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Abstract: In this paper, we prove a new fixed point theorem for a multi-valued mapping from a
complete extended b-metric space U into the non empty closed and bounded subsets of U, which
generalizes Nadler’s fixed point theorem. We also establish some fixed point results, which generalize
our first result. Furthermore, we establish Mizoguchi-Takahashi’s type fixed point theorem for a
multi-valued mapping from a complete extended b-metric space U into the non empty closed and
bounded subsets of U that improves many existing results in the literature.
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1. Introduction

Throughout this paper, (U, dy) is an extended b-metric space. We denote by CL(U) the set of all
subsets of U that are non empty and closed, by CLB(U) the set of all subsets of U that are non empty
closed and bounded and by K(U) the set of all subsets of U that are non empty compacts.

An element 1’ € U is called a fixed point of a multi-valued map F : U — CLB(U) if u’ € Fu'.
An orbit for a mapping F : U — CLB(U) at a point 1y € U denoted by O(F) is a sequence {u,}_, in
U such that u,, 1 € Fu,. A mapping f : U — Ris said to be F-orbitally lower semi-continuous if for
any sequence {u, }5_,in O(F) and u € U, u, — u implies f(u) < limy, ;e inf f(11y,).

Define a function f : U — Ras f(u) = dg(u, Fu). For a constant g € (0,1), define the set [j' C Uaas

I = {v € Fu|qdy(u,v) < dy(u, Fu)}.

The Pompeiu-Hausdorff distance measuring the distance between the subsets of a metric space
was initiated by D. Pompeiu in [1]. The fixed point theory of set-valued contractions was initiated by
Nadler [2], but later many authors extrapolated it multi directionally (see [3,4]).

Theorem 1 (Reich [5]). Let (U,d) be a complete metric space and let F : U — IC(U). Assume that there
exists amap 1 : [0,00) — [0,1) such that

lim sup #(s) <1, forall t € (0,00),

s—tt
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and
H(Fu, Fv) < n(d(u,v))d(u,v), forallu,v € U.

Then F has a fixed point.

In [5] Reich raised the question if the above theorem is also true for F : U — CLB(U). In [6],
Mizoguchi and Takahashi gave supportive solution to the conjecture of [5] under the hypothesis
limsup, ., 7(s) <1, forall t € [0,00). In particular, they proved the following result:

Theorem 2 (Mizoguchi, Takahashi [6]). Let (U,d) be a complete metric space and let F : U — CLB(U).
Assume that there exists a map 17 : [0,00) — [0,1) such that

lim sup #(s) <1, forall t € [0,0),

s—tt

and
H(Fu,Fv) < n(d(u,v))d(u,v), forallu,v € U, u #v.

Then F has a fixed point.

In [7], Feng and Liu extended Nadler’s fixed point theorem, other than the direction of Reich and
Takahashi. They proved a theorem as follows:
Theorem 3 (Feng, Liu [7]). Let (U, d) be a complete metric space and let F : U — CLB(U). Assume that:

(i)  Themap f : U — Rdefined by f(u) = d(u, Fu), u € U, is lower semi-continuous;
(i) There exist p,q € (0,1), p < q such that for all u € U there exists v € {v € Fu | qd(u,v) <

d(u, Fu)} satisfying
d(v, Fv) < pd(u,v).

Then F has a fixed point.
Hicks and Rhodes [8] and Klim and Wardowski [9] proved the following results:

Theorem 4 ([8]). Let (U,d) be a complete metric space and let g : U — U, 0 < h < 1. Suppose there exists q
such that

d(gv, g*v) < hd(v,gv), foreveryy € {x,gx,¢°x,...}.

Then
(i) lim, g"x = q existS'
(i) d(g"x,q) < {5d(x, gx);
(iii) q is a fixed point of g iff G(x) = d(x, gx) is g-orbitally lower semi-continuous at g.
Theorem 5 ([9]). Let (U, d) be a complete metric space and let F : U — K(U). Assume that the following
conditions hold:
(i)  Themap f : U — Rdefined by f(u) = d(u, Fu), u € U, is lower semi-continuous;
(ii)  There exists a map 1 : [0,00) — [0, 1) such that

lim sup #(s) <1, forallt € (0,00),

and for all u € U there exists v € {v € Fu : d(u,v) < d(u, Fu)} satisfying

d(v, Fv) < n(d(u,v))d(u,v).
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Then F has a fixed point.

