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1. Introduction

Let X be a real normed space and Y be a real Banach space. In 1940, Ulam [1] raised the question
about the stability of group of homomorphisms, and in the following year, Hyers [2] solved this
question about the additive functional equation, which gave a partial answer to Ulam’s question.
In 1978, Rassias [3] generalized Hyers’ result (refer to [4-8] for a more generalized result). Since then,
many mathematicians have investigated the stability of different types of functional equations [9,10].
Rassias [3] investigated the stability problem for approximately linear mappings controlled by the
unbounded function 6(||x||” + ||y||”) as follow:

Theorem 1. Let f : X — Y be a mapping from a real normed vector space X into a Banach space Y satisfying
the inequality:

1f(x+y) = f(x) = fFWIF < 0ClIx]IP + llylIP).

forall x,y € X\{0}, where 0 and p are constants with 0 > 0 and p < 1. If f(tx) is continuous in t for each
fixed x, then there exists a unique linear mapping T : X — Y such that:

26 || x|)”

I£0) =TI < gy

forall x € X\{0}.

The functional equation is said to have Hyers—Ulam—Rassias stability when the stability can be
proven under the control function 6(||x||” + [|y||?).
A mapping f : X — Y is called a general quintic mapping if f satisfies the functional equation:

6

Y 6Ci(—1)° 7 f(x + (i—3y)) =0 1)

i=0
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which is called a general quintic functional equation. A mapping f : X — Y is called a general
sextic mapping;:

7
Y 7Ci(=1) f(x +iy) =0 )
i=0

which is called a general sextic functional equation. For example, the functions f,g : R — R, defined
by f(x) = 215:0 a;x' and g(x) = 21-6:0 aix, a; € R, satisfy the above functional equations. More detailed
terms for the concepts of “a general quintic mapping” and “a general sextic mapping” can be found
in Baker’s paper [11] by the terms “generalized polynomial mapping of degree at most 5” and
“generalized polynomial mapping of degree at most 6”, respectively. Kim et al. [12] previously studied
the stability of a general a general cubic functional equation, and Lee [13-15] studied the stability of
a general quadratic functional equation, a general cubic functional equation, and a general quartic
functional equation.

In Section 2, we will investigate the Hyers—Ulam-Rassias stability of the general quintic functional
equation. In Section 3, we will investigate the Hyers—Ulam—-Rassias stability of the general sextic
functional equation.

2. Stability of a General Quintic Functional Equation

Throughout this section, for a given mapping f : X — Y, we use the following abbreviations:

)= FOICD |y SR
6 .
Df(xy) = LsG(-1)" fx-+ (= 3w),

I'f(x) :=Dfo(2x,2x) + 6D f,(3x,x) + 36D f,(2x,x) + 70D f,(x, x),
Af(x) :=Dfe(x,x) +3Df(0,x)

for all x,y € X. By laborious computation, we can get the equalities:

If(x)
Af(x)

fo(8x) —42f,(4x) + 336f,(2x) — 512f,(x), 3)
fe(4x) —20f.(2x) + 64f.(x) 4)

forall x € X.

Lemma 1. Let p be a fixed nonnegative real number such that p ¢ {1,2,3,4,5}. For a given mapping
f:X — Ywith f(0) =0, let J,.f : X — Y be the mappings defined by:
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Jnf(x) =

4n x x 161 x x
— (fe(F) —16fe(Gar7)) + 55~ (fe() —4fe(51)

2" —20 x 8" 464 x 32" x40 x 2" —680 x 8" + 640 x 32" X
+ - 2(50) — = o (re)
+256x2"—1280:58"+1024x32"f0(2nx+2) F5<p,
A ) 16 ) + L () — 4 )
+2” —950>< 8”f0(2nx71) _ 40 x 2" ;0170 X 8”f0(21n) n 256 x 2”970320 x 8" o(znxﬂ)
+ﬁ(ﬁ,(2”“x) —10f,(2"x) 4+ 16f, (2" 1x)) if4<p<5,
2 (1652 ) — g2 ) — L2 @)
L2 —950>< 8”f0(2nx_1) _40x2" ;0170 x snfo(%) L 256 % 2”9—0320 X Snfo(znxﬂ)
+90X4W(f0(2"+1x) —10£,(2"x) + 16£, (2" 1x)) if3<p<4,

" _ - 4fe(2"x) — fe(2"*'x)
i ny) n+1 _ e e
1 (16/e(27"0) = fe(27""1x)) 12 x 167
4fo(2"1x)  40£o(2"x) | 64fo(2" 'x)  5f(2"1x) | 170fp(2"x)  320f, (2" 'x)
90 x 321 90 x 321 90 x 321 90 x 8" 90 x 8" 90 x 8"
2" x 402" x.,  256x2" x ,
+970f0(2717—1)_ 9 f0(27)+TfU(2n+l) f2<p<3,

