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1. Introduction

Random Evolutions started to be studied in the 1970’s, because of their potential applications
to biology, movement of particles, signal processing, quantum physics, finance and insurance,
among others (see [1-3]). They allow modeling a situation in which the dynamics of a system are
governed by various regimes, and the system switches from one regime to another at random times.
Let us be given a state process {x, } ,en (with state space J) and a sequence of increasing random times
{Tu}nen. In short, during each random time interval [Ty, T;,41), the evolution of the system will be
governed by the state x,,. At the random time T}, 1, the system will switch to state x,,.1, and so on.
Think for example of regime-switching models in finance, where the state process is linked with, e.g.,
different liquidity regimes, as in the recent article [4]. In their work, the sequence { T, } represents the
random times at which the market switches from one liquidity regime to another.

When random evolutions began to be studied [1-3], the times {T,} were assumed to be
exponentially distributed and {x,},cny was assumed to be a Markov chain, so that the process
x(t) 1= xp(s) was assumed to be a continuous-time Markov chain. Here, as in [5], we let:

N(t) :==sup{n e N: T,, <t} 1)

the number of regime changes up to time ¢. In these first papers, limit theorems for the expectation of
the random evolution were studied. Then, in 1984-1985, ]. Watkins [6-8] established weak law of large
numbers and diffusion limit results for a specific class of random evolutions, where the times {T), }
are deterministic and the state process {x, },cn is strictly stationary. In [9,10], A. Swishchuk and V.
Korolyuk extended the work of J. Watkins to a setting where (xy, Tj;) ;N is assumed to be a Markov
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renewal process, and obtained weak law of large numbers, central limit theorem and diffusion limit
results. It can also be noted that they allowed the system to be “impacted” at each regime transition,
which they modeled with the use of operators that we will denote D in the following.

As we show in applications (Section 6), these operators D can be used for example to model an
impact on the stock price at each regime transition due to illiquidity as in [4], or to model situations
where the stock price only evolves in a discrete way (i.e., only by successive “impacts”), such as
in the recent articles [11,12] on, respectively, high frequency price dynamics and modeling of price
impact from distressed selling (see Sections 6.1 and 6.3). For example, the price dynamics of the latter
article [11] can be seen as a specific case of random evolution for which the operators D are given by:

D(x,y)f(z) :== foexp (z +e%m+ ey+ ¢(h(z +€e%m +ey) — h(z))) , (2)

where x,y € J, z € R, f, ¢, and h are some functions and € and m some constants. In Section 6.3,
we generalize their diffusion limit result by using our tools and results on random evolutions
(see [9,13,14] for more details).

In the aforementioned literature on (limit theorems for) random evolutions [6-10], the evolution
of the system on each time interval [Ty, T, ;1) is assumed to be driven by a (time-homogeneous)
semigroup Uy, depending on the current state of the system x,. A semigroup U is a family of
time-dependent operators satisfying U(t +s) = U(t)U(s). For example, if Z is a time-homogeneous
Markov process, then we can define the semigroup:

U(t)f(z) == E[f(Z:)|Zo = 2],

where f is a bounded measurable function and z € R”. The idea of a random evolution is therefore the
following: during each time interval [T}, T),11), the system (e.g., price process) evolves according to the
semigroup Uy, (associated to the Markov process Z* in the case of a price process). At the transition
Ty41, the system will be impacted by an operator D(x;, x,,11) modeling for example a drop in the price
at what [4] call a liquidity breakdown. Then, on the interval [T},;1, T+2), the price will be driven by the
semigroup Uy, ,, and so on: it can be summarized as a regime-switching model with impact at each
transition. We can write the previously described random evolution V (¢) in the following compact
form (where the product applies on the right):

N(H)
V()= | ] Uy (Tk = Tee1) D(xi—1, %) | Uy (f - TN(t)) : ®3)
k=1

This time-homogeneous setting (embedded in the time-homogeneous semigroups U) does not
include, e.g., time-inhomogeneous Lévy processes (see Section 6.1), or processes Z solutions of
stochastic differential equations (SDEs) of the form:

dZ; = ®(Z,, t)dLy, (4)

where L is a vector-valued Lévy process and ® a driving matrix-valued function (see Section 6.2).
The latter class of SDEs includes many popular models in finance, e.g., time-dependent Heston models.
Indeed, these examples can be associated to time-inhomogeneous generalizations of semigroups,
also called propagators. A (backward) propagator I' (see Section 2) is simply a family of operators
satisfying I'(s,t) = I'(s,u)I'(u,t) for s < u < t. We then define for a time-inhomogeneous Markov
process Z:

[(s,t)f(z) :== E[f(Z1)[Zs = 2.

The celebrated Chapman-Kolmogorov equation guaranties the relation I'(s, t) = I'(s, u)I'(u, t) for
s<u<t.
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Let us explain here the main ideas of the main results of the paper, Theorems 8 (LLN) and 11 (FCLT),
using one of the applications, namely, a regime-switching inhomogeneous Lévy-based stock price
model. We consider a regime-switching inhomogeneous Lévy-based stock price model, very similar
in the spirit to the recent article [4]. In short, an inhomogeneous Lévy process differs from a classical
Lévy process in the sense that it has time-dependent (and absolutely continuous) characteristics.
We let {L*} <] be a collection of such R¥-valued inhomogeneous Lévy processes with characteristics
(bf, cf, v{) xey, and we define:

To(s, ) f(z) ;== E[f(L} —L¥+z2)], zeR% xe], )
DE(x,y)f(z) := f(z+ea(x,y)), zeRY, x,yc], (6)

for some bounded function a. We give in Section 6 a financial interpretation of this function «, as well
as reasons we consider a regime-switching model. In this setting, f represents a contingent claim on
a (d-dimensional) risky asset S having regime-switching inhomogeneous Lévy dynamics driven by
the processes {L*}cj: on each random time interval [T (s), Ty, (s)), the risky asset is driven by
the process L*(5). Indeed, we have the following representation, for w’ € Q) (to make clear that the

expectation below is taken with respect to w embedded in the process L and not «'):

Ve(s, ) (w')f(2)

@)
E|flz+ ) AL+ ), ea(xea(s)(w') x(s) (@) ||,
k=1 k=1
where we have denoted for clarity:
ALk _ ALk(G, w/) = ka—1(5>(“’,) _ ka,l(s)(w’)‘ (8)

Tt () (@At 7T (s) (@)

The random evolution V. (s, t) f represents in this case the present value of the contingent claim
f of maturity t on the risky asset S, conditionally on the regime switching process (x4, T;;),>0:
indeed, remember that Vc(s, t) f is random, and that its randomness (only) comes from the Markov
renewal process. Our main results, Theorems 8 and 11, allow approximating the impact of the
regime-switching on the present value V, (s, t) f of the contingent claim. Indeed, we get the following
normal approximation, for small e:

Ve(s, t)f =~ T(s,t)f +  Vels(s,t)f 9)
1%t order noise due to

regime-switching approx. regime-switching

The above approximation allows to quantify the risk inherent to regime-switchings occurring at
a high frequency governed by €. The parameter € reflects the frequency of the regime-switchings and
can therefore be calibrated to market data by the risk manager. For market practitioners, because of the
computational cost, it is often convenient to have asymptotic formulas that allow them to approximate
the present value of a given derivative, and by extent the value of their whole portfolio. In addition,
the asymptotic normal form of the regime-switching cost allows the risk manager to derive approximate
confidence intervals for his portfolio, as well as other quantities of interest such as reserve policies
linked to a given model.

Therefore, the goal of this paper is to focus on limit theorems for so-called time-inhomogeneous
random evolutions, i.e., random evolutions that we construct with propagators, and not with
(time-homogeneous) semigroups, in order to widen the range of possible applications, as mentioned
above. We call these random evolutions as inhomogeneous random evolutions (IHRE).
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The notion of “time-inhomogeneity” in fact appears twice in our framework: in addition
to being constructed with propagators, random evolutions are driven by time-inhomogeneous
semi-Markov processes (using results from [5]). This general case has not been treated before.
Even if we do not have the same goal in mind, our methodology is similar—in spirit—to the recent
article [15] on the comparison of time-inhomogeneous Markov processes, or to the article [16] on
time-inhomogeneous affine processes. We say “similar”, because we are all in a position where
results for the time-homogenous case exist, and our goal is to develop a rigorous treatment of the
time-inhomogeneous case. It is interesting to see that even if the topics we deal with are different,
the “philosophy” and “intuition” behind is similar in many ways.

The paper is organized as follows: Section 2 is devoted to propagators. We introduce the concept
of regular propagators, which we characterize as unique solutions to well-posed Cauchy problems:
this is of crucial importance for both our main weak law of large numbers (WLLN) and central limit
theorem (CLT) results, in order to get the unicity of the limiting process. In Section 3, we introduce
inhomogeneous random evolutions and present some of their properties. In Sections 4 and 5, we prove,
respectively, a WLLN and a CLT, which are the main results of the paper (Theorems 8 and 11).
In particular, for the CLT, we obtain a precise (and new) characterization of the limiting process using
weak Banach-valued stochastic integrals and so-called orthogonal martingale measures: this result—to
the best of our knowledge—has not even been obtained in the time-homogeneous case. In Section 6,
we present financial applications to illiquidity modeling using regime-switching time-inhomogeneous
Lévy price dynamics and regime-switching Lévy driven diffusion based price dynamics. We also
present a generalized version of the multi-asset model of price impact from distressed selling
introduced in the recent article [11], for which we retrieve (and generalize) their diffusion limit
result for the price process. We would like to mention that copula-based multivariate semi-Markov
models with application in high-frequency finance is considered in [17], which is related to some
generalization of semi-Markov processes and their application.

2. Propagators

This section aims at presenting a few results on propagators, which are used in the sequel. Most
of them (as well as the corresponding proofs) are similar to what can be found in [18] Chapter 5, [19]
Chapter 2 or [15], but, to the best of our knowledge, they do not appear in the literature in the form
presented below. In particular, the main result of this section is Theorem 4, which characterizes
so-called regular propagators as unique solutions to well-posed Cauchy problems.

Let (Y, || - ||) be a real separable Banach space. Let Y* be the dual space of Y. (Y1, ][|-|]y,) is
assumed to be a real separable Banach space which is continuously embedded in Y (this idea was
used in [18], Chapter 5), i.e., Y1 C Y and 31 € R™: |[f|| < c1][f]ly, Vf € Yi. Unless mentioned
otherwise, limits are taken in the Y-norm, normed vector spaces are equipped with the norm topology
and subspaces of normed vector spaces are equipped with the subspace topology. Limits in the Y;
norm are denoted Y7 — lim, for example. In the following, | refers to either R or [0, Ts] for some
Too > 0and Ay := {(s,t) € J? : s < t}. In addition, let, for s € J, J(s) := {t € ] : s < t} and
Aj(s) :={(r,t) € J*:s < r < t}. We start by a few introductory definitions:

Definition 1. A function T : Ay — B(Y) is called a Y-(backward) propagator if:

(i) Vte]:T(tt) =1 and
(i) V(s,r),(r,t) € Ap:T(s,r)T(r,t) =T(s,t).

If, in addition, (s, t) € Aj: T'(s,t) = T(0,t —s), I' is called a Y-semigroup.

Note that we focus our attention on backward propagators as many applications only fit the
backward case, as shown below. Forward propagators differ from backward propagators in the way
that they satisfy I'(t,7)['(r,s) = T'(t,s) (s < r < t). We now introduce the generator of the propagator:
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Definition 2. Fort € int(]), define:

D(ANE) = fev: 1}}% (r(t,t+hh)—l)f _ 1}% (r(t_hilt)_l)f cy (10)
t+hej t—hej
and for f € D(Ar(t)): Ar(t)f := 1}38 (r(t’t+hh) —0f _ 1}% (It _hl’f) —Df, (11)
t+hej t—hej
Define similarly for t = 0:
D(Ar(0)) := er:lgﬁr)\W ey (12)
hej
and for f € D(Ar(0)): Ar(0)f := l}gxg W, (13)
hej

and define Ar(Tw) similarly to Ar(0). Let D(Ar) :== (N D(Ar(t)). Then, Ar : ] — L(D(Ar),Y) is called
te]

the infinitesimal generator of the Y-propagator I'.

In the following definitions, which deal with continuity and boundedness of propagators, (Ey, || -
||g,) and (Ep, || - ||g,) represent Banach spaces such that E; C E; (possibly E; = Ej).

Definition 3. A Ej-propagator T is B(Ep, Eq1)-bounded if sup |[[[(s,t)l|gE,E) < oo It

(S,t)EA]
is a B(Ey, Eq)-contraction if sup |[[[(s,t)||gE, ) < 1. It is B(Ey Eq1)-locally bounded if
(S,t)EA]
sup ||T(s, t)||8(E, E,) < o0 for every compact K C A.

(st)eK
Definition 4. Let F C Ey. A Eq-propagator I'is (F, || - ||, )-strongly continuous if ¥/ (s, t) € Ay, Vf € F:

I'(s,t)F C Eyand lim ||IT(s +hy,t+hy)f —T(s,t)f||g, = 0. (14)
(I ,h2)—(0,0)
(S+h1,t+h2)€A]

When Ey = Ey =Y, we simply write that it is F-strongly continuous.

We use the terminologies t-continuity and s-continuity for the continuity of the partial applications.
According to [19], strong joint continuity is equivalent to strong separate continuity together with local
boundedness of the propagator.

Definition 5. Let F C E;. The generator Ay or the Eq-propagator T is (F, || - ||, )-strongly continuous if
Vte ], Vf eF:

Ar(t)F C Eyand lim || Ar(t +h)f — Ar(D)f]||E, = 0. (15)
—
t+he]

When Eq = Ey =Y, we simply write that it is F-strongly continuous.

The following results give conditions under which the propagator is differentiable in s and ¢.
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Theorem 1. Let T be a Y-propagator. Assume that ¥/ (s, t) € Ay, I'(s,t)Y; € D(Ar). Then:

9

a—l’(s t)f = —Ar( )F(S, t)f, V(S, t) S A],Vf S Yl- (16)
If, in addition, T is (Y1, || - ||y, )-strongly s-continuous, Yy-strongly t-continuous, then:
%F(s, 0f = —Ar(s)T(s,0)f  V(s,t) € A Vf € Yi. 17)

Proof of Theorem 1. Let (s,t) € Aj, f € 3.

- . T(sBf-T(s—hb)f
= [(s,t)f = lﬁg p (18)
(S—h,f)EA]
" lim Mr(s,t)f — Ar($)T(s,t)f (19)
hl0 h
(S—h,t)GA]

since I'(s,t)f € D(Ar). We have for s < t:

ot L T(s+h,t)f —T(s,t)f
gl“(s,t)f = lﬁﬁ)l p (20)
(S+l’l,t)€A/
_ . I'(s,s+h)—1
= lﬁg TF(S +h,t)f. (21)
(S+h,t)€A]

Leth € (0,t —s]:

| =D s - ar@res || < || T s - arors o

s =) @)

il

[IT(s+h,t)f =T(s,t) v,
B(Y.,Y)

the last inequality holding because V(s, t) € Aj: I'(s,£)Y; € Y. We apply the uniform boundedness

principle to show that sup 'M ‘ ‘ BULY < 0. Y7 is Banach. We have to show that Vg € Yi:
he(0,t—s] i
sup HMgH < co. Let g € Y7. We have HM H fa ||Ar(s)g]| since Y1 € D(Ar).
he(0,t—s]
36(g) € (0,t—s) :h € (0,6) = "MgH < 1+1|Ar(s)g||- Then, by Y;-strong t-continuity

‘% H € C([5,t —s|,R). Let M :maxhe[ét ]H( (Ss+h) )gH Then, we get

Hi“;’ﬂ ng < max(M, 1+ ||Ar(s)g||) Vi € (0,t —s] = sup ‘ “*’” )
he 0,t—s]
Further, by (Y1, || - ||y, )-strong s- continuity of I, [[T(s + h, t) f —T(s,t) |y, "0 . Finally, since
h 0
L(s,t)f € D(Ar), || L 20r(s, ) f - Ap(s)T(s, 1) f|| 5
Therefore, we get %F(s,t)f = —Ar(s ) (s,t)f for s < t, which shows that %F(s,t)f =
—Ar(s)[(s, t)f for (s, t) € Aj. O

o <

Theorem 2. Let T be a Y-propagator. Assume that Y1 C D(Ar). Then, we have:

+

Er(s,t)f =T(s,t)Ar(t)f  V(s,t) €ALVYfEN. (23)
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If, in addition, T is Y-strongly t-continuous, then we have:

%F(s,t)f “T(s DAL()f V(s t) € ALYf € Y (24)

Proof of Theorem 2. Let (s,t) € Aj, f € Y1. We have:

ot L [(s,t+h)f—T(s,t)f
al’(s,t)f = 1;%1 p (25)
(S,f-i—h)EA]
T(t,t+h)—1
~ lim r(s, )L +h )=Df (26)
(S,t+h)€A]
Forhe . t+he]:
Hr(s,t)w_r(s,t)Ar(t)fH < [IT(s, )l Iy ‘W—Ap(t)f "o @)
since f € D(Ar). Therefore, %F(s,t)f =T(s,t)Ar(t)f. Now, if s < &
o~ . I(s,t)f —T(s,t—h)f
5T 0f = lim - (28)
(S,f—h)EA]
o (T(t—h,t)— I)f
= lm T(st-h) - . (29)
(s,t—h)GA]
Forh € (0,t —s]:
It = TE=BD=DF s |
Ir(t—h,t)—1
< ||T(s,t = h)||5v) ‘( t ht) )fAr(t)fH 0

+[(T(s,t = h) = T(s, 1)) Ar(£) |-

(T(t—h,t)—1I)

Since f € D(Ar), ’ f_ Ar(t)fH "0 By Y-strong t-continuity of I: |[(T'(s,t — h) —

T'(s,t))Ar(t)fl] "0, By the principle of uniform boundedness together with the Y-strong t-continuity
of T, we have sup,c o, [IT(s, £ = 1)||5(v) < supyejoi_q |IT(s,t = h)|[(y) < oo. Therefore, we get

%—;F(s, t)f =T(s,t)Ar(t)f fors < t, which shows %F(s, t)f =T(s,t)Ar(t)f for (s, t) € Aj. O

In general, we want to use the evolution equation: I'(s, t)f = f + |. St ['(s,u)Ar(u)fdu; therefore,
we need that u — T'(s,u)Ar(u)f is in L1([s, t]). The following result gives sufficient conditions for
which it is the case.

Theorem 3. Assume that Theorem 2 holds true, i.e., Vt € ], Ar(t) € B(Y1,Y) and V(s,t) € Aj, u —
A ()l gy, ) € Lig([s,t]). Then, ¥f € Y1, (s, 1) € Ay:

T(s,6)f = f + /stl"(s,u)Ar(u)fdu. (31)
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Proof of Theorem 3. Let f € Y1, (s,t) € Aj. First, u — I'(s,u)Ar(u)f € By([s, t]) as the derivative of
u — T'(s,u) f. By the principle of uniform boundedness together with the Y-strong t-continuity of T,
we have M := sup,,c(, [T(s,u)||p(y) < oo. We then observe that for u € s, t]:

[IT(s, u)Ar(u) fI| < M[Ar () fI| < MI[Ar (@) 5ov ) | f 1]y, - (32)

The following definition introduces the concept of regular propagator, which in short means that
it is differentiable with respect to both variables, and that its derivatives are integrable. [

Definition 6. A Y-propagator I is said to be regular if it satisfies Theorems 1 and 2 and ¥(s,t) € A;, Vf € Y,
u = ||Ar ()T (u,t)f|| and u — ||T (s, u) Ar (u) f|| are in L ([s, 1]).

