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Abstract: In this paper, we study the behavior of (A,Y, R)-contraction mappings under the effect
of comparison functions and an arbitrary binary relation. We establish related common fixed point
theorems. We explain the significance of our main theorem through examples and an application to a
solution for the following nonlinear matrix equations:

X=D+Y! A XA — Y, B/ XB;

X=D+Yyi,Ajv(X) A

where D is an Hermitian positive definite matrix, A;, B; are arbitrary p x p matrices and y : H(p) —
P(p) is an order preserving continuous map such that 7(0) = 0. A numerical example is also
presented to illustrate the theoretical findings.

Keywords: fixed point; binary relation; A-contraction; comparison function; nonlinear matrix
equation

1. Introduction

The process of generalizations and improvements of the Banach Contraction Principle [1] (1922)
geared up after the result of Kannan [2] in 1968, where he showed that discontinuous self-mapping
has a unique fixed point, see Reference [3-21]. Recently, Wardowski [22] introduced a nonlinear
function F under the assumptions (F;) — (F3) (defined below) and presented a fixed point theorem for
F-contractions. Piri et al. [23] replaced assumption (F3) by continuity of function F and proved a fixed
point theorem, and in this way, presented the Wardowski theorem under weak conditions. In 2014,
Jleli et al. [24,25] presented another important generalization of the Banach Contraction Principle,
known as 0-contractions. Liu et al. [26] discussed some important aspects of both F-contractions
and 6-contractions. Liu et al. [26] also introduced weak 6-contractions (8-contractions) and proved
that “an F-contraction and a #-contraction are equivalent”. In the same paper, Liu et al. introduced
a (A, Y)-contraction, which contained both F-contractions and #-contractions and established an
important fixed point theorem extending corresponding theorems in References [22-25].
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In this paper, we present a generalized (A, Y, R)-contraction containing (A, Y)-contractions and,
in particular, both F-contractions and 8-contractions. We prove a fixed point theorem, which generalizes
the results of Liu et al. [26]. Our presented results are subject to a binary relation i, a comparison
function, a generalized (A, Y, i)-contraction and two self-mappings, which are assumed to be closed
and continuous.

2. Preliminaries

Let F : (0,00) — (—00,00) be such that
(F1): F is strictly increasing;
(F): for each sequence {7y, }5; C (0,00);

A F () =m0 & i =0

(F3): thereis k € (0,1) such that lim,_,y+ t*F(t) = 0.
Define F = {F : F satisfies (F;) — (F3)}.

Definition 1. [22] The self-mapping T : S — < defined on a metric space (3, d) is called an F-contraction,
if there are T > 0 and F € F so that

Ve e, d(T(),T(n)>0=t+F@(T(),T(n)) <F@n),
Wardowski [22] proved the following remarkable result.
Theorem 1. [22] Let (3, d) be a complete metric space. Then every F-contraction has a unique fixed point.
For other results dealing with F-contractions, see Reference [27-29]. Piri et al. [23] modified

assumption (F3) of F as follows:
(E3): F is continuous.

Consider F* = {F : F satisfies (F;), (F,) and (F3)}.
Definition 2. [23] The self-mapping T : & — < defined on a metric space (3, d) is an F-contraction, if there
are T > 0and F € F* so that
Ve e, d(T(C),T(n)>0=7t+Fd(T(C),T(n) <Fdn).
Piri et al. [23] proved the following result.
Theorem 2. [23] Let (3, d) be a complete metric space. Then every E-contraction has a unique fixed point.

Remark 1. It is interesting to note that there exists at least one function F defined by F(g) = —glq ;g>1
which belongs to the set F*, but not a member of F. Similarly, there is at least one function F defined by

1 1
F(g) = —m,ke (0’l>’ I>1
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which belongs to F, but not to F*. However, there is also at least one function F defined by F(¢) = In(g) which
belongs to both F* and F. Thus, we conclude that the sets F* and F are overlapping.

Recently, Jleli et al. [24] introduced 6-contractions as follows:

The self-mapping T : & —  defined on (S, d) is a 0-contraction, if there are 0 € ® and k € (0,1)
so that

L €S,d(T(Q),T () #0=0(d(T(),T(n) <[0dQEmn],
where @ = {60 : (0,00) — (1,00) | 0 satisfies (1) — (O3)}

(®1) 0 is non-decreasing;
(©,) for each positive sequence {t,},
lim 6(t,) = 1iff lim t, =0F;
n—oo n—o0
(©3) there exist ¥ € (0,1) and ¢ € (0, o0] such that lim,__,o+ G(tt)%l =/
Theorem 3. [24] Let (3, d) be a complete metric space. Then every 0-contraction mapping has a unique fixed
point.
Liu et al. [26] observed that the condition (®3) can be relaxed to (@;):
(®/3): 0 is continuous.

