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Abstract: This article concerns establishing a system of fractional-order differential equations (FDEs)
to model a plant-herbivore interaction. Firstly, we show that the model has non-negative solutions,
and then we study the existence and stability analysis of the constructed model. To investigate the
case according to a low population density of the plant population, we incorporate the Allee function
into the model. Considering the center manifold theorem and bifurcation theory, we show that the
model shows flip bifurcation. Finally, the simulation results agree with the theoretical studies.
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1. Introduction

Mathematical modeling for various biological problems is considered to be an exciting research
area in the discipline of applied mathematics. In the literature, many biological phenomena were
modeled and formulated mathematically [1-6]. For example, Liu and Xiao established a predator—prey
system in discrete time to analyze the local stability and the bifurcation of solutions around the positive
equilibrium point [4]. Kangalgil and Kartal analyzed the host—parasite model that led to a system of
differential equations of piecewise constant arguments at specific time t, as well as the stability of all
obtained equilibrium points; they showed the conditions of flip and Neimark-Sacker bifurcation [6].
Most of these studies are restricted to integer-order differential equations or differential equations
with piecewise constant arguments. However, it was seen that many problems in biology, as well as
in other fields such as engineering, finance, and economics, could be formulated successfully using
fractional-order differential equations [1,5,7-13].

The nonlocal property of fractional-order models not only depends on the current state but
also depends on its prior historical states [14]. The transformation of an integer-order model into a
fractional-order model needs to be precise with respect to the order of differentiation &«. However,
a small change in @ may cause a big change in the behavior of the solutions [15].

Fractional-order differential equations can model complex biological phenomena with non-linear
behavior and long-term memory, which cannot be represented mathematically by integer-order
differential equations (IDEs) [16,17]. For example, Bozkurt established the glioblastoma multiforme
(GBM)-immune system (IS) interaction using a fractional-order differential equation system to include
the delay time (memory effect) [5].
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In general, the origin of plant-herbivore interactions is derived from predator—prey systems [18,19],
which is described in many studies using discrete and continuous time [6,20-23]. The usual discrete
host—parasite models have the form

Py = .UPn'f(Pn/Hn)
Hy,

1
o1 = cuPu(1= f(Py Hy)), W

where P and H are the densities of the host (a plant) and the parasite (a herbivore), p is the host’s
inherent rate of increase (i = ¢" where r is the intrinsic rate of increase) in the absence of the parasites,
c is the biomass conversion constant, and f is the function defining the fractional survival of hosts
from parasitism [21].

In Reference [23], the authors considered a system of differential equations of plant-herbivore
interactions as follows:

& = rx(t)(1- 52) - ax(t)y (1
% = —sy(t) + Bx(t)y(t).

Kartal in Reference [20] generalized the system in Equation (2) by combining discrete and

@

continuous time as follows:
dr rx(t)(l - %) —ax(B)y(t)
d
% = —sy(t) + px(t)y(t),

where x(t) and y(t) denote the populations of the plant and herbivore, respectively, ¢ is the integer
part of t € [0, o) and the parameters belonging to R™, r is the growth rate, K is the carrying capacity,
and «a is the predation rate of the plant species, while s and f represent the death rate and conversion
factor of the herbivores, respectively.

In our study, we consider a model as a system of FDEs as follows:

®)

{ D(t) = ra()(1- ) - yF (e "
Dy(t) = Bf(t)y(t) —dy(t),
where f(t) represents the Holling type II function given by
_eox(t)
f(t) = T+ eox() ©)

In Equation (4), r is the growth rate of the plant population, K denotes the carrying capacity,
denotes the predation rate of the plant species, f3 is the conversion of consumed plant biomass into
new herbivore biomass, and 4 is the per capita rate of death. In Equation (5), ¢ is the encounter rate,
which depends on the movement velocity of the herbivore species. The parameter o (0 < ¢ < 1) is the
fraction of food items encountered that the herbivore ingests, while / is the handling time for each
prey item, which incorporates the time required for the digestive tract to handle the item.

Definition 1. [24] Let f : Rt — R be a function, where the fractional integral of order a > 0 is given by

B0 = s [ STt ®)

provided the right side is pointwise defined on R™.

Definition 2. [24] Let f:R" — R be a continuous function. The Caputo fractional derivative of order
a € (n—1, n) is given by

DAf(x) = [f (D" f(x), D= 5. 7)
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2. Stability Analysis

2.1. Equilibrium Points

Let us consider the system

{D”‘x(t)=f(X(t),y(t) (o)1 - xg))—yf(t)y(t) (8)

) =
Dy(t) = g(x(t), y(t)) = Bf(H)y(t) —dy(t).

