k. Using Equation (2)
and Lemma 1, we have

d(Xen Xkrnr1) < H(T(xn, - Xepn—1), T(Xn41, - -+ Xkn))
< max{d(x;,x;1): n<i<k+n-—1}
—¢ (max{d(x;,xj11):n<i<k+n-1})
< max{d(x;,xiyq):n<i<k+n-—1},
d(xpi1, %) < H(T(x1,...,x¢), T(x2,..., Xk41))
< max{d(x;,xi41) 1 <i<k}—¢(max{d(x;,xi41):1<i<k})
< max{d(x;,xi41):1<i<k},
d(xg, xer1) < H(T(xo,--.,x%-1), T(x1,-., xk))
< max{d(xj,xj41):0<i<k-—1}
—¢ (max {d(x;, xi41) : 0 <i < k—1})
< max{d(x;,xi41):0<i<k-—1},

Thus, we conclude that {d(x,x_1,X,.x)} is monotone non-increasing and bounded below.
Hence, a real number ¢ > 0 exists such that

. _ 3 ‘ N 0<i<k_11—
Jlim A(Xyak—1, Xnik) Jlim max {d(xpsi,Xpyiv1) :0<i<k—1} =c.
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We now claim that ¢ = 0. It follows that, on taking upper limits as n — co on both sided of the
given inequality,

H(T(xn, - Xken-1), T(Xp41, - -, Xkan))
max {d(x;, x;11):n<i<k+n-1}
—¢ (max{d(x;,xj1) :n<i<k+n-1}),

d(Xktns Xknt1)

IN A

we obtain that

c<c—¢(c),
which gives, ¢ (c) < 0and so ¢ (c) = 0 by the property of ¢. Hence,
lim d(xy k-1, Xn4k) = 0. 4

Next, we prove that {x, } is Cauchy sequence. Suppose that 1, m € Nwith m > n. From Equation (2),
it follows that

A( X Xprm) < H(T(xu, oo Xn—1), T(Xmy -+ Xim—1))
< H(T(xn, s Xkgn—1)r T(Xpi1, -+ ) Xkgn))
+H(T(xpt1, -+ Xn)s T(Xnt2, - -+ Xepnt1))
Foo+ H(T(xp—1, - Xkem—2), T(Xm, oo, Xperm—1))
< max{d(x;,xiq):n<i<k+n-—1}

—¢ (max{d(x;,xj11) :n<i<k+n-—1})
+max{d(x;,xj41) :n+1<i<k+n}

—¢ (max{d(x;,x;11) :n+1<i<k+n})
+..+max {d(x;,x;11) m—1<i<k+m-—2}
—¢ (max{d(x;, xj41) :m—1<i<k+m-—2}).

On upper limiting as n,m — co , we have

nlg{}o d( Xk, Xkym) = 0.

It follows that {x, } is a Cauchy sequence in complete metric space (X, d). Thus, an element u in
X exists such that

nlgr_r}ood(xn,xm) = nh_r}r;o d(xy,u) =0. (5)

Now, for any n € N, we obtain

d(u, T(u,u,...,u)) d(u, xy p) +d(xpp, T(uw,u, ... u))

d(u, xy1x) + H(T (%0, Xp41, -+ Xpgk1), T(w,u, ..., 1))

d(u, X)) + H(T(u,u, ..., u), T(u,u,...,x,))
+H(T(u,u,...,x0),T(th, ..., %n,Xpn11))

+.oo+ H(T(tt, xp, X511, o Xnak—2), T(Xn, Xpa1, o o) Xgk—1))
d(u, Xy i) +d(u, xn) — ¢ (d(u, x0))

+max{d(u,xn),d(xn, xp11)} — ¢ (max{d(u, xn),d(xn, Xp4+1)})
+ .o max{d(u,xy),d(xXn, Xp11), -, (X k0, Xpik_1)}