Let® = {0: (0,00) — (1,00) |  satisfies (®), (@) and (©3)}.

Liu et al. ([26] Theorem 1.7) showed that f-contractions (f € ©) and F-contractions are equivalent.
In the same paper, let A : (0,c0) — (0, 00) be such that
(C1) A is non-decreasing;
(Cy) for each positive sequence {t,},
lim A(t,) = 0if and only if lim t, = 0;
n—00 n—o0
(C3) A is continuous.

Let D = {A: (0,00) — (0,00) | A satisfies (C;) — (C3)}.

The idea of comparison functions was introduced by Berinde [30].  The function
Y : (0,00) — (0, 00) is said to be a comparison function if:

(1) Y is monotone increasing, that is, ¢ < ¢ implies that Y (¢) <Y (g);
(i1) limy 00 Y"(t) = 0 for all + > 0, where Y" stands for the nth iterate of Y.

If Y is a comparison function, then Y(t) < t for every ¢t > 0. Examples of comparison functions
can be seen in Reference [30].
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Lemma 1. [26] Let A : (0,00) — (0,00) be a continuous and non-decreasing function such that
infyc (0,00) A(t) = 0. Then, for a positive sequence {t; },

lim A(ty) = 0ifand only if lim t; = 0.
k—o0 k—ro0

Definition 3. Let S be a non-empty set and R be a binary relation on 3. Then R is transitive if (01,07) € R
and (0,,03) € R implies that (05, 03) € R, for all 09,07, 03€ 3.

Definition 4. [31,32] Let ¢ be a self-mapping on S a non-empty set. A binary relation R on Y is said to be
¢-closed if for all 0, ¢ € ¥, we have

(@6) eR=(¢(0),9(c) € R

Definition 5. [32] Let 0,6 € S and R be a binary relation . A path (of lengthn € N) in R from o to g is a
sequence {0y, 01,02, ..., 0n } C & such that

(i)oy=cand o, =¢;

(ii) ((Tj,tTj+1) € Rforallje {0,1,2,..,n—1}.

Denote by I'(7, g, i) the set of all paths from ¢ to ¢ in R. The path of length n involves n + 1
elements of J, although they are not necessarily distinct.

Definition 6. [14] The metric space (3, d) equipped with a binary relation R is R-regular if for each sequence
{Cu}inS,
(Cn,Cnt1) € Rand g, — ¢ € S implies ({n,C) € R, foralln € N.

Definition 7. [33] Let ¢, ¢ : S — < be two self-mappings on § a non-empty set. Then a binary relation R on
S is said (¢, )-closed if for any o, ¢ € I, we have

(@,6) €R= (¢ (), ¢ (c)), (¢ (0),(c)) € R.

Recently, Al-Sulami et al. [34] investigated fixed points of ®@-contractions under the effect of
binary relation i in complete metric spaces. Similarly, Zada and Sarwar [33] considered F-contractions
under an arbitrary binary relation # and proved some related fixed point results.

3. Fixed Point Theorems

We shall develop an iteration method to ensure the existence of common fixed points of two
self-mappings under the effect of (A, Y, R) contraction, where, # is a binary relation. This process
will then be explained through an example. Finally, we shall apply the obtained results to ensure the
existence of a solution of nonlinear matrix equations. We start with the following definition.

Definition 8. Let ¢, i be two self-mappings defined on the metric space (3, d). Let R be a binary relation on
Q. Consider x = {(o,¢) e R:d (¢ (0),¥ (c)) > 0}. The pair (¢, ) is said to be (A, Y, R) contraction if
there exists a continuous comparison function Y and A € D such that, for all (c,¢) € x

AW 9(@),p©) <X (A (max{d(e,0), {EED L), )

Denote by M( (¢, 1) ; R) the set of all order pairs (¢, ¢) € M x M such that (¢ (), (g)) € R.
Our main results:

Theorem 4. Let (3, d) be a complete metric space, R be a binary relation on  and ¢, : I — I be two
mappings. If ¢ and ¢ satisfy the following conditions:
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(a) M( (¢, ¥);R) is non-empty,
(b) Ris (¢, p)-closed,

(©) (¢, 9) is (A, Y, R) contraction,
(d) ¢ and  are continuous.