In 2007, Kamran [10] logically presented Mizoguchi-Takahashi’s type fixed point theorem, that
simply generalizes Theorems 4 and 5.

The idea of generalizing metric spaces into b-metric spaces was initiated from the works of
Bakhtin [11], Bourbaki [12], and Czerwik [13,14]. In [15], the notion of b-metric space was generalized
further by introducing the concept of extended b-metric spaces (see also [16-18]) as follows:

Definition 1 ([15]). Let U be a non empty set and ¢ : U x U — [1,00). A function dy : U x U — [0, 00) is
called an extended b-metric, if for all uq,up, uz € U it satisfies:

(i) d¢(141,u2) =0 ifand only if u; = uy,
(ii) dg(uq,un) = dg(uz, uy),

(le) d¢(u1,u3) < gb(ul, M3)[d¢(u1, Ltz) +d¢(u2, 1/[3)].

The pair (X, dy) is called an extended b-metric space.

Remark 1 ([15]). Every b-metric space is an extended b-metric space with a constant function ¢(x1,x2) =s,
fors > 1, but its converse is not true in general.

Example 1. Let U = {u € R: u > 1}. Definedy : U x U — [0,00) and ¢ : U x U — [1, 00) as follows:
dp(ur, up) = (1 — up)?, P(ur, up) =1+ ug +up,
forall uy, up € U. Then (U, dy) is an extended b-metric space.

For more examples and recent results see [19]. Also, in [20] Muhammad Usman Ali et al.
established fixed point results for new F-contractions of Hardy—Rogers type in the setting of b-metric
space and proved the existence theorem for Volterra-type integral inclusion. Their results generalized
many existence results in the literature. Finally in [21], authors introduced the notion of a generalized
Pompeiu-Hausdorff metric induced by the extended b-metric as follows:

Definition 2. ([21]) Let (U,dy) be an extended b-metric space, where ¢ : U x U — [1,00) is bounded.
Then for all A,B € CLB(U), where CLB(U) denotes the family of all non empty closed and bounded subsets
of U, the Hausdorff-Pompieu metric on CLB(U) induced by dy is defined by

Ho (A, B) = max{supdy(a,B),supdy(b,A)},
acA beB

where for every a € A, dy(a,B) = inf{dy(a,b) : b € B} and & : CLB(U) x CLB(U) — [1, 00) is such that
®(A,B) =sup{¢(a,b):ac A b € B}.

Theorem 6. ([21]) Let (U,dy) be an extended b-metric space. Then (CLB(U),Hg) is an extended
Hausdorff-Pompieu b-metric space.

In this paper, we extend Nadler’s fixed point theorem for the extended b-metric space.
Moreover, we improve Mizoguchi-Takahashi’s type fixed point theorem (Theorem 1.2, [10]) for the
extended b-metric space when F is a multi-valued mapping from U to CLB(U). Our results generalize
Theorems 4 and 5 in the setting of extended b-metric spaces which in turn generalize many existing
results including Theorems 1-3.
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2. Main Results

We start with the following lemma.
Lemma 1. Let X, Y € CLB(U), then for every > 0 and y € Y there exists x € X such that
dp(x,y) < Ho(X,Y) +1.
Proof. By definition of the Hausdorff metric, for X, Y € CLB(U) and for any y € Y, we have
dp(X,y) < Ho(X,Y).
By the definition of an infimum, we can let {x, }7°_, be a sequence in X such that
de(y, xn) < dp(y,X) +1, wheren > 0. 1)

We know that X is closed and bounded, so there exists x € X such that x, — x. Therefore by (1),
we have

dg(x,y) <dp(X,y) +11 < Ho(X,Y) + 1.
O
Theorem 7. Let (U, dy) be a complete extended b-metric space. If F : U — CLB(U) satisfies the inequality
He (Fu, Fv) < ndg(u,v), forallu, v €U, (2)
where n € [0,1) is a real constant such that limy, » —e0 P (Un, ) < 1, then F has a fixed point.