16£e(2"x) — fo(2"*1x) _ 4fe(2"x) — fo(2"H1x)

12 x 47 12 x 16"
4fo(2"x)  40fo(2"x) | 64fo(2"'x)  5fo(2"Tx) | 170f,(2"x) 320, (2" 'x)
90 x 32 90 x 32 90 x 32 90 x 8" 90 x 8" 90 x 8"
2" x 40x 2" x ., 256 x2" x .
+%f0(2n71)7 90 fo(27)+790 fo(2n+1) lf1<p<2,

16fc(2"x) *fe(znﬂx) 4fe(2"x) *fE(anx)
12 x 47 B 12 x 16"

N fo(2"2x)  10£,(2"Mx) | 16f0(2"x)  5f0(2""x) | 170fo(2"Tx) 320/, (2"x)
720 x 32" 720 x 32" 720 x 32" 720 x 8" 720 x 8" 720 x 8"
fo(22x) — 40f, (2 1x) + 256 £, (2"x)
180 x 2"

+

fo<p<i

3of 14
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forall x € X and all nonnegative integers n. Then,

Jnf(x) = Jngaf(x) =

N I
i+ G i) - A pacpes
M) ot g ) - e s ©)
i ) - e 4 St ) + B - BB A e,

. " " n—-1 n—1
ié(j 4xn) B 1A9jzc(x2 1x6)n éo ( 2nx+z> * rljz;(i 8n-f1) B igfx(éznfl) Freps<2

n n n " !
ig(: 4xn) - 1A9£(x2 12: + 15({ (xzzfza + 14rz{ (xzsf)ﬂ - 72E)fx(232f1)+1 Fosp<t

forall x € X and all nonnegative integers n.
Proof. For the case2 < p < 3, from the definition of |, f and the equalities (3), we obtain that:

Jnf () = Jns1f (%)

n+1
lez (16f€ ( ) —fe (2%1» 41 (16fe (znﬂ) fe (%))
. 4f.(2"x) 7f€(2n+1x) + 4f8(2n+1x) *fE(anx)
12 x 16" 12 x 1671

4fo(2"x)  40fo(2"x) | 64fo(2" 'x)
90 x 321 90 x 321 90 x 321

_4fo(2M %) N 40fo(2"1x)  64f,(2"x)
90 x 32n+1 90 x 32+l 90 x 32n+1

C5f(2" ) | 170£(2"x)  320£o(2" 'x)
90 x 8" 90 x 8" 90 x 8"

5f0(2"2x)  170fo(2"1x) 320/, (2"x)

+ 90 x 81 90 x g+l 90 x 8+l
2n X

+ 50 (Fo(Grr) — 405 (57) + 256 (557))
2n+1

90 (fo(Zx") 40f0(2n+1) +256}60(2:14—2))

=13 (~F () +20% (55) ~ 4% (7))
 fe(22x) — 20£e (2" x) 4 64f(2"x)

12 x 16"+1
 4fo(2"2x) —168f,(2" M x) + 1344 £, (2"x) — 2048, (2" 'x)
90 x 32n+1
N 5f,(2"+2x) — 210£, (2" 1x) + 1680, (2"x) — 2560£, (2" 'x)
90 x gn+1
2n X X
+%<f0(2n71) 42f0( )+336f0(2n+1) 512f"(2n+2)>
4n x Af(2Mx) 2" x (2" 1x) 2rf(2" 1x)

EAf(an) T 192 % 16" %rf(zwz) 18 x 81+ 45 x 32n+1

for all x € X and all nonnegative integers n. Furthermore, we easily show that the equality (5) holds
by a similar method for the other cases, either 0 < p <l,orl1 < p <2, 0r3<p<4,0ord<p<5,
or5<p. O
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Lemma 2. If f : X — Y is a mapping such that:

Df(x,y) =0

forall x,y € X with f(0) = 0, then
Jnf(x) = f(x)

forall x € X and all positive integers n.

Proof. If f : X — Y is a mapping such that:

Df(x,y) =0

for all x,y € X with f(0) = 0, then it follows from the definitions of Af(x) and I'f(x) that Af(x) =0
and I'f(x) = 0 for all x € X. Therefore, together with the equality f(x) — Jf(x) = Lo (Jif (x) —
Ji+1f (x)) and the equality (6), we conclude that:

Jnf(x) = f(x)
for all x € X and all positive integers n. [

From Lemma 2, we can prove the following stability theorem.

