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Abstract: In this article, we study the existence and uniqueness results for a separate nonlinear
Caputo fractional sum-difference equation with fractional difference boundary conditions by using
the Banach contraction principle and the Schauder’s fixed point theorem. Our problem contains
two nonlinear functions involving fractional difference and fractional sum. Moreover, our problem
contains different orders in n + 1 fractional differences and m + 1 fractional sums. Finally, we present
an illustrative example.
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1. Introduction

Fractional calculus has recently been an attractive field to researchers because it is a powerful tool
for explaining many engineering and scientific disciplines as the mathematical modeling of systems
and processes which appear in nature, for example, ecology, biology, chemistry, physics, mechanics,
networks, flow in porous media, electrical, control systems, viscoelasticity, mathematical biology,
fitting of experimental data, and so forth. For example, Zhang et al. [1] proposed both analytical
and numerical results from studying the propagation of optical beams in the fractional Schrédinger
equation with a harmonic potential. In 2015, Zingales and Failla [2] solved the fractional-order heat
conduction equation by using a pertinent finite element method. For Lazopoulos’s [3] work, they
defined the fractional curvature of plane curves, the fractional beam small deflection, the fractional
curvature is approximate. In 2017, Sumelka and Voyiadjis [4] proposed a concept of short memory
connected with the definition of damage parameter evolution in terms of fractional calculus for
hyperelastic materials.

Basic definitions and properties of fractional difference calculus, appear in the book [5].
In particular, fractional calculus is a powerful tool for the processes which appear in nature, e.g., ecology,
biology and other areas, one may see the papers [6-8] and the references therein. The interesting papers
related to discrete fractional boundary value problems can be found in [9-29] and references cited
therein. For previous works, Goodrich [10] considered the discrete fractional boundary value problem

)

{—A“A“A"3y(t) = f(t+m+pua+us—Ly(t+p+po+ps— 1)),
y(0) =0=y(b+2),
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where t € Ny b2 —pp—pnsr O < M piz i3 < 1,1 <po+ps < 2,1 < pyp+pp+ps <2,
f:Ng xR — [0, +00) is a continuous function, and A¥ is the Riemann-Liouville fractional difference
operator of order y. Existence of positive solutions are obtained by the use of the Krasnosel’skii fixed
point theorem.

Weidong [12] examined the sequential fractional boundary value problem with a p-Laplacian

APpp(ASX)](£) = f(t+a+B—Lx(t+a+B—1)), teNy,
APx(B—1)+AEx(B+b) =0, 0y
x(a+p—2)+x(a+p+0b) =0,

where0 <, <1, 1<a+ <2, f: Nyt g-1,a1p+7-1 X R — R is a continuous function, ¢, is the
g is the Caputo fractional difference operator of order . Existence and
uniqueness of solutions are obtained by using the Schaefer’s fixed point theorem.

Recently, Sitthiwirattham [19,20] investigated three-point fractional sum boundary value problems
for sequential fractional difference equations of the forms

p-Laplacian operator, and A

{Né[%(Agx)](t) = ft+a+p—1,x(t+a+p—1)), .
Ax(a—1)=0, x(a+p+T)=pAx(n+7),
and
Ag(Aerﬁ_l FAER)x() = f(t+a+B—Lx(t+a+p—1)), W
x(a+p—2)=0, x(a+p+T)=pA [ x(n+7),

where t € No7, 0 <, <1,1<a+pB<20<vy<17n€Nypg141psi7-1 p isa constant,
f:Nayp2aiprT X R = Ris a continuous function, Egx(t) = x(t + g — 1) and ¢y, is the p-Laplacian
operator. Existence and uniqueness of solutions are obtained by using the Banach fixed point theorem
and the Schaefer’s fixed point theorem.

The results mentioned above are the motivation for this research. In this paper, we consider a
separate nonlinear Caputo fractional sum-difference equation of the form

S (e+1) A u(t) = AF(H—zx—l,u(H—tx—1),(Yl9u)(t+oc—19))

+pH(t+a—Lu(t+a—1), (Fu)(t+a+y-1), )
with the fractional sum-difference boundary value conditions
ua—n) = Alul@—n—pi+2) = AZPu@—n—pi—pa+4) = ..