Proof. Let us consider 7 > 0. Let up € U and choose u; € Fuy. Since Fug, Fu; € CLBU) and uy € Fuy,
then by Lemma 1, there exists u; € Fuj such that

dg(u1,up) < He(Fug, Fuy) +17.
Now since Fuy, Fuy € CLBU) and uy € Fuj, there is a point uz € Fuy such that
dg(u2,u3) < He (Fuq, Fup) + 172.
Continuing in this fashion, we obtain a sequence {u, };_, of elements of U such that 1,1 € Fu, and
dg(tn,ttps1) < Ho(Fuy_q, Fuy) + 4", forall n >1.
By (2), we note that

17d¢,(un,1, uVl) + T]n
1 (ndg(ty—2,tty—1) +1"1) + 1
772d¢(un72/ un—l) + 217?1

d¢(unr un+1)
n

IAN N IA

Continuing in this way, we have

dg(tn, y1) < n"dg(uo,ur) +nn", forall n > 1. (3)
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By the triangle inequality and (3) for m > n, we have

dp(un, um) < §(un, um)[n"dp(uo, ur) +nn"] +‘P(“nr”m)‘P(”nHr”rH)[’?”Hd«P(”Or uy)
A+ D"+ + P (1, )P (Ups1, ) « - P(Upy—1, Um)
(7" g (o, ) + (m — 1™ 1],

dg(un, um) < dg(uo, ur)[@(ttn, )" + @ (ttn, )P (U1, wn) 7"+ A+ @t )
P(ns1,tm) - - (1, )™+ (@ (i, um)nn™ + (i, 1)
P(tnia, M><”+1) T (i, )Pt )

¢y, i) (m = 1" 1],

do(tn, um) < dg(uo, ur)[P(ur, wn)P(uz, um) ... ¢(Un, )" + P(ur, ) P(u2, i) . ..
1, )" A P, )P (u, tim) - Pttt P (g1, ) - -
¢ (11, )™ ]+ [ (1, ) (1, 1) - - Ptk 1) 1" + (111, 1)
Pz, ttm) - (e, i) (1 + 1)y o+ g, ) (2, 10m) -
¢ (s, b )P (g1, tm) - - - @ (U1, tm ) (M — 1)17;1171]'

Since limy, 1 —sc0 P(Up4+1, Um)y < 1, the series

Z 77” H(P(ui, Mm) and Z ”’7n H‘P(ui/ Z/lm)
n=1 i=1 n=1 i=1

converges by the ratio test for each m € N. Let

o] n n ) ]
5= Z ’7”1_[47(141‘/14111), Sp = ZU]H4>(ui,um),
n=1  i=1 =1 i=1
and 4
(] , n . j
Z uz/um)/ Sn - Z]W]H¢(ul,um)
n=1 i=1 =1 =1

Thus for m > n, the above inequality implies

! !

d(p(unr um) < dq;(Mo, ul)[smfl - Sn] + [Smfl - Sn]'

By letting n — co, we conclude that {u,}{_; is a Cauchy sequence. Since U is complete, there
exists # € U such that lim,, o 4, = u (so lim,—c0 ;41 = u). Now by the triangle inequality

dg(Fu,u) < ¢(Fu,u)[dy(Fu,uy) 4 dp(un, u)]
< ¢(Fu,u)[ndg(u, uy—1) + dgp(un, u)).

This implies that
dg(Fu,u) <0 as n — co.

dg(Fu,u) = 0.

Hence u is a fixed pointof F. [

Theorem 8. Let us consider a multi-valued mapping F : U — CLB(U), where (U, dy) is a complete extended
b-metric space. Furthermore, let us consider that the following two conditions hold:
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(i)  Themap f : U — R defined by f(u) = dg(u, Fu), u € U, is lower semi-continuous;
(ii) There exist p,q € (0,1), p < q such that for all u € U there exists v € Ijf satisfying

dg (v, Fv) < pdy(u,v).