Theorem 2. Let p # 1,2,3,4,5 be a fixed nonnegative real number. Suppose that f : X — Y is a mapping
such that:

IDf(x, ) < 6(llx]lP +llyll) )

forall x,y € X. Then, there exists a general quintic mapping F such that

1£(x) = £(0) = F(x)|| <:

K (128 + 44 x 2P)K 5
(w2t B e s T v —16@ -4
(2% 2P — 1)K 2K 5
(G —s@ 22 " BER-_v2 P16 -1
2% 20 — 1)K 2K 5
(B —s@ 22 TBE -2 T @562
K (128 — 2P)K
(S0 2r(2r —2) T 5032 —27) (5 — 227 T (2 —4)(16 7))
K (128 — 27)K 5 .
(Goxarzr—2) T o027y 522 T (e—anya—ary) IKI" F1<p <2
K (38 — 2/)K
(Ts0a—2) * 18008 —21) (32 = 27)

0llx[|” if 5 <p,

llx|l” if4<p <5,

ollx|[P if3<p<4,
@)

ollx|l” if2 < p <3,

+

(16—2P)(4_2p))9‘|x”p ifo<p<l1

forall x € X and F(0) = 0, where K = 1824 38 x 2V + 6 x 3F.

Proof. If f is the mapping defined by f(x) = f(x) — f(0), then the mapping f satisfies the properties
Df(x,y) = Df(x,y) and f(0) = 0. By (6) and the definitions of I'f and Af, we have:

ITf(x)]

=||Dfo(2x,2x) + 6D f,(3x, x) + 36D fo(2x, x) + 70D f, (x, x) ||
<0(182+ 38 x 2V + 6 x 37)||x||?,
18F ()| =[|Dfe(x,x) +3Dfe(0,x)|| < 56]x|]”
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for all x € X. It follows from (5) and (6) that
[Jnf (x) = Jnsa f ()| <

2"K 4 x 8"K 64 x 32"K  5(42"+1 —4m) )
(B2 ~ 5w T 3% 2wy T 3 gy VI
((5 x 8" —2MK 2 x201DPK)  5(42n+1 g1 YINE

90 x 2(n+2)p 45 x 32n+1 3 x 2(n+2)p
(5x8"—2MK 2x2-VpK) 4" 5 5 x 21P )
( 90 x 2(n+2)p 45 x 32n+1 iigwh¢+92xmﬁmuH
( 2"K (5x 4" —4) x20-UPK 4" 5 L 5x2w )6x]7
90 x 2(n+2)p 90 x 32m+1 122(m+1)p 192 x 16"
( 21K (5 x 4" —4) x 201=VpK 5(4m+1 1)2”17)9”pr
90 x 2(n+2)p 90 x 32m+1 192 x 16"
( 2MP K 2MPK B MPK 5(4n+1 _1)2np)9||x||p
180 x 2n+1 ' 144 x 8n+1 720 x 32n+1 192 x 16"

6 of 14

if 5<p,
if4<p<5,
if3<p<4,
if2<p <3,
fl<p<?2,

fo<p<1

for all x € X. Together with the equality ], f(x) — Jutmf(x) = Z?inmfl(]if(x) — Jizaf(x)) for all

x € X, we obtain that

1Tnf(x) = Jnamf(x)] <:

wam_1 (21 =20 x 8 +64 x 321)K  5(42+1 — 47) ) .
Zi:n ( 45 % 2(i+3)p 3 % 2(12)p )9||x|| if 5<p,
pim_1 (5 x 8 —20K 2 x20=DPK)  5(42+1 _4f) ) .
Vari 90 x 2(i+2)p 45 x 32i+1 3 x 2(i+2)p e« if4<p<5
w1 ((5x8 —2)K 2x20-UPK) 41 5 5 x 2P allll? 3 A
T Coo iy T mmxat T T o2 160 0] Ho<p<%
1,32 X 64K 4 (5 x 41 —4) x 22 PR 41 5 5 x 2iP ,
ntm=1 - ) 0||x||P if 2
R 90 x 321 x 2(+2)p 12200 + 100 % 16 7 2 <P <3,
2 41'K 4i+1 4 2(2i+1)pK 4i+1 -1 zip
ytml (3 X 64K+ (5x b il ) )6||x||P if1<p<2,
=n 90 x 32i+1 x 2(i+2)p 192 x 16
2iPK 217K 27K 5(4i+1 —1)2ip
n+m—1 . _ i —)0||x||? if 0 < 1
" Ggoxomi Vizaxsst 7.2t 102x1e 0 Hosps

®)

forall x € X and n,m € NU {0}. It follows from (8) that the sequence {], f(x)} is a Cauchy sequence
for all x € X. Since Y is complete, the sequence {], f(x)} converges for all x € X. Hence, we can define

amapping F : X — Y by:

F(x) := lim J,f(x)

n—oo

for all x € X. Note that F(0) = 0 follows from f(0) = 0. Moreover, letting 7 = 0 and passing the limit
n — oo in (8), we get the inequality (7). For the case 2 < p < 3, from the definition of F, we easily get:
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IDE(x,y) =

tim |55 (=0f (53¢ ) + 1605 (3. 4) )