We want to discuss the stability of the system in Equation (8). Let us perturb the equilibrium
point by adding &1(t) > 0 and &,(t) > 0, that is

x(t) —x = ¢1(t) and y(t) -y = e2(t). )

Thus, we have

D*(er(8)) = fEF) + e () + 5 (), (10)
e 8ET) o 9ET)
DA (ea(t)) = (77 ) + g 2en (1) + S e ) an

Using the fact f(¥, 7 ) = g(X, ) = 0, we obtain a linearized system about (¥, y) such as
DYZ = ]Z, (12)

where Z = (&1(t), €2(t)), and ] is the Jacobian matrix evaluated at the point (X, ),

of (;?) of (;? )
— Y
J=| %G3) asr) (13)
S ) =G
We have B~1JB = C, where C is a diagonal matrix of | given by
A0
C= 14
o "
where A1 and A; are the eigenvalues and B represents the eigenvectors of J. Therefore, we get
Dim = Aim [ m ] -1
, wheren = andn=B""Z, 15
{ Do = Ao 7 2 7 (15)
whose solutions are given by the following Mittag—Leffler functions:
S ()
t) =) ————=n1(0) = Eqo(A1t%)n1(0), 16
m(t) ;}r(mﬂ)nl() o (Mt (0) (16)
and
& t}’l(X o
= Eq(Aat 0). 17
;mﬂ (0) = Ea(A2t)12(0) (17)

Using the result of Reference [25], if |arg()t1 | > &% and |arg /\2)| > 2%, then 1 (t) and 12 (t) are
decreasing; consequently, €1 (t) and €, (t) are decreasmg Let the solution (51 (t) 2(t)) of Equation (12)
exist. If the solution of Equation (12) is increasing, then (X, ) is unstable; otherwise, if (&1(t), e2(t))
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is decreasing, then (X, ) is locally asymptotically stable. The equilibrium points of the system in
Equation (8) are

d rB(Kea (B — hd) —d)

A1 = (0,0), Ay = (K,0),and Az = )
' ) eo(B=hd)"  252yK(B - hd)*

where g > hd and K > - (ﬁ Tk

2.2. Local Stability

The Jacobian matrix for the system in Equation (8) is given as

T—ZKE— y-eo-y _ yz-a-f

- = h- 1+h-eox

](x,]/) = ﬁgg; eox) Bre-o-X 4 ] (18)
(1+heox) I+heox

For A1 = (0,0), we have the characteristic equation

(A —d)(r=A2) =0= A =-dand Ay, = 1.

Theorem 1. Let A1 = (0,0) be the extinction point of the system in Equation (8). Then, the equilibrium point
A1 of the system in Equation (8) is a saddle point.

For the case where only the plant population exists, we consider the equilibrium point A, = (K, 0).
The characteristic equation around A; is as follows:

peoK

(-T—Al)' m— —/\2 =0. (19)

Theorem 2. Assume that Ay = (K,0) is the equilibrium point of the system in Equation (8). Then, the
following statements are true:

(i) For r>0,ifd> 7 ﬁﬁ:}(, then Ay is locally asymptotically stable;
(ii) For r>0,ifd < 1_62121(, then Ay is an unstable saddle point.

To discuss the local stability of A3z = (e-c-(g—h L rﬁz(l;e U}i[?ghigj)d)
e?o?y

interaction exists, we consider the linearized system of the system in Equation (8) at A3. From the

) which means a plant-herbivore

Jacobian matrix J(A3) of Equation (8),

r(l _ (Zd - Keg(ﬁ—Khd)—d) _yd
_ edK(p—hd ecKp B
J(As) = r(Kea(B—hd)—d) o [ (20)
eaKy
we obtain the characteristic equation
A2+ AjA+ A, =0, (21)

where
2d Keo(B—hd) —

"eoK(p—nd) kB

By considering Equation (21), we obtain the theorem below.

rd(Kea (B — hd) —d)
eaKp )

d
A = - 1) and A, =
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Theorem 3. Let the system in Equation (8) have a positive equilibrium point Az. Then, the following
statements are true:

Keohd(14-2d)+2d
Keo (1+2d)

B(hKea—1)

and d > h(Keo+1)

(i)  Assume that > , where hKea > 1. If

2decKp + (Kea (B — hd) — d) (ecK (B — hd) + 2dedK — 2d) ]

r>2B(B—hd)
PP (4012/32 + (Kea (B — hd) — d)* (B — hd)* + e202K2 (B — hd)*p?

then we either attain real or complex conjugates roots with negative real parts, where |arg(/\)| > s

equivalent to the Routh-Hurwitz case. Thus, A3 is locally asymptotically stable;

. Keahd(1+2d)+2d hKeo—1
(ii) Assume that B > me((l—H;) i((KeZil)), where hKeo > 1. If

and d <

r<2p(p—h d)(zdeaKﬁ + (Kea (B — hd) — d) (eoK(p — hd) + 2decK (B — hd) - 2d)]

44282 + (Keo (B — hd) — d)?(B — hd)* + 262K2(B — hd)*B?

then we attain complex conjugates with positive real parts and

-1

tan > —, (22)

J 4deaKB(Kea (B — hd) —d) (B — hd)? B
r(2dB — eaKB(B — hd) + (B — hd) (Kea (B — hd) — d))?

which implies that A3 is locally asymptotically stable.