Now, we are ready to characterize a regular propagator as the unique solution of a well-posed
Cauchy problem, which is needed in the sequel. Note that the proof of the theorem below requires
that I satisfies both Theorems 1 and 2 (hence, our above definition of regular propagators). The next
result is the initial value problem statement for operator G.

Theorem 4. Let Ar be the generator of a regular Y-propagator T and s € |, Gs € B(Y). A solution operator
G : J(s) = B(Y) to the Cauchy problem:

{ét()<:f6= G(HAr(Df Vte(s), fen -

is said to be regular if it is Y-strongly continuous. If G is such a regular solution, then we have

G(t)f = GsI'(s,t)f, YVt € J(s), Vf € Y7.

Proof of Theorem 4. Let (s,u), (u,t) € Aj, f € Y;. Consider the function ¢ : u — G(u)I'(u,t)f.
We show that ¢/ (1) = 0 Vu € [s,t] and therefore that ¢(s) = ¢(t). We have for u < t:

d*t¢ _ 1
du (u) = 1141?01 h
he(0,t—u]

(G(u+ M) (u+h,£)f — G(u)T (1, 1) f). (34)

Leth € (0,t — u]. We have:
a6t mr e nnf - corw s <

HhG(u +m)T(u,t)f — %G(u)l“(u, t)f — G(u)Ar(u)T (u, t)fH
(1)
1

(35)

116+ 1) sy, T, 8)f + Ar(u)T (1, tfH

= =

)
+ [|G(u+h)Ar ()T () f — G(u) Ar ()T (w, ) f|
®)

We have:

e (1) — 0as G satisfies the initial value problem and I'(u, t)Y; C Y.
e (2)—0as %F(u,t)f = —Ar(u)T(u,t)f.
e (3) = 0 by Y-strong continuity of G.
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Further, by the principle of uniform boundedness together with the Y-strong continuity of G,
a+
we have supy,¢ oy [|G(u+h)[|5(v) < supyejg iy ||G(u+h)||5(y) < c0. We therefore get d—f(u) =0.
Now, for u > s:

T2 ) = e ]i[c<u>r<u,t>f ~ Gl — )T (u I )] 36)
he(0,u—s

Leth € (0,u —s]:

H T(u,t)f — G(u—h)r(u—h,t)f]Hg

Hhc(u)r(u 0f — Gl — W, £)f ~ G(u) Ar (u utfH
M

(37)
+ G = m)lse)

(5)
+ [IG(w) Ar ()T (u, ) f — G(u — h) Ar ()T (w, ) f|
(6)

By the principle of uniform boundedness together with the Y-strong t-continuity of G, we have
SUPje (0,u—s) [|G(u—h)|lpryy < SUP),c (03] |G(u — h)[|g(y) < co. Furthermore:

e (4) — 0as G satisfies the initial value problem and I'(u, t)Y; C Yj.
e (B)—0asT(ut)y; C V.
e (6) — 0 by Y-strong continuity of G.

We therefore get d;—d)(u) =0. O

u

The following corollary expresses the fact that equality of generators implies equality
of propagators.

Corollary 1. Assume that I'y and T'5 are regular Y-propagators and that Vf € Y1, Vt € |, Ar, (t)f = Ar,(t)f.
Then, Vf € Y1, V(s t) € Ap: T (s, t)f = Ta(s,t)f. In particular, if Yy is dense in Y, then T'y = T5.

We conclude this section with a second-order Taylor formula for propagators. Let:
D(Ar ey := {f € D(Ar)NY;: Ar(i’)f ey, vte]}. (38)

Theorem 5. Let T be a regular Y-propagator, (s,t) € Aj. Assume that Vu € ], Ar(u) € B(Y1,Y) and
u = |[Ar(u)l|py,y) € Li([s,t]). Then, we have for f € D(Ar € Y1):

F(s,t)f:f+/stAr(u)fdu+/st /sul"(s,r)Ar(r)Ar(u)fdrdu. (39)

Proof of Theorem 5. Since I'is regular and f, Ar(u)f € Yy and u — ||Ar(u)||5(y, y) is integrable on
s, t] we have by 3:

f t u
F(s,t)f:f+/s I'(s,u)Ar(u)fdu =f+/s [Ar(u)er./s I'(s,r)Ar(r)Ar(u)fdr| du  (40)
=f+ '/: Ar(u)fdu + ,/: /s'u T(s,r)Ar(r)Ar(u) fdrdu. (41)
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O

3. Inhomogeneous Random Evolutions: Definitions and Properties

Let (O, F,P) be a complete probability space, J a finite set and (x,, Ty)uen an
inhomogeneous Markov renewal process on it, with associated inhomogeneous semi-Markov process
(x(£))ter, := (xn;)ter, (asin [5]). In this section, we use the same notations for the various kernels
and cumulative distribution functions (Qs(7, j, t), Fs(i, t), etc.) as in [5] on inhomogeneous Markov
renewal processes. Throughout the section, we assume that the inhomogeneous Markov renewal
process (X, Tn)pen is regular (cf. definition in [5]), and that Qs(-,-,0) = 0 for all s € R. Further
assumptions on it are made below. We define the following random variables on (3, fors <t € R

e  the number of jumps on (s, t]: Ns(t) := N(t) — N(s);
e thejump times on (s,00): Tyy(s) := T(s)4, for n € N*, and To(s) :=s; and
e the states visited by the process on [s, 00): x,,(s) := x(T,(s)), for n € N.

Consider a family of Y-propagators (I'yx),cj, with respective generators (Ay).cJ, satisfying:

VseJ:(r,t,x,f) = Tx(rAt,r Vi) f 42)
is Bor(J(s)) ® Bor(J(s)) ® Bor(J) ® Bor(Y) — Bor(Y) measurable, (43)

as well as a family (D(x,y)) (xy)c2 © B(Y) of B(Y)-contractions, satisfying:

xXY)€E

(x,y, f) = D(x,y)f is Bor(J) ® Bor(J) ® Bor(Y) — Bor(Y) measurable. (44)
We define the inhomogeneous random evolution the following way:

Definition 7. The function V : Ay x Q) — B(Y) defined pathwise by:

N ()
V@ = | TT Ty o (a0 Te(s) D(x“(s),xk(s))] Ly (Tv@®)t)  @9)

is called a (T, D, x)-inhomogeneous Y-random evolution, or simply an inhomogeneous Y-random evolution. V is
said to be continuous (respectively, purely discontinuous) if D(x,y) = I (respectively, Ty = 1), ¥(x,y) € J?.
V is said to be regular (respectively, B(Y )-contraction) if (I'y) ey are regular (respectively, B(Y )-contraction).

n
Remark 1. In the latter definition, we use as conventions that ] Ay := A1...A,_1Ay, that is, the product

operator applies the product on the right. Further, if Ns(t) > 0, l;heln XNy (1) (8) = X(Tiy 1) (8)) = x(Try) =
x(t). If Ns(t) = 0, then x(s) = x(t) and xy ;) (s) = x0(s) = x(To(s)) = x(s) = x(t). Therefore, in all
cases, xn,)(s) = x(t). By Proposition 2 below, if D = I, we see that V is continuous and if T'x = I (and
therefore Ay = 0), we see that V has no continuous part, hence Definition 7.

As long as our main object is stochastic process (V (s, t)(w) f), we have to show a measurability
of this process. Thus, we have the following measurability result:

Proposition 1. For s € ], f € Y, the stochastic process (V (s, t)(w)f)weqx(s) 18 adapted to the
(augmented) filtration:

Fi(s) =0 [anNs(t) (8), Tuany(r)(8) i € N} V o (P — null sets). (46)
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Proof of Proposition 1. Let E € Bor(Y), (s,t) € Aj, f € Y. We have:

V(s,t)f H(E) = J{V(s,t)f € E} N {Ns(t) = n}. (47)
neN
Denote the Fi(s) — Bor(R™) measurable (by construction) function = T(xy1)an,()(s) —

Tians () (8)- Since Q(+,+,0) = 0, remark that Ns(t)(w) = sup,,cy Li—o 1h;1(R+*) (w) and is therefore
Fi(s) — Bor(R") measurable. Therefore, {Ns(t) = n} € F¢(s). Let:

Q= {Ns(t) = n} M:={neN:Q, #0}. (48)
M # @ since QO = U,eny Qu, and for n € M, let the sigma-algebra F, := Fi(s)|q, := {A €

Fi(s) : A C Qu} (Fy is a sigma-algebra on (), since Q, # @ € Fi(s)). Now, consider the map
Vi (s, £)f 2 (Qu, Fu) — (Y, Bor(Y)):

Va(s,t)f = ]fllkal@ (Te-1(5), Te(s)) D(xk-1(5), x(5)) | T,y (s) (Tu(s), £) f- (49)

We have:
V(s,t)f HE) = J{Vu(s,t)f €E}NQy = J{w € Qn: V(s t)f € E} (50)
= :L;: Va(s, t)f1(E). " (51)

Therefore, it remains to show that V, (s, ) f ~1(E) € F,, since F,, C F(s). First, let n > 0. Notice
that Vy,(s, t) f = ¢ o By 0 ay... 0 B1 0 47 © ¢, where:

¢ Q= J6E) xIxQy =Y xQy (52)
w = (Tu(s) (@), x2(s) (W), W) = (Tx, (5) (@) (Tu(8) (@), 1) f, ). (53)

The previous mapping holding since Ti(s)(w) € [s,t] Vw € Qu, k € [|1,n]|]. ¢ is measurable
iff each one of the coordinate mappings are. The canonical projections are trivially measurable.
Let A € Bor(J(s)), B € Bor(J). We have:

{w e Oy :Ty(s) € A} = QuNTypn, 1) (5) T (A) € Fu (54)
{weQy:x,(s) € B} =QuN anNs(t)(s)_l(B) € Fu. (55)

Now, by measurability assumption, we have for B € Bor(Y):

{(tu,yn) € J(s) x J: Ty, (t Aty t Viy)f € B} = C € Bor(J(s)) ® Bor(J) (56)
Therefore, {(ty, yu, w) € J(s) x J x Oy : Ty, (t Aty tVit,)f € B} (57)
=C x Qy € Bor(J(s)) ® Bor(J) & Fy. (58)

Therefore, ¢ is F,, — Bor(Y) ® F, measurable. Define for i € [1,n]:

a0 Y Xy = I xIxYxQ, =Y xQy (59)
(& w) = (xn—i(s)(w), xp—it1(5)(w), g, w) = (D(xy—i(s)(w), Xn—i+1(s)(w))g, w). ~ (60)
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Again, the canonical projections are trivially measurable. We have for p € [|0, n|]:

{weOy:xy(s) € B =N xp/\Ns(t)(s)*l(B) =CeFy (61)
Therefore, {(g,w) € Y x Oy : xp(s) € B} =Y x C € Bor(Y) ® F. (62)

Now, by measurability assumption, VB € Bor(Y), 3C € Bor(J) ® Bor(J) ® Bor(Y):

{Wn—isyn—is1,&w) €I XTI XY X Qu : D(Yp—i,Yn-i+1)8g € B} (63)
= C x Qy € Bor(J) ® Bor(J) @ Bor(Y) @ Fy, (64)

which proves the measurability of a;. Then, we define for i € [1,n]:

Bi: YXxQp—J(s)XJ(s) xI XY XxQp =Y xQy (65)
(g w) = (Ty—i(s)(w), Ty—is1(s)(w), xp—i(5)(w), g, w) (66)
- (rxn,,-(s)(w)(Tn—i(S) (w)rTn—i+1(S><w))g/w)' (67)

By measurability assumption, VB € Bor(Y), 3C € Bor(J(s)) ® Bor(]J(s)) ® Bor(J) @ Bor(Y):

{(tn,,‘, tn,,qu,yn,,‘,g,a}) S ](S) X ](S) XJxY X Qn : Fynﬂ.(tn,i A tnfiJrlrtnfi vV tn7i+l)g € B} (68)
=Cx Oy € Bor(J(s)) @ Bor(J(s)) @ Bor(J) @ Bor(Y) @ Fy, (69)

which proves the measurability of ;. Finally, define the canonical projection:

P Y x QoY (70)
(gw)—g (71)

which proves the measurability of V; (s, t) f. For n = 0, we have V; (s, t) f = I'(q) (s, t) f and the proof
is similar. [

The following result characterizes an inhomogeneous random evolution as a propagator, shows
that it is right-continuous and that it satisfies an integral representation (which is used extensively
below). It also clarifies why we use the terminology “continuous inhomogeneous Y-random evolution”
when D = I.

Proposition 2. Let V an inhomogeneous Y-random evolution and (s, t) € Aj, w € Q). Then, V (e, e)(w) is
a Y-propagator. If we assume that V is reqular, then we have on Q) the following integral representation:

Ns(t)

VEs.0f = f+ [ Vi) A0 fdut Y Vs Ts) D0k 1) w(s) ~1f. (72)

k=1
Further u — V (s, u)(w) is Y-strongly RCLL on J(s),i.e., Vf € Y, u — V(s,u)(w)f € D(J(s), (Y, || -
||)). More precisely, we have for f € Y:
V(s,u™)f =V(s,u)fifu ¢ {Tu(s) :n € N} (73)
V(s, Tyt1(8))f = V(s, Ty+1(s) " )D(xn(s), xp11(s))f Vn €N, (74)
where we denote V (s, t~) f := limyy V(s, u) f.
Proof of Proposition 2. The fact that V(s,t) € B(Y) is straightforward from the definition of V

and using the fact that (D(x,¥)) e are B(Y)-contractions. We can also obtain easily that V
is a propagator by straightforward computations. We now show that u — V (s, u)(w) is Y-strongly
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continuous on each [Ty (s), T, +1(s)) N J(s), n € N and Y-strongly RCLL at each T, 1(s) € J(s),n € N.
Let n € N such that Ty, (s) € J(s). Vt € [Tu(s), T,41(s)) N J(s), we have:

erk 1( Tk 1 ) Tk(s)) D(xk—l(s)/xk(s>) 1—‘xn(s) (Tﬂ(s)/t) : (75)

Therefore, by Y-strong f-continuity of I', we get that u — V (s, u)(w) is Y-strongly continuous
on [Ty(s), Ty41(s)) N J(s). If T41(s) € J(s), the fact that V (s, ®) has a left limit at T),11(s) also comes
from the Y-strong t-continuity of I':

V(s Tn+1(5)7)leim Gl 2,y (6) (Tu(5), Tuga (s) — h) f = Gyl 6) (T (), Tuga (s)) f (76)
erk o(s) (Tk—1(8), Ti(s)) D(xk—1(s), xk(s)) (77)

Therefore, we get the relationship:

V(s, Tys1(5))f = V(s, Tusa(s) " )D(xn(s), xn41(5)) f- (78)

To prove the integral representation, lets € |, w € Q), f € Yj. We proceed by induction and show
that Vn € N, we have Vt € [T;(s), T,11(s)) N J(s):

V(.00 = f+ [ V(o) Ay fdu+2VsTk D) 55(5) = 1If (79)
For n = 0, we have Vt € [s,T1(s)) N ](s): V(s,t)f = Ty (s,t)f, and therefore V(s t)f =

f+ f V (s, u) Ay(y)(u) fdu by regularity of I'. Now, assume that the property is true for n — 1, namely:
vt € [T, ()T()) J(s). We have:

—1

= f+ / (5, 10) A (10) fu + Z V(s Te(s) ) [D(x 1 (s), 3(s) — IIf. (80)
Therefore, it implies that (by continuity of the Bochner integral):
Ty (s) n—1
Vs, Tu(s)")f = f+/ V(s, 1) Ag(uy () fdu+ Y V (s, Te(s) ) [D(xi—1(s), xe(s)) = 11f. (81)
s k=1

Now, Vt € [T, (s), T,,+1(s)) N J(s) we have that:
V(s t) = szrx,,(s)(Tn (s),1) (82)

n
Gy = H rxk,l(s) (Tk—l(s)/ Tk(s)) D(xg-1(s), xx(s)), (83)
k=1
and therefore Vt € [T;(s), T,4+1(s)) N J(s), by Theorem 2 and regularity of I":

VNS = VEDAGOF > VEOf = VT + [ Vi fde (64
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Further, we already proved that V(s, T,(s))f = V(s, Tu(s)")D(x,-1(s), xx(s))f. Therefore,
combining these results we have:

V(5,0 = VI To(6) D1 (5) 3n(s)f + [ V(5) A ()i (#5)

Tu(s

=V(s,Tu(s)")f + ’ )V(S/u)Ax(u) (u) fdu+V (s, Tu(s)")D(xp—1(s),xu(s))f = V(s, Tu(s)")f  (86)

Tu(s

"Ta(s) n—1
=f+ / ! V(s,u) Ay (u) fu + kz V(s, Ti(s) ) [D(xp_1(s), x¢(s)) — If 87)
s =1
+/Tf( >v(s 1) Ay (W) fdu+ V (5, Tu(5) 7 )D(xy—1(5), %u(s)) f = V5, Tu(s5) ") f (88)
_f+/ (5, 10) Ay (1) folut + 2 V(s Te(s) ") [D(xe_1(s), xe(s)) — IIf- ©9)

O

4. Weak Law of Large Numbers

In this section, we introduce a rescaled random evolution V, in which time is rescaled by a
small parameter €. The main result of this section is Theorem 8 in Section 4.5. To prove the weak
convergence of V. to some regular propagator I, we prove in Section 4.3 that V, is relatively compact,
which informally means that, for any sequence €, — 0, there exists a subsequence {n;} along which
Ve,, converges weakly. To show the convergence of Ve to T, we need to show that all limit points of the
latter Ve, are equal to T.To prove relative compactness, we need among other things that V, satisfies
the so-called compact containment criterion (CCC), which in short requires that for every f € Y,
Ve(s, t) f remains in a compact set of Y with an arbitrarily high probability as € — 0. This compact
containment criterion is the topic of Section 4.2. Section 4.1 introduces the rescaled random evolution
Ve as well as some regularity assumptions (condensed in Assumptions 1, Section 4.1, for spaces and
operators under consideration, and in Assumptions 2, Section 4.1, for the semi-Markov processes)
which will be assumed to hold throughout the rest of the paper. It also reminds the reader of some
definitions and results on relative compactness in the Skorohod space, which are mostly taken from
the well-known book [20]. Finally, the main WLLN result Theorem 8 is proved using a martingale
method similar in the spirit to what is done in [10] (Chapter 4, Section 4.2.1) for time-homogeneous
random evolutions. This method is here adapted rigorously to the time-inhomogeneous setting: this is
the topic of Section 4.4. The martingale representation presented in Lemma 5 of Section 4.4 will be
used in the Section 5 to prove a CLT for time-inhomogeneous random evolutions.

4.1. Preliminary Definitions and Assumptions

In this section, we prove a weak law of large numbers for inhomogeneous random evolutions.
We rescale both time and the jump operators D in a suitable way by a small parameter € and
study the limiting behavior of the rescaled random evolution. To this end, the same way we
introduce inhomogeneous Y-random evolutions, we consider a family (De(x/y))(x,y)eﬂz,ee(o,l] of
B(Y)-contractions, satisfying Ve € (0,1]:

(x,y, f) = D(x,y)f is Bor(J) ® Bor(J) ® Bor(Y) — Bor(Y) measurable. (90)

and let D(x,y) := I. We define:

h—0 h
(ee [)OSJ%Z e+hel0,1]
Xy

D(Dy) = ) {er: lim D€+h(x’y)f_De<x’y)er} (91)
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and Vf € D(Dy):

D§(x,y)f == lim Dﬁh(x'y)fh*De(x’y)f . 92)

h—0
e+he(0,1]

The latter operators correspond, in short, to the (first-order) derivatives of the operators D¢ with
respect to €. We need them in the following to be able to use the expansion D€ ~ I + eDf + ..., which
proves useful when proving limit theorems for random evolutions. The same way, we introduce D5,
corresponding to the second derivative. We also let:

D(DY € Y) := {f e D(D1)NY;: DY(x,y)f €Y1 V(x,y) € JZ}. (93)
For x € J, remembering the definition of D(A, € Y1) in (38), we let:

D(AL) == D(Ax € Y1) N {feD(Ax)ﬁYl Yy — lim A"(Hh)f;_A"(t)f ey Vte]} (94)

t+he]

and fort € |, f € D(AL):

AL(H)f :=Y; — lim A"(Hh)f}z — A"(t)f. (95)
ey

Here, Y7 — lim simply indicates that the limit is taken in the Y7 norm. We also introduce the space
D on which we are mostly working on:

D := () D(A}) ND(D2) N D(DY € Yy). (96)
xeJ

Throughout this section, we make the following set of regularity assumptions, which we first
state and then comment on immediately afterwards. We recall that the various notions of continuity
and regularity are defined in Section 2.