Df (2n+1x, 27 ly) — 4Df, (2"x,2"y)

12 x 16"
4Dfy (2" 1x, 2"+ 1y)  40Df,(2"x,2"y) | 64Df, (2" 1x, 2" 1y)
90 x 32" 90 x 321 90 x 321
5[Df, (2" 1x, 2"t y) — 34D f, (2"x,2"y) + 64D f, (2" 1x, 2" 1y)]

90 x 8"

2x 2 X
<50 0 (5 3r) 00 (5537 + 2008 (5 5 ) |
<4"(2P +16)  2"P(2P 4 4) N 4(4P +10 x 27 +16)2(n—D)p

< lim

n—o0

12 x 2" 12 x 16" 90 x 32"

L B +34x 20 + 64)2(1=1)p 21(4P 440 x 2P +256)> y

P 14
90 x 8" 90 x 2(n+1)p O(llx[|” + llyI”)

=0

for all x,y € X. Furthermore, we easily show that DF(x,y) = 0 by a similar method for the other
cases, either0 < p <l,orl < p<2,0r3<p<4,0or4d <p<5or5<p.Toprove the uniqueness
of F,let F' : X — Y be another general quintic mapping satisfying (7) and F’(0) = 0. By Lemma 2,
the equality F'(x) = J,F'(x) holds for all n € N. For the case 2 < p < 3, we have:

Jf (x) = F'G)ll =[] f (x) = JuF'(2)]
Ju-n(3)]-Hla-n(3)| - ety

- 12 n 12 X 16"

|(fe = F)@" )|, 4l1(fo = F)")||  40]|(fo = E)(2")|
+ 12 x 16" + 90 x 32" * 90 x 32"

64][(fo — )@ 0| 5l(fo = B)(@"*x)||  170](fo = F)(2"0)]
+ 90 x 32" * 90 x 8" * 90 x 8"

L3200 - B )| 2" i < )H
40 x 2"

90 x 8" 90
. 256 x 2"
so- | ()] + o= ()|
<4n+2 +4m2P 4 x 2np 4 2(nHD)p 4(4P +10 x 27 +16)2("~1)p

12 % 21P 2xier 90 x 32"
5(4P + 34 x 2P 4 64)2(=1P (4P 4 40 x 2P + 256)2"
90 x 8" 90 x 2(n+1)p
K N (128 — 27)K N 5 o[
90 x 2P(2P —2) ' 90(32—2F)(8 —2P)2P ' (2V —4)(16 —2P)

for all x € X and all positive integers n. Taking the limit in the above inequality as n — oo, we obtain
the equality F/'(x) = limy_e Juf(x) for all x € X, which means that F(x) = F/(x) for all x € X.
Furthermore, we easily show that F(x) = F/(x) by a similar method for the other cases, either 0 < p <
lLorl<p<2or3<p<4ord<p<5ordb<p [O

When n is a fixed number such that n € {1,2,3,4,5}, if f : R — R s a solution of the functional
equation Y7 »Ci(—1)if(ix + y) — n!f(x) = 0 forall x,y € R, then f : R — R is a solution of the
functional equation Df (x,y) =0 forall x,y € R.



Mathematics 2019, 7, 510 8 of 14

Therefore, Example 1 in [16] shows that the assumption p # 1,2,3,4,5 cannot be omitted in
Theorem 2.

Example 1. (Example 1in [16]) There is a mapping f : R — R:

i nCi( 1) fix +y) —nlf (x)] < 4x (n+ 1) n+1)> (2" + [y["). ©)
i=0

for all x,y € R, but there do not exist a mapping F : R — R and a constant d > 0 such that
" onCi(=1)F(ix +y) — n!F(x) = 0and |f(x) — F(x)| < d|x|" for all x € R.
3. Stability of a General Sextic Functional Equation
Throughout this section, for a given mapping f : X — Y, we use the following abbreviations:

7

Df(x,y) ==Y 7Ci(=1)""'f(x +iy),

i=0
I'(x) :=Df,(—6x,2x) + 6D fo(—x,x) + 42D f,(—2x,x) + 112D f,(—3x, x),
Af(x) :=Dfe(—6x,2x) + 8D fe(—x,x) 4+ 56D fo(—2x,x) + 112D f,(—3x, x)

for all x,y € X. By laborious computation, we can get the equalities:

If(x)
Af(x)

fo(8x) — 42, (4x) + 3361, (2x) — 512f,(x), (10)
£.(8x) — 84f,(4x) + 1344f,(2x) — 4096f,(x) (11)

forall x € X.
The proofs of the following two lemmas are very similar to the proofs of Lemmas 1 and 2, so we
omit them and just describe them.
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Lemma 3. Let p # 1,2,3,4,5,6 be a fixed real number. For a given mapping f : X — Y with f(0) =

let Juf : X — Y be the mappings defined by:

Jnf(x) :=

4" —20x 16" +64 x 64" _, x|, 80 x 4" — 1360 x 16" 4 1280 x 64" x
- 45 felom) = 45 felgm)
1024 x 4" —5120 x 16" + 4096 x 64"
+ 45 fe( n+2)
—20 x 8" 4 64 x 32" X 40 x 2™ — 680 x 8" + 640 x 32" x
45 folr) - 45 folzr)
256 x 2" — 1280 x 8" + 1024 x 32" x .
+ 45 f0(2n+2) lf6<p’
4" —5x 16" x 80 x 4" — 340 x 16" 1024 x 4" — 1280 x 16" x
gy Jelzt) - 180 fe(zn) 180 felgr)
n+1 _ n n— 1
+180 X 64" (fﬂ’(z ) 20f€(2 ) + 64f€(2 ))
2720 x 8"+ 64 x 32" x40 x 2" — 680 x 8" + 640 x 32" x
45 f0(27) - 45 fo(2n+l)
256 x 2 — 1280 x 8" + 1024 x 32" x .
+ 45 0(2n+2) if5<p<6,
4" —5 % 16" x 80 x 4" —340 x 16" _ , x, 1024 x 4" — 1280 x 16" x
180 felgt) = 180 felg) + 180 e(z1)
1 -1
+m(fg(2n+ x) — 20fg(2n ) + 64fg(2n .X'))
2" —5 x 8" x 40 x 2" — 170 x 8" x 256 x 2" — 320 x 8" X
0 VlzrT) - 90 folgn) + 90 o)
1 1 H
+50 53 So(271%) = 10£6(2"x) +16fo(2"~'x)) if 4<p<5,
4fe(2"1x)  80fe(2"x) | 256fe(2"'x) 5f(2"t'x)  340fe(2"x) 1280f,(2" 'x)
180 x 64” 180 x 64" 180 x 64 180 x 16" ' 180 x 16" 180 x 16"
(- 80 x 4" (1)+1024X4"f( x )
180fe5 2n " 180y %o 17(}808 ) 2n+1 256 x 2" — 320 x 8"
—5x%x8 X X X — X
+ 49 fo(zn 1) fo(zn) 90 f0(2n+1)
- n+1,\ _ n n—1 .
+90><32n (f0(2 ) 1Of0(2 )+16f0(2 )) lf3<p<4/
4fe(2"1x)  80fe(2"x) | 256fe(2"'x) 5f(2"t'x)  340fe(2"x) 1280f,(2" 'x)
1840 X 64” 1808>B642’1 . 180x 614“ 180 x 16” 180 x 16" 180 x 16"
X X
f‘( on— 1) f3(27)+ ff( n+1)
4f (2"+1 ) 40fo(2"x) | 64fo(2" 1 ) B 5f0(2"+1 ) | 170fo(2"x) 320f, (2" 1x)
290 x 32% ?18 X %%n 90 % 5362'1 5 90 x 8" 90 x 8 90 x 8"

X X X X .
+ooh 1) = Zggolgm) + Zgg—folrr) Fa<p<s
fe(2"2x)  20£e(2"M'x) | 64fe(2"x)  5fe(2"t2x)  340fe(2"flx)  1280f,(2"x)
2880 x 64" 2880 x 64" ' 2880 x 64" 2880 x 16" ' 2880 x 16" 2880 x 16"
+4 fo(2"2x) — 320, (2" x) + 4096 f,(2"x)

2880 x 4"
4fo(2"x)  40fo(2"x) | 64fo(2" 'x)  5f(2"x) | 170£o(2"x)  320fp(2" 'x)
290 x 32n ?18 x %gn 90 X 5%62" o 90 x 8" 90 x 8" 90 x 8"

X X X X .
+90f0(2n 1) 90 f0(27)+ 90 f0<2n+1) lfl<p<2’
fe(2"2x)  20£e(2"x) | 64fe(2"x)  5fe(2""2x) | 340f,(2"'x)  1280f(2"x)
2880 x 64" 2880 x 64" ' 2880 x 64" 2880 x 16" ' 2880 x 16" 2880 x 16"
+4f,_,(zn+2 x) — 320f, (2"+1x) + 4096 £, (2"x)

2880 x 4"
N fo(2"2x) 10£(2" M x) | 16f0(2"x)  5£,(2""2x) | 170£,(2"x)  320£o(2"x)
720 x 32" 720 X 32" © 720 x 32" 720 x 8" 720 x 8" 720 x 8"
n _ n n
+fo(z x) — 40f, (2" x) + 256 £, (2"x) iFp<i

180 x 27

9of 14
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forall x € X and all nonnegative integers n. Then