Then ¢ and 1 have a common fixed point in 3.
Proof. Let (0,¢) eM((¢,9);R) then (¢ (¢), 9 (¢)) € R. Define the sequence {{,} in I by

€2n+1 =¢ (éZn) ’
{ Consn = # (Cons1) " where n € NU {0} .

If {0+ +1 = Qop+ for some n* € NU {0} . Then {p,+ is a common fixed point of ¢ and 9. If {5,411 # {on
foralln € NU{0}. Thend (¢ ({2n), ¢ (Can+1)) > Oforalln € NU{0}. From (b), we get

(C1,02) = (¢ (C0), ¥ (1)) € R, (C2,03) = (¥ (C1), ¢ (C2)) €
(G3,04) = (¢ (22), 9 (Z3)) € R (Ca,G5) = (¥ (C3), ¢ (Ca)) €
, (Cons Gons1) = ($ (C2n-1), G”(CZn))

Thus, ({2, (on+1) € x, foralln € NU{0}. By setting 0 = {2, ¢ = {241 in (1), and by using (c), we
have

A (d (Con, Cont1)) (Con+1,C2n))

A(d
= (d €2n an 1)))

d (C2n, Con—1)
Y <A <max{ ACon (T 1) (Con 10T
1+d(€2n CZn 1)
d(Con, Con—-1),
=Y max an Czy,)d(@n 1§2n+1)
1+d(Z2n,0on-1)

= Y(A(d(%an C2n-1))),

IN

foralln € NU {0} . Similarly, setting o = {25, ¢ = {2,,+1 in (1), and again from (c), we get

Ad (Zons1,Cons2)) = =Ad(P(Z2n), ¥ (Lons1)))
Y <A (max {d o ansy), LGt géin;( é >2 d %T)'(P (Z2n)) }))

d (Gan, Con+2) d (Gon+1, Gon+1) }))
1+4d (Z2n, Cons1)

IN

- Y (A <max {d (Cons Conv1)
Y (A (d (Cans Gon+1))) -

In general, we have
A(d(Cn,Cnv1)) SY(A(A(Cn-1,Cn))), foralln € N.
This implies

Y (A (d (G, Cns1)) < Y (A(d (Gu-1,Cn)))

A(d (Gn, Cnt1)) <
< L <Y (A(d (o, 0)))-

Letting n — oo in the above inequality, we get

0< nh—r>nooA (d (gn/ €n+1)) < nh_I)noan (A (d (@01 U))) =0.
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This implies that
lim A (d(Cn/Gnt1)) =0

n—o0o
By (C2) and Lemma 1, we get
Jim d (CnsCut1) = 0. ()

We claim that {{,} is a Cauchy sequence. We argue by contradiction. Assume that there are ¢ >
0 and sequences {hn} o and {j,}>_; such that for each n € NU {0}, h, > j, > n, we have

d (éfl(n)lgj(n)) >¢d (Ch(n)_l,éj(n)) < e. Thus,

e < d (éf,(n)/éj(n)) <d (éwfl(n)rgﬁ(n)q) +d (gﬁ(n)fl’gf(”)) ®)
< efd (gﬁ(n)’gﬁ(n)—l) .

Taking n — co in (3), we get

tim d (G, Gy ) = & @

n—oo

Again using triangle inequality, we have

d (éﬁ(n)fgf(n)) <d <€h Ci(n +1> +d (gh(n 18y +1) +d (C 17 G3( n)) (5)
and
d (Cﬁ(n)+1'§f(n)+1) <d (Q}(nmf@ﬁ(n)) +d (gﬁ(n)’gf(”)) +d (gﬂn)’gf(n)ﬂ) : (6)
Taking n — coin (5) and (6), we get
Timd (G410 Gionye1) =& @)

Let gﬁ(n),gj(n)) €R. Since R is (¢, P)-closed, we have (4) (CM)) P (CMJ) = (gmnm,gﬂnm) eR

and from (7), we have d (4) (gmnm) P (gi(nﬂl)) > 0. Thus (gﬁ(nm,gﬂnm) € x. Similarly, by (2)
and (4), we can choose a positive integer ng > 1 such that for all n > 1y we have from (1)

0 < A (GG ) ) <8 (4 (0 (G) ¥ (400)))
)
=),

O e =)
s max{d(g;;(n)zgj(n)>/d(€fl(n +i1d(+€1h)d iy Gy 1) }))
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for all n > ng. Taking the limit as n — oo and using (2), (4) and (7), we get

' . d (Cﬁ(m'@f(n)) /
A (,}Eﬂod (gfz(nm'éf(n)ﬂ)) < ,}E’&,Y A [ maxq d (Ca(n>+1'€f<n>+1)d (Cﬂn)'imnm)
1+d (Cmny?ﬂm)