Moreover limy, ;y —sco 0 (Un, tty) < 1, for all & € (0,1). Then F has a fixed point in U.

Proof. As Fu € CLB(U) for any u € U, [} is non void for any constant g € (0,1). For some arbitrary
point uy € U, there exists u; € I,'; 0 such that

dg(u1, Fuy) < pdg(uo, uz).
And, for uy € U, there exists u € I, satisfying
dg(uo, Fup) < pdy(uy, uz).
Continuing in this fashion, we can get an iterative sequence {u, }$>, where u, 1 € I;" and
dp(uny1, Fupt1) < pdp(un, ttyt1), n=0,1,2,---.
Now we will prove that {u, };_, is a Cauchy sequence. On the one hand,
dp(tnt1, Funi1) < pdg(un, tpi1), n=0,1,2,---. 4)
On the other hand, u,,;1 € Ij" implies
qdp(un, ttp1) < dp(un, Fuy), n=0,1,2,---.

By the above two equations, we have

d¢(un+1/un+2) < §d¢(uﬂ/ uﬂJrl)/ n=012---, (5)

d¢(”n+1/Fu1’l+l) < gd¢(”nr1:”n)r n= OI 112/ Tt
By inequality (5), it is easy to prove that

n
d(p(un/un-H) S Z7d¢(u0/ul)/ n= O/ 1/2/ Tty

n
dp (1, Fity) < Z—nd(p(uo,lfuo), n=0,1,2,--. )
Leta = %. Since p < g we havea = % < 1. By taking n — oo in (6), we obtain

nlglgo dg(1un, Fuy) = 0. (7)

By the triangle inequality and (6), for m,n € N,m > n

d(p(un/ um) < 47(7/[11/ um)[d(p(un/ un-}-l) + dtP(un—H/ um)]/

d<p(un/ um) < 47(un/ um)dq)(un/ un+l) + ‘P(”n/ um)¢(un+l/ um) [d¢(un+1/ Upi2) + d(p(un-i-z/ um)]/
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d‘P(u"’um) < 4)(u"’um)d¢(uﬂ/un+l)+¢(”n/um)4)(un+lrum)d¢(un+1)+ """
F@ (i, )1, tm) « - - P (U1, ) A (U1, Um),

d(p(un/ um) < (P(un/ um)lxndzp(uol ul) + 47(un/ um)(P(un—HI um)“n+1d(p(u0/ Ml) SRR

(s, ) (g1, ) - - P (g1, )™ g (110, 111),

do(tn, um) < dp(uo, ur)[@(ur, wm)p(uz, tm) . .. P(Un, )" + G, 1) P(Uz, Um) ...
¢(un+1/ um)an+l +.o..F (P(ull um)¢(u2/ le) ce (P(un' um)¢(un+1/ le)

o (g, )™ Y.

Since & < 150 limy, —c0 ¥ (Un, Um) < 1. Therefore the series } ;> " [TiL; ¢(u;, upm) converges
by ratio test for all m € N. Let

n n /

¢(ui/um)/ and S, = Z“jn‘i)(ui/”m)‘
1

j=1 i=1

S:itx”
n=

1 i=
Thus for m > n the above inequality implies
d(p(un/ um) < dtp(uOr ul)[smfl - Sn}-

By taking n — co, we conclude that {u,}3_, is a Cauchy sequence. As U is complete, there exists
u € U such that lim,, . t;;, = u.
On the other hand as f is lower semi-continuous, so from (7) we have

0< f(u) < nh_r)r(}omff(un) =0.
Hence f(u) = dy(u, Fu) = 0. Finally, by the closeness of Fu, we have u € Fu. [

Theorem 9. Let us consider a multi-valued mapping F : U — CLB(U), where (U, dy) is a complete extended
b-metric space. Furthermore, let us consider that the following two conditions hold:

(i) Themap f:U — Rdefined by f(u) = dg(u, Fu), u € U, is lower semi-continuous;
(it) Thereexist g € (0,1) and n : [0,00) — [0,q) such that

lim sup #(s) < g, forall t € [0, c0) 8)

s—tt

and for all u € U, there exists v € I satisfying
dg (v, Fv) < n(dy(u,v))dy(u,v), forallu € Uand v € Fu. )
Moreover limy, y —sco 0 (Un, tty) < 1, for all & € (0,1). Then F has a fixed point in U.