Jnf(x) = Jngaf(x) =

4" 4x16" 64 x 64" x 2" 4x 8 64 x32" x
G 7 WG T I GEH)
if6 <p,
4 16" x Af(2"1x) 2" 4 x 8" 64 x 32" x
(180 B Q)Af(znﬂ) 45 x 641 (E T T ) f(zn+3)
if5<p<6,
4" 16" x Af(2r1x) on gt x 2T f(2" 1x)
(180 ~ E) f(2"+2) T Bxeatl (% ~ 1) f(2,7+2) 45 x 321+
if4 <p<5,
4n X ) Af(2"1x)  Af"x) 2" 8" x .\ 2rf(2x)
1802 (zis2) 36 x 161 45 x 641+1 (50~ 1)1/ (5=2) 45 x 32n+1 (12)
if3<p<4,

4n Af( x ) Af(2"1x)  Af(2" M) 2" ( x ) If(2"'x) 2rf(2" 'x)
18077 \21+2/ 7 36 x 16nT1 45 x 64ntl T 90 7 \2n+2) T 18 x g+l 45 x 320+l
if2<p<3,

_ Af(2") Af(2'x)  Af(2"x) 2 ( x ) Tf(2"'x) 2rf(2" 'x)
720 x 4171 T 576 x 16"F1 2880 x 6411 | 90"/ \2nt2) T 18 gntl T 45 x 3pn+1
fl<p<2,
Af(2"x) Af(2"x) Af(2"x) T'f(2"x) Tf(2"x) T'f(2"x)
T 720 x 411 T 576 x 16"+ 2880 x 6471 180 x 27n+1 | 144 x 871 720 x ;211“1
ifp <

forall x € X and all nonnegative integers n.

Lemma 4. If f : X — Y is a mapping such that Df (x,y) = 0 forall x,y € X, then [, f(x) = f(x) for all
x € X and all positive integers n.

Lemma 5. If f : X — Y is a mapping such that f(0) = 0 and Df(x,y) = 0 for all x,y € X\{0},
then Df (x,y) =0 forall x,y € X.

Proof. Since Df(x,0) = 0 and Df(0,y) = Df(7y,—y) = 0 for all x,y € X\{0}, the equality
Df(x,y) =0holds forall x,y € X. O

From Lemmas 4 and 5, we can prove the following Hyers—Ulam—Rassias stability of the sextic
functional equation.

Theorem 3. Let p # 1,2,3,4,5, 6 be a fixed real number. Suppose that f : X — Y is a mapping such that:

IDf (e, )l < 0[P + [ly[I”) (13)
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forall x,y € X\{0}. Then, there exists a unique general sextic mapping F such that

1f(x) = f(0) = F(x)|| <:

K (128 + 44 x 2P)K K’ (256 + 44 x 2P)K' . 0]|x[|? e
(T " o-ne-8 w0 - 16 52 Fo<p
K (128 + 44 x 27)K (2 — 1)K’ N
Gt o sy T @16 @-2) B TO<P<O
2x 20 —1)K 2K 2 — 1)K K 0] " 5
(s -2 " m- " @ -H 16 " 6-2) B2 fa<p<5
@2x20 — 1)K 2K K (25— 29)K' | 6])x|)? ,
(s -2 " m- i -9 tim_mae-2) mry  To<r<t (19
K (128 — 2K K’ (256 — 27K’ | 0|x|]? . 3
(@ T m-e-2) 20 " 26 —2)(16—27)) 90 x 2 fa<p<s
K (128 — 2)K (44 + 2)K’ Kol .
G2t B2 T ma6—)a-2) T -] s T1<P<?
(22+2))K K (44 + 2V)K' NI o
(G-2ne-2 " B2-20) T a6 296 —2) T aea—2)) 720 fp<

forall x € X\{0} and F(0) = 0, where K := 166 + 43 x 2P + 112 x 37 4 6F and K' := 184 + 57 x 27 +
112 x 37 + 6F.

Proof. If f is the mapping defined by f(x) = f(x) — f(0), then Df(x,y) = Df(x,y) and f(0) = 0.
By (13) and the definitions of T'f and Af, we have:

ITF(x)|| =||Dfo(—6x,2x) + 6D fo( —x, x) +42Df,(—2, x) + 112D f, (=3, x)||
<60(166 +43 x 2P +112 x 37 + 67) ||x||?,
IAf(x)|| =||Df.(—6x,2x) + 8D fu(—x, x) + 56D fo(—2x, x) + 112D f,(—3x, x)||

<60(184+57 x 2V + 112 x 37 4 6°) || x||”

for a~11 x € X\{Q} It follows from (12) and (13) that
nf () = Insa f(2)]) <:

2"K 4 % 8"K 64 x 32"K 4K’ 4 x16"K' 64 x 64"K’ )
- + - )6l x[|” if 6<p,
45 x 2n3)p 9 % 2(H3)p 45 5 2(n43)p T 45 % 2(43)p 9w 2(1H3)p 45 x 2(n+3)p
2"K 4 x 8"K 64 x 32"K (5 x 16" —4")K' 2 x 201=DpK!) .
_ p
(G229 ~9x 2077 T 15 2079 T 180 x 20 90 x g1 )l i5<p<b
n_on (n—1)p n_ qn\x! (n=1)pygr
((5><8 2K 2x2 K) (5x16"—4"K' 2x2 K))GHxH” 1< p<s,
90 x 2(n+2)p 45 x 32n+1 180 x 2(n+2)p 90 x 64n+1
n__on (n=1)p ny! n+l _ (n=1)p g
((5><8 2MK  2x2 K) 41K’ (5x4 4) x2 K)G\Ix\l” if3<p<a
90 x 2(n+2)p 45 x 32n+1 180 x 2(n+2)p 180 x 641+1
omK g+l _ gy 2(n-1pg 4K’ qn+l _ g4 2(n=1)pg!
( +(5>< ) x (5% ) % YolxllP if2 < p <3,
90 x 2(n+2)p 90 x 32n+1 180 x 2(n+2)p 180 x 641+1
2"K (5 x 4mt1 —4) x 2(n=Dpg 2MPK! 2K’ 2" K!
- )Olx|lP ifl<p<2,
90 x 2(n+2)p 90 x 32n+1 720 x 41 576 x 16"+1 ' 2880 x 641+1
( 2K 2mK N 2K N K 2wk N 2mPK’ Jollx]? dp<l
180 x 271 144 x 8*+1 7 720 x 32nF1 ' 720 x 471 576 x 16"+ | 2880 x 64"+1 P
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for all x € X\ {0}. Together with the equality ], f(x) — Jutmf(x) = Z?jfﬁl(]if(x) — Jis1f(x)) for all
x € X, we obtain that

1Tnf(x) = Jnamf(x)] <:

21K — 20 x 8K + 64 x 321K 4+ 4K’ — 20 x 16K’ + 64 x 64'K’

n+m—1 P .
Licy ( 45 % 2(+3)p )HHxH if 6<p,
1 2K —20 x 8K+64x32K (5x16 —4)K' 2 x20-1rK) )
n+m 1 . p
Ra 45 x 2(3)p * 80 x2mor T o xeart Ol i£5<p<6
wim_1 (5x8 —20)K  2x20-DPK)  (5x 16 —4)K' 2 x 20~ VPK’) )
Zi:n ( 90 x 2(f+2)l7 45 % 32+ + 180 % 2(i+2)p 90 % 641+1 )9”95” if4 < p < 5,
naem—1 (5 X 8 —21)K 2 x 2(-1rK) 4iK' (5 x 4i+1 — 4) x 2(=DPK! . 15
L (oo 2ir T 45321 T 180 x 20007 180 x 6411 ol it <p<d,  (15)
L1 32 x 64K + (5 x 471 —4) x 22HDPRC 448 4 (5 x 411 — 4) x 22 1PK
n-+m 1 p
L 90 x 32i+1 x 2(i+2)p 180 x 64i+12(i+2)p )9||x|| if2<p<3
g1 (32 X 64K + (5 x 411 —4) x 2@+DPK (4142 _ 5)2/P K/ 2iPK! Volxlr i1 <p<2
i=n 90 x 32i+1 x 2(i+2)p 2880 x 16/t1 ' 2880 x 64i+1 ’
_ 27K 217K 27K (42 — 5)2iPK! 2iPK’
n+m—1 .
Lo (g waiT ~ Taa s 720 301 2880 < 1671 T 2880 < 6ar1) O ifp<1

for all x € X\{0} and n,m € NU {0}. It follows from (15) that the sequence {J,f(x)} is a Cauchy
sequence for all x € X\{0}. Since Y is complete and £(0) = 0, the sequence {J,, f(x)} converges for all
x € X. Hence, we can define a mapping F : X — Y by:

F(x) := lim ], f(x)

for all x € X. Moreover, letting n = 0 and passing the limit # — co in (15), we get the inequality (14).
For the case 2 < p < 3, from the definition of F, we easily get:

Df,(2"1x,2"ly)  20Df,(2"x,2"y) L 64D fo(2"1x, 2" 1y)

IDF(x)] = i |

45 x 64" 45 x 64" 45 x 64"
_ Dfe(2"1x,2"H1y) — 68D fo(2""x,2"y) + 256D fe (2" x,2" " 1y)
36 x 16"

2x 2y Y y
(5 ) 00 (3. ) 10 .58
4Df, (2" 1x, 2"t 1y)  40Dfy(2"x,2"y) N 64D f, (2" 1x, 2" 1y)

* 90 x 32" 90 x 32" 90 % 327
5[Df, (2" 1x, 2" 1y) — 34Df,(2"x,2"y) + 64D f, (2" 1x, 2" 1y)]
90 x 8"