—¢ (max{d(u, xn), d(xn, Xn11), -, d(Xnk—2, ¥nsk-1)}) -

IANCIN A

IN
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On upper limiting as n — oo on both sides of the above inequality and employing Equation (5),
we get
d(u, T(u,u,...,u)) <0,

andsou € T(u,u,...,u),thatis, u is a fixed point of T.
Now, we prove that T has a unique fixed point. Contrary suppose that another element v € X
exists with v # u, satisfying v € T(v, v, ...,v). From Equation (3), we obtain

d(u,v) < H(T(u,u,...,u),T(v,v,...,0))
< d(u,v) — ¢ (d(u,0))
< d(u,v),

a contradiction. Hence, fixed point of T is unique, that is, a unique point u in X exists that is satisfying
ueT(uu,,... u. O

Example 1. Let X = [0,2] and d be a usual metric on X. For k > 1 a positive integer, define the mapping
T: Xk — C(X) by

max{xy, X2, ..., X }
4k2

T(x1,x2,...,x¢) = [0, | forall x4, ..., x; € X.

5 ifa€0,3),
P(a) =

212 1g—3) . 22141 2(n+1) 4q
2n+1_1 7 lf“ € [ n s on+1 ]/ ne N

Note that ¢ is lower semi-continuous on [0, 00) and ¢(x) = 0 if and only if « = 0.
For all x1,x3, ..., X1 € X, we have

H(T(Xl, X2, eeey xk), T(Xz, X3, eeey ka))

1

< gl el
1

< Zmax{|xi—xi+1\ 11 <i<k}
4

< gmax{d(x,-,xiﬂ) 11 <i<k}

= max{d(x;,xi11) : 1 <i<k}—¢p(max{d(x;,xi11):1<i<k}).

In addition, for all x1,x, € X, we have

H(T(Xl, X1y eeer X1), T(XZ, X2, eeey Xz))

IN

LAPo—
8 1 2

5
= d(xl, xz) — ¢(d(xl/ xZ))'

IN

d(x1,x7)

Hence, T satisfies Equations (2) and (3). All the conditions of Theorem 7 are satisfied. In addition, for
any arbitrary points xq,xa, ..., X € X, the sequence {xy} defined by x,,\ € T(Xp, Xp11, oy Xpik_1), N =
1,2,... converges to u = 0, a unique fixed point of T.

If we take ¢(t) = (1 — A)t for all t € [0, 00) in Theorem 7, then we obtain the following immediate
consequence of Theorem 7.
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Corollary 1. Let (X,d) be a complete metric space, k a positive integer and T : X¥ — C(X). If there exists
A € [0,1) such that

H(T(x1,x2,...,x;), T(x2,x3,...,%41)) < Amax{d(x;,x;,1):1<i<k}, (6)

for all (x1,x3,...,%1) € XKL Then, for any arbitrary points x1,...,x; € X, the sequence {x, x}
defined by

Xpik € T(Xn, Xpi1, oo Xnak1), 1 =1,2,...

converges to u € X and u € Fix(T). Moreover, if
H(T(x,..,x),T(y,...y)) < Ad(x,y), (7)
holds for all x,y € X with x # y, then Fix(T) = {u}.

Corollary 2. Let (X,d) be a complete metric space, k a positive integer and T : X¥ — CB(X). Suppose that
there exists A1, Ay, ..., Ay non-negative constants with Ay + Ay + ... + Ay < 1 such that

H(T(x1,...,x¢), T(x2, ..., xk31)) < Aqd(x1,x2) + Apd(x2, x3) + oo + Agd (Xg, Xp11), 8)
forall (x1,...,x41) € XKL, Then, for any arbitrary points x1,. .., x; € X, the sequence {x, ,} defined by
Yok € T(Xn, Xpi1, ees Xpag1), 1 =1,2,...

converges to u € X and u € Fix(T). Moreover, if
H(T(x,..x), T(y,... y)) < (A1 + Ay + ...+ Ap)d(x,y), )
holds for all x,y € X with x # y, then Fix(T) = {u}.