21.1—2 Bi n—2
= AT ula+n—4-) Bi| =0, (6)
i=1

m m
WT+a) = ta Thlg <ﬂ+29f)”<’7+2"">’
] i=1

i=1

r( ;n:l 91) g:aa:nn+l eis “ G (n _ 1 n}
o S (e 0—o(r)) HEL Y esg (gayn 6) o

Bi, 6,y € (0,1], mn € Ny, m < n, T > n—23, Z?;lzﬁi e m—-3n-2], Y",0; € (m—1,m]
and A, i € R are given constants; F € C(Ny_, 710 X RXxR,R), H € C(Ny_p 144 X R x R,R),
g€ C(Ny—y,74+0,RT), and for ¢, ¢ € C(Ny_y 710 X Ny—y 744, [0,00)), we defined the operators

where t € Nor:={0,1,...,T}, 7 <



Mathematics 2019, 7, 471 3of16

(You)(t =0 +1) := [ALpu](t — 0 +1)

L ) (s — 1) Auls — B4 1)
T, B, e e oy
and (F1u)(t+9) = A Tgul(t47) = o L (- glts +1)uls +),
s=x—n—7y

The plan of this paper is as follows. In Section 2 we recall some definitions and basic lemmas.
We derive a representation for the solution of (5) by converting the problem to an equivalent summation
equation. In Section 3, we prove existence results of the problem (5) by using the Banach contraction
principle and the Schauder’s theorem. Finally, an illustrative example is presented in Section 4.

2. Preliminaries

The notations, definitions, and lemmas which are used in the main results are as follows.

Definition 1. We define the generalized falling function by t* := m, for any t and « for which the

right-hand side is defined. If t + 1 — w is a pole of the Gamma function and t 4 1 is not a pole, then t* = 0.
Lemma 1 ([16]). Assume the factorial functions are well defined. If t < r, then t* < r& for any « > 0.

Definition 2. For « > 0 and f defined on N, := {a,a + 1, ...}, the a-order fractional sum of f is defined by

t—a
ATF) = e L= o)== (),

where t € Nyyqand o(s) = s+ 1.

Definition 3. For « > 0 and f defined on N,, the a-order Caputo fractional difference of f is defined by

1 t—(N—a)
()= "IN = g L (E- ()R (),

wheret € Ny n_y and N € Nis chosen so that 0 < N —1 < a < N.
Lemma 2 ([14]). Assume that o > 0and0 < N —1 < a < N. Then

A" ALy(t) = y(t) + Co+ C1tE + Cof2 + ... + Cy_g -,

forsome C; e R,0<i<N-1

To investigate the solution of the boundary value problem (5) we need the following lemma
involving a linear variant of the boundary value problem (5).

T(X 6) T, e
Ul r—n—+1 m X Z,mzl 91'_1 —s m ) / &€ (n - 1, 7’[], ﬁi’ 91‘, ’)/ € (0’ 1],
Zr:a—n Zs:a—n ('7+Zi:1 91_0’(0)46 8(77+):i:1 91)

mnéeNy, m<n, T>n-—3, Z?;lzﬁi em—-3n-2], Y0, € (m—1,m] and h € C(Ny_y71q X
R,R), g € C(Ny_y, 144, RT) be given. Then the problem

Lemma 3. Let 7 <
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E+(e—1)AL M u(t)=h(t+a—1), t€Nyr

u(w —n) = Aglu(zx—n—ﬁl—i—Z) = A?;1+ﬁzu(06—n—/51—/52+4)

221—2/3, n—2
= .. =AU la+n—4-) Bi| =0

i=1

m m
u(T+a) = A Lmlig (17+ Z&) u (17+ 291) ,
i=1

i=1

has the unique solution

t—n+1
u(t) = Ol e ®
A s=a—n
1 t—n+1 s—1 v—a+n 1
+ e S (o—o(@)) L= h(+a—1
oL, D, L ¢ r@ e e

where the functional O[h] and the constant A are defined by

N r—n4+1 s—1 v—a+ (17 4 Z 1 9 _ 0—( ))E 101
O] = =
[ ] r:o;n s:;n U=a—n égo I (21:1 0i ) r(a N n) g

¢ (00 (§))", <77+29> C+a—-1)