Assumptions 1.

Assumptions on the structure of spaces:

~

The subset D contains a countable family which is dense in both Y1 and Y.
Y; € D(Dy).

o

Assumptions on the reqularity of operators:

(T'x)xey are regular Y-propagators.
2. Ay is Yq-strongly continuous, Vx € J.

Assumptions on the boundedness of operators:

1. (Tx)xey are B(Y)-exponentially bounded, i.e., 3y > 0 such that |[Tx(s, t)||5(y) < e"t=5) forall x € J,
(S, t) € A].
2. Ay(t) € B(Yy,Y) and sup,, o0 [ Ax()|[5(v,,y) <o VEE ], Vx €.

3. supyeio) [|AL (D) fI] < 0, supyeio,r) [|[Ax(t)flly; < 00, Vf € Neey D(AL), forall T € J.
xeJ xeJ

4. DYx,y) € B(Y,Y)Vx,y el

5. sup e |IDI(x,y)f]| < oo, Vf € D(Dy).
(vy)el?
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6. sup ecpoq |IDS(x, y)fl| < oo, Vf € D(Dy).
(vy)el?

Assumptions 2.

Assumptions on the semi-Markov process:

1. (ergodicity) Assumptions from [5] holds true for the function t — t, so that:

. N(t) 1
tli}r?o 5 = Tm a.e. (97)

2. (uniform boundedness of sojourn increments) 3T > 0 such that:

sup F(i,T) = 1. (98)
teRy
i€]
3. (regularity of the inhomogeneous Markov renewal process) The conditions for Fy(i, T) are satisfied (see [5]),
namely: there exists T > 0 and B’ > 0 such that:

sup F(i,7") <1-p. (99)
teR 4
€]

Let us make a few comments on the previous assumptions. The assumptions regarding the
regularity of operators mainly ensure that we can use the results obtained on propagators in Section 2,
for example Theorem 5. The (strong) continuity of Ay also proves to be useful when working with
convergence in the Skorokhod space. The assumptions on the boundedness of operators is used to show
that various quantities converge well. Finally, regarding the assumptions on the semi-Markov process,
the almost sure convergence of  !N(t) as t — co is used very often. It is one of the fundamental
requirement for the work below. The uniform boundedness of the sojourn increments is a mild
assumption in practice. There might be a possibility to weaken it, but the proofs would become
heavier, for example because the jumps of the martingales introduced below would no longer be
uniformly bounded.

Notation: In the following, we let forn € N, i € J and t € R (their existence is guaranteed by
Assumption 1):

(i t) = /0 " S"E (i, ds) (i) = /0 S E (i, ds). (100)

Wealsolet] :=Jif [ =Ry and ] := [0, Teo — T) if ] = [0, Teo). In the latter case, it is assumed that
Teo > T. Similarly, we letfors € J: J(s) :={t € J : s < t}.

We now introduce the rescaled random evolution, with the notation t° := s + e(t — s):

Definition 8. Let V be an inhomogeneous Y-random evolution. We define (pathwise on Q) the rescaled
inhomogeneous Y-random evolution Ve for e € (0,1], (s, t) € Aj by:

w(4)
Vels,t)i= | TT Ty (T2 T D (1 5) 506)) L
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Remark 2. we notice that Ve is well-defined since on Q):

T, \(s)=s+€e|T ,,\(s)—s]| <s+e (t%'s — s) =1, (102)
Ns <t?'s) N; (t?'5>
and that it coincides with 'V fore =1, i.e., V1(s,t) = V (s, t).

Our goal is to prove, as in [10], that, for each f in some suitable subset of Y, {Vc(s, ®) f }—seen as
a family of elements of D(J(s), Y)—converges weakly to some continuous limiting process Vj(s, ®) f to
be determined. To this end, we first prove that { Ve (s, ) f} is relatively compact with almost surely
continuous weak limit points. This is equivalent to the notion of C-tightness in [21] (VL.3) because
P(D(J(s),Y)) topologized with the Prohorov metric is a separable and complete metric space (Y being
a separable Banach space), which implies that relative compactness and tightness are equivalent in
P(D(J(s),Y)) (by Prohorov’s theorem). Then, we identify the limiting operator-valued process Vj,
using the results of [14]. We first need some elements that can be found in [10] (Section 1.4) and [20]
(Sections 3.8-3.11):

Definition 9. Let (vy),en be a sequence of probability measures on a metric space (S,d). We say that vy,
converges weakly to v, and write v, = v iff Vf € C,(S,R):

Jim /S favy = /S fdv (103)
Definition 10. Let {ve} be a family of probability measures on a metric space (S, d). {ve} is said to be relatively
compact iff for any sequence (vy),en C {ve}, there exists a weakly converging subsequence.

Definition 11. Let s € J, {Xc} a family of stochastic processes with sample paths in D(J(s),Y). We say
that { X} is relatively compact iff { L(X¢)} is (in the metric space P(D(J(s),Y)) endowed with the Prohorov
metric). We write that Xe = X iff L(Xe) = L(X). We say that {Xc} is C-relatively compact iff it is relatively
compact and if ever Xe = X, then X has a.e. continuous sample paths. If Ey C Y, we say that {V¢} is
Ey-relatively compact (respectively, Ey-C-relatively compact) iff {Ve(s,®)f} isVf € Ey, Vs €].

Definition 12. Let s € J, {Xc} be a family of stochastic processes with sample paths in D(J(s),Y). We say
that {X¢} satisfies the compact containment criterion ({Xc} € CCC)if VA € (0,1],Vt € J(s)NQ,IK C Y
compact set such that:
liminf P[X.(t) € K] > 1— A. (104)
e—0

We say that { V. } satisfies the compact containment criterion in Ey CY ({Ve} € Ey-CCC), if Vf € Ey,
Vs €], {Ve(s,®)f} € CCC.

Theorem 6. Let s € J, {Xc} a family of stochastic processes with sample paths in D(J(s),Y). {Xe} is
C-relatively compact iff it is relatively compact and js(Xe) = 0, where:

jo(X) == /J ¢ U080 A D (105)
js(X,u) == Sl[lp] X () = X(£7)]]- (106)
tels,u

Theorem 7. Let s € J, {Xc} be a family of stochastic processes with sample paths in D(J(s),Y). {Xe} is
relatively compact in D(J(s),Y) iff:

1. {X.} eccc
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2. VT €]J(s), Ir > 0and a family {Cs(e,n) : (e,n) € (0,1] x (0,1)} of nonnegative random variables
such that ¥(e,n) € (0,1] x (0,TA1),Vh € [0,4], Vt € [s, T]:

E[|[Xe(t+h) = Xe(O)[|"1 6] < E[Cs(e, 1) |G (107)
lim lim sup E[C; (€, 17)] = 0, (108)
1=0 0

where G;° 1= 0 [Xe(u) 1 u € [s, t]].

If {Xc} is relatively compact, then the stronger compact containment criterion holds: YA € (0,1],
VT € J(s), 3K C Y compact set such that:

liminfP[X () € K Vi € [s,T]] 21~ A. (109)
€—

4.2. The Compact Containment Criterion

We show that, to prove relative compactness, we need to prove that the compact containment
criterion is satisfied. We give below some sufficient conditions for which it is the case, in particular
for the space Co(R?), which is used in many applications. In [6], it is mentioned that there exists
a compact embedding of a Hilbert space into Co(R¢). Unfortunately, this is not true (to the best of
our knowledge), and we show below in Proposition 4 how to overcome this problem. This latter
proposition is applied in Section 6 to the time-inhomogeneous Lévy case, and the corresponding proof
can easily be recycled for many other examples.

Proposition 3. Assume that there exists a Banach space (Z, || - ||z) compactly embedded in Y, that (Tx)yey,
are B(Z)-exponentially bounded (uniformly in J), and that (D€(x,y)) cc(oq) are B(Z)-contractions. Then,

(xy)el?
{V.} € z-CCC.

Proof. Let f € Z, (s,t) € Aj, and assume |[Tx(s,t)f||z < e*"%)||f||z for some r > 0. Letc :=
e’ t=9)||f||z and K := cl(Y) — S.(Z), the Y-closure of the Z-closed ball of radius c. K is compact
because of the compact embedding of Z into Y. Let € € (0,1]. We have Vw € Q: ||Ve(s, t)(w)f]|z < c.
Therefore, Ve(s,t)(w)f € Sc(Z) C Kand so P[Ve(s, t)f €e K| =P(Q) =1>1—-A. O

For example, we can consider the Rellich-Kondrachov compactness theorem: if U C R? is an
open, bounded Lipschitz domain, then the Sobolev space W' (U is compactly embedded in L7(U),
where p € [1,d) and g € [1, ;_—pp).

For the space Cy(RY), there is no well-known such compact embedding, therefore we have to
proceed differently. The result below is applied for the time-inhomogeneous Lévy case (see Section 6),
and the corresponding proof can easily be recycled for other examples.

Proposition 4. Let Y := Co(RY), Ey C Y. Assume that VA € (0,1], (s,t) € Ay, € € (0,1], f € Ey,
JAe C O :P(Ae) > 1 — Aand the family {Ve(s, t)(w)f : € € (0,1],w € Ae} converge uniformly to 0 at
infinity, is equicontinuous and uniformly bounded. Then, {Ve} € Ey-CCC.

Proof. Let f € Ey, K the Y-closure of the set:

Ky = {Ve(s,D(w)f : € € (0,1],w € Ac). (110)

Kj is a family of elements of Y that are equicontinuous, uniformly bounded and that converge
uniformly to 0 at infinity by assumption. Therefore, it is well-known, using the Arzela—Ascoli theorem
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on the one-point compactification of R?, that K is relatively compact in Y and therefore that K is
compact in Y. We have Ve € (0,1]:

PVe(s,t)f € K] > Plw € Ac : Ve(s,t)f € K] =P(Ae) > 1—A. (111)
O

4.3. Relative Compactness of { Ve }

This section is devoted to proving that {V, } is relatively compact. In the following we assume
that {V,} satisfies the compact containment criterion (see [14]):

{V.} € Y, — CCC. (112)

We first state an integral representation of {V.}, which proof is the same as the proof of
Proposition 2.

Lemma 1. Let Assumption 1 hold true. Let (s,t) € Ay, f € Y. Then, Ve satisfies on Q)

Ne (t%fS)

,s>(u)fdu+ Y. Vels, T (s) 7 )[D (xk-1(s), xe(s)) — I1f. (113)
k=1

1
ue

ot
Ve(s, 00 = £+ [ Ve(s,u)A (
JSs X
We now prove that {V,} is relatively compact.

Lemma 2. Let Assumptions 1 and 2, hold true. Then, {Ve} is Yy-relatively compact.

Proof. We use Theorem 7 to show this result. Using Lemma 1, we have for h € [0, 7]:

[[Ve(s, t +h)f — Ve(s, t)f]| (114)
N; ((t+h) %r5>

,s>(u)fdu+ Yo Vels, TP (s) ) [DS (xa(s), xi(s)) — 1If| | (115)

k=N <t%'5> 1

1
€

t+h
< / Ve(s,u)A
t x<u

N (t+f7)%'5>

1
< My + ee?(TH1-9) Y. EHDe(xk—l(S)/xk(S))f — fll (116)
k=N (t%r5> +1
< M + M, [N ((t+;7)%'s) N (t%ﬁ)}. (117)
where
My 1= 7 (TH1=9) sup [ Ax ()| 8(v, 1) 1 f1 112/ (118)
xeJues, T+1AT]
My := " T+ sup | DS (x, v) ], (119)

€,X,Y
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by Assumption 1. Now, for € € (0,1]:

e [N ((t n n)%fS) N (t%'sﬂ (120)
< ete?:;}iq] [N ((t—!—ﬂ)%'s) -N (t%'s)} —}—ete[ssli};ﬂ {N ((t+17)%’5) -N (tés)} (121)
<eN ((s+29)+) + € e N ((t+m#) =N ()] (122)

Note that the supremums in the previous expression are a.e. finite as they are a.e. bounded by
N ((T + 1)%5). Now, let:

Cs(e,17) :== My + MpeN ((s + 217)%'5) + Mae te[ssli};;,]"] [N ((t + 17)%'5> -N (t%S)} . (123)

We have to show that lim;, o lime o E[Cs(€,77)] = 0. We have:

N 1\ _ ¢ 2y
lim ot My + Mo [N ((s +27) )] = limy My + Mo = 0. (124)
Let {e,,} any sequence converging to 0, and denote
Zui=en sup [N ((t+m)at) =N (ta7)]. (125)

tels+n,T]

We first want to show that {Z,} is uniformly integrable. According to [20], it is sufficient to
show that sup, E(Z2) < co. We have that E(Z2) < €2E {Nz ((T + 1)$S)} . By Assumption 1 (more
precisely, the regularity of the inhomogeneous Markov renewal process), we get:

lim 5
t—oc0 t

E(N%(t)) (126)

< o0,

and therefore {Z, } is uniformly integrable. Then, we show that Z, %5 Z := - Let:

R 1y 1
O = {gg(l)eN ((s+1) ) - nm}' (127)
Let w € O and ¢ > 0. There exists some constant 1, (w, §) > 0 such that for € < r,:
Ly L 0
eN ((s+1) ) | < T3/ (128)
andift € [s+#5, T+ 7]
1 t—s 5(t—s)
t— 1)e7%) — < 12
‘( S)eN((S+ ) ) T |~ T4y =° (129)
Let € < 571, (recall 7 > 0) and €, := ;. Then, €; < ’7% = 1,9, and therefore:
(t—s)eaN (s+1)%'5 i) Y (130)
2 IIm
15 t—s
= |eN (t ) | <. (131)
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Therefore, fore < yrpand t € [s+ 1, T]:

‘eN ((t n 17)%'5) —eN (t%'S) - %’ <25 (132)
- P [GN ((t +;7)%r5) —eN (t%'sﬂ - % <26 < 34. (133)

We have proved that Z, ©% Z. By uniform integrability of { Z, }, we get that lim,, s E(Z,,) = E(Z)
and therefore since the sequence {e, } is arbitrary:

e | s [ () - ()] = o (34
O

We now prove that the limit points of {V,} are continuous.
Lemma 3. Let Assumptions 1 and 2 hold true. Then, {Ve} is Y1-C-relatively compact.

Proof. The proof is presented for the case ] = R. The proof for the case | = [0, Teo] is exactly the

same. By Lemma 2, it is relatively compact. By Theorem 6, it is sufficient to show that js (V¢ (s, ®) f) i 0.
Leté > 0and fix T > 0. For u € [s, T|, we have:

js(Ve(s, @) f,u) < 51[1};] [[Ve(s, 1) f = Ve(s, £ )fl (135)
tels,

= max || Ve (s, Te#(s)) f = Ve (s, T#(s)7) £ (136)

e[ (rie) |
(using Lemma 1) = max Ve (s, T (s) ™) (D (xk—1(s), xk(s)) f — f)I] (137)

ke[ 1,Ns <T%f5) H
< e"T=9) max ||D¢(x,y)f — f|| < Cre, (138)

(xy)el?
with Cr := ¢7T=%) sup || D (x, v) f|| (by Assumption 1). (139)

€%,y

Since:

js(Ve(s, @) f) = /ST e "(js(Ve(s, o) f,u) N1)du + /Too e "(js(Ve(s, o) f,u) AN1)du (140)
< Cre+e T, (141)

we get js(Ve(s, 8) f) ©5 0 (choose T big enough, then € small enough). [

4.4. Martingale Characterization of the Random Evolution

To prove the weak law of large numbers for the random evolution, we use a martingale method
similar to what is done in [10] (Section 4.2.1), but adapted rigorously to the inhomogeneous setting.
We first introduce the quantity f, solution to a suitable “Poisson equation”:
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Definition 13. Let Assumption 1 hold true. For f € Y1, x € J, t € J, let f(x,t) := f +€f1(x,t), where f
is the unique solution of the equation:

~

(P=Dfi(e,t)(x) = TIm[A(t) —a(x, £)] f (142)
a(x, t) = Hlim (ml(x)Ax(t) + PD(l)(x,o)(x)> (143)
A(t) :=Tla(e, 1), (144)

namely f1(x,t) = ImRo[A(t)f — a(e,t)f](x), where Ry := (P — I +I1)"! is the fundamental matrix
associated to P.

~

Remark 3. The existence of fi is guaranteed because I1[A(t) — a(e,t)|f = 0 by construction (see [22],
Proposition 4). In fact, in [22], the operators 11 and P are defined on B&(J ) but the results hold true if we work
on BL(J), where E is any Banach space such that [A(t) —a(x,t)]f € E(eg, E=Y,iff € D,E=Y if
f € Y1). To see that, first observe that P and I1 can be defined the same way on B]b5 (J) as they were on B]%(J ).
Then, take £ € E* such that ||¢|| = 1 and g € BY(J) such that \|g||Bg(J) = maxy ||g(x)||g = 1. We therefore

have that: ||€ o g|| B (3) < 1, and since we have the uniform ergodicity on BY (1), we have that:

sup P(to)) =TI 09) )] < 1P~ Mgy ) =0 (145)
=1
||gHB%(J):1
xeJ
By linearity of ¢,P,I1 we get that |P"({ o g)(x) —II(¢ o g)(x)| = [€(P"g(x) — TIg(x))|.

However, because || P"g(x) —T1g(x)|[g = sup ;=1 [¢(P"g(x) —T1g(x))| and that this supremum is attained
(see, e.g., [23], Section II1.6), then:

sup  [((P"g(x) —1lg(x))| = sup [[P"g(x) —TIg(x)[[E (146)
[1£]|=1 HgHB%(J):l

||gHB%(J):1 xeJ
xeJ

= Ssup ||P”g—Hg||B%(J) = ||Pn_H||B(B}bS(J))/ (147)
gl )=

and thus we also have ||P" — T]| ’B(BZ(J)) — 0, i.e., the uniform ergodicity in BL(J). Now, according to the
proofs of Theorems 3.4 and 3.5, Chapter VI of [24], ||P" — T]| |B(BZ(J)) — 0 is the only thing we need to prove
that P 4 I1 — I is invertible on:

BY'(J) := {f € By(J) : TIf = 0}, (148)
the space E plays no role. Further, (P + 11— 1)~ € B(BL(J)) by the bounded inverse theorem.
We now introduce the martingale (Mf (s))¢>0 which plays a central role in the following.
Lemma 4. Let Assumption 1 hold true. Define recursively for e € (0,1],s € J:

VE(s) =1 (149)
Vi1 (s) := Vi (5)Tx,(s) (To(5), Ty 1(8)) D€ (xu(s), Xnp1(s)), (150)
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ie., VE(s) = Ve(s, T°(s)); and for f € Y1 (we recall that f¢(x,t) := f +ef1(x,1)):

M, (s)f == Vi (s)f< (xn(s), T*(s)) — f€(x(s),5)
-1 (151)

- :ZOE[VEH(S)fe(ka (), Teza(8)) = Vi () £ (xi(s), Te™ ()| Fe(s)],

so that (M, (s) f)nen is a Fy (s)-martingale by construction. Let for t € J(s):

Mi(s)f := M;} <t5'5>+1(s)f (152)
Fi(s) = e <t%ﬁ)H(s), (153)

where Fy(s) = o [xx(s), Te(s) : k < n] V o(P — null sets) and ]-"N < 1 ) 1(s) is defined the usual way
S|t )+
(provided we have shown that N (t%'S) + 1 is a Fy(s)-stopping time ¥Vt € J(s)). Then, V{ € Y*, Vs € ],

Ve € (0,1],Vf € p, (E(Mf(s)f),ff(s))te](s) is a real-valued square-integrable martingale.