Proof. Clearly, the condition in Equation (6) implies the condition in Equation (8) with A = Ay + Ay +
...+ Ax. Now, let x1, xp € X with x1 # xp. From Equation (9), we have

H(T(x1,x1,...,%1), T(x2,x2,...,%2)) < H(T(x1,x1,...,%1), T(x1,...,%1,%2))
+H(T(xq,...,x1,%2), T(x1,...,%1,%2,%2))
+...+H(T(xq,x2,...,%2), T(x2,%2,...,%2))

< (Mt Ao+ AD)d(xr, x2) = Ad(x, x2),

where A = Ay + A1+ ...+ A1 € [0,1). Thus, the conditions of Corollary 1 are satisfied and the
result follows. [

From Theorem 7, we get the following fixed point result for single-valued mapping.

Theorem 8. Let (X,d) be a complete metric space, k a positive integer and T : X* — X. If there exists
¢ :[0,00) — [0,00), a lower semi-continuous function with ¢(x) = 0 if and only if « = 0 such that

d(T(x1,x2, ..., %), T(x2,x3,...,%41)) < max{d(x;,xi11):1<i<k}
—¢(max{d(x; xiy1) @ 1<i<k}) (10)
holds for all (x1,...,%x41) € X1, Then, for any arbitrary points x1,...,x, € X, the sequence {x, x}
defined by
Xk = T(Xn, Xpa1, s Xnyko1), n=1,2,...



Mathematics 2019, 7, 601 9of 14

converges to u € X and u is the fixed point of T. Moreover, if
d(T(x1,x1,...,x1), T(x2, %2, ..., x2)) < d(x1,x2) — Pp(d(x1,x2)), (11)
holds for all x1,xy € X with x1 # xp, then Fix(T) = {u}.

3. Stability of Presi¢ Type Multivalued Fixed Point Problems

We study the stability of fixed point sets of Presi¢ type weakly contractive multivalued mappings.
First, we obtain the following result.

Theorem 9. Let (X,d) be a complete metric space and T; : X* — C(X) for i = 1,2 be two multivalued
mappings. Suppose that there exists a lower semi-continuous function ¢ : [0,00) — [0, c0) with ¢p(a) = 0 if
and only if « = 0, such that

H(Ti(xl,. . .,xk), Ti(x2/~ ..,ka)) S max{d(xl-,xl-H) 01 S i S k}
—p(max{d(x;, x;ip1): 1 <i<k}), (12)

forall (x1,..., %) € X1 and
H(Ti(xl, .. .,xl), Ti(x2/ .. ,XZ)) < d(xl,xz) — 47(61(3(1,)(2)) (13)
for all x1,xy € X hold. Then, $(H(Fix(Ty), Fix(Tz))) < K, where

K=supH(T (%,...,x), Tr (%, ..., x)).
xeX

Proof. From Theorem 7, the set of fixed points of T; is non-empty, that is, Fix(T;) # @ fori = 1,2.
Let yo € T1 (Yo, --- ¥o)- Then, by Lemma 1, there exists a y; € T (yo, ..., Yo) such that

d(yo,y1) < H(T1(yo, - ¥0), T2(Yo, -, Y0))- (14)

Since y1 € Tz (Yo, .-, o), again by Lemma 1, there exists a y» € T> (v, ..., 1) such that

d(y1,y2) < H(T2(yo, - Y0), T2(y1, - y1))-

We construct a sequence {y, } such that, for all n > 0 with y,,.1 € To(yn, ..., yn), we have

AdWYrr1 Ykv2) < H(T(Wk - ¥%), T2(Ykg1s -+ - Yks1))
< AWk Yrs1) — ¢ (@(Yr Yrs1)) -
In addition,
AV Y1) H(T(Yk—1,- - Yi=1), T(WYir - - - Y&))

<
< AdWr-1,¥x) — ¢ (@(Yk-1,9%)),

Thus, for n < k, we have

H(TYk=n-1s+ 1 Yk=n-1)s TYk=ns- -, Yk—n))
AYk—n—1,Yk—n) — P (A(Yk—n—1,Yk—n))-

d(]/k—n/ yk—n+1)

IAIA
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Following similar arguments to those given in the proof of Theorem 7, we obtain that {y, } is a
Cauchy sequence X and there exists a u € X such that y,, — u as n — co. Let u be the fixed point of T,
thatis, u € Tr(u, ..., u). It follows that

dyo,y1) < H(Ti(yo,--Y0), T2 (Yo, Y0))
< supH(Ty (x,..,x), T2 (x,...,x)) = K (say).
xeX
Note that
d(yo,u) < d(yo,y1) +d(y1,u)
< K+H (Tz (yo, ...,yo) , T (u, vy u))
< K+d(}/01u) _(P(d (VO/M))/
that is,

¢ (d(yo,u)) < K.