1 T+a—n+1 s—1 v—a+n

Taew Xk, Lk, & oot

szxnvzxng

T+a—n+1 noor-ntl o (’7 + Zm 0. — U<r))2}11 0;—1
_ - —1 Yi S
A=) et ) ) lr( ) X
s=a—n r=a—ns=a—n i=1"1

m
e ’g <17 +) 6i> , respectively.
i=1

Proof. Using the fractional sum of order a : A™* for (7), we obtain

u(t) +(e—1) A tu(t) = C+ Cott + Gt + ... + Cut=L

1 t—u
Y (t—o(s)*h(s+a—1), tE€Ny_y1ia
I'(a) =

For the forward difference of order n : A" for (13), we have

Au(t) + (e — 1) A" u(t) — r(al_n)tﬁn(ta(s))“—"_lh(s+a _1).
s=0
Therefore,
et t—a+n
A[&A”-lu(t)} = aon ;} (t—o(s)* " h(s +a — 1).

40f16

@)

®)

©)

(10)

(11)

(12)

(13)

(14)
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Taking the sum: A~! to (14), we get

— s—a+n

e AT u(t) = Cu+ Z Z )=t (p 4 o — 1), (15)

S=na—n p=
Next, taking the sum of ordern —1: A~("=1) to (15), we obtain

t—n+1
u(t) = C1+ G+ G2+ ..+ Cpa =2+ C, Y €7F (16)
S=a—n

t—n+1 s—1 v—a+4n

Dé—l/l Z Z Z e’ s x))zx = 1h(x+“*1) tGNzxfn,Tﬁ)r

S=X—NV=K—Nn x=

Using the Caputo fractional differences of order §; for (16) wherei =1 toi = n — 2, we obtain
APV u(t) (17)
= GAP R L AP R 4 g A2

t+p1—1 B1 r—n+1
(t—o(r) ="t s
+Cn Y, T pr) { Y e }

r=a—n S=x—n

t+p1—1 r—n s—1 v—a+n — o(x))a=t=
++Z = o(r)Er {):H D ) 1,1(”&_1)},

r=a—n 1 - :Bl s=a—nv=a—n x=0 F(DC - Vl)

for t € Ny i1 g, THat1—pi-

AP (1) (18)
= APy, AR P2

f**glg‘fz (t—o(n)=PP {r—"“ }
[

O r=a—n (2 - ﬁl - 182)

t+B1+B2—2 1-B1—B2 r—n+1 s—1 ov—a+n a—n—1
(t—o(r)—" o—s (0= 0(x))"—
- r:az—n P(Z_ﬁl _IBZ) A { Z Z

S=x—n

for t € Ny_yi2-p,—po T+a+2—p1—po-

n—-2 pn.
AZ= Py (r)
t—n+2+ Y02 B (t

o)) R A r—ntl
— C ]A):l 1 ﬁlt + Cn 2 U(r>) . A};lz{ Z eS}
r=a—n r (n —-2— 27;1 i) s=a—n

+

r—n+1 s—1 v—a+n v—o(x a—n—1
e T



Mathematics 2019, 7, 471 6 of 16

for t €Ny 5 yn2p Tratn-2-y12p;
Employing the conditions of (8), we have the system of n — 1 equations
(E;) C1+Cola—n)+Ca(a—n)2+ ...+ Cpq(a — n)=2 = 0,
(Ep) C2A€1 (a —n+2-— ,31) + ...+ CnflAgl (0 —n+2-— ,31)B =0,
(Eg) C3A§1+ﬁ2(a —n+4-— ‘31 — ﬁz); + ...+ Cn_lAglJrﬁz(tX —n+4-— ‘31 — ﬁz)u =0,

n2g n—o n-2
(Enfl) Cn71A§l:] b (D‘ +n—4-— Z ﬁl) = 0. (20)
i=1

Using the fractional sum of order )" ; 6; for (16), we have

Ag T iy (1) 1)

t=Yi, 6 (t— 0.(1,))2?1:1 6;—1
e T2 60)