A(e)

IN

2

= v(ae5)) < v (A6 5)) = Y(a@) < A

This is a contradiction. Therefore, {{,} is a Cauchy sequence in J. Due to completeness of &, we can
find {* € S such that

limd (£, ) =0. ®)
Next, we prove that ¢ ({*) = ¢ ({*) = {*. Since ¢ and ¢ are continuous and
lim d (820, ¢") = 0= limd ({2n-1,0"),
we find that
lim d (Zon11,9 (C7)) = limd (¢ (C2n) ¢ (7)) =0, ©)

and

Jim d (Gon, (7)) = lmd (¢ (C2u-1), ¢ (C7)) =0
In view of the limit uniqueness, we obtain that ¢ ({*) = ¢* and ¢ (*) = {*, which yields that
¢ (") = ¢ (C*) = ¢*. Thus, ¢ and ¢ have a common fixed point {* € . [

The following theorem shows that if the set I'(c, ¢, ) is non-empty, then the common fixed point
of mappings ¢ and ¥ is unique.

Theorem 5. Let (3, d) be a complete metric space and R be a transitive relation on 3. Let ¢, : S —
Suppose that
(a) M((¢,¥);R) and I' (o, ¢, R) are non-empty,
(b) there exist a continuous comparison function Y and a function A € D so that for all (0,¢) € X,
1 d(o,¢(c))d (e ()
< Z
@) () <Y (A (max{ 3 (0,0), HoELTES .

(c) ¢ and 1 are continuous,

(d) R is (¢, ¢)-closed.

Then there is a unique common fixed point of ¢ and 1 in 3.

Proof. As in the proof of Theorem 4, there is a common fixed point of ¢ and . If v and v* are two
common fixed points of ¢ and ¢ such that v # v*, then since I'((v, v*, R) is the class of paths in } from
v to v*, there is a path of finite length L, that is, there is a sequence {Fy, F;, F3, ..., F1 } in & from v to v*
with

Fo=v, F, =% (F}‘,P}‘+1) €Rforj=0,1,2,..,(L—-1).

Using the transitivity of ¥,

(v,F) € R, (F,E) €R, .., (F_q1,v*) € Nimplies (v, v*) € R.
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Now from (10) with ¢ = v, ¢ = v*, we have,
A, e) <Y (A (max{Fa (), LOLLEDELLEILY)

This implies,

A
=

Ald(0,0%)) A [ max {;d (v,0%), dz(ﬁ'f;flflv;;) }>>

Y
< Y(A(d(v,0%)))
< A

which is a contradiction. Hence, v = v* and v is the unique common fixed point of ¢ and . [

In the next theorem, we relaxed continuity of mappings ¢, ¢ and considered the metric space
(3, d) to be R-regular.

Theorem 6. Let (X, d) be a complete metric space and R be a binary relation on 3. Let ¢, : S — 3. Suppose
that

(a) M( (¢, ) ;R) is non-empty;

(b) there exist a continuous comparison function Y and a function A € D so that for all (0,¢) € x, the
inequality (1) is true,

(c) (S, d) is R-regular,

(d) R is (¢, p)-closed.

Then ¢ and ¢ have a common fixed point in 3.

Proof. In the proof of Theorem 4, we have proved that ({,, {,+1)€ R and {, — d as n — oo, for all
n eNU{0}. As (S, d) is R-regular, so ({,,6) € R, for all n € N. We have two cases depending on

A={neN:¢(lm)=19(5) and ¢ (Z2nt1) = ¢ ()}

Case (1): If A is finite, then there exists np €N U {0} such that ¢ ({2,) # ¥ (6) and ¢ ({on+1) #
¢ (6), for all n > ng. As oy # 6 and (o1 # 6 imply that d (32,,0) > 0, d({2n41,9) > 0 and

d (¢ (Qan), ¥ (6)) > 0,d(¢ (Cant1),¢(6)) > 0, for all n > ng. By (1), with ¢ = § and ¢ = (op41,
we have

@) 9 (Gni)) Y (A (max {d (0, gapen), WOty d e O ),

14+4d(5,Con+1)
This implies that
d n n+1,
o < (s A
< A (max {d (6,02n11), 4(, %’izg (déf?;:llr)ﬁb (4)) }) ‘

1+d((5,€2n+1)
by (Cz) and Lemma 1, we get lijnA (Cn) = 0 and thus, lign A(d (¢ (9),lam+2)) = 0. Again by (Cy)
n (o] n—0o00