Thus, given an arbitrary yo € Fix(T;), we can find a u € Fix(T,) for which

¢ (d(yo,u)) < K.

Similarly, it follows that, for arbitrary zy € Fix(T,), an element w € Fix(T;) exists such that
¢ (d(zo,w)) < K.

Thus, we obtain
¢ (H(Fix(Ty), Fix(Tp))) < K.
O
Lemma 3. Let (X,d) be a complete metric space and {T, : X* — C(X) : n € N} a sequence of multivalued
mappings, uniformly convergent to T : X* — C(X). If T, satisfies Equations (12) and (13) for each n € N,

then T also satisfies Equations (12) and (13), where the lower semi-continuous function ¢ : [0,00) — [0, 00) is

satisfying ¢(a) = 0 if and only if « = 0.
Proof. As T, satisfies Equations (12) and (13) for every n € N, so that for x1, x5, ..., x;1 € X, we have

H(Tu(x1,...,x¢), Tu(x2, ..., x¢11)) < max{d(x;,xji1):1<i<k}
—¢(max{d(x; xi+1) : 1<i<k})

and
H(Tu(x1,...,x1), Tu(x2,...,x2)) < d(x1,x2) — $p(d(x1,x2)).

As the sequence {T, } is uniformly convergent to T and ¢ is lower semi-continuous, taking the
upper limit as n — oo on both sides of the above two inequalities, we obtain that

H(T(x1,x2,..., %), T(x2,x3,...,%41)) < max{d(x;,xi11):1<i<k}
—p(max{d(x; xiy1) : 1<i<k})

and
H(T(x1,...,x1), T(x2,...,%2)) < d(x1,x2) — ¢p(d(x1,x2)).

This shows that T satisfies Equations (12) and (13). O
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Now, we present the following stability result.

Theorem 10. Let (X, d) be a complete metric space, and {T, : X* — C(X) : n € N} a sequence of multivalued
mappings, uniformly convergent to T : X¥ — C(X). Suppose that T, satisfies Equations (12) and (13) for each
n € N, where the mapping ¢ is the same as in the statement of Theorem 9. Then

lim H(Fix(Ty,), Fix(T)) = 0;

n—o0

that is, the fixed point sets of T, are stable.

Proof. By Lemma 3, T satisfies Equations (12) and (13). Let K;, = sup H(T,x, Tx). Since the sequence
xeX
{Ty} is uniformly convergent to T on X, we have

lim K, = lim sup H(T,x, Tx) = 0.
n

n—oo 1—)00 xeX
Using Theorem 9, we obtain that
¢ (H(Fix(Ty,), Fix(T))) < K, for every n € N.
Since ¢ is lower semi-continuous, we have
hggloglfcp (H(Fix(T,), Fix(T))) < lhnggonf K, =0;

that is,
ligrl H(Fix(Ty), Fix(T)) = 0.
n—oo

Hence, the proof is complete. [J

4. Global Attractivity Results

Let P(n) denote an open convex cone of all n x n Hermitian positive definite matrices.
We investigate the weak asymptotic stability and global attractivity of the nonlinear matrix recursive
sequence {U, } in P(n) defined by

1k71 .
Un+k:Q+%ZA n(U,)A, n=12,..., (15)
i=0

where k is the positive integer, Q is the n x n Hermitian positive semidefinite matrix, A the n x n
nonsingular matrix, and A* is a conjugate transpose matrix of A and the mapping # : P(n) — P(n).

Definition 3. Let U be a non-empty set, k be a positive integer and T : U* — U. For given uy,uy, ..., ux € U,
consider the recursive sequence {uy } in U defined by

Uy = T(Un, i1, o Upyk_1), n=12,... (16)

The solutions of Equation (16) are functions w : N — U, that is, for every n € N, w(n+k) = wy,y =
T(wn, Wyt eer (,U,th,l).