Proof.

(i) Let us consider the case where A = (A;)? — 44, > 0. From

r( 4?2+ (B—hd)* (Keo (B—hd) —d)+e202K2 (B—hd)> >
202K2 (B—hd)* B2

5 2d(Keo (B—hd)—d)—2decKp—eoK(B—hd) (Keo (B—hd)—d)—2decK(p—hd) (Keo (B—hd)—d)
+ €202K2B(B—hd)
>0,

we have

2decKB + (Kea (B — hd) — d) (eoK (B — hd) + 2decK (B — hd) — 2d) ] 23

—hd
r>2(p )( 4P + (Kea(B—hd) — d)*(B — hd)* + 202K2(B — hd) 22
Keohd(1+2d)+2d

where § > —r e oh

. Furthermore, computations show that, for

2dB + (B - hd) (Kea (B — hd) — d) — eaK (B — hd)B > 0, (24)

B(hKea—1)
h(Kea+1)

we obtain d > , where hKeo > 1. In this case, we have A1 > 0.

Since K > w([+hd), it is obvious that A, > 0. This completes the proof of (i).

(ii) Let us consider the case, where A = (Al)2 —4A, < 0. In this case, we have

2decKB + (Kea (B — hd) — d) (eaK(B — hd) + 2decK (B — hd) — 2d)
44282 + (Keo (B — hd) — d)?(B — hd)* + e202K2(B — hd)*p?

r <2B(B —hd)-( ) (25)

Keohd(1+2d)+2d

where > —7C 55
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Furthermore, if
2dB + (B —hd)(Kea (B —hd) —d) — ecK(B—hd)B <0, (26)

then d < % and hKeo > 1, which implies that A1 < 0.

This completes the proof of the theorem. O

Example 1. In this section, we analyze the stability conditions for the system in Equation (8) that shows
a plant—herbivore model with fractional-order differential equations. The values of the parameters are
K=10,e0 =12, h=1,d=0.00175, B = 1.5, and y = 1, where the order of the system is &« = 0.9.
In Figure 1, we obtain the bifurcation structure of the system in Equation (8) for the initial values
(x0,y0) = (0.6, 0.75), where the blue graph represents the plant population, and the red graph denotes
the herbivore population. Obuviously, an increase in the plant population allows the herbivore population to
increase. After that, an interaction between both populations occurs. Figure 2 is the per capita for each population,
which shows that, after a specific capacity of the habitat, the herbivore population will not be able to find enough
food, and this may lead to death or migration.

x(t) and y(t)

x(t+1)/x(t) and y(t+1)iy(t)

x(t) and y(t)

Figure 2. Per capita of plant-herbivore population.
3. Existence and Uniqueness

Considering the system in Equation (8) with initial conditions x(0) > 0 and y(0) > 0, the initial
value problem can be written in the form

DU(t) = AU(t) + x(t)BU(t) + y(t)CU(t), t € (0,T]. (27)
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u(0) = Uy, where U(t) = — ;8 ‘ and U(0) = [ ;Eg; ] Let us assume x(0) > a and y(0) > 0

when t > 0 > 0. In this case, the initial value problem can be written as

=g S0 Jol & g [0 [ T GG e

~—
r

Definition 3. Assume that C*[0, T] is the class of continuous column vector U(t) whose components
x(t), y(t) € C[0, T} are the class of continuous functions on [0, T|. The norm of U € C*[0, T] is given by
uj = sup|e‘Nt | )|+ sup|e_Nty(t)|. When t > ¢ > 0, we write C;[0, T] and C4[0, T].

t

Definition 4. U € C*[0, T is a solution of the initial value problem in Equation (27) if (i) and (ii) hold.

@ (t, U(t) €D, te0, T), where D = [0, T) x K, K = {(x(t), y()) :a <x(t) <7, | y(t)| <b};

(ii) U(t) satisfies Equation (27).

If Definition 4 holds, we obtain the theorem below.

Theorem 4. Let U € C*[0, T be a solution of the initial value problem given in Equation (27). Then, U is a
unique solution for Equation (27).