Proof. Let us assume that F has no fixed point, so dg (1, Fu) > 0 for each u € U. Since Fu € CLB(U),
for any u € U, Ij/ is non void for any constant g € (0,1). If v = u then u € Fu, which is a contradiction.
Hence for all g € (0,1) and u € U, there exist v € Tu with u # v such that

qdy(u,v) < dg(u, Fu). (10)

Let us take an arbitrary point uy € U. By (10) and (ii), there exists 11 € Fup with u; # uy, satisfying
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qdg(ug, u1) < dg(uo, Fuo),

and
dp(u1, Fuy) < n(dg(uo,ur))dp(uo,u1), 1(de(uo,u1) <q.

From (11 ) and (12), we have

dg (o, Fug) — dg(u1, Fur) qdg (1o, u1) — 17(dg (1o, u1) )dy (1o, u1)

>
> g —n(dp(uo,u1))|dg (1o, u1) > 0.
Further, for 14, there exists u; € Fuq, uy # uq, such that

qdg(u1, up) < dg(uq, Fuy),

and
dg(up, Fup) < n(de(uq, uz))de(ur,uz), n(de(ui,uz) <q.

By (13 ) and (14), we have

dg(u1, Fuy) — dg(uz, Fuz) qdy (uq, uz) — 1(dg(u1, uz))de(u1, uz)

l[q —n(dg(u1,u2))]dg(u1, uz) > 0.

Furthermore from (12) and (13 )

1 1
dp(ur,uz) < ad(})(”l/ls”l) < Eﬂ(dgb(uO/ul))d(I)(uOIul) < dy(uo, u1)-

Continuing in this fashion, for u,, n > 1, there exists u, 1 € Fuy, u, 1 # u, satisfying

qd(p(un/ un+1) < d(p(un/ Fun)/

and
dp(uni1, Funi1) < n(dg(un, tiny1))dg(n, uni1), 17(dp(un, upi1) < g.

From (15 ) and (16 ), we have

dq)(un/ Fuy) — d(/J(unJrl/ Fuy 1)

AVANLY,

[q —17(dg (tn, uni1))]dp(un, thny1) >0

and
dg(ttn, tyi1) < dp(Up_1,n).

qdg (tn, uny1) — 1(dg (tn, tny1))de (Un, Upni1)

8 of 15

(11)

(12)

(13)

(14)

(15)

(16)

(17)

From above both equations, it follows that the sequences {dy(uy, Fu,)} and {dg(un, tty1)}
are decreasing, and hence convergent. Now from (8), there exists ql € [0,9) such that

limy; 00 sUp 17 (dg (1, Up11)) = q . Therefore for any g9 € (4, q), there exists 1y € N such that

1(dg(tn, ns1)) < go, foralln > ng
Consequently from (15 ) and (16), we have

d(p(un/ un—i—l) < ‘Xdrp(un—l/ un)/

(18)

(19)
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where & = %0 and n > ng. Furthermore, from (15)—(17), for n > ng, we have

17 (dp (1n—1, n))

dg(tn, Fuy) < ndg(uy—1,un) gfdtp(un_l,lfun_l)
de(u,_1, ...n(d ,
< < (7t un);n 1y (it ul))dzp(uo,l:uo)
_ n(dp(un1,un)) - 17(dg (ng 11, Ung+2))
qi’l—}’lo
dp(Un,, ...n(d ,

XT]< (/)(M 0 un0+12]210 17( 4)(1/[0 ul))d(p(uO,FuO)

g0\ "~ 1 (dg (tng, tng11)) - - - 7 (dg (10, 1))
< (;) 07 Hng i dg(uo, Fuo).