A point 1 in U is called equilibrium point of Equation (16) if it satisfies

i=T(1,..., 7).
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In addition, the equilibrium point i of Equation (16) is known as the global attractor if for arbitrary
Uy, Uy, ..., ux € U, wehave d(u,, %) — 0asn — oo.

The point u# of Equation (16) is called weakly stable if, given & > 0, there exists § > 0 such that
for at least one solution of Equation (16) with initial values uy, uy, ..., uy and ||uq — ul|| + ||up — || +
oo+ ||ug — || < 6 implies that ||u, — || < e for all n € N. In addition, the weakly stable point u of
Equation (16) is called weakly asymptotically stable if, in addition limy e 4y = .

We say that  : U — U is ¢-contraction, if there exists a lower semi-continuous function ¢ :
[0,00) — [0, 00) with ¢(«) = 0if and only if « = 0 such that

d(i7(u),n(v)) < d(u,0) — ¢ (d(u,0)),

forallu,v € U.
We endow P(n) with the Thompson metric [26,27] by property of inverse matrix and congruence
transformations, that is,

d(U, V) =dUut, vl =dWuw,wviw), (17)

where W is any nonsingular matrix.
Now, we present the following global attractivity result.

Theorem 11. Let A be n x n nonsingular matrix and Q be an n x n Hermitian positive semidefinite matrix.
Suppose that n : P(n) — P(n) is a ¢-contraction with respect to the Thompson metric d, then for a positive
integer k and for given Uy, Uy, ..., Uy € P(n), the sequence {U,} in P(n) defined by Equation (15) has a
unique equilibrium point U in P(n). Moreover, U is weakly asymptotically stable and a global attractor.

Proof. Define the mapping T : P(n)* — P(n) by
1 * * *
T(Ul, u,..., Uk) =0+ E[A 1”](U1)A + A 17(U2)A +...+A ﬂ(uk)A],
for all Uy, Uy, ..., U, € P(n). Then, we have

A(T(Uy, Uy, ..., Uy), T(Up, Us, . .., Ugiq)

1 k 1k+1
=d <Q +7 Y A(U)A,Q+ . ) A*U(Uj)A>
i=1 =2

==

k 1 k+1
<d ( Atp(Ui)A, ) A*W(Uj)A>
i=1 =2

*dklA*u 1Ak+11A*U1A
_ (?fﬂ P AL A T >>.

Denote V = iA. Then, we obtain

vk
d(T(Ul, u,,..., Uk), T(Uz, us,..., uk+1)
k k+1
<d (z ViUV, Y kuj)v)
i=1 j=2

= d(VUDV + ...+ VW)V, V(U)V + ...+ V(U 1)V)
< max{d(Vn(U)V,Vy(U)V),...,d(V'y(Up)V,V*(Uks1)V)}
=max{d(V'n(U;))V,V'y(Uj1)V): i=1,2,...,k}.
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The nonsingularity of matrix A implies that V is a nonsingular matrix. By using Equation (17),
foralli=1,2,...,k,
d(Vi(U)V, Vi (Ui)V) = d(n(U;), 7 (Uitq))-

Since 7 is ¢-contraction, so that foralli = 1,2, ...,k we have

d(T(Uy, Uy, ..., Uy), T(Up, Us, . .., Ugsq)

max{d(y (), 1 (Uisn)) i = 1,2, K}
max {d(U;, Uj11) : i=1,2,...,k} —¢ (max {d(U;, U;j1) : i =1,2,...,k})

IN

forall Uy, Uy, ..., Ug 1 € P(n).
By employing Corollary 1, it follows that a global attractor equilibrium point U € P(n) exists.
Further, if we assume that, for U,V € P(n) with U # V, we have

d(T(U,u,...,u), 7(v,v,...,V)) Q+A(U)A,Q+ A (V)A)

d(
d(A*p(U)A, A"y (V)A)
d(
d(

IN

n(u),n(V))
U, V) - ¢ (d(U,V)).