Proof. Let us write p
_”‘EU(t) = AU(t) + x(£)BU(t) + y(t)CU(t). (29)

Operating with [%, we obtain
U(t) = U(0) + I*(AU(t) + x(t)BU(t) + y(£)CU(t)). (30)
Now, let F : C*[0, T] — C*[0, T] be defined by
FU(t) = U(0) + I*(AU(t) + x(t)BU(t) + y(£)CU(t)). (31)
Then,

e NYFU-FV|| = ‘NtI“(A(U(t) V(t)) +x(t)B(U(t) = V() + y(t)C(U(t) - V(t)))
< s fo (=) e NS (U(s) = V(s))e N (A +a B+ bC)
_—< aB+) ||u VI fy sy

This implies that [FU — FV|| < 4252 117 _ v)|. I we choose N such that N* > A + 7 B + bC,

then we obtain ||[FU — FV|| < ||U — V||, and the operator F given by Equation (31) has a unique fixed point.
Consequently, Equation (30) has a unique solution U € C*[0, T]. From (30), we have

u() = U(0) + (g (AU() + x(0)BU(0) + y(0)CU(0)) )
+I9TL AU (t) + 2 (H)BU(t) + x(¢)BU’ (t) + v (H)CU(t) + y(t)CU' (1)),
and

U0 = £ (AU(0) +2(0)BU(0) + y(0)CU(0))
)

HIM(AU' () + ' ()BU(E) +x(8)BU' (1) + y' ()CU(H) + y(H)CU' (1))
= N2 = N £ (AU(0) + x(0)BU(0) + y(0)CU(0))
(

dt I'(a)
(AU’ (t) + 2/ (t)BU(t) + x(t)BU' (t) + v’ (1)CU(t) + y(t)CU' (1)),
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from which we can deduce that U’ € C;[0, T]. Thus, we have

(e :gtla( U(t) + x(t)BU(t) + y(t)CU(t))
- [l-ad 5)_116'”110‘AU() x(t

( )
= DU(t) = AU(t) + x(t)BU(t) + y(

and U(0) = Uy + I*(AU(0) + x(0)BU(0) + y(0)CU(0)) = Up.
Therefore, this initial value problem is equivalent to the initial value problem in Equation (27). O

4. Analyzing the Plant-Herbivore Population at Low Density

Allee in 1931 established an important role in the dynamical behavior of populations. He showed
that population dynamics with logistic equations in a low population size should be modified with the
Allee function in order to represent a realistic phenomenon [26].

By considering the logistic equation, the density increases when the per capita growth rate
decreases monotonically; however, it is shown that, in logistic population models with the Allee effect,
the per capita growth rate increases to a maximum point at low population density and decreases
when the density of the population increases [26]. Many theoretical and laboratory studies showed the
essential need of the Allee effect in small populations. Based on the biological studies, the following
assumptions are necessary for defining the Allee function:

(@) IfN=0,thena(N) =0;
(b) a'(N)>0forN € (0, );
() I%im a(N) =1 [26-31].

Considering the conditions above, we apply an Allee function at time ¢ to the system in Equation

(8) as follows:
D% (t) = (rx(t)(l - x§<—t)) ﬁi’ZﬁJﬁéi} )(Eoﬁ;)(t))

ox(t)y(t
D*y(t) = gty ~dv(e).

(32)

where t > 0 and (x(0), y(0

population, and a(x) = £
plant population. Thus, if

)) = (%0, Yo). Moreover, we define Ey as the Allee coefficient of the plant
_x()
+

Foa(® is the Allee function. The herbivore population is dependent on the

d
) < o= an)’

then the plant population is not sufficient for the herbivore to exist.

(33)

For a low population size of the plant population, let us consider the stability conditions around
Aj3. The Jacobian matrix at A3 is given by

vd ) (1 o - Keo(ﬁ—Khd)—d) -z (;/dz )
= =\ _ | Eoeo(B—hd)+d eaK(B—hd eoKp B(Epea (B—hd)+d
JEy) = ™ r(Keo(B~hd)—d) ’ 0 : (34)
eoyK
Thus, we obtain the characteristic equation
A2 +BiA+By =0, (35)
d 24 Keo (B—hd)—d _ rd*(Keo(p—hd)—d)
where By = Egea(ﬁr hd)+d(eal<(ﬁ ) T kg T 1) and By = S par )

Theorem 5. Let the system in Equation (32) have a positive equilibrium point Az. Then, the following statements
are true:
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Keohd(14-2d)+2d

B(hKea—1)
Reo(i2d)  nd d >

(1) Assume that ﬁ > m,

where hKeo > 1. If

(36)

r>28(p - hd)[ 2deoKp + (Keo (p — hd) — d) (oK (p — hd) + 2decK — 2d) ]

44282 + (Keo (B — hd) — d)?(B — hd)* + e262K2(B — hd)*B?

then we either attain real roots or complex conjugates with negative real parts, where |arg(/\)|>% is
equivalent to the Routh—Hurwitz case, which means that Aj is locally asymptotically stable;

(ii) Assume that > Keohd(1+24) +24 ﬁ(th_l), where hKeo > 1. If

Reo(iiad) 4 d < e

(37)

r<28(8 - hd)(ZdeaKﬁ + (Kea (B — hd) — d) (eoK (B — hd) + 2deK (B — hd) — 2d) ]

44282 + (Keo (B — hd) — d)* (B — hd)* + 202K (B — hd)*B?

then both roots are complex conjugates with positive real parts and

tan™?