Since g < g, clearly limn_m,(%o)”*"O = 0. This gives

lim dy(uty, Fu) = 0.

n—o0
Let m > n > ng, from the triangle inequality and (19), we have

dp(tn, um) < @(un, tim)dg (U, tins1) + (i, i) P(ny1, tim)dg (Upgr) + -+ -
+¢(”n/um)¢(”n+l/ “m) .. "P(”mfl/”m)d(P(“mflr “m)/

d(/J(unr um) < Qb(un, um)oc”d¢(u0, Ml) + 4>(un, um)¢(un+1,um)an+ld¢(u0/ 1,[1) 4+
(s, )P (1, Um) -+ P (U1, )™~ gy (g, 117).

By using the analogous procedure as in Theorem 8, there exists a Cauchy sequence {u, }5_, such
that u, 11 € Fuy, U, 1 # uy. As Uis complete, therefore there exists u € U such that u,, — u. By (i),

we obtain
0 <dg(u,Fu) < Jiilgoinfd¢(un,Fun) =0.

By the closedness of Fu, we have u € Fu, which contradicts our assumption that F has no
fixed point. [

Corollary 1. Let F : U — K(U) be a multi-valued mapping, where (U, dy) is a complete extended b-metric
space. Furthermore, let us consider that the following conditions hold:

(i)  Themap f : U — R defined by f(u) = dg(u, Fu), u € U, is lower semi-continuous;
(ii) There exists 17 : [0,00) — [0, 1) such that

lim sup #(s) <1, forall t € [0,00),

s—tT
and for all u € U, there exists v € I} satisfying
dg (v, Fv) <n(dy(u,v))dy(u,v), forallu € Uand v € Fu.

Moreover limy, ;y —sco & (Un, tty) < 1, for all & € (0,1). Then F has a fixed point in U.
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Proof. Let us assume that F has no fixed point, so dg(u, Fu) > 0 for any u € U. Since Fu € K(U) for
any u € U, I} is non empty. If v = u then u € Fu, which is a contradiction. Hence for all u € U, there
exists v € Fu with u # v such that

dg(u,v) < dy(u, Fu). (20)

Let us consider an arbitrary point #y € U. From (20), by using the analogous procedure
as in Theorem 9, we obtain the existence of a Cauchy sequence {u,}, such that u, 1 € Fuy,
Upt1 7 Up, satisfying

dg(tn, ys1) = dgp(un, Fuy)

and
d(p(un/ Fun) < U(d(p(un—lr un))dq)(un—l/ un)/ U(d(p(un—l/ un)) <1

Since U is complete, there exists u € U such that u, — u. By (i), we obtain
0 <dg(u,Fu) < nli_r>roloinfd¢(un,l-"un) =0.

By the closedness of Fu, we have u € Fu, which contradicts our assumption that F has no
fixed point. O

Lemma 2. Let (U,dg) be an extended b-metric space. Then for any u € U and o > 1, there exists an element
x € X, where X € CLB(U) such that
dg(u,x) < ady(u,X). (21)

Proof. Let us suppose that d¢(u,X) = 0 then u € X, since X is a closed subset of U. Further, let us
suppose that x = u, so (21) holds. Now, suppose that dy (1, X) > 0 and choose

€= (a—1)dyp(u,X). (22)
Then using the definition of dy(u, X), there exists x € X such that
dg(u,x) < dg(u,X) +e€, where €>0. (23)

By putting (22) in (23), we get
dg(u,x) < ady(u,X).
O
Theorem 10. Let (U,dy) be a complete extended b-metric space and F : U — CLB(U) be a multi-valued
mapping satisfying
dg (v, Fv) < n(dp(u,v))dy(u,v), forallu € Uandv € Fu, (24)
where 1 : (0,00) — [0,1) such that

lim sup #(s) <1, forall t € [0, 00). (25)

s—tt
Moreover, let us suppose that limy, p —seo &P (Uy, ) < 1, forall w € (0,1). Then

(i) There exists an orbit {u, }5_, of F for each ug € U such that limy, o uy = u for u € U;
(i) u is a fixed point of F, if and only if the function f(u) = dg(u, Fu) is F-orbitally lower semi-continuous
at u.
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Proof. Let us assume uy € U and choose 11 € Fuy, since Fuy # 0. If ug = uj, then u is a fixed point

. o 1 . .
of F. Let ug # uq, by taking a = TGty it follows from Lemma 2 that there exists uy € Fuy

such that ,
dp(u1,uz) < ——=——=—==dp(u1, Fuy).