=Y 0 r—n+1 (t— U(T))M

R DRD Pl v Y

. t_%l bir—n+1 s—1 v—atn (t— U(r))w (v — o(x))x=n=1
T, 6)  Ta-n)

r=a—n s=a—nov=a—n x=0

Ci + oAl sl + GRS 4 4 C AP sn=2

e—S

e Chix+a—1),

for t € No_pyym o, Tatyr, 6
By substituting t = 5 + Y ; 6; into (21) and using the second condition of (9), we finally get

L T 6 o(r))Eadt n
(En) c1{1 2_ Ty ¢ 77+i:2191

7 _ ):,—1 91_1 m
+Cz{(T+oc)l )y T(’”Zl—;g”m"g)” g<n+261>}
r=a—n i=1"Y1 i=1
Ul _ Z,—] 0;,—1 2 m
+C3{(T vy TUE Z}i m"(;))) g (17 + Z&) }
r=a—n i=1"1 i=1
4.

- ¢ T(W“’“Z?ilei—(?’(i’))%sﬂ m ‘
B :; Iy 6:) § 77+,Z i

i=1

T+a—n+1 . noor-ntl o (17 + Z:il 0; — 0'(1’))% . m
+Cn{ Z © :;—n s=a—n F(Z}"ﬂ 91‘) ¢ &\ * 1; i

_ _ mog;—1
— i Zl el T(W + ;n:l 0 — 0’(1’) )Lf1 v—s
=a—ns=x—nv=a—n x=0 r(z?il Gi)

e X

-y 72 Y e T Ta-n h(x+a—1). (22)
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Solving the system of Equations (E;) — (E,), we obtain

C]ZCQZ...:Cn,1:0 and an%,
A
where O[h], A are defined by (11), (12), respectively. Substituting the constants C; — C,, into (17),

we obtain (10). This completes the proof. [

3. Main Results

The goal of this section is to show the existence results for the problem (5). To accomplish this,
we denote C = C(N,_,, 7414, R), the Banach space of all functions u with the norm is defined by

g —
[ulle = [lull + llacull + [[a~7ull,

where [ul = max |u(t)], [Aul| = max  [Adx(t— 0+ 1)) and A7
t Na—n,TJra te tENafn,TJra
max  |A77x(t+ 7)|. In addition, we define the operator F : C — C by

tENteNa—n,T-Hx

oy = ALHOIYE ey LTS E:Ufﬁef

s n uc—n

(0— a(g))“llm(m w—1u(E+a—1), (Yu)(E+a—9))

+pH(E+a—Lu@+a—1), (Fu)E+at+r-1)], (23)
where A is defined by (12) and the functional O[F(u) + H(u)] is defined by
O[F(u) + H(u)]
R S S SR VD VLRt ) e (RS
B r:;—n s=a—n v:;—n Cg() r (Zzzl Gi) r(‘x - 7’1) A 1:21 ks
W—a@»%“’Pr@+a—1u@+a—n< ") +a - 9))
+HH(E+a—Lu(E+a—1), (P u)E+a+y-1))
1 T+a—n+1 s—1 v—a+tn 1
om0
)\F(C—l-tx —Lu(l+a— 1),(Y‘9u)(§+a—19))
+uH(<§+oc—1,u(€+oc—1>,(‘P”u)(€+a+v—1))]- 24)

Clearly, the problem (5) has solutions if and only if the operator F has fixed points. The first show
the existence and uniqueness of a solution to the problem (5) by using the Banach contraction principle.

Theorem 1. Assume that F,H : Ny_,, 71, X R X R — R are continuous, ¢, ¢ : Ny_py 714 X Ny 740 —
[0, c0) are continuous with ¢y = max{@(t —1,s) : (t,5) € Ny_o 740 X Ny_2 144} and ¢o = max{¢(t —
1,5) : (t,5) € Ny_o 140 X Ny_o 1744 }. In addition, suppose that:
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(Hy) there exist constants Ly, Ly > 0 such that for each t € Ny, 71 and u,v € C
|F(t,u(t), (YPu)(t =9 +1)) — E(t,0(t), (Y00)(t = 8 +1))| < Liju — o] + Lo|(YPu) — (Y%0)),
(Hp) there exist constants {1,0p > 0 such that for each t € Ny_,, 7o and u,v € C
[H(t,u(t), (FTu)(t+ 7)) — f(&0(t), (FT0)(E+ 7)) < bfu—o] + L[(YTu) — (YT0)],