> —, (38)

J 4deaKB(Keo (B — hd) —d) (B — hd)? B
r(2dB — eaKB(B — hd) + (B — hd) (Kea (B — hd) — d))?

which implies that A3 is locally asymptotically stable.

Proof.

(i) Let us consider the case where A = (A1) — 44, > 0. Since

vl (4d2ﬁ2+(ﬁ—hd)2 (Keo(B—hd)—d)*+¢202K?(p—hd)p>
(Egeo (B—hd)+d)* 202K2 (B—hd)* g2

2 2d(Keo (B—hd)—d)—2decKp—eoK(B—hd) (Keo (B—hd)—d)—2decK(B—hd) (Keo (B—hd)—d)
+ B () d 252 K2B(p—hd)
>0

we have

2(Epea(B—hd)+d)B(B—hd) (2decKB+eaK(B—hd)(Keo (B—hd)—d)+2decK(B—hd)(Keo(B—hd)—d)—2d(Keo (B—hd)—d)) (39)

r> d 422+ (B—hd)? (Keo (B—hd) —d)*+e202K2 (p—hd) 22 ¢

Keohd(14-2d)+2d

Reo(lr2d) " Furthermore, from

where f§ >

2dB + (B —hd)(Kea (B —hd) —d) — eaK(B—hd)B > 0, (40)

we have d > i([éf:ll)), where hKeo > 1. Thus, A1 > 0. Additionally, it is obvious that A, > 0. This

completes the proof of (i).

(ii) Let us consider the case where A = (Al)2 —4A; < 0. In this case, we have

(Eoeo(B—id)+d)B(p—hd) (2decKp-+eaK(B—hd)(Keo(—hd)~d)+2deaK(p~hd)(Keo(B—hd)-d)-2d(Keo (B—hd)-d)) 1)
d

2
r< 4422+ (B—hd)? (Keo (B—hd) —d)*+e202K2 (f—hd) 22 ¢

where > —Kw}?’:ﬁr f;i;;rzd. If
2dB+ (B —hd)(Kea (B —hd) —d) —ecK(B—hd) <0, (42)
then d < % and hKeo > 1, which implies that A; < 0. This completes the proof of the

theorem. 0O
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Theorem 6. The system in Equation (32) has a wunique solution in W =
{(x, y)eR%r:a<x<e =0 and|y|<b}zf

eaK (B — dh)(rd(1 + heoa) — yeobd) + rd*(1 + heoa)
202K (1 + heoa) (B — dh)*(Eo + a)M®

<1, (43)

and

pd + d(1 + heoa)(B — dh)
(1 + heoa)(B — dh)N«

<1 (44)

Proof. Let H € C*[0, T] be a solution of the initial values problem in Equation (32), which holds
(t, H(t)) € V,where t € [0, T] and V = [0, T] x W. The Equation (32) can be written as

_qdx(t x(t yeox(t)y(t x(t
—ad eox
I %i(t L=t 11%23:50 dy(t)‘

By operating both sides with I, we get

(1) —x(0) = 1o re(e) (1 - 202 - vz ) 20 ) o
(1) = y(0) = 1*{ B - (o)
Let us define the operator F : C[0,T] — C[0, T] by
F(t) = x(0) + 1|11~ ) - 2P0 2L ) w
Fy(t) = y(0) + 1*{ B - (o)
From Equation (47), we can write
a yeo 3 (-2 (1)
R -7 (1) = (k) (- F )2t -2 00) - )
" — +x()x(t)+x*(t)
= 1e(0) = T (e ) (7~ 2 Ywte) + () -~ ECRTOE D)
Therefore, we have
e (Fx(t) - Fx(t))
< wglm) b (=9 e M (1)
—f(t))eMs((r— {f,fegz)u( )+ 3(1))
_r(x(f);gf(t))2 _ VX(tI);f(t) )ds,
which gives
eoK (B—dh) (rd(1+heoa)—yeabd)-+rd? (1+heoa) a1 eaK(B—dh) (rd(1+heaa)—yeabd)+rd? (1+heca)
”Fx(t) _F;(t) < x(t)” —lx ( )”( 62¢72K(1+heaa)([)’) dh)? (Eo+a) )j(; I(a) dS< ”x ( )”( 202K (1+heoa) (B~ Zh) (EUJF“)MD(

eoK(B—dh) (rd(14-heca)—yeabd)+rd*(1+-heoa)
202K (1+heoa) (B—dh)? (Eg+a)M®

IIFx(t) = Fx(t)Il < llx(t) = x(£)l-

Thus, if we choose M such that < 1, we obtain
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Moreover, we can obtain

Bd + d(1 + heoa) (B — dh)
(1 + heoa)(B —dh)N«

IFy(£) = Fy(t)ll < y(£) = y(1)ll

If we choose N such that m% <1, then |[Fy(t) — Fy(t)ll < lly(t) — y(®)]I.