1 (dp(uo, u1))
Continuing in this fashion, we produce a sequence {u,}3° ; of points in U such that ,1 € Fu, and

1
dg(tn, ttyiq) < dg(ttn, Fuuy). (26)

1(dgp(up—1,un))

Now assume that u,_1 # u,, for otherwise u,_1 is fixed point of F. Using (24), it follows

from (26) that
dp(un, uns1) < \/1(dg(tp—1,1un))dp(Un_1,un) (27)

< d¢(un,1,un).

Hence {dg(un, uy41)} is a decreasing sequence, so it is converges to some non-negative real
number. Let a be the limit of {dy(uy, u,41)}. Clearly, a = 0, for otherwise by taking limits in (27),
we obtain a < /ca, where ¢ = limsup,_, . 7(s). From (27), we have

dp(ttn,ttn 1) < /(a1 100)) /(A (102,10 1)) (1t 2,100 1) ...
< \/q(d(,,(un,l,un))...\/q(d¢(u0, 11)))dg (o, 1y)-

From (25), we can choose 6 > 0 and a € (0,1) such that

n(t) < «?, for t € (0,9).
Let N be such that dg (1,1, u,) <  for n > N. From (27), we have

wdg(ty—_q,up) < ...

oc”_N+1d¢(uN_1, un).

d¢(uﬂr u'rlJrl) <
<

Hence from the inequality (27), we get

At ) < @ N (g (una un1) oy (dg (g, 1))y (0, 1)
< a”_N+1d¢(uo,u1). (28)

Therefore from the triangle inequality and (28) for any m € N with m > n, we have

dp(un, tntm) < Pn, tnpm)dgp(tn, n 1) + @(n, npm)P (Ui, npm)dp(Uni1, Uni2) +
""" + (P(un/ un+m)47(un+lr un+m> cee (P(”ner—l/ Untm)

d(,b(un-i-m—l/ u}’ler)/

Ao (un, ttnam) < " N P(un, thysm) + 0P, tngem) P (U1, Unpm) + -+ + o

Qb(”nr “n+m)¢(”n+1/ ”ner) . ¢(”n+m—1r ”n+m)]d¢(”01 ”1)/
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d(p(unl un+m) < gt~ NH [‘P(ul/ uner)(P(MZ/ un+m) cee 47(7/[11/ un+m) + (P(ul/ uner)

¢(ua, thnym) - - P(Untm—1, Untm)|dep (1o, u1)-

Since limy i —oo ¢(tn, Um)a < 1, the series Z;-’il af ]—H:l ([J(u]-, Uyy+m) converges by the ratio test
for each m € N. Let

S —

J

o noJ
o [T, tnim), Su= ) o TT (i thuim).
i=1

i=1 j=1

[N ggk:

Thus for m € N with m > n, the above inequality implies

lxanH [S

d(p(unl un+m) < m—1— Sn}

By letting n — oo, we conclude that {u, } ; is a Cauchy sequence in U. As U is complete, there
exists u € U such that lim;,_, u,; = u. Since u,, € Fu,,_4, it follows from (24) that

dg(un, Fup) < n(de(up—1,un))dp(un_1, )
< d,p(un,l, Lln).

Letting n — oo, from the above inequality we have
nlgr.}o dg(ttn, Fuy) = 0.
Suppose f(u) = dg(u, Fu) is F orbitally semi-continuous at u,
dg(u,Fu) = f(u) < nli_r}rgoinff(un) = }}i_r}x;toinfd(p(un,l-“un) =0.