IA

Again, by employing Corollary 1, we obtain that the global attractor equilibrium point in P(n)
is unique. [

5. Results and Discussion

The convergence of multivalued Presi¢ type k-step iterative process for operators T : X¥ — C (X)
that are satisfying Presi¢ type generalized weakly contractive conditions is studied in the setup of
metric spaces. An example is presented in support of our main theorem. We also establish the stability
of fixed point sets of multivalued Presi¢ type weakly contractive mappings. Furthermore, the results
of global attractivity for a collection of matrix difference equations are established. For further work
in this direction, various new results of multivalued Pre$i¢ type contractions can be obtained such
as fixed point results for multivalued Presi¢ type F-contractions and multivalued Pre$i¢ type convex
contractions. These results extend and generalize the results presented by Abbas et al. [28] and
Alecsa [21], respectively. Moreover, the multivalued Presi¢ type k-step iterative process can be derived
for flour beetle population model, generalized Beddington—-Holt stock recruitment model, and the
delay model of a perennial grass [29]. In addition, the variety of problems related to dynamical systems,
fixed points and equilibrium points dealing with multivalued mappings can be solved.

Author Contributions: Conceptualization, A.L., TN. and M.A.; methodology, T.N. and M.A_; software, T.N.;
validation, A.L., TN. and M.A.; formal analysis, T.N.; investigation, A.L., T.N. and M.A; resources, TN. and M.A.;
writing—original draft preparation, T.N.; writing—review and editing, A.L., T.N. and M.A ; visualization, M.A.;
supervision, T.N.; project administration, T.N.; funding acquisition, A.L.

Funding: This article was funded by the Deanship of Scientific Research (DSR), King Abdulaziz University, Jeddah
21589, Saudi Arabia. The authors, therefore, acknowledge with thanks DSR technical and financial support.

Acknowledgments: The authors thank the referees for their careful reading of the manuscript and for their
useful suggestions.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Banach, B. Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales.
Fund. Math. 1922, 3, 133-181. [CrossRef]

2. Kannan, R. Some results on fixed point. Proc. Am. Math. Soc. 1973, 38, 111-118. [CrossRef]

3. Boyd, D.W.; Wong, ].5.W. On nonlinear contractions. Proc. Am. Math. Soc. 1969, 20, 458-464. [CrossRef]


http://dx.doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.1090/S0002-9939-1973-0313896-2
http://dx.doi.org/10.1090/S0002-9939-1969-0239559-9

Mathematics 2019, 7, 601 14 of 14

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

Rhoades, B.E. Some theorems on weakly contractive maps. Nonlinear Anal. 2001, 47, 2683-2693. [CrossRef]
Dutta, PN.; Choudhury, B.S. A generalization of contraction principle in metric spaces. Fixed Point Theory Appl.
2008, 2008, 406368. [CrossRef]

Choudhury, B.S.; Metiya, N.; Bandyopadhyay, C. Fixed points of multivalued a-admissible mappings and
stability of fixed point sets in metric spaces. Rend. Circ. Mat. Palermo 2015, 64, 43-55. [CrossRef]

Latif, A.; Beg, I. Geometric fixed points for single and multivalued mappings. Demonstr. Math. 1997,
30, 791-800. [CrossRef]

Presi¢, S.B. Sur une classe d’inéquations aux différences finies et sur la convergence de certaines suites.
Publ. Inst. Math. 1965, 5, 75-78.

Ciri¢, L.B.; Presi¢, S.B. On Pregi¢ type generalization of the Banach contraction mapping principle. Acta Math.
Univ. Comen. 2007, 76, 143-147.

Abbas, M.; Illic, D.; Nazir, T. Iterative approximation of fixed points of generalized weak Pre$i¢ type k-step
iterative method for a class of operators. Filomat 2015, 29, 713-724. [CrossRef]

Chen, Y.Z. A Presic¢ type contractive condition and its applications. Nonlinar Anal. 2009, 71, 2012-2017.
[CrossRef]

Pacurar, M. A multi-step iterative method for approximating fixed points of Presi¢-Kannan operators.
Acta Math. Univ. Comen. 2010, 79, 77-88.

Berinde, V.; Pdcurar, M. An iterative method for approximating fixed points of Pre§i¢ nonexpansive mappings.
Rev. Anal. Numer. Theor. Approx. 2009, 38, 144-153.