eT—n+3_1) e~ 2n+2r(m+1)
(H3) 0 < g( ) < K # (7] a+(n+m)"’TeT)+”‘ 2n+2(,,l lX+1’l+m fOT’ eaCht € Nﬂt n,T+ao-

o ¢o(T+n—9+1)1=2 @o(T+n+7)2
¥ X'_[A(LﬁLz T(2—19) )“‘(51%2 T(y+1) ﬂx
(1 ++Q3) <1, (25)

then the problem (5) has a unique solution on Ny_,, T4,, where

Q" (T+2) el Y(T+a—n+2)-142

= 26
= A T Ta_n+3) (26)
Q — @eZn—a—2 N el N (THa—n+3)2="2 | (T+n—0+1)=2 27)
2 |A] T(a—n+3) r(2—0) ’
0. — |©"HT+2) T W TH+a—n+2)H2 | (T+n+q)r 28)
° [A] T(a—n+3) T(y+1) '
o — KT T — a4 22—t ) TN T f a4 2)A2 (29)
N [(m~+1)T(a —n+3) (e —n+3) ’

Proof. We shall show that F is a contraction. For any u,v € C and for each t € N,_,, 74,, we have
|O[F(u) + H(u)] — O[F(0) + ()]

r—n+l1 s—1 v—a+ _ w
<y 'y 3Tl R 6 —o(r)) 5o — o(E))A2mL

e

r=a—ns=a—nov=a—n =0 1—‘(21:19)1—'(“_”)
A (Lalu = o] + Ll (Y*u) = (Y° >|)+u(el|u—v\+ez|<v“fu> (¥70)]) | x
m 1 T+a—n+1 s—1 v—a+n 1
g("*E"i)‘m—n) Dol L ot 0
A(Lafu = o] + Lo] (Y0u) = (Y*0)) + g (a]u = o] + o] (¥7) = (¥70)]) |
I ¢o(T+n—9+1)1=2 @o(T+n+7)L
< A(Li+1 o J+u(t+b ey )|l = ollex
TR My —a +2)22(y — w4 n+m)™ T (T +a —n+2)2=nt2
T(m+1)T(a —n+3) a T(a—n+3)
_ ¢o(T+n—-9+1)1=2 @o(T +n+)2
= {)\(L1+L2 F(2—19) )+]/l(51 +€2—F(7+1) )}HM*UH(j@,



Mathematics 2019, 7, 471 9of 16

and

|(Fu)(t) = (Fo)(t)|

<440 )+ H(u)] — O[F(0) + H(0)]

1 t—n+1 s—1 ov—a+n

I M VI W (RIS

s=a—nv=a—n ¢=0
A (Laln = o] + Lol (Y*) = (Y% >|)+y(el|u—v|+ez|<w>—(%ﬂ)]
< [A

¢0T+n—ﬁ+1ﬂﬂ Po(T+n+7)I\1,
Li+ L )+u(ti+6 ory )il =ollex

/N

/N

>\®

t—n+1 t—n+1 s—1 v—a+n
{ Lt L L) ev—sw—o—@»w—l}

—n s:xnv:xng:()

Po( T+n—19+1)1 9 oo(T+n+)x
< ML+1o 3 )+y@-+€4—ﬂ;ITT—)MW—UMX
@ (T +2) T YT +a—n+2)8n+2
( A T(a—n+3) ) G1)
¢o(T+n—0+1)=2 Po(T+n+ )X
< M+ gy ) el + P T ) [l el
Next, we consider the following (A%Fu) and (A7 Fu) as
(ALFu)(t—9+1)
t s—n+1
_ O[i(lﬂ‘() 2 (t—8+1—0(s))~2As i e
1 t r—n+1 s—1 v—a+n
e e - R TR
(v—ff(f?))"‘”l[?»F(Cﬂc—1,u(é‘+0<—1),(Y”u)(C+0c—19))
+yH<§+zx—1,u(§+tx—1),(‘F7u)(§+zx+’y—1)) }
_.OES? f;t—ﬂ+1—a@»4wﬂ4
1 t r—n+1 s—1 v—a+n 9o
(&~ (= 9) :Z aznv:;_n ggo (t—0+1—0(r) "% x
(v—a(é))”‘”llAF(@—i—a—1,u(§+oc—1),(Y19u)(§+a—19))
+yH<§+¢x71,u(§+ocf1),(‘1’7u)(§+¢x+771)) , (32)
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u t s—n+1
17+ = CEOEAW] 37 57 g ofetes
1 t r—n+1 s—1 —u+ 'ylv—s
R ; (t+7 —o(n)I=e