Hence u € Fu, since Fu is closed. Conversely let us suppose that u is a fixed point of F (u € Fu),
then f(u) = 0 < lim,_,« inf f(u,). Hence f is F orbitally semi-continuous at u. [

Remark 2. Theorem 10 improves Theorem 1, since F may take values in CLB(U). Since dy(v, Fv) <
H(Fu, Fv) for v € Fu. We have the following corollary.

Corollary 2. Let (U,dy) be a complete extended b-metric space and F : U — CLB(U) be such that
Ho (Fu, Fv) < 5(dg(u,v))dg(u,v), foreach u e Uandv € Fu,
where 1 : (0,00) — (0,1] is such that

lim sup 7(s) <1, forall t € [0,00).

s—tt
Then

(i) there exist an orbit {un}ffzo of F for each uy € U and u € U such that limy, 0 tty, = U;
(i) u is a fixed point of F, if and only if the function f(u) = dy(u, Fu) is F-orbitally lower semi-continuous
at u.

Remark 3. Theorem 7 extends Nadler’s fixed point theorem when U is the extended b-metric space.

Remark 4. Theorem 8 is a generalization of 7. The following example shows that generalization.
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Example 2. Let U = {},1,...,97,...} U{0,1} and dy : U x U — [0,00) be a mapping defined as
dp(ur,uz) = (ug — u2)? for uy, up € U, where ¢ : Ux U — [1, o) is a mapping defined by
¢(u1, up) = uy +uy +2. Then (U,dy) is a complete extended b-metric space. Define F : U — CLB(U) as

In a sense of Theorem 7, clearly F is not contractive, in fact
1 1
Hq,(F(zn) P(o)) = 5 2 o = dplur,u2),  for n=1,2,3,....

On the other way,

Hence f is continuous, so it is clearly lower semi-continuous. Furthermore there exists v € Iy, for any
u € U such that

dy(0,F(0)) = id(f)(u,v).

Thus the existence of a fixed point follows from Theorem 8. Hence Theorem 8 is a generalization of Theorem 7.

Remark 5. Theorem 9 is an extension of Theorem 8. In fact, let us consider a constant map 1 = c, where
0 < ¢ < q. Thus the hypotheses of Theorem 9 are fulfilled. On the other hand, there exists a map which fulfills
the hypotheses of Theorem 9, but does not fulfill the hypotheses of Theorem 8. See the following example:

Example 3. Let U = [0,1] and dy : U x U — [0,00) be a mapping defined as dy(ur,uz) = (u1 — u2)?,
for uy, upy € U, where ¢ : U x U — [1, 00) is a mapping defined by ¢(uq, up) = uy + up + 2. Then (U, dyp)
is a complete extended b-metric space. Let F : U — CLB(U) be such that

- { G 0BG
(u) = 1 y=1
9 1 %

Letq = % and let n : [0,00) — [0,9) be of the form

Since
Flu) = { (Ztg— $u?)?, forue[0,B)u(H, 1],

15
10247 foru = 33.

Obviously f is a lower semi-continuous. Further, for any u € [0, ;}g) (:1,3,1] and v = Yu?, we have

qdy(u,v) < dg(u, Fu),

and
dg (v, Fv) < n(dp(u,v))dy(u,v).
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Of course these both inequalities hold for u = %—g and v = %. Hence all the hypotheses of Theorem 9 are

satisfied and the fixed point of F is {0}. Next let us suppose that, if g € (0, %] and p € (0,1) is such that p < g,
then, for u = 1, we have v = 1/2 and consequently

o (3(3) > ro(13).

Ifqg € (3/4,1) and p € (0,1) is such that p < q, then for u = 33, we have Fu = {3, 1}. Thus, in the
17
15 17 15 15
o (53:56) > % (527 (32))

case v = gg, we obtain
(3 F(3)) > rio (53 )

Hence hypotheses of Theorem 8 are not fulfilled.

and, in the case v = %, we have

Remark 6. Theorem 10 is an extension of (Theorem 2.1, [10]) for the case when F is a multi-valued mapping
from U to CLB(U) and hence generalizes Theorems 4 and 5 and also the results of [2,5,7,22].
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