Proof. By construction (¢(M;,(s)f), Fu(s)) is a martingale. Let 65 (t) := N (t%'s) + 1.Vt € J(s), 05(t)

is a F; (s)-stopping time, because:

(o) = n} = {No (15°) =n—1} = {Tu1(s) <t} 0 {Tu(s) > 57} € Fuls). (154)
Lett; < t; € J(s). We have that (E(Mge(tz)/\n (s)f), Fu(s)) is a martingale. Assume we have shown
that it is uniformly integrable, then we can apply the optional sampling theorem for UI martingales to
the stopping times 65 (t1) < 05(t,) a.e and get:

E[E(Mgg(tz)wg(tz)(S)f)|f9§(t1)(5)] = K(Mgg(tl)wg(tz)(s)f) a.e. (155)
= E[K(Mgg(tz)(S)f)|}—9§(t1)(5” = K(Mgg(tl)(s)f) a.e. (156)
= B[0(MS,(s) )| FF (s)] = LM, (5)f) ae., (157)

which shows that (£(M¢(s)f), F¢ (5))tej(s) is @ martingale. Now, to show the uniform integrability,
according to [20], it is sufficient to show that sup,, E(| |Mee( ) (s)f||?) < co. However:

1M 1) (S)F11 < 2672 (| £ [ o) + 26T (Y £+ (1D (6 (12) A ) (158)
< 2N (| £+ AN (L + 65 (1)), (159)

where ||f1|| :=sup ,e5  |Ifi(x,u)|| (||f1]| < co by Assumption 1). The fact that E(6¢(t)?) < co
u€el0,t+7|
(Assumptions 1) concludes the proof. [

Remark 4. In the following, we use the fact that, as found in [25] (Theorem 3.1), for sequences (Xy), (Yn)
of random variables with value in a separable metric space with metric d, if X,, = X and d(X,,Y,) = 0,
then Y, = X. In our case, (Xy), (Yy) take value in D(J(s),Y) and to show that d(X,, Y,) = 0, we use the
fact that:

(X, Yn) < sup [|Xu(t) = Yu(t)|| +e”T VT €](s), if | = Ry (160)
tels,T)
(X Ya) < sup ([ Xa(t) — Ya(DI], i = [0,Ts], (161)

te[s, Too—T]
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and therefore that it is sufficient to have:

sup || X (t) — Yu(t)|| ©5 0 (respectively, in probability), VT € J(s) (162)
te(s,T)

to obtain d(Xy, Yn) =% O (respectively, in probability).
Lemma 5. Let Assumption 1 hold true. For f € Dand s € J, M&(s) f has the asymptotic representation:
Ns <t%'s)

ME(s)f = Ve(s, 8)f — f — ellm kz Ve(s, T (5) A (TSP (s)) f + Ole) ae., (163)
=1

where O(eP) is an element of the space D(J(s),Y) and is defined by the following property: ¥r > 0, VT €
Q* NJ(s), € P supyer 7y [|O(eP)|| = 0as € — 0 (so that Remark 4 is satisfied).

Proof. For the sake of clarity, let:

fi = f(x(s), T"(s)) fre = filxe(s), T (s)) (164)
Let T € J(s). First, we have that:

Ve s)f€ =Ve s)f+O(e 165
N5<t%r5>+1( )st (t%'5>+1 N5<t%f5)+1( /f+0te) (169
because sup,¢, 1 ||V; L +1(S)f1,Ns<t%r5>+1H < e"T+7=9)||f1||. Again and as in Lemma 4,

we denote || f1|| :=sup ey ||fi(x,u)]|, and ||f1|| < co by Assumption 1. Now, we have:

uel0,T+1]
Vi () fEa = VEG)fE = Vi) (i — ) + Vi () fiy — VE(S) fie (166)
and:

E[VE(s)(fisa = fOIF(8)] = eVEG)E[(fpsr = fur) [ Fi(s)], (167)

as Vi (s) is Fi(s) — Bor(B(Y)) measurable. Now, we know that every discrete time Markov process
has the strong Markov property, so the Markov process (xy, T,) has it. For k > 1, the times N(s) + k
are F,(0)-stopping times. Therefore, for k > 1:

E[(fri+1 = fLi) | Fi(s)] = E[(free1 — fri) [ Tie(s), xi(s)] (168)
= Z /OOO fl (]/, TE’S(S) +€M) QTk(s)(xk(s),y, du) *fl,k' (169)
yel

Consider the following derivatives with respect to ¢:

o (x 1) = ﬁml(x)A;(t), (170)
A'(t) :=T1d (e, t) (171)

fi(x,1) == TImRo[A' (1) f —a (s, 1) f] (x), (172)
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which exist because Ry € B( Bg (J)) and f € NycyD(AL). Using the Fundamental theorem of Calculus
for the Bochner integral (v — f{(y,v) € Li([a,b]) V[a, b] by Assumption 1) we get:

E[(fie+1 — fie) T(s), x (5)} (173)
#(s)+eu

—Z/ lfl (v, T (s) / : fily, )d?’] Qr(s) (Xk(s), y,du) — fi (xi(s), T (s))  (174)
yel

= (Pp(s) = Dfi (¢ T3 (s)) (x (175)

+o [/ i y,T“ >+v>dv}QT \(x55), v, du) (176)

= (Pr(s) — D fi1 (o T (s)) (xx(s)) + OCe). (177)

because, by Assumption 1:
=L 10+ o] Qo toh ) < i a78)

We note that the contribution of the terms of order O(€?) inside the sum will make the sum of
order O(e), since for some constant Cr:

N <t% .
sup Y [|0(d)]] < N (T#*) Cre? = O(e) (179)

tels,T] k=1

because €Nj (T%'S> 2% I=s  Altogether, we have for k > 1, using the definition of f;:

E[VE(s)(firs — SOIFk(s)] = eVE () (Prys) — 1) f1 (o T (5)) (xk(s)) + O(e?) (180)
= eTtmVi (s) [ AT (5)) — alxi(s), TE(s)] (181)
+eVi(s)(Prsy — P)f1 (o, T (5)) (x(s)) + O(€?). (182)

The term involving Pr, ;) — P above will vanish as k — oo by Assumption 1, as ||P; — P|| — 0.
We also have for the first term (k = 0):

E[VG (s)(ff — f5)Fk(s)] = O(e) (< 2el[Al)- (183)

Now, we have to compute the terms corresponding to V¢, (s)f¢, 1 — Vi (s)f¢, - We show that
the term corresponding to k = 0is O(e) and that for k > 1:

B[V () fipa = VE () fiial Fie(s)] = ellmVi(s)a(xi(s), T (s)) f + “negligible terms”.  (184)
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For the term k = 0, we have, using Assumption 1, the definition of V¢ and Theorem 3:

VO - VSO = VEG)f - F+0le) (159

= T (5 T9(8)) DF(x(s), 1 (8))f ~ £ +0(e) (156

= Iﬂx(s) (Sr Tlels(s)) (DE(X(S),xl(S))f - f) + Iﬂx(s) (5/ Tlers(s)) f - f + O(E) (187)

= BIV ()5 — VE(5)F1F0(5)] < 1" max 1D (e ) —

o[ 1A 0| Fr () .
0 x,te[s,serT] i B A To(e)

<e (v sup D5} + I y1f||Ax<t>|Bm,y>> = 0(e). (159

Now, we have for k > 1:
VE,q(s) — VE(s) = VE(s) {Txk@) (T,f’s(s), T, (s)) D€ (x(3), X1 (s)) — 1} . (190)

By Assumption 1, we have sup, ., |[D{(x,y)g|| < oo for g € Y;. Therefore, we get using
Theorem 3, for g € Y;:

€
DF(0u(5), %1 (8))g = 8 + [ DY (xk(6), X (5) e (191)
€,5 €,5 'T’fil (s) €,5
and Ty, o) (TE°(), T, (5)) g = g + resgsy L) (T (8) 1) Ay ) ()3 (192)
JAy S

Because f € D, we get that A(t)f € Yy, a(x,t)f € Yy Vt, x. Since Ry € B(BE (1)), we get that
fik+1 € Y1 and therefore:

Tapto) (TE(6) TS (5)) DS (xi(5), %1 (9)) fken = Ty (TE7(5), TE24(5)) fusn +Oe)  (199)

T2 (s)
= fihe1 + /Te,k:(l) Ty (s) (T (8), ) Ay () () 1 1du + O(e). (194)
k S
Therefore, taking the conditional expectation, we get:
E[VEr1(8) frien — Vi (8) fesal Fie(s)] (195)
VL 7| T 056 T 6 + 0 (T57(6) + 0)rsendo
yer’o Lo (196)
x Qr,(s) (xk(s), ¥, du) + O(e)
= 0(e) (< eCt for some constant C by Assumption 1), (197)
and so:
B[V (5)fipn — VEG) el Fr(s)] = BV, (5)f — VE()fI Fi(s)] + O(€?). (198)

Now, because f € D and by Assumption 1 (which ensures that the integral below exists):

De(xk(s), X1 (5))f = f + €D (xx(s), xe1()) f + /06(6 — u)D3 (xx(s), X1 (s)) fdu. (199)
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Thus, using boundedness of D5 (again Assumption 1):

Tato) (TE7(), T2 (5)) DS (xi(s), e (5) f

(200)
=Ty o) (T (), T4 (5)) £+ €Ty o) (TE9 (), TE21(5)) DY (xk(s), x4 ) f + O(€2).
The first term above has the representation (by Theorem 5):
(s)
Tao (T, T 6)) f=f + Tfj(l Avy(s) (1) fi
(201)

/k+1 /es Ty () (T (8), 1) Ay, (5) (1) Axs) (u) fdrdu.

Taking the conditional expectation and using the fact that sup,,c(o 717 || Ax (1) f|[y, < o0, we can

xe]
show as we did before that:

Ukﬂ(s / J(TE7(9),7) Asy() (1) Asy ) () filrdue| Fi(s) | = O(€?). (202)

The second term has the following representation, because f € D (which ensures that D(l) (x,y)f €
Y1) and using Theorem 3:

o) (TE°(5) TE2 () DY ils), i (5) (203)
= eDRle) s () € [ T (5705010 A DR, a9 il (209
= D (x4(s), %41 (5))f + O(). (205)
Thus, we have overall:

E[VE1(s)f = VE () f1 Fx(s)]

Ted1(s) (206)
= V@B | [0 A o) fe +eD?<xk<s>,xk+l<s>>f‘ F()| +0(),
We have by the strong Markov property (because k > 1):
E [ DY (xi(5), %41 (5))f | Fls)] = Py DY (xels), ) (xx(s) . 207)
and:
B| [T 4y ) xk<s>,Tk<s>] (208
Te,S(s) k
-v [ [ o™ Asiote )fdv] Q0 (4(5), 3, ) (2)
yel es
— Z/ [euA (T (s f—i—/ eu —0v)A’, () (T (s) + ) fdv | Qpys) (xic(s), y, du) (210)
yel

= emy (x(s), Te(s)) Ay, (5) (TE*(5)) f + O(€7), (211)
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as Sup,c(o 1+ 17] [|A% (1) f]| < oo. Thus, finally, we get:

E[VE1 () ffen = Vi () f | F(s)] = ellmVE(s)a(xe(s), T (s) f
+ €VE(s) [ (m1 (x(5), Ti(s)) = m1 (v6(5))) Ay ) (TE(5)) (212)
+€VE(s) [ (Prys) = P)DY(xk(s), 9) (x¢(5)) | + O(e?).

In the expression above, Assumption 1 ensures that the terms containing (P — PTk(S)) and
(my(xx(s), Ty(s)) — mq(xx(s))) will vanish as k — oo, and therefore we get overall:

Ns (t#)

M (s)f = V:]S tg,s)ﬂ(s)f — f —ellm k; Ve(s, Tg*(s)) A (Tg(s)) f + O(e). (213)

Now, let 65(t) := N; (t%'s) + 1. Using Assumption 1 (in particular uniform boundedness of

sojourn times):

Vi (5)f = VeSO, 69 (6 T2y (5)) D g o1 (5), s o) () f (214)
= [|Vie(n (9)f = Ve(s, ) f]| < e7t) [Ty 1 (6) (b Toc ) (8)) D (g (1)1 (), X1 () f = 1| (215)
< M9 D (wge -1 (5), Xgg (1 (5)) f — f] + €70 Txse 1 (5) (b Tocly (D) = £ (216)
S ee’)/(tJr’f*S) Sup ||D€ X, y)f” +e'Y t s)(TES( )( ) — t) Sug ||AX( )||B(Y1,Y)||f||yl (217)
X, xXe
(eey [)oeﬂ te[0,T+1]
<ee" ) sup |IDf(x,y)fl| + e’ T sup | Ax(8)lgeyy ) lIf - (218)
(xy)el? xeJ
€€0,1] te[0,T+1]
Therefore:
Ve (8)f = Ve(s, t)f +O(e). (219)
Ns (t€/5>+1
O

We now show that the martingale M¢(s) f converges to 0 as € — 0.

Lemma 6. Let Assumption 1 hold true. Let f € Y1, s € J. For every £ € Y*, £(M$(s)f) = 0. Further,
if {MS(s) f} is relatively compact (in D(J(s),Y)), then M&(s)f = 0.

Proof. Take any sequence €, — 0. Weak convergence in D(J(s), R) is equivalent to weak convergence
in D([s,T),R) for every T € J(s). Thus, let us fix T € J(s). Let £ € Y*. Then, /(M (s)f) is a
real-valued martingale by Lemma 4. To show that £(M%" (s) f) = 0, we are going to apply Theorem 3.11
of [21], chapter VIIL First, £(M$" (s) f) is square-integrable by Lemma 4. From the proof of Lemma 5,
we have that:

M}in+1( )f = Men (s)f = AV]fj’_l( )f]fil —]E[AV]fil( )f]filu:k(s)] (220)

where AV, ()£, = Vil ()fSty — V()£ @21)
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and that:

sup  [|AVE (s)fii || < Cren ace. (222)
k<N (t%ﬁ)

for some uniform constant Ct dependent on T, so that:

MM (5)f)| = |¢ (885 s)£) | < 211l stzp ) [INAROTANIEYS (223)
1
k<Ng(te?*
< 2||4]|Crey ace. (224)

The latter shows that the jumps are uniformly bounded by 2||¢||Cr and that

sup |AC(ME" (s) f)‘ Eo. (225)
t<T

To show that /(M (s) f) = 0, it remains to show that the following predictable quadratic variation
goes to 0 in probability:

<€(A7If" (S)f)>t Loforallt e [s,T). (226)

Using the definition of M$" (s) f in Lemma 4, we get that:

1
N; <t@’s)

((ie©)n), = L EB[EME,6f - MPEN| Fils)] 227)
Therefore:
(e (9)f)),| <4CHeIPEINs (1) 5 o, (228)

1 ~
because €, N; (ta's) = tn;ni Now, to show the second part of the lemma, we observe that if M¢" (s) f =

MY(s, f) for some converging sequence €, — 0, we get that £(M$" (s)f) = £(MY(s, f)) by Problem
13, Section 3.11 of [20] together with the continuous mapping theorem. Therefore, £/(MJ(s, f)) is
equal to the zero process, up to indistinguishability. In particular, it yields that Vt € J(s), V¢ € Y*:
¢(MY(s, f)) = 0 a.e. Now, according to [26], we know that the dual space of every separable Banach
space has a countable total subset, more precisely there exists a countable subset S C Y* such that
Vg eY:

(l(g) =0 YleS)=g=0. (229)

Since P[¢(MY(s, f)) = 0, V£ € S] = 1, we get MY(s, f) = 0 a.e., i.e., MI(s, f) is a modification
of the zero process. Since both processes have a.e. right-continuous paths, they are in fact
indistinguishable (see, e.g., [27]). Thus, M)(s, f) = O a.e. [

4.5. Weak Law of Large Numbers

To prove our next WLLN theorem—the main result of this section—we need the following:
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Assumptions 3.

A is the generator of a regular Y-propagator T (230)

In the applications we consider in Section 6, the above assumption is very easily checked as
we can exhibit T almost immediately after looking at A. This assumption is used to be able to use
Theorem 4, which gives uniqueness of solutions to the Cauchy problem:

4 = A
GG f=G)AM)f Vte](s),fen (231)
G(s) = Gs

For the cases where T cannot be exhibited, we refer to [18], Chapter 5, Theorems 3.1 and 4.3 for
requirements on A to obtain the well-posedness of the Cauchy problem.

Theorem 8. Under Assumptions 1 and 2, and Assumption 3 above, we get that T is B(Y)-exponentially
bounded (with constant «y). Further, for every s € J, we have the weak convergence in the Skorokhod topology
(Ds, d):

Ve(s,8) = T(s,e), (232)
where (Ds, d) is defined similarly to (D, d) in [14], with R replaced by J(s).