(v —0(8)*="= l F(e+a—1Lu(@+a—1),(Yu)(E +a—0))

+pH (e Lu@+a—1), (P u)E+a+ty—1))|. (33)
Similarly, we have
[(ACPFu)(t—0+1) — (ALFv)(t— 0 +1)|
¢o(T+n—0+1)1=2 @o(T +n+ )~
< [/\(14 + Ly T(2—9) ) +74(€1 +£2F(’y—+l))} [u—ollex
@2 eI (T a—n+3)842 | (T4n—09+41)1=2
l N T(a—n+3) r2-90) G4
¢o(T +n—0+1)=2 eo(T+n+v)X
< [/\(L1+L2 r2=0) ) +}t(€1+ﬁzw)} [u —v[lcQ,
and
(AT Fu)(t+) — (A" Fo)(t+7)|
[ ¢o(T+n—9+1)1=2 @o(T+n+ )L
< _/\(L1+L2 T(2—9) )+V(€1+€2W>}H“—UHCX
(@4 (T+2) | " T +a—n+2)212) (T4 n )7 (35)
|A] I'(ea —n—+3) T(y+1)
i ¢o(T +n—8+1)1=2 @o(T +n+ )7
< _/\(L1+Lz T2 0 )+y(€1+£ W)}””_UHCQ&
Hence (31), (34) and (35) imply that
¢o(T+n—0+1)=2
|(Fu)t) = (Fo)®)e < [M(La+1a = 9) )
i
(e + &2 (0 402 4 ) s~ ol
= xllu—vllc- (%)

By (Ha), we have ||(Fu)(t) — (]-'v)(t)”c < |lu—2]ec.
Consequently, F is a contraction. Therefore, by the Banach fixed point theorem, we get that 7
has a fixed point which is a unique solution of the problem (5) ont € Ny_j, 74,. U

In the second result, we deduce the existence of at least one solution of (5) by the following,
the Schauder’s fixed point theorem.

Lemma 4 ([30]). (Arzeld-Ascoli theorem) A set of function in Cla, b] with the sup norm is relatively compact if
and only it is uniformly bounded and equicontinuous on [a, b].

Lemma 5 ([30]). If a set is closed and relatively compact then it is compact.
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Lemma 6 ([31]). (Schauder fixed point theorem) Let (D, d) be a complete metric space, U be a closed convex
subset of D, and T : D — D be the map such that the set Tu : u € U is relatively compact in D. Then the
operator T has at least one fixed point u* € U: Tu* = u*.

Theorem 2. Assuming that (Hy) — (Hz) hold, problem (5) has at least one solution on Ny_p, 74 4.

Proof. We divide the proof into three steps as follows.
Step L. Verify F map bounded sets into bounded sets in Bg = {u € C : ||u|]|¢ < R}. We consider
Br = {u € C(Ny—pn14a) : ||ullc < R}.

Let max |F(t0,0)] =M, max |H(t0,0)] = N and choose a constant
tENa—n,T+a tGNaﬂLTJruc

(M+N)(Q1 + Oy + O3)
1— (Q1+Q2~|—Q3){/\<L1+L %) +M(€1+f %)}

R > (37)

Noting that
|S(t,u,0)| = ‘F(t—l—tx —Lu(t+a—1),Au(t+a—10)) —F(t+a—1,0,0)]

F[F(t+a—1,0,0)|,

|T(t,u,0)| = ’H(t+zxf1,u(t+zx71),A’7u(t+zx+771)) —H(t+a—1,0,0)]