3lon(22) o5 ) o 50220

< lim ((4,, +20 x 29 + 64)207 VP (4P + 68 x 2P 4 256)2(" 1P
oo 45 x 64" 36 % 16"
4" (4P + 80 x 2F 4 1024) N 4(47 410 x 27 4+ 16)2(=Dp
180 x 2(n+1)p 90 x 32
(4 +34 x 2P 4+ 64)2(1=1)P 21(4P 4 40 x 2P + 256)
18 x 8" 90 x 2(n+1)p

) < 6(x]1P + yII?)
=0

for all x,y € X\{0}. Since DF(x,y) = 0 for all x,y € X\{0}, F : X — Y satisfies the equality
DF(x,y) = 0forall x,y € X by Lemma 5. Furthermore, we easily show that DF(x,y) = 0 by a similar
method for the other cases, either p < 1,orl < p<2,0or3<p<4,ord<p<5or5<p<ep,
or 6 < p. To prove the uniqueness of F, let F' : X — Y be another sextic mapping satisfying (14) and
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F'(0) = 0. By Lemma 4, the equality F/(x) = J,F'(x) holds for all n € N. For the case 2 < p < 3,
we have:

1T f (2) = F'(x)]
=[Jnf(x) = ]nF' (x)
Mfe=F)@™ )|, 20lI(fe = F)@"0)l|  64](fe — Fe) (2" 12) |

= 45 xean 45 x 64" 45 x 64"
L= F) @ )| 68[(fe — F) (") 256]l(fe = Fe) (2" 1)l
36 x 16" 36 x 16" 36 x 16"

e (e P TS e TS
4| (fo— Fo) 2" )|, 40[|(fo — Fo)(2"x)|| , 64[I(fo — Fo) (2" )|

. I, I,

90 x 32" 90 x 321 90 x 321
n 5[1(fo — Fo) (2" 1) n 170]| (fo — Fo) (2"x) || n 320|(fo — Fo) (2" %) |
90 x 8" 90 x 8" 90 x 8"

53w @)l |

- ( (4P +20 x 2P +64)20n=Dp (4P 4 68 x 2P 4 256)2(1—1)p

45 x 64" 36 x 16"
(47 4+ 80 x 2P +1024)2"  2(4P +10 x 2F 4 16)2("—1)p
180 x 2(n+1)p 45 x 321
(4P +34 x 2P +64)201=DP (4P 1 40 x 2P 4 256)2"
18 x 8" 90 x 2(n+1)p
K (128 — 27)K K’ (256 — 27)K’ 0)|x||”
X + +
2P —2 " (32—-2F)(8—2F) ' 2(2F —4) ' 2(64—2F)(16 —2P) ) 90 x 2P

for all x € X\{0} and all positive integers n. Taking the limit in the above inequality as n — oo,
we obtain the equality F/(x) = lim, e ], f (%) for all x € X\ {0}, which means that F(x) = F'(x) for
all x € X\ {0}. Furthermore, we easily show that F(x) = F’(x) by a similar method for the other cases,
eitherp <l,orl<p<2or3<p<4ord<p<5orS5<p<bor6<p 0O

From Theorem 3, we also prove the hyperstability of the sextic functional equation when p < 0.

Theorem 4. Let p < 0 be a real number. If a mapping f : X — Y satisfies the inequality (13) for all
x,y € X\{0}, then f : X — Y is a sextic mapping itself.

Proof. According to Theorem 3, there is a unique sextic mapping F of the functional equation
DF(x,y) = 0 such that:

i (224 27)K K (44 +27)K’ K 0llx[P
If(x) = F()ll < ((8 —o)2—2) T Ba—2r) T a(te—2r)a—2v) T atea— zp)) 720

for all x € X\{0} and F(0) = 0. From the equality:

Df(nx, —(n—1)x) =Df(nx, —(n — 1)x) — DF(nx, —(n — 1)x)

7 o
2)7(31‘(_1)771(]( — F)(nx —i(n —1)x)
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forall x € X\{0} and n € N, we have the inequality:

for all x € X\ {0} and n € N\{1,2}. Since

17C1(F — F) ()| =HDf<nx,—<n ~1)x) 4 (F — F)(nx)

7 o
- §7Ci(—1)7_1(f —F)(nx —i(n—1)x)

<6|x|? [nr’ +(n—-1)P + (nP + i7ci(i(n 1) - n)p)
i=2
(22 +2P)K K (44 +2P)K' K’
<(82P)(22P) (32—27) ' 4(16 —27P)(4 —2P) 4(642P)>}

0) = F(0) and n?, Y7, 7C;(i(n — 1) — n)?, and (n — 1)”

(
tends to zero as n — oo, we get f(x) = F(x) for all x € X. Therefore, Df(x,y) = Df(x,y) =
DF(x,y) =0forallx,y € X. O
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