Proof. By Lemma 3, we know that {V,(s, )} is Y;-C-relatively compact. Take {f,} a countable
family of D that is dense in both Y; and Y. Marginal relative compactness implies countable relative
compactness and therefore, {Ve(s, ®)f, } pen is C-relatively compact in D(J(s), Y)*, and actually in
D(J(s), Y*) since the limit points are continuous. Take a weakly converging sequence €,. By the proof
of Theorem 4.1 (see [14]), we can find a probability space (€Y, F/,P") and Ds-valued random variables
V/ (s,®), Vi(s,®) onit, such that:

V (s,®) = Vy(s,e) in (Ds,d), on Y, (233)
V3 (s, 8)[5r) < €75 vt €(s), on (Y, (234)
V (s, e) 4 Ve, (s, ) in (Ds,d), Vn. (235)

We can extend the probability space (), 7/,P’) so that it supports a Markov renewal process
(x}, T )k>0 such that:

(VZ,(5,9), (%4 Tiz0) = (Ve (5, #), (31 Ti)iz) in (D5, d) x (I x Ry), V. (236)

Now, let us take some f, and show that on ()’ we have the following convergence in the
Skorohod topology:

—~ 1 . , —~
€ Ve/n (s, T]f”’s(S)I)A(Tlf"’s(s)’)fp — m/s Vo(s,u)A(u)fpdu. (237)
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We have on ()':
Ng<t$’5>
~ 1 N ~
d|en 1{:21 Ve’n(S’TEH/S(S)I)A(Tlf”'s<s),)fprﬂ/S Vo(s, u)A(u) fpdu (238)

) )

dle T VLETPEIATE) e L
=1

Y
~3

S
:>>

(T () )fp |+ (239)

()

d|en ; Vi(s, Tf”’s(S)’)E(Tf”’s(s)’)fp,ﬁ/s. Vé(s,u)g(u)fpdu . (240)

(if)

Let T € J(s). By continuity of A, we get that Vi (s,@)A A(e Vfp = Vi(s,@)A A(e )fp- Since the latter
limit is continuous, the convergence in the Skorohod topology is equivalent to convergence in the local
uniform topology, that is:

SI[JP]IIVe’n(S/t)ﬁ(f)f V(s )A(1) fyl| = 0. (241)
tels, T

Therefore, we get on Q)':

1
N§(t$'s> N{ (tﬁ’s>

sup |len Y VLT (S)VATE () fp—en Y VE(s, T (s)) AT ()) fy| | (242)

te(s,T) k=1 k=1

< enN{ (ta%) sup ||V, (s, ) A(t)fy = Vi(s, DA fyl| =0, (243)
te(s,T)

1
since €, N/ (tE’S ) — H w < 1 I-s . By Remark 4 we get (i) — 0. For (ii), we observe that we can refine

as we wish the partition {T]f” (s)'} uniformly in k, since T;"7(s)" — T("*(s)" < e,T almost surely.
Therefore, we get the convergence of the Riemann sum to the Riemann integral uniformly on [s, T], i.e.,

1
I\ISl <ta,h>
1

sup |len Y. V(s T (s))A(TE™ (5)') fp — e / Vi(s,u) A(u) fpdu|| "= 0. (244)
tels,T] k=1 s
Finally, we get on Q/, by continuity of the limit points:
1
NI(tenr
V. (s,8)fp — fp — Ilmey Z VL (s, e (s) ) A(TE (s)) f (245)

= Vils, o= fo = [ Vol Alu)fydu. (246)
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Since we have:
(V4,(5,9), (xk Tkz0) £ (Ve (5,#), (xk, Te)izo) in (D, d) x (I x R ()™, Va, (247)
by Lemmas 5 and 6, we get that:
Vils,)fp = fo = [ Vol ) Alw)fydu = 0 (249)

for all p on some set of probability one O € (Y. Let g € Yq and t € J(s). Since {f,} is dense in Y7,
there exists a sequence g, C {f,} 4 8. We have on Q)

Vit g == [ vots.m At 219)
< 11V3(s, )5 = Vs gyl +||Vits gy — s = [ Vit Alg| @50
<2600 gy — gl + [ 11V3(s, 1) Alu)g, — Voo, ) Alu)gll @s1)
< 2610 Ig, — g+ lg, ~ gll, [ 1120l — 0, @52)

using Assumption 1. Therefore, on )f), we have Vg € Y;:

Vis, o)z =g+ [ Vilsu)Alu)gdu (253)

By continuity of Aon Y (Assumption 1), and exponential boundedness + continuity of V{:
t— Vi(s,t)A(t)g € C(J(s),Y) on Q) and therefore we have on Q):

2Vi(s, 08 = Vi, DA(g VEe)(s), Vs em (250
Vi(s,s) = L. (255)

By Assumption 3, and Theorem 4, V}(s,t)(«w')g = T(s,t)g, Yo' € Q)), Vg € Y1, Vt € J(s).
By density of Y7 in Y, the previous equality is true in Y.
O

5. Central Limit Theorem

In the previous section, we obtain in Theorem 8 a WLLN for the random evolution. The goal of
this section is to obtain a CLT. The main result is Theorem 11, which states that—in a suitable operator
Skorohod topology—we have the weak convergence:

e V2(Ve(s,0) —T(s,0)) = I, (s, o), (256)

where I, (s, ®) is a “Gaussian operator” defined in Theorem 11. In the WLLN result in Theorem 8, it is
relatively obvious that the convergence would hold on the space D;. Here, because of the rescaling

by e~ 1/2
]D);/Z*)Y

, it is not a priori obvious. In fact, the above weak convergence proves to hold in the space
, which is defined very similarly to D;:

D27 = {S € B(Ya, YY) : Sf € D(J(s),Y) Vf € Ya}, (257)

where (Y2, || - ||y,) is a Banach space continuously embedded in (Y3, || - ||y,). We need the Banach
space Y, C Yj because the limiting Gaussian operator I, takes value in (C;@_)Y, but not in (Czlﬁy,
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as shown in Lemma 7. It is proved that the volatility vector o defined in Proposition 5 (which governs
the convergence of Ve to I, as shown in Theorem 11) comes from three independent sources, which is
what we expected intuitively:

e () comes from the variance of the sojourn times {T;;+1 — Ty }n>o0-

e 0® comes from the jump operators D.
3)

e 0 comes from the “state process” {x; } >0

For example, if there is only 1 state in J, then ¢ = ¢(® = 0 and ¢ only comes from the
randomness of the times {T,,}. If, on the other hand, the times T,, are assumed to be deterministic,
then ) = 0. If the random evolution is continuous (D = I), then @ = 0. This decomposition of
the volatility ¢ in three independent sources is obtained using the concept of so-called orthogonal
martingale measures (see, e.g., [28], Definition I-1), which is the heart of this section.

To get the main result of Theorem 11, we need a series of preliminary results: Theorem 9
establishes the weak convergence of the martingale e’%é(l\zﬁ (s)f) ase — 0 for ¢ € Y*, Proposition 5
and Theorem 10 allow expressing the limit of the previous martingale in a neat way using
so-called orthogonal martingale measures and weak Banach-valued stochastic integrals introduced in
Definition 14 (which are an extension of the weak Banach-valued stochastic integrals of [29]). Lemmas 7
and 8 give well-posedness of a Cauchy problem, which is used in the proof of Theorem 11, and show
that the correct space to establish the convergence of e 1/2(V,(s,8) — I'(s, »)) is indeed DY,

Theorem 9. Let £ € Y*, s € Jand f € D. Under Assumptions 1— 3, we have the following weak convergence
in the space D(J(s),R):

e 2U(MS(s)f) = NL(s, f), (258)

where N. (s, f) is a continuous Gaussian martingale with characteristics (0,7 (s, », f)2,0) given by:

(st f)2 = /tn[&f(.,s,u, F)2]du (259)

S

7' (x,5,t, f)? = (260)

ﬁ (UZ(X)fz(f(S/ DA (1) f) + P 6T (s, 1) DY (x, 8) )] (x) + P (T, t)fl(-,t))](x)) ;o (26)

where 0% (x) := my(x) — m3(x) and P is the following non-linear variance operator:

P g(x) := Pg*(x) — (Pg(x))* forx € J,g € B(D). (262)

Proof. Because the proof of this theorem is long, we explain the main parts of the proof before actually

beginning the proof. The main idea is to prove that the quadratic variation of <e_%£ (MS(s)f )>t

converges to 0 (s, t, f)? in probability. We express the martingale-difference as the sum of two terms in
Equations (265) and (266). Then, we calculate the expected values of the square of the functional of each
term (see Equation (267)), as done in Equations (282), (287) and (288). Thus, our martingale-difference
can be expressed in the form of Equations (298) and (299), or Equations (300) and (301) after k — —+co.
Therefore, the quadratic variation <e’%€(1\71f (s)f) >t is expressed as shown in Equations (303)—(305).
To show the last convergence in Equation (308), we express the difference between the left-hand side
and the right-hand side in Equation (309) by two terms, Terms (i) and (ii), as in Equations (310) and
(312), respectively. Finally, we show that Terms (i) and (ii) both converge to 0 in probability.

Now, let us go into details of the proof. Weak convergence in D(J(s), R) is equivalent to weak
convergence in D([s, T),R) for every T € J(s). Thus, let us fix T € J(s). To apply Theorem 3.11 of [21],
chapter VIII, we first need to show that the jumps of the martingale e 10 (M. (s)f) are uniformly
bounded. By the proof of Lemma 6, we know that these jumps are uniformly bounded by CTe%, where
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Cr is some constant dependent on T. The theorem we want to apply also requires the two following
conditions, for all ¢ in some dense subset of [s, T):

Lo (e B (ME(s)f)), (st )
2. condition “[65 — D]”, which is equivalent by Equation (3.5) of [21], chapter VIII to:

e 2 sup |AL(ME(s)f)| 5 0. (263)

u<t

Condition (2) is true since, as mentioned above, the jumps of the martingale e_%E(Mf (s)f) are
uniformly bounded by Cre?. Now, we need to show (1). The same way as in the proof of Lemma 6,
we use the definition of M$(s) f in Lemma 4 to get:

N te
1, _
(THWMEE)N) =e ¥ E[AME,()f - MEE))| Fls)] - (264)
k=0
We have by definition, using the same notations as in the proof of Lemma 6:
Mi i1 (8)f = Mic(s)f = AV (5) ficin = E[AVE A (8) feal Fi(s)] (265)
where AV () fiyr 7= Vi (8) fip — VEG) k- (266)

It follows that, denoting E; the conditional expectation with respect to Fi(s):

By (M (5)f — MEO))| = BUBAVEL ()fE)] — & (BAVEA()fE]) - 267)

To make the following lines of computation more readable, we let:

Pkf1k Pr o f1 (8 T*) (xk(s)) PDY) = Pr, ) D (xk(s), ®) (xk(s)) (268)
wik = 1 (x(), Tie(s)) My 2= 1 (Xk(5)) (269)
Ay = Ay () (TE(5)) gl = ﬁ (migAc+RDY).  @70)

Using the proof of Lemma 5, we get:

(B [AVE 1 (5) 1)) = €207 (VE(s)Pefip — VE(s) fr + TImVE (s)ay f) + O(e*) (271)
= €202 (VE(5)Pefr) + €20%(VE(s) fr) — 262 0(ViE(5) Pefr ) L(VE () fu) (272)
(A) (B)
+ EC(VE(s)mi p Aef) + €2 (VE () PkDY () + 262 (VE (s)mh p A f)E(VE (5) PeDY i f) (273)
(€)
+ 2e20(TIm Vi (s)ar f)L(VEE (8) Pefre — VE(5) fre) +O(e*). (274)
(D)

On the other hand, we have:

E[C(8VE1 () fei)] = Bl ((VE L (8) = VE(S)) fieen + ViE () (fepr — £6))] (275)
= B[ (Vi (8) = VE()) )] + Ex [ (VE(S) (fea = )] (276)
+ 2B [E((Viea (s) = VE(S)) fiee ) NERLECVEE (5) (fica — fiO))]- (277)

=(D)+0(e)
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The fact that the last term is equal to (D) + O(e*) is what we have shown in the proof of
Lemma 5. Now:

B[ (VE(s)(ferq — )] = EBr[P(VE(s) fipr1)] + €2 C(VE(s) fie) (278)
(A)
— 2By [0(VE () fup)JE(VE(S) fug) - (279)
—(B)+O(e%)

The fact that the last term is equal to (B) + O(e*) comes from the fact in the proof of Lemma 5 we
show that Ex[€(VE(s) f1k41)] = £(VE(5)Pefix) + O(€). In the same way, we can prove that:

B[P (VE(s) frir1)] = € Pel>(VE (s) fr(e, T (5))) (xk(s)) + O(e?). (280)
Thus, overall:
B[P (VE () (fEsr — fE))) = € Pel2(VE(s) f1(e, T () (xk(s)) + (A) + (B) + O(e*). (281)

It remains to compute the term Ey [¢2((V¢ 11(8) = VE(8)) fiz1)]- We can show the same way as in
the proof of Lemma 5 that:

E [ (Vi (s) = VE () fea)] = Bl ((ViEL(s) = VE(s)) )] +O(e?). (282)

We get, using what we have computed in the proof of Lemma 5, that:

Ex[2 (Vi1 (5) = VE(s)) )] (283)
4,0

=B | £ (Vf() / i() Axk<s><u>fdu+er(s)D‘f(xk<s>,xm(s))f) +0(e) (284)

~E e (Vf( o )Axk<s)<u>fdu> B [ (DY@ ma)f)] 89

+ 2¢E, By [ (VE(s)DY (xk(5), 101 (9))f )| +0(eh)  (286)

T, (s)
’ (Vf(s) /T;;*(l) Axk(s)(u)fdu>
k S

e <Vf (5) /;,;2)(5) Axk<s><u>fdu> + By [ (VE (DY ((5), 31 () )| (287)

+(C)+0(eY). (288)

Again, using the same method as in the proof of Lemma 5, we have:

Ee | (v;<s> /kffzf)Axk(S)(mfdu) = By [ (VEG) (T () = T () Acf )| +oule?)  (289)
= By [(T¢7(5) = T ()2 (VE () Axf)] + O(e) (290)
= 2m) L2 (VE (s) Acf) + O(e*). (291)

Furthermore:

Ex[2(VE (5)D (xi (), xk41 () f)] = Pl (Vi (5) D (xk(5), ) f) (i (5)), (292)
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Thus:

B[ (Ve (s) = VE(S)) fE )] = €2mi L2 (VE(5) Axf) (293)
+ Pl (VE (5)D] (xk(s), 8) f) (xi(5)) + (C) + O(e?). (294)

Now, we gather all the terms (so that (A), (B), (C), and (D) cancel each other):

Ex [A(ME1 (5)f = ME(s))] = 2022 (VE(5) Arf) (295)
+ 2P (Vi () DR (x(s), @) f) (xk(5)) — €22(VE () Dy i f) (296)
+ PP (VE(5) fi(o, T ())) (xi(s) — €2 (VE () Pefue) + O(e?), (297)

where 0122 =mh, — m’lzk. We can also write the last result in terms of the nonlinear variance operator
var 3 .
Pg*" associated to the kernel Py, ():

B [(ME1(5)f — ME())] = ERPVE () Af) + PP [E(VE (5)DRxx(s), ) )] (xk(5)) (298
+ P VE (5) fio, T (5)))(xe(s)) + O(e). (299)

As k — oo and by assumption, Pr, ;) will tend to P, (7}22 to (7,3 =Mmpp — mik and therefore we get:
N, (t%ﬁ)

—e Y (RAWVEE)AS) + P [L(VE($)DY (xk(5), @) f)] (xi(s)  (300)
k=0

+PUE(VE (s) fr(e, T (5)))](xk(s))) + OCe). (301)

(e 2(ME(5)f))

t

To obtain the convergence of the latter predictable quadratic variation process, we first
. . . . . 1
“replace”—in the previous Riemann sum—the random times T}, (s) and counting process N; (tErs) by

their deterministic equivalents t{ (s, t) and n¢(s, t) defined by:

S i e(s,8) = (s 4k tmS
ne(s, t) := { J te(s, t) == (S+kn€(s,t)> At (302)
It is possible to do so using Assumption 1 and up to some technicalities. We do so for technical
reasons to be able to use a SLLN for weakly correlated random variables [30], as specified below.
We get:

) ~ ne(s,t)
(e 2(Mi(s)f)) =€ L (RAVels, 15 (5,8) Ay s) (5 (5, 1) f) (303)
+ P [E(Ve(s, £ (5, £) DY (xi(s), 9) )] (k(5)) (304)
+PE(Ve(s, 15, 1)) fi (2, (s, D)) ((5))) + 0(1). (305)

The second step is the following: denote for sake of clarity the inside of the Riemann sum by ¢:

P(Ve, ti(s, 1), xk(s)) := a%fz(Vg(s, ti(s,t))Axk(s)(ti(s, 0)f) (306)
+ P U(Ve(s, £ (s, 1)) DY (i (s), @) )] (xk(5)) + PP [€(Ve (s, £ (s, 1)) fr(o, £ (s, 1)) (xk(s)).  (307)
We want to show that:

ne(s,t)

e Y p(VetS(s, 1), xi(s) B L/tmp(f 1, )du (308)
o T Lm Js o '
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To do so, we write the decomposition:

ne(s,t)

k=0
ne(st) ne(s,t)
2 ¢ (Ve tic(s, 1), xk(s)) — € Z ¢(T, #(s,t), x4 (s)) (310)
(i)
ne(s,t) - 1 : R
+e k;) (T t(s, 1), x(5)) — S (T, u, o)du . (311)

(i)

First, let us show that the term (7) converges in probability to 0. We have:

ne(s,t) ne(s,t)
€ Y p(Ve ti(s,t), xi(s)) —e Z o(T, £ (s, 1), xx (s ))‘ (312)
k=0
< ene(s,t) sup ‘4)(Ve, u,x) — 4)(F, u,x)‘ . (313)
uE[s,t]
xejJ

In the proof of Theorem 8, we obtain that {V.(s,#)A(e)f} is C-relatively compact. Similarly,
we also have that V(x,y) € J x J, {Ve(s, ) Ax()f}, {Ve(s,®)D{(x,y)f} and {Ve(s, ®)f1(x, @)} are
C-relatively compact, and therefore they converge jointly, weakly in D(J(s), Y) to:

(T(s, #)Ax(9) £, T(s,0) D} (x,y) £, T(s, ) fi(x, 8)). (314)

Using the continuous mapping theorem and the fact that the limit points belong to C(J(s),Y)
(and so that the limit of the sum is equal to the sum of the limits), we get that:

¢(Ve,0,x) = ¢(T, o, x). (315)

Since ¢ (T, », x) is continuous, convergence in the Skorohod topology is equivalent to convergence
in the local uniform topology and therefore we get that sup, |, |4>(Ve,u x) — ¢(T,u,x)| = 0.
The previous weak convergence to 0 also holds in probability and that completes the proof that
(i) converges in probability to 0, since ene (s, t) is bounded uniformly in €. To show that the term
(ii) converges a.e. to 0, we write:

ne(s,t) R ne(s,t) R
e Y oL t(s,t),x(s) =) € Y, O(T, t5(5,1), X)Ly, ()=} (316)
k=0 xe] k=0

We have to prove that:

ne(s,t)

e Y, dT (s, X)Ly (5)=n) = ) /t4>(f,u/x)du- (317)
k=0 5

IIm

To do so, we use Corollary 11 of [30]. It is a SLLN for weakly Correlated random variables Y.
It tells us that if sup, var(Yy) < co and if cov(Yy, Yy) < a(|m — n) )

< 00, then we have:

n

.1
lim . k;(l/k —E(Yy)) =0ae. (318)
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In fact, it turns out that we need a generalized version of this corollary, which can be obtained
exactly the same way as in the original proof. We need:

n
lim 1 Y au (Y —E(Yy)) =0ae. (319)
k=1

n—eo 11 =
for deterministic, nonnegative and uniformly bounded coefficients a,;. Note that we can drop
the nonnegativity assumption on the a,;s by requiring that |cov(Yy, Y)| < a(|m — nl|), and not
only cov(Yu,Yy) < a(|m —n|). Here, we let Vi := 1y (5—y so that sup var(Yy) < oo
and ag 1= 4)(f, ty(s,t),x), which are indeed deterministic, nonnegative and uniformly bounded.

Before showing cov (Y, Yy) < a(|m — n|) for some suitable «, let us show that lim,, . E(Y;) = 7(x)
and, thus, by convergence of the Riemann sum:

ne(s,t)

lime Z agB(Yy) = w/tcp(f, u,x)du. (320)

e—0 =1 IIm

As mentioned in the proof of Lemma 5, the process (xy, Ty ),en has the strong Markov property
and therefore, since xi(s) = xn(s) 1« and that for k > 1, N(s) + k is a stopping time of the augmented
filtration F,(0), where:

Fu(s) = o [xk(s), Tx(s) : k < n] Vo(P —null sets), (321)
then we have for k, m > 1, noting h,(y) := 1{x:y}:
E(Ykrm) = E(E(hx (xk1m(5)) | Fi(s))) = E(Pkk(j)mhx(xk(S)))/ (322)

which, by Assumption 1, converges as m — oo to IThy = 7t(x). Now, it remains to study cov(Yy,, Yy,).
We have for m > n, again using the strong Markov property of the process (x,, Ty ):

E(YnYn) :E(l{xm(s) Az s)=x)) = E(Lgx, ()= E(Lgxy, (s)=2} 1% (8), Tu(s))) (323)
= E(Lx, (5)=2} Pry, (5) P (%)) (324)
E(1{x,(s)=x} (PF, (th(x) —Ihye(x))) + E(1y, (5)=x} T (). (325)

The proof of Lemma 6 then shows that cov(Yy,, Yy,) < 2¢(m — n), which completes the proof that
Term (ii) converges a.e. to 0. [J

The following result allows us to represent the limiting process N (s, f) obtained above in a very
neat fashion, using orthogonal martingale measures (see [28], Definition I-1).