+|H(t+a—1,0,0)|,

for each u € Bg, we obtain

|O[F(u) + H(w)]
_ i r—n+l s—1 v—atn ¢ (n+ 2?1:1 0; — a(,,))Z,"zl 0;—1 2 — a(g))ainil y
T rltmens—a—nv—m—n =0 r (Zlm:1 Gi) r(‘x - I’l)

|
1 r—n+l s—1 ov—a+ (,7 + Z:” 1 0; — 0‘( ))):im:l 0i—1 s a—n—1
= Z—n s=x—nv=a—n g=0 r (21:1 0; ) r(“ - n) ‘ (U - a(g)) :

r=ua
A (Lallull + Lol YPull 4+ M) + p (]l + &2 ¥ 7l +N) |

1 T+a—n+1 s—=1 v—a+n 1
v—s a—n—
T =) Y (0 —o(x))x

s=a—n v=a—n =0

(Lafue = o] + Lo| (Y*) = (Y00)| 4+ M) + (1] = 0] + & (¥7u) = (¥70) | + N |

2
(0] (ba o+ T DRy

IN

r2-19)
@o(T+n+7)T
‘*‘V[(&‘*‘@Ww”HC"‘N]}X
K% Ny —a +2)2="42(y —a + n+m)™ T (T +a —n+2)8=1+2
I(m+1)I(a—n+3) B I'(a—n+3)
¢o(T+n—0+1)=2
<{A[<L1+Lz 2 Y fule + M

+u[(a+¢ %)HMHCH\I] }®, (38)
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and
|(Fu)(t)]
1 t—n+1
< K‘O[F(u)-l—H(u)] P
1 t—n+1 s—1 v—a+n s R
Mo 2y, (0= 0(£))="=L|A|S (&1, 0)] +u[ T(&,u,0)|]
< {A(Ll||u||+Lquu||+M) +y(el||u||+ez||‘m|| +N) ]
® t—n+1 t—n+1 s—1 v—a+n
{A| _2 e S+ Z Z Z e ?J— C))anl}
T+n—0+1)=2
< {a[( a2 ?;2_5 = -+ ]
@o(T+n+7)Y @e" “(T+2) el YT+a—n-+2)2=1t2
+M[(€1+£2 I'(y+1) )HM|C+N}}( |A| + I'(a —n+3) )
T+n—09+1)1°¢
< {30+ P  g m]
i
+M[(€1+£2W)HM|C+N} }Ql. (39)
Furthermore, we have
_ 1-9
(AL Fu)(t—8+1)| < {/\[(L1+L2¢O(T+rr(lz_ﬁl9—;l) Ylulle +M]
+ul(a+6 (’W)Hullcw} }Qz, (40)
and
_ 1-8
(AT Fu)(t 4 )] < {A[(L1+Lz"’°<”r’(lz_‘i§1) )lulle +M]
T
u[(M@W)luHﬁN}}Qg. (41)
Hence (39)-(41) imply that
¢o(T+n—0+1)=2
l(F0®)] < {A[(mLz g ) Iule +M]
v
+u{(el+ez(’w)|u||c+N]}(nl+nz+ns)
(42)

< R.

So, || Full¢ < R. This implies that F is uniformly bounded.

Step II. Since F and H are continuous, the operator F is continuous on Bg
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Step III. Examine F is equicontinuous on Br. For any € > 0, there exists a positive constant
p* = max{d1,0,03,04} such that for t1, € Ny_p, 714

ty —t ‘ < eA , h ty —t1| < &y,
- o] henever [ —hf <4
‘(tz —n 4+ 1)8E2 () —n+ 1)"“”*2‘ < cl{a—n+3) whenever |t; —t1| < &y,

6en—@® [A||F||+ullH| ]
‘(tz—zx+n—z9+1)ﬂ— (t —oc+n—19+1)ﬂ‘

n—a T-1 a—nt2
BTN + pl I ( Ly + i)

< eT(1—-v)T(B)T uc)
40

whenever |t — | < &3,

€

(h—a+n+9)—(H—a+n+9)7| < — ,
Qe = (T2 T-1(T _ zan+2

| < BN -+l HIN (R + e )

whenever |t, — | < d4.
Then we have

|[(Fx)(t2) — (Fx) ()]
1

< Ol +

thy—n+1 ti—n+1

Yooy e

S=u—n S=u—n

tr—n+1 s—1 v—a+n

)DEED DD DR

s=a—n v=a—n =0

1

* I'(a—n)

(v — (&)=t [AP(§+ 0 —TLu(E+a—1),(You)(E+a— 19))