Similarly, one can show that Equation (46) is equivalent to the initial value problem in Equation
(32). This completes the proof. O

Example 2. The values of the chosen parameters are similar to those in Example 1. The blue graph represents
the plant population, while the red graph denotes the herbivore population. The Allee coefficient is given by
Eg = 0.14. Figure 3 shows the bifurcation structure of the system in Equation (32) under the initial values
(%0, y0) = (0.6, 0.75). Figure 4 shows the per capita for the plant-herbivore population. We realized that, for a
low density of the plant population, the dearth or migration of the herbivore population will occur earlier than
expected. The plant population can recover after the herbivore population disappears from that habitat.

x(t) and y(t)

0 0.5 1 15 2 25 3 35 4 45
x(t) and y(t)

Figure 4. Per capita of plant-herbivore population.

5. Flip Bifurcation with Discretization Process

In this section, we consider at first the discretization process and the analysis of flip bifurcation.
This discretization is an approximation for the right-hand side of the fractional differential equation
D (t) = f(x(t)), t >0, where @ € (0, 1). We modify our system in Equation (8) in considering the
discrete time effect on the model.

The discretization of Equation (8) is as follows:

D*P(t) = rP([;i]x)(l - 2 ) - waﬁ;[;a];z}z(]&s]@ (48)

K
DaH(t) — ﬁeoP(L%]X)H([%]X) —EZH( %]x)
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Forte[0,h), £ €[0,1), we have

Py yeaPoHy
DaP( ) rPO( K) 1+EL’GPO (49)
DYH(t) = % — dHj.

The solution of Equation (49) reduces to

P1( ) Py + (a+1)P0(T(1—%)—ﬂ)

1+heaPy
peaPy
H(8) = Ho + ety Hol 5

(50)

Lett € [, 2h), £ € [1,2), where we obtain

PZ() P1+ ((a—&-)l)Pl( (1_%)_ )"iUHl )

1+h€0’P1
(t-h) BeoPq
Ha(1) = Hy + {5

(51)

In repeating the discretization process # times, we get

Pypya(t) = Pn+ (t( nh))P"( (1-%)- 11%2151;;”)

(t—nh) BeaP,
Hy1(8) = Hy + (a+1)H"(1+Eeapn -

(52)

Fort € [nh, (n+1)-h) ,while t > (n+1)-h and @ — 1, we have

Py Hy
Puia(t) = P”+ ( )P”( (1 K)_lfgeaPn)

B e BeoPy
Hyya(t) = Hy + r(a+1)H”(1+HeoPn B

(53)

The Jacobian matrix | of Equation (53) at the equilibrium points is

I(a+1) B

J(s) = y (r(Kea(ﬁ—hd)—d)) o )

_ 2d _Kea(ﬂ—ﬁd)—d oy
1+ M’ (1 oK(pmd) ok )

I'(a+1) eayK

4 1B(Kea (B~
ea(ﬁ ) ’ ezgzyK(

where A3 = ) ) ) ) is the positive equilibrium point of Equation (53).

Theorem 7. Let A3 be the equilibrium point of the system in Equation (53) and assume that A > 0, i.e.,

S 4ydeoKﬁ(ﬁ - ﬁd)z(Kea(ﬁ - Ed) - d).
(2d - (B~ d)d(Keohi + 1))’

(55)

It

| 2r(a+1)(28d - (B - hd)d(Keah + 1)

" r eaKp(p —hd)

(56)

hd (Keoﬁ-«— 1 )

o T and Keot > 1, then Aj is local asymptotically stable.

where f§ <
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Proof. The characteristic equation of J(As3) is of the form

A2 —Tr(J(A3)) + Det(A3) =0, (57)
where ( _ )
e 2d Keo(p—hd)—d
Tr(J(A3)) =2 — — + -1}, 58
) =2 ) r(mK(ﬁ ) ks ] 9
and _ .
Det(J(As)) =1~ r(gil)r(mK(zﬁd—ﬁd) * Km(f[;;d)_d - 1) + (r(fi))z.ryd(Keﬁdfgfy_I?d)_d)' (59)

From Equations (58) and (59), we have

o

h%r
Va = T(a+1)

2pd — (B — hd)d(Keoh + 1) ’ 4yd(Keo(p — hd) - d)
eaKp(p - hd) B rpeayK '

Thus, the characteristic equation of J(A3) has two eigenvalues, which are

Mo
— 1 I 2Bd— (ﬁ ﬁd)d(Keaﬁ-&-l)
2T (a+1) eaKﬁ(ﬁ hd)
4N 2pd—(p—hd)d (Keah+1) _ 4yd(Keo (p-hd)-d)
T 2r(a+1) eaKﬁ(ﬁ hd) 7PeayK .