Proposition 5. Let { € Y*,s € Jand f € D. Under Assumptions 1 and 3, we have the following equality in
distribution in D(J(s), R) (using the notations of Theorem 9):

<y / (s (x,y,u, )T W(x,y, du) (326)
xyeJ
= Z / (x,y,u, f)) WO (x,y,du), (327)

k=1xyel
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where W = {W®) : k = 1,2,3} is a vector of orthogonal martingale measures on J x J x J(s) with intensities
=P (x, y)7t(x)dt, £(os(x,y,t, f)) is the vector with components (o (k )(x, vt f)) (k=1,2,3) given by:

oV (x,yt, f) = ()T (s, ) Ax (1) f, (328)
o (x,y,t, f) = T(s,)DY(x,y) f — ¥ P(x,y)T(s,)DY (x, ) £, (329)
yel
o (xyt, f) =T(s, ) fi(y,t) Z;,]P %, y)L(s, 1) f1(y, b). (330)
ye

Proof. Take any probability space supporting three independent real-valued Brownian motions {B)
k =1,2,3}. Define for t € J(s

m® . —/ Y 20" (x,y,u, f))—P(x y)r(x)dB, k=1,23. (331)
xyel

We therefore have:

<m() mU —(51]/ Y 2 (x,y,u, f))—P(x y)(x)du, i,j=1,2,3. (332)
S xyel

According to [28] (Theorem III-10), there exists an extension of the original space supporting
{W® : k =1,2,3} orthogonal martingale measures on J x J x J(s) with intensity = P(x, y)re(x)dt
such that:

/ Y. o (x,yu, f))W ®) (x,y,du), k=1,2,3. (333)

xyel

Y3 m" is a continuous Gaussian martingale with characteristics (0,5 (s, », f)2,0) (using the
notations of Theorem 9). Therefore, NZ(s, f) 4 Y3 m® in D(J(s),R), which completes the proof. [

The above characterization of N (s, f) is relevant especially because it allows us to express the
limiting process of ¢ (e’%M‘i(s) f) in the form /(-), allowing us to express the limiting process of
e_%l\zﬁ (s)f in terms of the weak random integral defined in [29] (Definition 3.1). In fact, we need
a slight generalization of the latter integral to vectors, which is given in the following Definition 14
(the case n = 1 in the following definition coincides precisely with [29], Definition 3.1). We also note
that the above representation of the Gaussian martingale N (s, f) allows us to see that the volatility
vector o (which governs the convergence of V. to T, as shown in the main result in Theorem 11) comes
from three independent sources, which is what we expected intuitively:

1)

e () comes from the variance of the sojourn times {T;;+1 — Ty }»>0 (component o(x)).

e ® comes from the jump operators D.

3)

e 01® comes from the “state process” {x; } ;>0

Definition 14. Let M = {M%) : k = 1..n} be a vector of martingale measures on (E, R), where E is a Lusin
space and R a ring of subsets of E (see [28], Definition I-1). Let o : E x Ry — Y™ be the vector o(x,t) :=
{c®)(x,t) : k = 1.n} (x € E,t € R.), and the square-mean measures pX) (A x [0,t]) := E[M®) (A, t)?]
(A € R, t € Ry). Wesay that o is stochastically integrable with respect to M on A X [s,t] (A € R,
s<teRL)IfVI Y™

- 2(5(K) (k)
kzl/AX[S L@ (xu)p® ) < oo (334)
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and there exists a Y-valued random variable « such that V¢ € Y*:
n
L) = / (o(x,u))TM(dx,du) = Z/ 0™ (x,1))M®) (dx, du) a.e. (335)
AX[s,t] k=17 Ax[s/t]

In this case, we write:

o= o(x,u)TM(dx, du). (336)
AX[s,t]

The previous definition now allows us to express the limiting process of €~ 1M (s)finD(J(s),Y)
forall f € D.

Theorem 10. Let s € Jand ¢ € Y*. Under Assumptions 1-3, we have the following weak convergence in
D(J(s), R*) for each countable family { fy} yen € D:

(e*%E(Mf(s)fp))peN = ( Z /. L(0s(x,y, u,fp))TW(x,y, du)) , (337)
preN

xyel $

where os(x,y,t, f) is the vector with components o (x,y,t, f) given in Proposition 5, W = {WK) . k =
1,2,3} is a vector of orthogonal martingale measures on J x J x J(s) with intensities P (x,y)7t(x)dt.
Further, if in addition e_%]\zﬁ(s) is ﬁ—relatively compact, we have the following weak convergence in
D(J(s), Y*) for each countable family {fp}pen C D:

(e*%Mf(s)fp)peN = ( Z /. os(x,y, u,fp)TW(x,y,du)> , (338)
reN

xyel’s

where each integral on the right-hand side of the above is a weak random integral in the sense of Definition 14.

Proof. We split the proof into two steps. For Step 1, we fix f € D and prove the weak convergence in

D(J(s), Y):

e IME(s)f = ) /. os(x,y,u, f)TW(x,y,du). (339)
xyel’s

In Step 2, we prove the joint convergence in D(J(s), Y*°).

Step 1. Let a sequence €, — 0 such that e;%]ﬁf” (s)f = Ma(s, f) for some D(J(s),Y)- valued
random variable M, (s, f). By the Skorohod representation theorem, there exists a probability space
(QY, F/,P') and random variables with the same distribution as the original ones, denoted by the
subscript ’, such that the previous convergence holds a.e. By Theorem 9, for all £ € Y*, £(M'4(s, f)) is
a continuous Gaussian martingale with characteristics (0,5 (s, », f)2,0). By the proof of Proposition 5,
we can consider on an extension (O, 7"/, P") of (OO, F/, "), {W’ ®) .k =1,2, 3} orthogonal martingale
measures on J x J x J(s) with intensity - P(x,y)7(x)dt such that V/ € Y*:

U(M'a(s, f)) = / T Y Uou(nyt, )W (3, du) ae. (340)

5 xyel
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By definition of the weak random integrals in the sense of Definition 14, we get:

M., f) =Y / os(x,y,u, f)TW (x,y,du). (341)
xy€el

Actually, there is a subtlety that we voluntarily skipped: a priori, it is not obvious that the
orthogonal martingale measures {W'() : k = 1,2,3} do not depend on /, i.e,, we can represent all
Gaussian martingales {£/(M'4(s, f)) : £ € Y*} according to the same vector W'. To see that it is the case,
observe that the joint distribution of the Gaussian martingales {0(M'o(s,f)) : £ € Y*} is completely
determined by their pairwise predictable quadratic co-variations. Take ¢1, ¢, € Y*. Then, {1 + ¢, € Y*
and ¢1 — ¢, € Y*, therefore we can compute by Theorem 9 the quantity <€1 (M'o(s, f)), L2(M's (s,f))>t
according to:

(B, £)), (s, ) = 7 (7 205,0,F =51 251, ) (342)
=ki1 J [t (9 n) e () o Py A (343)
=1xye

The latter gives us that we can indeed represent all Gaussian martingales {0(M'o(s,f)) : £ € Y*}
according to the same vector W'.

Step 2. The limit points are continuous, thus weak convergence in D(J(s), Y*) is equivalent
to weak convergence in D(]( ), Y)®. Similar to what we do for ¢1, {,, the joint distribution of the
Gaussian martingales {£(M’s(s, fp)) : p € N} is completely determined by their pairwise predictable

quadratic co-variations. We can compute by Theorem 9 the quantity <£ (M'o(s, f;)), (M4 (s, f]))>t
according to:

<€(A7-(s,ﬁ)),f(ﬁo(s,ﬁ))>t =3 (FGnfir 2060 fi- ) (344)
i Z/ O ) € (o oy £)) Py () (345)
k=1x,yel

The latter gives us that we can indeed represent all Gaussian martingales {0(Mo(s, fr)) L€
Y*, p € N} according to the same vector W’. [

Let (Y2,]] - ||v,) be a separable Banach space continuously embedded in (Y3, || - ||y, ) such that
Y, € D. We now show our main result, which is the weak convergence of the process:

e V2(Ve(s, ) —T(s, @) (346)
in a suitable topology, which is the space D27 defined similarly to IDs, the following way:
DY = {S e B(Y,, Y)®) : Sfe D(J(s),Y) Vf e Ya). (347)
We will need the following regularity:

Assumptions 4.

For j € {2,3}, there exists separable Banach spaces (Y, || - ||yj) continuously embedded in Y; 1 such that
Y, C D and such that the following hold true for j € {2,3}:

e Y; contains a countable family which is dense in Y;_q
o T isaregular Yo-propagator with respect to the Banach spaces Y, and Y;.
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o Ax(t) € B(Yj, Yj—1) and sup,c o [[Ax ()|, y,_,) < ooVEE ] VX e
o AL € BOG,Y) and sup,eg g || A1) u,y) < 00 VEE ],V € .
o DY(x,y) € B(Y; Y1) Vx,y €l

Remark 5. We previously introduced the notion of “reqular” Y-propagator. This notion implicitly involves the
Banach spaces Y and Y;. Therefore, by “T is a reqular Y,-propagator with respect to the Banach spaces Y, and
Y3” we mean the same thing as our previously introduced notion of reqularity, but with the roles of Y and Y;
being, respectively, replaced by Y, and Y.

A few comments: We need the Banach space Y, C Y7 because the limiting Gaussian operator I, of our
main result Theorem 11 takes value in (CSYZAY, but not in (Czlﬁy, as shown in Lemma 7. We need the Banach
space Y3 C Y, for the same reason we need Y1 C Y in the WLLN result in Theorem 8: to get well-posedness of a
Cauchy problem and conclude on the unicity of the limit. This technical point is established in Lemma 8.

Lemma 7. Let s € J and (Q, F,P) be a probability space which supports W = {W®) . k = 1,2,3}, a vector
of orthogonal martingale measures on J x J x J(s) with intensities i P(x,y)7t(x)dt. With the definition of &
in Proposition 5, define:

Io(s,t)f ==Y / os(x,y,u,T(u, t) ) TW(x,y,du), Yf €Yy te](s). (348)
xyel

Under Assumptions 1,3 and 4, I, (s, ®) isa (CZZ%Y—valued random variable. Further, forall T € J(s) NQx,
there exists a constant Ct such that for a.e. w € Q)

sup [[Io(s,t)|ls,y) <Cr Y. sup [WH(x,y,1)]. (349)
tels,T) x,y€lk=1.3t€[s,T|

Proof. First, we recall the fact thatif h € C! (R), then by Ito’s lemma, for every x,y € Jand k =1,2,3
we have almost surely:

/th(u)W(k)(x,y, du) = h()W® (x,y,£) — h(s)WE) (x,y,5) — /th/(u)W(k)(x,y,u)du (350)

/th(u)W(k)(x,y,du) <3(1+t—s) sup ([h(w)] + K w))|W® (x,y,1)| as. (351)

UE[s,t]

=

In our case, we have for f € Y5:

%as(l)(x,y, u,f(u,t)f) = U(x)f(s,u)g(u)Ax(u)f(u,t)f

(352)
+0(0)T (s, 1) AL ()T, 1) — 0 ()T (s, ) Ac() A)F(w, 1),
dias(”(x,y,u B, £)f) = (s, ) Al) D (x, ) F(u, ) f
= Z Pl A DR 90 1f = T D5 ) AT a0 65
+ L Py TP ) AT 1)

For the derivative of ¢(3), denote:

gi(y,u) = () a(y,u) = (P + 11— 1) AT (u,£) f — a(e, )T (u,1) f)(y), (354)
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so that:
g1(y,u) = Tm(P+TT— 1) ' [A ()T (u, t) f — A(u)’T (u, t)f (355)
—d' (o, )T (u, t)f +a(e,u) A(u)T (u, t)f](y),
& () = o (x) AL (w), (356)
A'(u) = I1d' (e, u), (357)
where we recall that:
a(x, t) = ﬁ (ml(x)Ax(t) + PD(l)(x,o)(x)) . (358)
With these notations, we have:
L0 (e, (1)) = Do) Aw)ga (1) + Tls,0)gh (9,10)
(359)

= Y P y)(F(s,u) Au)ga (y, u) + T (s, )87 (y, ).

yel

By Equation (351) and Assumption 4, for every t < T € J(s), there exists a constant Cy such that
forevery £ € Y*, every f € Y, we have fora.e. w € ():

<|llcrlifll, Y sup (WO (x,y,5)].  (360)
x,y€l k=1.3t<[s,T]

L[ ooy, ) WG, )

xyel

According to [26], the unit ball of the dual of every separable Banach space Y contains a norming
subset, namely a countable subset S C Y* such that for every f € Y, || f|| = sup,g |£(f)|. In our case
and using Definition 14, it means that we get for every t < T € J(s), every f € Y, and a.e. w € ()

et 0fll = || [ osomm i) Wi y,du>| (361)
xyel
—sup| ¥ [ty T 0 ) Weyd)| < Crllfll, ¥ sup WO(y0] @6
LeS |x,yel xy€lk=1.3te[s,T]
O

Lemma 8. Let s € J and fix {f,} a countable dense family of Y3, as well as a probability space (Q), F,IP)
supporting the orthogonal martingale measures W of Theorem 10. Consider the following Cauchy problem on
(Q, F,P), fora CY27Y valued random variable Zs, where o is defined in Proposition 5:

Zs(t)fp—./stZs() (u) fodu = Z/(Tsxy, ) TW(x,y,du), Wt €J(s),Yp, as.  (363)

xyel

If we assume that the previous problem has at least one solution Zs, and that Assumptions 1, 3 and 4 hold
true, then we have Zs(®) = I, (s, ®).

Proof. First, let us prove uniqueness. Let Z1, Z; be two solutions and let Z := Z; — Z;. Then, we have:

Z()f, _/ Z(u)A(u) fydu =0, Vp, as. (364)

S
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Consider the following Cauchy problem, very similar to Theorem 4, where G; € B(Y2,Y), Gisan
operator G : J(s) — B(Y2,Y) that is Y,-strongly continuous and Y — dt represents the derivative with
respect to the Y-norm (unless specified otherwise, all norms, limits, and derivatives are taken with
respect to Y, which we prefer to specify explicitly here as we are dealing with several Banach spaces):

Y—4G(t)f =G(HA()f  Vte(s),VfeY,
{ G(S)d: Gs € B(Y,,Y) ° (365)

Because by assumption T is a regular Ys-propagator with respect to the Banach spaces Y, and Y3,
we can prove—similar to the proof of Theorem 4—that the previous Cauchy problem has a unique
solution G(t) = G,I'(s, t). In our context, let Oy be the subset of probability one on which we have:

Z(e)fy —/s'z(u)ﬁ(u)fpdu —0, Vp. (366)

By density of {f,} in Y3 and because Z(t) takes value in B(Y,,Y) and A(t) € B(Y3,Y) for all
t, we can extend the previous equality for all f € Y3 on ()g. Observing that Z takes value in crY,
we can use the unicity of the solution to the Cauchy problem discussed above, and we get Z(e) = 0 on
9. This proves uniqueness.

It is proved below that I, (s, ®) (using the notation of Lemma 7) is the unique solution to our
Cauchy problem. Indeed, Lemma 7 gives us that I, (s, ®) takes value in CY27Y| It remains to show
that it satisfies Equation (363). Let ¢ € Y*. Since f — o5(x,y,u, f) € B(Y1,Y) and since Tisa regular

Y,-propagator by assumption, we get for all f € Yo:

Y- %E(US(JC/% w, T(u,t)f)) = €(os(x,y,u, T (u, ) A(t)f)). (367)

We get for all p, using the stochastic Fubini theorem:

UIo(s,t)fp) — Y / (os(x,y,u, fp))TW(x y,du) (368)
xyed

= Z / (os(x,y,u,T(u, t)fp))TW(x y,du) — Z / (os(x,y,u, fp))TW(x y,du) (369)
xyel x,yel

= J/ / % 0(os(x, 9,1, T (u, r)fp))TW(x y,du)dr (370)
xyE

= J/ / (05(x,y,u,T(u,r)A(r )fp))TW (x, y, du)dr (371)
xyE

= [ (s, A0 ). 472)

According to [26], the unit ball of the dual of every separable Banach space Y contains a
norming subset, namely a countable subset S C Y* such that for every f € Y, ||f|| = sup,¢ [£(f)|-
We therefore obtain:

Io(s, t) fp —/S I, (s,7) A( " fpdr =Y / os(x,y,u, fp) W(x,y,du), Vte€](s),Vp, as., (373)

xyel
which completes the proof. [

We now state the main result of this section:
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Theorem 11. Let s € J. Assume that Assumptions 1—4 (see 1 for Assumptions 1-2, Assumprton 3, and
Assumprton 4) hold true, that e~ Y/2(V(s, ) — (s, ®)) is Ya-relatively compact and that, for all T € J(s) NQ.,
the sequence of real-valued random variables { Mg 1 }c (0,1) is tight, where:

M= sup e V2| Ve(s,t) = T(s,8)l vy, )- (374)
te[s, ]
Then, we have the following weak convergence in (]D;@_)Y, d):
e /2 (Ve(s,0) —T(s, @) = Io(s, @), (375)
where I, (s, ®) is the CY2Y valued random variable defined by:
Ip(s,t)f == ) /Stas(x,y,u,f’(u, HATW(x,y,du), VfE Yt €J(s), (376)
xyel

where W = {W®) . k = 1,2,3} is a vector of orthogonal martingale measures on J x J x J(s) with intensity
5 P(x,y) 7t (x)dt and o is defined in Proposition 5.

Proof. Denote We(s,®) := € 1/2(V,(s,8) —I'(s,»)). Take {fp} a countable family of Y3 that is
dense in both Y3 and Y,. Marginal relative compactness implies countable relative compactness
and therefore, {We(s, ®)fp}pen is relatively compact in D(J(s), Y)®. Actually, {We(s,®)fp}pen is
C-relatively compact in D(J(s),Y)*, and therefore in D(J(s), Y*). This is because the jumps of
We(s, ®) are the jumps of €~1/2V,(s, ) which are uniformly bounded by Cre!/? on each interval
[s, T] for some constant Ct which depends only on T (see the proof of Lemma 3). Take a weakly
converging sequence €. By the proof of Theorem 4.1 (see [14]), we can find a probability space
(QY, F',P') and D> ¥ -valued random variables W (s,®), W (s, ®) on it, such that on ()’ we have the
sure convergence:

WY (s,8) = Wi(s, ) in (D227, d), (377)
W, (s,0) £ W, (s, e) in (D2, d), Vn. (378)

We can extend the probability space (), F’,P’) so that it supports a Markov renewal process
(x}, T} )k>0 such that:

(WE, (s, @), (x1, T )k=0) L (We, (s, ®), (xi, To)kso) in (D327, d) x (I x Ry.)®, V. (379)

By continuity of I', A we have the following representation of the Riemann sum, for all f € Y3
(actually, for all f € Y7):
n (1)

/ T(s,u)A(u)fdu = ellm Y T(s, T (5)) A (T (s)) £ + O(e). (380)
§ k=1

ml—=

Therefore, by Lemma 5 we have the representation, for all f € Y3 (actually, for all f € Y;):

N (t%’s)
e '/2ME (5)f = We, (s, 0)f —enllm 3o We, (s, T (3)) A (T(5)) £+ Oley/) e, (381)
k=1
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As in the proof of Theorem 8, using continuity of W], we have the following convergence in the
Skorohod topology on (Y, for all f € Y3:

1
Ns’<t%'>

/ €1,5 I\ A (T€En,S / 1 * / n
e LW T AT )f = 1o | Wals,u)Au)fu (382)

Similar to what is done in the proof of Theorem 10, we can extend the probability space (()/, F/,P’)
to a probability space (O, F”,P""), which supports the orthogonal martingale measures W) (x, y, dt)
of Theorem 10. Since we have:

(WE, (s, ), (X%, T )k>0) L (We, (s, @), (xi, Te)kso) in (D277, d) x (I x Ry)®, Va, (383)

using Equation (381) and Theorem 10, we get for all p, e.g., on some set of probability one Q) C
Q)', that:

Wo(s, @) fp — /. Wi(s,u)A(u) fpdu = Y /. os(x,y,u, f,)TW(x,y, du). (384)

s xyel’s

The result of Lemma 8 concludes the proof.
O

6. Financial Applications

Financial applications are given to illiquidity modeling using regime-switching time-
inhomogeneous Levy price dynamics, to regime-switching Levy driven diffusion based price dynamics,
and to a generalized version of the multi-asset model of price impact from distress selling, for which
we retrieve and generalize their diffusion limit result for the price process.