+yH(§+a—1,u(§+a—1),(‘1f“fu)(§+a+fy—1 )

(0 —0o(g))="=1 [AF(H a—Lu@+a—1),(Yu) (i +a- 19>)

+yH(§—|—vc—1,u(§—|—oc—1),(‘1’7u)(§—|—0c+'y—1))

O™ Tﬁl a—n+2 a—n+2
< [MFI+#IHI =7 tz—h]+r(%n%)](tz—nﬂ)——(tl—n+1)—]
€ € €
4tz 4
<¢te=3 (43)

Furthermore, we have

[(ALFu)(t, — 0 +1) — (ALFu)(t — 9 +1)|

@eZVl—a—Z ET_l(T+IX*1’l+3)‘X_n+2
= [/\||F|+‘uHH”]{[|A|F(2—l9) T TTa—ntare-o |

‘(tz—a+n—ﬂ+1)1‘9—(tl—zx+n—z9+1)1’9‘} < g (44)
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and

(AT Fu)(t2+7) — (A" Fu) (i +7)|

Q" 4(T+2) el Y T+a—n+2)r=nt2
< [AIFII+V\IHI]H e L e o

‘(t2—zx+n+7)7—(t1—a+n+7)7’} < g (45)
Hence
|t - Fom)||, < 5+5+5 = < (46)

This implies that the set 7 (Bg) is an equicontinuous set. As a consequence of Steps I to III together
with the Arzeld-Ascoli theorem, we find that F : C — C is completely continuous. By Schauder fixed
point theorem, we can conclude that problem (5) has at least one solution. The proof is completed. [

4. An Example

In order to study the existence of a solution to our problem, we obtain the conditions provided in
Section 3. Since our designated problem is a theoretical problem, it is rare to find the application related
to our results. However, for thorough explanation, we provide the following example to illustrate
our results. Consider the following fractional difference boundary value problem

100+ Ca(H45)) [1+u(t+) 1]
(4 30) P fu (b4 ) |+ [¥ou (1 + (1 8)) |

; (e h)0) (4 3) [+ [Yhu e+ )|
[Aé + (e+1)Aé} u(t

1 1 1
u (2> =Dlu (Z) = DZu ( 1 ) =Dlu(4)=0
27 1 77 (37 587
u(i) :ZSA 60 ¢ sin (%8 )u (60) , 47)
5 (t—o(s)) 3 e (D)
6 5:7% r(g) <t+50)
t—4 B B )
(¥3u) (t+§)_ y (t ‘T(z)) Ce 2u(s+§>.
—m T (g) (t +100)
_? o4, 1, 1 3 ~10 _ U
Setlx— /n_5/19_3/7_5/ﬁ1_4/ﬁ2_2/ﬁ3 4,)\—6 /]’l_er_6/:7_2/
. (s+%)
T=6T=e¢> m=4,0,= %, 6, = %, 03 = }I, 0y = %,g(t) =) (ts —9+1) = et+50‘;3 and

srd

plts+7) = (:+100)2'
We can show that
® = 545.5721, |A| =202.553, 1 =2189.264, (), = 15715.32
O3 = 17049.09 and ¢p = ()’ e %, go < (&) e 1.
Nothing that (H;) — (H3) hold, for each t € %N*%,Z’ZJ’ we obtain

P[t,u,Y%u} —F[t,v,Y%v]‘ < rlu—o|+ ﬁh{%u —Y%v|,
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2 3 3
F[t,u,‘I’%u]—F[t,U,‘F%U]‘ < ()" (&) lu—n0|+ (%) |‘I’%u—‘i’%v|,
and 1 <g(t) <e,

so, L1 = L, =0.0099, ¢; =1.178 x 1077,4, = 0.0012, K =e.

Hence, by Theorem 1, the problem (47) has a unique solution on ;N

Finally, we find that

x = 0.0443 < 1.
1

_127.
2/72

5. Conclusions

We study the existence and unique results of the solution for a separate nonlinear Caputo fractional

sum-difference equation with fractional sum-difference boundary conditions. Some conditions are
obtained when Banach contraction principle is used as a tool. In addition, the conditions for the case
of at least one solution are obtained by using the Schauder fixed point theorem.
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