If both |A4] < 1 and |A;| < 1, then the equilibrium point is locally asymptotically stable. From

781
I 2pd—(p—hd)d(Keoh+1)
20 (a+1) eaKp(p—hd) (60)
ey Zﬁd—(ﬁ—ﬁd)d(Keahﬂ) _ 4yd(Keo(p~hd)~d) <1
2 (a+1) eaKpB(p-hd) reayK !
we obtain
a2 4yd(Keo(p—hd) - d) wer (2 (B — hd)d(Keoh + 1) fis0 .
4T (a+1)) rpeoyK 2f(a+1) eaKB(B — hd '
GG
where f§ < % and Keah > 1. For T ?:J’rl y =t Equation (61) can be rewritten as follows:
4yd(Keo(p—hd) - d) » 2pd - (B — hd)d(Keoh + 1) i )
rpeayK eaKp(p — hd) ! '

where we obtain

h< 4 zr(a+1)[25dry—ryd(;(3—hd) Kfa +1) n \/rZ(Zﬁ—(ﬁ—hd) (Keoﬁ+1))2 _ rﬁm£< )] (63)

(Keoh
r 2yd(p-hd) (Keo (p~hd)—d) 4(,3_;1,1)2(K60(ﬁ_ﬁd)_d)2 d(Keo (p-hd)—d
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From
A2l
|y o e 2pd—(p—hd)d(Keoh+1)
2l (a+1) eaKpB(p—hd) (64)
par |(26d=(p-d)d(Keoh+1) \*  ayd(Keo(p-hd)~d) .
+21"(a+1) eaKp(p—hd) - rBeayK <L
we have
iy (2pd - (p—hd)d(Keoh + 1) < o] ATt eaKp(p —hd) -
2l (a+1) eoKp(p - hd) r | 2pd - (- hd)d(Keoh +1) |
Considering Equations (63) and (65) together, we obtain
e 2T (a+1)[2pd - (ﬁ —Ed)d(KeOE+ 1)
r eaKﬁ(ﬁ - Ed)
This completes the proof. O
Consider Q) = {(r, K,y, e o, E, B, d) tA>0,h=M }, where
o= @ 2T (a+1) Z,Bdry—r):d(ﬁ—ﬁd) (KfaﬁJrl) n rz(Zﬁ—(ﬁ_Ed) (K"OE+1))2 _ rpecK (66)
1 r 2yd(p-hd) (Keo (p~hd)—d) 4(p-nd)’ (Keo(p-hd)-d)*  d(Keo(p=hd)~d) |

The theorem below shows flip bifurcation of the equilibrium point Az when the parameters
(r, K,y,e 0,h B, d ) vary in the small neighborhood of ).

Theorem 8. Let A3 be the equilibrium point of the system in Equation (53). If x = 65 + 032 # 0, the Equation
(53) undergoes flip bifurcation. Furthermore, if 5 + 032 > 0 then the bifurcation of the second period points is
stable, while, for 65 + 832 < 0, it shows an unstable behaviour.

Proof. In Theorem 7, we consider the analysis in a neighborhood given as (). Let u = r(g—il) and y* be
a perturbation of the parameter. The perturbed form of Equation (53) is as follows:
o " P, yeoH,
Pya(t) = Pu+ (u+u )Pn(r(l—?)— m) -
* P1‘l
Hpt1 (t) =Hy + (H +u )Hn(lf_%ann -

rB(Keo (B—hd)—d)

_ _ d — —
For X, = P, and Y, = H, 2o K (Gt

o (i) the system in Equation (67) can be

formulated as

Y11 Xn + P12Yn + 13X Y + 1 (011 X0 + 12Yn + 913X V)

Xn+1 ) ( )
= , 68
( Yn1 Y21 Xn + Y0 Yn + P3Xu Yy + 1 (@21 Xn + 20 Yn + 923X, Yn) (68)
where hdr(B—1)—d d hd Kd 1)—d
Y =1+ p = r(!fj_ ) Y12 = —%, Y13 = ——WU”(;_ ),<P11 = —m(ei_ =
i rea(B—hd Keo(B—hd)—d
P12 = —%KPH = 1ol Yo1 = —rﬁye((,;;((l;_hd)) ), Y =1,

—hd)—d
o3 = pea(f—hd), pa1 = %,@2: 0, po3=ea(p—hd).
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11 Y2

Forx = ( Y21 Y

), the eigenvectors of T that correspond to the eigenvalues A; and A, are

0 duyeo Q coduyp™

( Ql ): Q Zeaﬁ+yﬁ(ea{tdr(ﬁ—l)—d) and ( Qz ): Qq ea-&-y(edhdr(lﬁ—l)—d)—)\z , (69)

where A1 = —1 and |A5] # 1.
Here, we choose Q, = —(2 +

invertible matrix

Hw) and Qg = —(1 + uw - /\2). Then, we have an

e eo

 Q - -4y
T_( . )_ (-1 Phirp—1)-d | (70)
Q o AP g B

eo eo

Let us consider the following transformation:

_duy _duy
( " ): eoh‘[jir(ﬁ—l)—d eghdr(ﬁ—l)—d ( o ) (71)
Yy S, JpPECLLA ot i S L e

eo eo

Taking T on both sides of Equation (68), we have
Up1 -1 0 )( Uy ) ( fl (Xn/ Yy, H*) )
= + , 72
( On+1 ) ( 0 A Un fZ(an Y, [J*) (72)

echdr(p—1)—d

echdr(p—1)—d
eo ¢

d
Xy == (uy +v,), Yn = —(2 +u )un + (/\2 -1- 2 .
X,Y, — %(2 I [Jeahdr(ﬁ—l)—d )u% _ d#Ty(Az _3_ zueahdr(ﬁ—l)—d )unvn _ @;Ty()\z _1- ‘ueahdr(ﬁ—l)—d )vz

eo eo eo ns

. Az_l_yeahdr(fj—l)—d o (Kd 1)—d p i
fl (Xn/ Yn/[J ) = ( —%(/\2-{-1) )(_)/eoy(ﬁf )Xnyn + 1% (%)XH - %Yn - %)XnYn)/
and
(/\2_1_“ echdr(p-1)-d ) veou(p-
s e _ yeou(B—hd)
fZ(Xn/ Yn/[vl ) = _%(A2+1) ( B XnYn

(MmN, Ay, vy,

eo
. Keo(B—hd)—d
oy (0 (B — ) XYy - (PEGMD N (5 ) XY, )

Let us formulate the center manifold W¢(0,0,0) = {(un,vn, 1) € R3 v, = x(up, 1*),%(0,0) = 0,Dx(0,0) = 0}
at the point (0,0) in a neighbourhood of y* = 0. Let us have a center manifold such as (i, u*) = (13

+Popuy +O((|un| + )y*|)3) , where

2
—yeou(p - hd)(z + W) — dpPyea(p - hd)(z + —“(‘“’hd’e(f‘”—”)

P1 = ,

and
- K(ﬁ—hd)(280+y(cohdr(ﬁ—l)—d))z—yK(ﬁ—hd)(Kdeor(ﬁ—l)—d)(2€U+y(eohdr(ﬁ—l)—d))+rdyzm(1<eo(ﬁ—hd)—d)
o 202Ku(B—hd) (Ao +1)>

¢z

’
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which satisfy

M(xc(un, 1)) = x(=ttn + fi (tn, (i, 1), 1) = Aox (i, 1*) = fo(un, 1 (un, 1°), u*)) = 0. (73)

Thus, we have

5
Flitn) = —tty + S1tmpt” + a1t (1) + 6313 + Sa12pt* + 6518 + o(( w)) ) (74)

where

01 = g \2“){ 12(p11(A2 = 11) = Y12921) = Pr2(1 + P11) (A2 — Y1)},
0 = i Y { (1 (A2 = P11) = Yrapan) + P12(Aa = Yn)’}
03 = \2“ (Y13(1 4+ ¢11) (A2 = Y11) — P1aa3),

b4 = gy {a2w12 (A2 + 1) (P13(A2 = Y11) = Y1223) + mra( P (A2 = ¥11) = Prapra) + amera(Az = ¥11)* = Pr2(1+ 1) (@13 (A2 = ¥m1) - Pragas)},

a1 (A2 = 2¢11 = 1) (P13(A2 = Y11) — P12U23)
Ay +1 '

05 =

According to the flip bifurcation conditions in References [1,32], we obtain that, if 05 + 632 # 0, the
system in Equation (53) undergoes flip bifurcation. Furthermore, if 65 4 832 > 0, then the bifurcation of
the second period points is stable, while, for 65 + 532 < 0, itis unstable. O

Example 3. By considering the same parameter values given in the previous examples, and according to the
conditions of Theorem 8, we illustrate Example 3 by changing the carrying capacity of the plant population.
Figures 5 and 6 demonstrate the phase plane portraits of the system in Equation (8) for the carrying capacity values.

Figure 6. Phase plane for K=12.

6. Conclusions

In this paper, the biological dynamics of fractional-order differential equations in a plant-herbivore
model was discussed and analyzed. The local stability of the obtained equilibrium points and the
existence and uniqueness of the solution in the system in Equation (27) were analyzed (see Example
1). An impressive result was considered in Section 4 where we found that, for a low size of the plant
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population, the herbivore population disappears. We noticed that the plant-herbivore model is mainly
dependent on the plant population size and carrying capacity (see Example 2). On the other hand,
we investigate possible bifurcation types, where we saw that the system exhibits a flip bifurcation
structure (Section 5). Similar bifurcation studies were observed in many plant-herbivore models such
as in References [4,17], where they obtained periodic or quasi-periodic solutions. Finally, we conclude
that the environmental carrying capacity of the plant population has a strong effect on the system in
Equation (27), while the density of the plant species shows an essential effect for the system in Equation
(32). The numerical simulations were carried out using Matlab 2018.
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