6.1. Regime-Switching Inhomogeneous Lévy Based Stock Price Dynamics and Application to
Hlliquidity Modeling

For specific examples in this section, we state all the proofs related to regularity of the propagator,
compact containment criterion, etc. It is worth noting that we focus below on the Banach space
Y = Co(R?), but that, in the article [15], other LP-type Banach spaces denoted by L} (v) are considered
(in addition to Cy (Rd ), for which a suitable weighted sup-norm is introduced (see their Lemma 2.6).

We first give a brief overview of the proposed model and the intuition behind it, and then we go
into more formal details, presenting precisely all the various variables of interest, checking assumptions
we have made up to this point, etc. We consider a regime-switching inhomogeneous Lévy-based
stock price model, very similar in the spirit to the recent article [4]. In short, an inhomogeneous Lévy
process differs from a classical Lévy process in the sense that it has time-dependent (and absolutely
continuous) characteristics. We let {L*} < be a collection of such R?-valued inhomogeneous Lévy
processes with characteristics (b}, ¢}, V) ey, and we define:

To(s,t)f(z) == E[f(Lf — LY +z2)], z€RY, xe], (385)
DE(x,y)f(z) := f(z+ea(x,y)), zeRY x,ye], (386)

for some bounded function a. We give below a financial interpretation of this function «, as well as
reasons we consider a regime-switching model. In this setting, f represents a contingent claim on
a (d-dimensional) risky asset S having regime-switching inhomogeneous Lévy dynamics driven by
the processes {L*}cj: on each random time interval [T (s), Ty, (s)), the risky asset is driven by
the process L*(5). Indeed, we have the following representation, for ' € Q (to make clear that the

expectation below is taken with respect to w embedded in the process L and not w’):
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Ve(s, t)(«)f(2) =
N;s (t%r5> (w")+1 N;s <t%fs> (") (387)
E|flz+ ) ALt ), ea(nea(s)(w),x(s) (@) | |
k=1 k=1
where we have denoted for clarity:
AL, = ALk(G, w/) — ka—l(s)(w,) _ ka,l(s)(w’)' (388)

TP (s) (@At T (s) ()

The random evolution V,(s, ) f represents in this case the present value of the contingent claim
f of maturity t on the risky asset S, conditionally on the regime switching process (X, Ty)n>0:
indeed, remember that V¢ (s, t) f is random, and that its randomness (only) comes from the Markov
renewal process. Our main results in Theorems 8 and 11 allow approximating the impact of the
regime-switching on the present value V¢ (s, t) f of the contingent claim. Indeed, we get the following
normal approximation, for small e:

~

Ve(s, O)f ~ B(s,t)f b Vel f (389)
15t order noise due to

regime—switching approx. regime—switching

The above approximation allows quantifying the risk inherent to regime-switchings occurring at
a high frequency governed by e. The parameter € reflects the frequency of the regime-switchings and
can therefore be calibrated to market data by the risk manager. For market practitioners, because of the
computational cost, it is often convenient to have asymptotic formulas that allow them to approximate
the present value of a given derivative, and by extent the value of their whole portfolio. In addition,
the asymptotic normal form of the regime-switching cost allows the risk manager to derive approximate
confidence intervals for his portfolio, as well as other quantities of interest such as reserve policies
linked to a given model.

In the recent article [4], an application to illiquidity is presented: the authors interpreted the state
process {x,, } as a “proxy for market liquidity with states (or regimes) representing the level of liquidity activity”.
In their context, however, x(t) is taken to be a continuous-time Markov chain, which is a specific case of
semi-Markov process with exponentially distributed sojourn times T},;1 — Ty,. With creative choices of
the Markov renewal kernel, one could choose alternative distributions for the “waiting times” between
regimes, thus generalizing the setting of [4]. In [4], the equivalent of our quantities a(x,y) are the
constants ‘yy,, which represent an impact on the stock price at each regime-switching time. The authors
stated: “Typically, there is a drop of the stock price after a liquidity breakdown”. This justifies the use of the
operators D.

In addition to the liquidity modeling of [4], another application of our framework could be to view
the different states as a reflection of uncertainty on market data induced by, for example, a significant
bid-ask spread on the observed market data. The different characteristics (bf, ¢}, v}') yey would, in this
context, reflect this uncertainty induced by the observables. The random times {T;} would then
correspond to times at which the observed market data (e.g., call option prices, or interest rates) switch
from one value to another. As these switching times are typically very small (~ms), an asymptotic
expansion as € — 0 would make perfect sense in order to get an approximation of the stock price at
a scale >> ms, e.g., ~min.

Now, let us formalize the model a bit more precisely. We let Y := Co(R%, R), Y; := CJ'(R,R)
for some m > 2. Let (Q, F,P) a probability space and let us begin with (L¢);c; a R%-valued
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(time-inhomogeneous) Markov process on it with transition function ps(z, A) (z € R, A € Bor(R%))
and starting point zg € R? (in the sense of [31], I1.10.2). Formally, V(s, u), (u,t) € Aj, VA € Bor(R?),
p satisfies:

1. Vz € RY, psy(z,-) is a probability measure.

2. z— pss(z, A) is Bor(R?) — Bor([0,1]) measurable.

3. pss(z,A) =14(z2).

4. fpa Psu(2,dy)put(y, A) = pst(z, A) (Chapman-Kolmogorov).

One example of such time-inhomogeneous Markov processes are additive processes (in the sense
of [31], I.1.6). This class of processes differs from Lévy processes only on the fact that increments are
not assumed to be stationary. Additive processes are translation invariant (or spatially homogeneous)
and we have (by [31], I1.10.4) ps¢(z, A) = P(Ly — Ls € A — z). We focus on additive processes in the
following as they are rich enough to cover many financial applications. We define for (s, t) € Aj and
f € BE(R?):

Nl )f(2) = BIf(Le— Lo 2)] = [ puezdy)f(0). (390

It can be proved that I is a regular B(Y)-contraction propagator and Vn € N we have I'(s, t) €
B(CH(RY,R)) and ||T(s, t)]| B(CHRLR)) < 1. The Lévy-Khintchine representation of such a process
(Lt)tey (see [32], 14.1) ensures that there exists unique (By)icj C R4, (Ct)tey afamily of d x d symmetric
nonnegative-definite matrices and (7 );c; a family of measures on R? such that:

E[e!Wh)] = e¥h) with - (391)

(i, t) == i (u, By) — % (1, Cou) + /R () 1 (1) 1y 0T (d). (392)

(Bt,Ct,t)tey are called the spot characteristics of L.  They satisfy the following
regularity conditions:

o Vte ], 7{0} =0and [pi(ly* A1)7(dy) < oo

e (By,Co, ) = (0,0,0) and V(s,t) € Aj: Ct — Cs is symmetric nonnegative-definite and 7;(A) <
7:(A) YA € Bor(R4).

e VtcJandass —t, By — By, (u,Csu) — (u,Ceu) Yu € R? and 75(A) — 7(A) VA € Bor(R%)
such that A C {z € R?: |z| > €} for some € > 0.

IVt € ], [pa |y|1yj<17t(dy) < oo, we can replace B by BY in the Lévy-Khintchine representation
of L, where BY := B; — [ga ¥l <17:(dy). We denote by (BY, Ct,17t)9€] this other version of the spot
characteristics of L.

Let | = [0,Tw]. We can consider a specific case of additive processes, called processes
with independent increments and absolutely continuous characteristics (PIIAC), or inhomogeneous
Lévy processes in [33], for which there exists (bt);c; € RY, (ct)ie; a family of d x d symmetric
nonnegative-definite matrices and (v;);c a family of measures on R? satisfying:

Teo
L (Il sl w2 A yvs(a) ) s < 99)
t
B — /0 bds (394)
t
C = /O csds (395)

t
7(A) = /0 vs(A)ds VA € Bor(RY), (396)
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where |[|c|| denotes any norm on the space of d x d matrices. (by,ct, Vt)sej are called the local
characteristics of L. We can notice by [33] that PIIAC are semi-martingales, which is not the case of all
additive processes. According to [33], we have the following representation for L:

t t t
Lt = /0 bsds +/() \/adWs +,/() \/Rd yl‘ylgl (N - ﬁ)(dsdy) + 2AL51|ALS|>1’ (397)

s<t

where for A € Bor(R%): 7([0,t] x A) := 7;(A) and N the Poisson measure of L (N — 7 is then called the
compensated Poisson measure of L). (W;)¢j is a d-dimensional Brownian motion on R?, independent
from the jump part. /c; here stands for the unique symmetric nonnegative-definite square root of
ct. Sometimes it is convenient to write a Cholesky decomposition ¢; = h;h] and replace /c; by hy
in the previous representation (in this case, the Brownian motion W would have to be replaced by
another Brownian motion W, the point being that both fo V/CsdWs and fo hsdWj are processes with
independent Gaussian increments with mean 0 and variance fo ¢sds). It can be shown (see [15]) that
the infinitesimal generator of the propagator I' is given by:

j=1 i jk=1 920z}
o (398)
+ (f(2+y) f(z) - 27],( )y(])1y<1> v (dy)
]:
and that C3(RY,R) C D(A(t)) = D(A). If bY := by — [pa Yl <1ve(dy) is well-defined
d o . 9f 1 & Y
AOfE) =L RN L@+ 3 Y al oL@+ [ (fe+y) - feudy). 69
j=1 Zj k=1 2j9Zk R

As a first example, we can consider the inhomogeneous Poisson process, for which d = 1,
local characteristics (b9, ¢, 14)° = (0,0,A(t)d1), where the intensity function A € Bg+ (]) s.t.

fOT‘” A(s)ds < co. We have, letting Ay := fst)\(u)du

psi(z,z4+n) = %A?te_l\“, forz,n € Rx Nand psi(z,z+n) =0ifn ¢ N (400)
A0 f(2) = A(B)(f(z+1) = £(2)). (401)
As a second example, we can consider a risk process L (used in insurance, for example):
st = T’tdi’ — dZt (402)
Nt
Z=Y 7, (403)
i=1

where (Nj);¢; is an inhomogeneous Poisson process, (r¢);c; € R4 is the premium intensity function
and the Z;’s are iid random variables, independent from N with common law v that represent the

random payments that an insurance company has to pay. In this case, the local characteristics
(b9, ct,14)° = (r,0,A(t)v). We get:

d
= L n()5E @ +AW) [ (Fz=y) - FE)v(dy). (404)
j=1
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We can also consider a Brownian motion with time-dependent variance-covariance matrix ¢; and
drift r+ (local characteristics (b?, ct, vt)o = (rt,¢4,0)):

dLy = rdt + ﬁdwt (405)
& of 1 & &
Alt)f(z) = ]; T’t(])afzj(z) + Ej,kzzl ct(j, k)m(z) (406)

To define the corresponding random evolution, we let L be an inhomogeneous Lévy process
taking value in R9*V|, independent of the semi-Markov process (x(t));cr .. In this case, the R-valued
Lévy processes {L/"* : j = 1.d,x € J} are not necessarily independent but they have independent
increments over non-overlapping time-intervals. Denote {L* : x € J} the corresponding R%-valued
inhomogeneous Lévy processes, with local characteristics (b}, ¢, vf’). Define for z € R4, (s,t) € A,
x el

Lals, 0 (2) = B (L — L +2)) = [ pazan)f (). (407)
We define the jump operators, for z € R? by:
D(x,y)f(2) := f(z +ealx,y)), (408)

where & € B]?&d (I?), so that D¢ (x,y)f(z) = 2?:1 txj(x,y)g—zfj(z +ea(x,y)) and Y; C D(D;). Assume

that the R-valued inhomogeneous Lévy processes {L/* : j = 1..d,x € J} admit a second moment,
namely they satisfy:

t .
/ / VUl (dy)ds < oo, Wie ], j=1.d,x€], (409)
0 Jly[>1

then it can be proved (see below) that the compact containment criterion is satisfied: {V.} € Y;-CCC
(Assumption 2). Assumption 1 will be satisfied provided the characteristics are smooth enough.
Regarding Assumption 3, it is clear that Ais the generator of the (inhomogeneous) Lévy propagator
with “weighted” local characteristics (Et, Ct, Vt) given by:

b= X (ma a0 + P 2) ) (o) (410)

G=o L mx)rlet @11)

ildy) = - Y m (0w (dy). @12)
xel

In particular, we notice that 7 is indeed a Lévy measure on R%.

Proof that T is a propagator and that Vn € N we have I'(s,t) € B(C}(RY,R)) and
[|IT(s, 1) sermig)) < 1T satisfies the propagator equation because of the Chapman-Kolmogorov
equation. Now, let us show that Vn € N-we have I'(s, t) € B(C4(R% R)) and ||F(S,f)||B(C61(Rd,R)) <L
Let Y := Co(R?,R). Let us first start with Co(R?,R). Let f € Co(R4,R). By ([31]), we get the
representation I'(s, ) f(z) = [pa ps,t(dy) f(z +y), where ps s is the distribution of Ly — Ls, i.e., s 1 (A) =
P(L; — Ls € A) for A € Bor(R%). Let z € R? and take any sequence (z,),ey € R: z, — z and
denote ¢4 =y — f(zu+y) € Co(RY,R) and ¢ := y — f(z+y) € Co(R%,R). By continuity
of f, gn — g pointwise. Further, ||gu|| = |[f|| € LL(R?, Bor(R?), ps;). Therefore, by Lebesgue
dominated convergence theorem, we get limy 00 I'(s,t)f(z4) = fRd limy oo s e(dy) f(zn +y) =
Jgi st (dy)f(z+y) = T(s,t)f(z). Therefore, I'(s,t)f € C(R%R). By the same argument but
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now taking any sequence (z;),eny € RY: |z,| — oo, we get lim|;| ., (s, ) f(z) = 0 and therefore
[(s,t)f € Co(RY, R). Further, we get:

E0fE) = | [ st c+)| < [ patinlf el < [l = A1 @)

and therefore ||T'(s, t)HB(CO(Rd,JR)) <1 Letz € RY, f ¢ Cg(Rd,]R) (9 > 1). Take any sequence
(hn)neny € R*: hy — 0,7 € [|1,d]] and f, j(z) := f(z1, ..., 2Zj + hn, .., z4). Then:

1 ' 1

o (T(s, D) f)nj(z) = T(s,1)f(2)) = /Rd Hsa(dy)g-(fuj(z+y) = f(z+y)). (414)
Let gy :=y = 1 (fuj(z+y) — f(z+y)) € G(RYR) and g 1=y — f(Z+y) € Co(RY,R)
We have g, — g pointwise since f € C}(R?,R). By the Mean Value theorem El'y](n z, y €
(=l Vi) $0(3) = 321+ 90,2+ 4 11,2, ), o 20+ y), and therefore [gu(y)] < ||| €

LL (R4, Bor(R?), s ). Therefore, by Lebesgue dominated convergence theorem, we get:

dI'(s,t d
E,Z,)f (z) = / ps(dy) af (z+y). (415)
] Zj

Using the same argument as for Co(R¢,R), we get that I'(s, t) f € C}(R?, R) since % € C}(RY,R)
Vj € [|1,d|]. Repeating this argument by computing successively every partial der]ivative up to
order q by the relationship 0T (s, t)f(z) = [pa psi(dy)0*f(z +y) Vo € Ny, we get T(s,t)f €
CJ(RY,R). Further, the same way we got ||T(s,)f|| < ||f]| for f € Co(R% R), we get for f €
CI(RLR): [[9*T(s, ]| < [[9*f]| Vi € Ny Therefore, maxen,, I*T(s, £f]| < maxecry, [13°f]
= ||F(Sft)f||cg(Rd,R) < ||f||Cg(Rd,R) = ||F(S/t)||5(cg(RdrR)) <1l

Proof that I is (Y1, || - ||y, )-strongly s-continuous, Y-strongly f-continuous. Let (s,t) € A,
feYyandh € [—s,t —s]:

IF(s -+, 1)f = T(s, )l = max [[°T (s + b, 1)f = 3T, )| @16)
= max [[T(s -+, 3" f (s, )" f]|. (417)

Leta € Ny, and {h,},en C [—s,t — s] any sequence such that /1, — 0. Let S, := Ly — Ly, and

S := Lt — Ls. We have S, Ls by stochastic continuity of additive processes. By the Skorokhod’s

representation theorem there exists a probability space (Q’, F/,P') and random variables {S}, },cn,
a.e.

S’ on it such that S,, = S;l, S2 ¢ and S, =S . Letz e R4, we therefore get:

IT(s+ B, )0 f(2) — T(5,)0°f (2)| = |[E'[0" f(z + S,) — 0" f(z+ §)]| (418)
<E|*f(z+S),) —0*f(z+ 5| (419)
= [|T(s + hy, t)3"f —T(s,£)3"f|| < sup E'|0*f(z + S},) — 3" f(z + §)| (420)
z€R4
< E'[sup [0“f(z+S;) —0*f(z+ S')|]. (421)
z€RA

Further, since 9*f € Y, 9*f is uniformly continuous on R? and Ve > 0,35 > 0: |z —y| < 6 =
04F(z) —3*f(y)| < €. Because S}, % &', for a.e. ' € (0, IN(«') € N:n > N(«') = |S)(w') —
S (W) = |z+ S (w') =S (') —z| <8 VzeR! = [0*f(z+ S, (w')) —*f(z+S'(w'))| <e Vze
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RY. Therefore, we have that g, := sup, _pa [9"f(z + Sj) — 8*f(z + S')| 5 0. Further |g,| < 2|[0%f|| €
LL(QY, F',P"). By Lebesgue dominated convergence theorem, we get:

lim E'[sup [0*f(z+ S),) — 3" f(z+ S)|] = 0. (422)
zeR4

We can notice that the proof strongly relies on the uniform continuity of f, and therefore on the
topological properties of the space Co(R?,R) (which Cy, (R, R) does not have). We prove that T is
Y-strongly t-continuous exactly the same way, but now considering Y, := L), — Ls and any sequence
{hn}nen € K such that h, — 0, where K := [s — t, Too — t] if ] = [0, Teo]) and K := [s — £, 1] if ] = R.

Proof that T is regular. By Taylor’s theorem, we get Vf € Y, t € ], z,y € R%:

W 3 |2

jk=1

Mm.

d2
‘ < Syl (423)

N\'—‘

‘f( 2+y) - a 0z;0z

d

d d?
=[[Ar()fI] < [ flly, LZ |+% ij let (7, k)| +2ve{|y| > 1} + e y|2yt(dy)] (424)

jk=1

d?
= Ar (OB, x) = Z\bt |+ Z el Rl + 20yl > 1+ 5 ) lyPve(dy), (425)
]k 1 =

observing that v:{|y| > 1} + f\yl <1 ly|?vi(dy) < oo by assumption. Therefore, by integrability
assumption on the local characteristics and Theorem 3, we get the propagator evolution equations and
therefore the regularity of I'.