Berinde, V.; Pacurar, M. Two elementary applications of some PreSi¢ type fixed point theorems.
Creat. Math. Inform. 2011, 20, 32-42.

Khan, M.S.; Berzig, M.; Samet, B. Some convergence results for iterative sequences of Presi¢ type and
applications. Adv. Differ. Equ. 2012, 2012, 38. [CrossRef]

Pacurar, M. Approximating common fixed points of Presi¢-Kannan type operators by a multi-step iterative
method. An. Stiint. Univ. Ovidius Constanta Ser. Mat. 2009, 17, 153-168.

Shukla, S. Presi¢ type results in 2-Banach spaces. Afr. Mat. 2014, 25, 1043-1051. [CrossRef]

Shukla, S.; Sen, R. Set-valued Pres$i¢ -Reich type mappings in metric spaces. Revista de la Real Academia de
Ciencias Exactas, Fisicas y Naturales. Ser. A Math. 2014, 108, 431-440.

Shukla, S.; Sen, R.; Radenovi¢, S. Set-valued Presi¢ type contraction in metric spaces. Annals of the Alexandru
Ioan Cuza University-Mathematics 2014. [CrossRef]

Shukla, S.; Radojevi¢, S.; Veljkovié¢, Z.A.; Radenovié, S. Some coincidence and common fixed point theorems
for ordered Presi¢ -Reich type contractions. J. Inequal. Appl. 2013, 2013, 520. [CrossRef]

Alecsa, C.D. Some fixed point results regarding convex contractions of Pres$i¢ type. J. Fixed Point Theory Appl.
2018, 20, 1-19. [CrossRef]

Ali, M.U.; Farheen, M.; Kamran, T.; Maniu, G. Presi¢ type nonself operators and related best proximity results.
Mathematics 2019, 7, 394. [CrossRef]

Babu, A.S.; Dogenovic, T.; Ali, M.D.M.; Radenovic, S.; Rao, K.P.R. Some Presi¢ type results in b-Dislocated
metric spaces. Construct. Math. Anal. 2019, 2, 40-48.

Rao, K.P.R.; Sadik, S.K.; Manro, S. Presic type fixed point theorem for four maps in metric spaces. J. Math.
2016, 2016, 2121906. [CrossRef]

Nadler, S.B., Jr. Multivalued contraction mapping. Pac. . Math. 1969, 30, 475-488. [CrossRef]

Nussbaum, R. Hilbert’s projective metric and iterated nonlinear maps. Mem. Am. Math. Soc. 1988, 75, 1-137.
[CrossRef]

Thompson, A. On certain contraction mappings in a partially ordered vector space. Proc. Am. Math. Soc. 1963,
14, 438-443.

Abbas, M.; Berzig, M.; Nazir, T.; Karapinar, E. Iterative approximation of fixed points for Presi¢ type
F-contraction operators. UPB Sci. Bull. Ser. A 2016, 8, 147-160.

Luong, N.V.; Thuan, N.X. Some fixed point theorems of Presi¢-'Ciri’c type. Acta Univ. Apul. 2012, 30, 237-249.

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/S0362-546X(01)00388-1
http://dx.doi.org/10.1155/2008/406368
http://dx.doi.org/10.1007/s12215-014-0177-3
http://dx.doi.org/10.1515/dema-1997-0410
http://dx.doi.org/10.2298/FIL1504713A
http://dx.doi.org/10.1016/j.na.2009.03.006
http://dx.doi.org/10.1186/1687-1847-2012-38
http://dx.doi.org/10.1007/s13370-013-0174-2
http://dx.doi.org/10.2478/aicu-2014-0011
http://dx.doi.org/10.1186/1029-242X-2013-520
http://dx.doi.org/10.1007/s11784-018-0488-7
http://dx.doi.org/10.3390/math7050394
http://dx.doi.org/10.1155/2016/2121906
http://dx.doi.org/10.2140/pjm.1969.30.475
http://dx.doi.org/10.1090/memo/0391
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction and Preliminaries
	Main Results
	Stability of Prešić Type Multivalued Fixed Point Problems
	Global Attractivity Results
	Results and Discussion
	References