Proof that V. € Y;-CCC. We are going to apply Proposition 4. We showed V. is
a B(Y1)-contraction, so it remains to show the uniform convergence to 0 at infinity. We have the
following representation, for w’ € Q) (to make clear that the expectation is with respect to w and not

w'):

N5<t%'s>(w’)+1 Ns<t%/5>(w’)
Ve(s,t)(w)f(z) =E |f [z + ). ALg+ ), ea(xpa(s)(w'), x(s)(w') ||, (426)
k=1 k=1

%@ 1))
Loy tnne ~ Lon () ()

drop the index '. Denote the d components of the inhomogeneous Lévy process L* by LU)* (j = 1..d).
The multivariate version of Chebyshev’s inequality yields for any d-vector of L? integrable random

where we have denoted for clarity ALy = ALi(e, ') := In the following we

variables Xj:

d d
PLZ(X E(X;))* > &2 §5220ar(X]-). (427)

N (1) 11

We apply this inequality to the d-vector ) ALy having components
k=1

Ns (t%/s +1
X = Y ALI((]), where AL,((]) is the jth component of ALy. If we denote by
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(bgj)’x ()x (j),x)

,C0 v the local characteristics of LU )'x, we have ([32], proposition 3.13):
Ns (t%'5>+1 Ns (t%'5>+1
() TEOAT ()51 (s) (1) %k-1()
EX)= Y E@AL)= Y / {bu +/ yl (dy)| du, (428)
k=1 k=1 Tk’,1(5) ‘y'zl
and so:
t .
o) < [ (o [ loivitan)| au, (429)
s ly[>1

where b := Y i1 47 |b£,])'x| and vy ==Y 1 dxe] VL(,])'X. Similarly, we have:

) TA(S)AE T ;
oar(ALY) = / k [Cg»xkl(s) n / yzvgn,xkl(s)(dy)} i (430)
Tlffl(s) R
< [T 2vi(dy) | d 431
*+/ * ,
< oo et fpvitan]an @
where ¢, = Y1 el cﬁ,")”‘ Now, since L is a R¥*/| valued inhomogeneous Lévy process,

the R valued inhomogeneous Lévy processes L)X are not necessarily independent but they have
independent increments over non-overlapping time intervals. This yields:

Ns<t%'9)+1 N t%'5>+1
, , t
var(X;) = var ) AL,((]) = Y UHF(AL]((])) < / {cz‘l —l—/ M (dy)} du. (432)
k=1 k=1 s R

Overall, we get that for every 6 > 0, there exists k; = ks s ¢ > 0 such that:

Ns (t%'S)(w/)-&-l
)
P ALp| > ks| < =—. (433)
Lo Al >ks| <
Define the set:
Ns (t%'s>(w’)+1
B:= Y AL > ks p . (434)
k=1
We have:
)
[E[1pf (z+ )1 < [IfI[P(B) < 5. (435)

On the other hand, there exists ¢; > 0: |z| > ¢; = |f(z)] < §. Define, as in the
traffic case, A¢:= {€N;s (t%"") <ng} so that P(Ac) > 1—A. We have for o' € Ac and
|z| > Cs := c5 + ||a|ng0 + kst

Bl (4 )| < SB(B) < 5, (436)
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so that overall, for w’ € A¢ and |z| > Cy (uniform in «’, €) we have:
[Ve(s, t) (') f(2)| <6, (437)
which completes the proof.

6.2. Regime-Switching Lévy Driven Diffusion Based Price Dynamics

We consider the same financial setting as in Section 6.1, with the exception that the dynamics
of the stock price will be driven by a Lévy driven diffusion process, and not a time-inhomogeneous
Lévy process. As in [15] (Section 4.1), consider for x € J the function ®* € C;'l (Rd x Ry, R? x Rd)
and {L*},¢j a collection of R¥-valued classical Lévy processes with local characteristics (b*,c*, v*).
Let Z* a solution of the SDE (actually, for any initial condition Z} = z € R, the SDE admits a unique
strong solution, cf. [15], Lemma 4.6.):

azf = CD"(Zf,,t)de, (438)
and define as in Section 6.1:
Tu(s, t)f(2z) = E[f(Zf)|Z5 = z]. (439)

This general setting includes many popular models in finance, for example the Heston model.
Time-inhomogeneity of ® also enables one to consider the time-dependent Heston model, which is
characterized by time-dependent parameters. The Delayed Heston model considered in [34] can be
seen as a specific example of the class of time-dependent Heston models, and therefore fits into this
framework. Indeed, let S; and V; be the price and variance process, respectively. The time-dependent
Heston dynamics read:

dSy = (rt — q1)Sedt + Siv/ Vi /1 — p%th(l) + St\/vtptdwt(z), (440)
Vi = 11(07 — Vi)dt + 6/ VidW,?, (441)

where ¢, pt, 11, g1, 0, and 6; are deterministic processes and wl, w® independent Brownian
motions. Then, letting the R3-valued Lévy process Ly := (t, Wt(l),Wt(z))T and Z; := (S;, v, t)7,
we have dZ; = ®(Z,,t)dL;, where for z = (z1,2,,23)T € R3:

(rt—q)z1  z1y/Z2\/1—p7  21y/Z20t
q)(z,t) = ’)/t(GtZ — Zz) 0 5t\/5
1 0 0

Then, we can consider regime-switching extensions of the latter time-dependent Heston dynamics
by allowing the various coefficients ¢, pt, r+, ¢, 0¢, and 6; (and therefore the matrix @) to depend on
the regime x € J. It also has to be noted that the previously defined ® is not in C;’l, which is required
in [15] to prove the strong continuity of I', as mentioned below. Nevertheless, in practice, it is always
possible to consider bounded approximations of the latter ®.
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Let Y := Co(R%,R) and Y; := CJ'(RY,R) for some m > 2 as in Section 6.1. Lemma 4.6,
the corresponding proof and Remark 4.1 of [15] give us strong continuity of I and for f € Y;:

_dxxz .gzldcxxz . aZf
AADI(E) = L0 w015 () + 3 1€ @I K3 )

‘s (442)
+ <f(z +@%(z,t)y) — f(z) — Z% afj(Z) [ (z, t)y] (j)1y|<1> v (dy).
iz

R4

In particular, taking L} = t we retrieve the so-called traffic random evolution of [9,27]. If v* = 0 for
all x, A is the generator of the Lévy driven diffusion propagator with “weighted” local characteristics
(b,¢,0) and driver ® implicitly defined by the following equations:

bd(z,t) = — Z my (x)[D* ¥ (z,t)] + Pa(x, o) (x)) m(x) (443)
M ey
D(z,t) = — Z )[cF D (2, 1)]. (444)
M ye3
If ® = & does not depend on x, then A is the generator of the Lévy driven diffusion

propagator with driver ® and “weighted” local characteristics (b,¢,7) defined implicitly by the
following equations:

bD(z,t) = Hlim Y (my(x)b*®(z,t) 4 Pa(x, 8)(x)) m(x) (445)
xeJ

P(z,t) = Him J(Za:]]ml(x)n(x)qu)(z,t) (446)

o(dy) = X m(x) (v (). (47)

6.3. Multi-Asset Model of Price Impact from Distressed Selling: Diffusion Limit

Take, again, Y := Co(R4,R). The setting of the recent article [11] fits exactly into our framework.
In this article, they consider a discrete-time stock price model for d stocks (Si)lgigd. It is assumed
that a large fund V holds «; units of each asset i. Denoting the ith stock price and fund value at time
t, by, respectively, Si := Sik and Vj := V}, we have V; = Z] 1S /, and the following dynamics are
assumed for the stock prices:

1 Skt ) Z 2 71 In(1+¢;(V5 ) — ¢:(V 448
n Si =e€mi+€ly,+ 1’1( +gl( k+l) gl< k))’ (448)
k
O I Py (449)
gi= Dig, i = Wi 5 Viir
_ I V/
Vk*+1 2 oc]S] e2m; +eZk+1 Vk — 7’(;, (450)

where €2 = t,1 — t is the constant time-step, {Z; }x>1 := {Z;( :1 < i< d}ps areiid. Ri-valued
centered random variables with covariance matrix o (i.e., E(Z})=0, E(Z;{Z{{) =0;jVk); g : R — Ris
increasing, concave, equal to 0 on [y, c0) and g(B;i;) = —1, where 0 < By;; < Bo; D; > 0 represents
the depth of the market in asset i, and y; are constants. It is also assumed that:

1 . D
|18lleo < 5 min =7, (451)

;
|axi
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so that the stock prices remain positive. The idea is that when the fund value V reaches a certain “low”
level BoVj, market participants will start selling the stocks involved in that fund, inducing a correlation
between the stocks, which “adds” to their fundamental correlations: this is captured by the function g
(which, if equal to 0, gives us the “standard” Black and Scholes setting).

The above setting is a particular case of our framework, where I'y = I for all x € J, and the
operators D have the following form:

Df(x,y)f(z) := foexp <z+62m +ey+ p(h(z + e*m +ey) — h(z))) , x,y€el, (452)

where o denotes composition of functions, z € R?, m is the vector with coordinates m;, h : R? — R?
has coordinate functions ; defined by:

d
hiz) = gi (;O > ajezf> : (453)
j=1

¢ : RY — R has coordinate functions ¢; defined by:
¢i(z) =In(1+z), (454)

and finally where we have extended the definition of exp : R — R? by the convention that exp(z) is
the vector with coordinates exp(z;). We notice that the operator D defined above does not depend on
x, and so we let D¢(y) f := D¢(x,y) f. By i.i.d. assumption on the random variables {Z;}, the process
{xn} is chosen such that it is a Markov chain with all rows of the transition matrix P equal to each
other, meaning that x,,; is independent of x;: in this context the ergodicity of the Markov chain
is immediate, and we have P = I1. It remains to choose the finite state space J: we assume that
the random variables Z}'( can only take finitely many values, say M, and we denote {7, },—1.m these
possible values. In the paper [11], the authors considered that these random variables can have arbitrary
distributions: here we approximate these distributions by finite state distributions. Note that in practice
(e.g., on a computer), all distributions are in fact approximated by finite-state distributions, since the
finite floating-point precision of the computer only allows finitely many values for a random variable.
The parameter M in fact plays no role in the analysis below. We let J := {71,72, -, Ym—1, Tm }°-
We have, for x := (x1,x2,...,x4) € Jand y := (y1,y2, ..., y4) € I:

Plxpi1 = ylx, = x] = 7(y), Xp = (2L, 72,..,7%. (455)

In [11], the times T,, = n are deterministic (so that T,,;1 — T, = 1), but in our context we allow
them to be possibly random, which can be seen for example as an “illiquidity extension” of the
model in [11], similar to what we have done in Section 6.1. In addition, our very general framework
allows one to be creative with the choices of the operators D and I', leading to possibly interesting
extensions of the model [11] presented above. For example, one could simply “enlarge” the Markov

chain {x, } and consider the same model but with regime-switching parameters y and ¢, and one could

. . . . a([)l s 1

carry on all the analysis below at almost no extra technical and computational cost. Since 571 = 17,
_ %

welet ¢ := a7 and we get:
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i al [ ‘;(ey)} i (456)
i af )) [2em; +y;+ 9(h(z + €¥m + ey) — h(z)) (457)
><g§ (VO r;l“pezp-i-ezmp—l-eyp) \iopil“”(zem” +yp)ezp+e2m,,+ey,, ) (458)
where j? := f oexp, and:
s$(y) ==z +*m+ ey + ¢(h(z + €*m + ey) — h(z)). (459)

Since ¢;(0) = 0 and ¢;(0) = 1, it results that:

1 & 1 ¢
. / — a.ecr | — o e | . 460
Yi T8 (Vo pgl P ) Vo 2::1 pYp 1 (460)

From the last expression, and remembering that each component Zi of x, := (z},72,.., Z%) is
centered, we get:

~ 1 1
A(t) = m%n(x)p[[)?(x . y;JDO ) = 7 E[DY (xn) f) (461)
— 1 : af ] 1 . z : P,z

H [#5 (z)z

! 3 f i 1 . P1,z
" Tm ; T E[Zn] + 8] Z e | o p;apE[Zn]e v =o0. (463)

Let us denote the vector of initial log-spot prices sy which elements are In(S}) (1 < i < d), as well
as the d-dimensional price process S;(z) : RY — R? with elements:

No(t) Sl
+ Y In <sz )] ) (464)

k=1

Si(z) == exp

In this context, the spot price changes at each jump time of the Markov renewal process (x;, Ty ).
As mentioned above, in [11], the times T,, = # are deterministic, so that Ny(¢) = |¢]. In our context,
the random evolution V(0,t) f and its rescaled version V¢ (0, t) f are simply equal to a functional of the
spot price:

V(0,£)f(s0) = f(St(s0)), Ve(0,£)f(s0) = (S (s0))- (465)

t
€

Because A = 0, Theorem 8 tells us that the limit of f(S; ) is trivial: f(S;) = f. In addition, we get:

t t
€ €

oyt f) = o) (b, f) =0, (466)
ol (x,y,t, f) = DY), (467)
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so that by Theorem 11, we have the convergence in the Skorohod topology:

V(5 - 1) = X [ DY W, du), (468)

yel

™~

where {W(y,dt) : y € J} are orthogonal martingale measures on J x | with intensity - 7t(y)dt. This
leads to the approximation:

f(S )wf+ﬁ2_/;D?(y)fW(y,du)- (469)

t
‘ yel
Because the “first-order” limit is trivial, it calls to study the “second-order” limit, or diffusion

limit, i.e., the convergence of f(S + ). This is indeed what is done in [11]. A complete and rigorous

treatment of the diffusion limit case for time-inhomogeneous random evolutions is below the scope
of this thesis. This is done in the homogeneous case in [10] (Section 4.2.2), or in a simplified context
in [6,8]. Nevertheless, in the model we are presently focusing on, we can characterize the diffusion
limit. The martingale representation of Lemma 5 is trivial as A = 0. We define another rescaled random

1
evolution L (s, t) which is defined exactly as Ve(s, t), but with N; (t%'s) replaced by Nj <t62’s) in the

product. In our context:
Le(0,8) f(s0) = £(S 1, (s0))- (470)

Using the same techniques as in Lemma 5 (but going one more order in the “Taylor” expansion
and writing f€(x,t) := f +e€f1(x,t) + €*f2(x,t) for suitable function f,), we can get a martingale
representation of the form:

Martingale = Le(s, t)f — f —€’IIm Y Le(s, T%(s))B (T (s)) f + Ole) ae., (471)
k=1

for a suitable operator B.In fact, after a few lines of computation, we get:

B(t) = Hl—me(o,t), (472)
b(x, ) = %mz(x)Ai(t) + 1 (x)PAx (£)DY(x, ) (x) + %ng(x,.)(x) 473)
fm(x)Pf(e,1)(x), xeT 7s)

In our present model, B(t) = B is independent of time and the above reduces to:

1 1

Bf = —— 9 — _— E[D? 3 /md
Bf = 21Tm o n(y)Dz(y)f anE[Dz(xn)ﬂr f e Cy(RY). (475)
Denote:
d[sé ;
kj(e:y) = % = 2emj+y; + 4’;(h(2 + €?m + ey) — h(z)) (476)
X g’, i i g2 HERmp ey i i ap(2emy +y )ezp+€zmp+€yp‘ @
j Vop:l P Vopzl p p P
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With this notation, we have:

d d 27
9
D (y)f(z) = Z i( sW)kiley)+ Y}, 5 / (sS(y))kj(e;y)km(€y), (478)
0z 0z;0z
j=1 jm=1 "] em
and therefore:
, 1 f
E[Dz xn Z k 0; n + Z aZ azm( )E[kj(o;' xn)km(O;xn)]' (479)
]
We have:
1 1 ¢
ki y)kn(0;y) = |y +8; | 77 Y et T Y apype® (480)
0 p=1 0 p=1
+ & iiae% iia e (481)
Ym + &m Vo ] P Vo = pYp
Denoting g7 := g; (VLO Z‘;Zl zxpezl’) for clarity, we get:
1 / d v4
E[k;(0; 21 )k (0; )] = 0y + Vog]- Y apoppe® (482)
p=1
1, ¢ z 1, ¢ Zp+z
+r8m L &pTipeT + a8 Y, HpigTpge . (483)
0 p=1 0 p.q=1

At this point, it can be noted that the above result should coincide with the quantity ¢/ of [11]
(Proposition 5.1), and it does! Note, however, that, because the times {T, } are random in our context,
the above quantity is multiplied by (ITn) ! in B, i.e., the inverse of a weighted average of the mean
values of the inter-arrival times T;, — T,_1. If T, = nasin [11], then T, — T,,_1 = 1 and so I'Im = 1:
our framework is therefore a generalization of the one in [11]. One interesting information coming
from the above result is that in case of zero “fundamental correlations” ¢;; = 0 for i # j, we get for
j # m, denoting 07 := 0y;:

1
E[k;(0; x)km (0; x1)] = g]ocm02ezm + gm ]a e’ —i——g]gm Z wpope )2 £ 0. (484)

This is the point of the model: distressed selling (modeled by the function g) induces
a correlation between assets even if their fundamental correlation are equal to zero. It now remains
to compute the quantities E[k’-(O'xn)]. After some tedious computations, we get, denoting again

g; = g; (Vio Z 1ape P) (and similarly for g] '):

1
E[k;(o; Xp)] = 2m; + W(g;/ 2 XpgUpge™ 71 + g] 2 20y pe. (485)
0 r.q=1

Denote now:

ajj(z) == ﬁE[kf(O; 2 )k; (05 xn)] bi(z) := LE[k’(o X)) (486)
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The generator B is therefore given by:

N d._ s d ¥

Bf(z) = Zbi(z)%(z) +% Z a;(z)ajafz'(z), fe Cg(Rd) (487)
i=1 1 ij=1 i9%j

A PSUINE SOOI I NS SO

- i;e {bi(z) + zaii(Z)] Ta(z) +5 i,];e Hiay(z) 52107 (2). (488)

We get in consequence, still denoting g; := g; (Vio 2‘;:1 ocpezp> for clarity:

4 1
a;j(z) = —ezl+210ij + Tim® et 7 gl Z apojpe” (489)
1 Zi+2Z; 1 / d Z 1 Zi+z; /! Zp+z
+ JVOngapUipel’—kme Jwgig]- Z XpltgUpge™ 7, (490)
p=1 0 pg=1
and:

bi(2) = et e Lol Vg gl Y wy(py +o)e, (@9)
: im0 T 21/21,[,,“’”‘7’“‘7 IIm Vlfl’”\”, L

()

which is exactly equal to the result of [11], Theorem 4.2, at the small exception that in their drift
result for b;(z), the y, above denoted by (x) is replaced by a m,, where we recall that m, = p, — %a;%.
We checked our computations and did not seem to find a mistake, therefore, to the best of our
knowledge, the coefficient in (*) should indeed be 1, and not n1,. We will leave this small issue for
further analysis. By Equation (471), any limiting operator L(0, ®) of L¢(0, ®) satisfies:

Martingale = L(0, ) f — f — / (0,5)Bfds a.e.. (492)

Because of the above specific form of B, it can be proved as in [11] (assuming g € C3(R)),
using the results of [20], that the martingale problem related to (g, Js,) is well-posed, and therefore
using Equation (492) that (S + (s0))t>0 converges weakly in the Skorohod topology as € — 0 to the

d-dimensional process (P;);>o solution of:
dpt = b(Pt)dt + c(Pt)th, PO = So, (493)

where W is a standard d-dimensional Brownian motion and a(z) = c¢(z)c(z)T. This result is
a generalization of the one of [11] as in our context, the times {T},} at which the price jumps are
random. The consequence of this randomness is that the driving coefficients b and c of the limiting
diffusion process (P;);>o are multiplied by, respectively, (ITm) ! and (ITm)~1/2. If T, = nasin [11],
then ITm = 1 and we retrieve exactly their result. As mentioned above, our very general framework
allows one to be creative with the choices of the operators D and I, leading to possibly interesting
extensions of the considered model. For example, one could simply “enlarge” the Markov chain {x, }
and consider the same model but with regime-switching parameters y and o, leading to diffusion limit
results at almost no extra technical and computational cost.
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