But {¢,} = {max {d (8, Zont1), 4(0,Can+2)d(Con+14(9)) }} is a positive sequence with nli_r)rgoén =0, hence
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and Lemma 1, we get lgxl d(¢(4),Clon+2) =0,and lijn d (9, Cont2) = 0. Hence by the uniqueness of
n—00 n—oo
the limit,
¢ () =9, (11)

hence ¢ is a fixed point of ¢. Similarly, by (1) with ¢ = {p, and ¢ = J, we prove that
JijnA(d (Cont1, 9 (6))) = 0. By (Cy) and Lemma 1, we get, J@d(§2n+1,¢(5)) = 0. Also,
nlgr;o A (d (C2n41,9)) = 0, so by the uniqueness of the limit,

P (6) =6. (12)

By (11) and (12), we get that

P (6) =9 (6) =6
Case (2): If A is infinite, there is {an(k)} of {Zn} with Gou 1 = P(Gonry) = ¥ (8) such that
Can+2 = ¥(Canty) = ¢ (6) for all k eN U {0}. But, limd (Caur1,8) = 0and limd (Zauqey 2,0 =

0. The uniqueness of the limit implies that

P (0) =9 (0) =4.
Thus, in both cases, J is a common fixed point of ¢ and ¢p. O

The next theorem is an analogue of Theorem 6.

Theorem 7. Let (3, d) be a complete metric space and R be a transitive relation on 3. Let ¢, : S — S.
Suppose that

(a) M((¢,¥);R) and T'((o, g, R) are non-empty;

(b) there exist a continuous comparison function Y and a function A € D so that for all (c,¢) € X,

@) p(©) <X (A (max{ 3 (0,0), LEELTERLEILY) -y

(c) (3, d) is R-regular,
(d) R is (¢, ¥)-closed.

Then there is a unique common fixed point of ¢ and .
Proof. It follows immediately from the proofs of Theorem 6 and Theorem 5. [

The following results are induced results for a single mapping.

Corollary 1. Let ¢ : S — < be defined on a complete metric space (3, d) and R be a binary relation on 3.
Suppose that

(a) M(¢; R) is non-empty,

(b) R is ¢p-closed,

(c) either ¢ is continuous, or (3, d) is R-regular;

(d) there exist a continuous comparison function Y and a function A € D such that for all (0, ¢) € X,

“eagysten))

A@9(@),9©@) <Y (a (max{d(c0),
Then ¢ has a fixed point.

Proof. Set ¢ = ¢ in Theorem 4 and Theorem 6. [J
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Corollary 2. Let ¢ : S — < be defined on a complete metric space (3, d) and R be a transitive relation on 3.
Suppose that

(a)M(¢p; R) and T (0, ¢, R) are non-empty;

(b) R is p-closed;

(c) ¢ is continuous or (I, d) is R-reqular;

(d) if there exist a continuous comparison function Y and a function A € D such that for all (o, ¢) € x, we have

AW @)@ < (A (max{ Ja (e,0), AEHDIELIY),

Then there is a unique fixed point of ¢.
Proof. Set ¢ = ¢ in Theorem 5 and Theorem 7. [

Now, we give an easy example explaining our main result.
Example 1. Let S = [0,2]. Consider d : I x S — [0, +00) defined by d(c,¢) = |0 —¢|, forall o,¢ € 3.

Then (3, d) is a complete metric space. Consider A : (0,00) — (0,00) as A (t) = te', for each t > 0. Note that
A € D.LetY (t) = 5, which is a continuous comparison function. Define the binary relation

R ={(0,0),(0,3).(5,0,(0.1),10),(1,1), 02, 20} |,

on . Consider the mappings ¢, : S — S by

¢(€)—{

Clearly, R is (¢, )-closed and ¢, ¢ are continuous. Let

4

A A
N Ull—=

" and ¢ (0) =0, forall{ € 3.

7

IAIA

¢
¢

Uil R
gl— O

7

x={le.c) eR:|p(0) =y (c)| >0},
then
x ={(1.0),(1,1),(2,0)}.
Now, for all (0,¢) € X,

d(o,¢),
Ald(¢(0),¥(g)) <Y (A (maX{ d(o,p(¢))d(c9(0)) })) :

1+d(o,g)
Thus hypotheses of Theorem 4 are satisfied, and so ¢ and ¢ have a common fixed point in 3.

4. Some Consequences

Next corollaries (Corollary 3 and Corollary 4) generalize fixed point theorems given by Jleli [24]
(Theorem 3) and Al-Sulami et al. [34].

Corollary 3. Let ¢, ¢ : S — < be self-mappings defined on a complete metric space (3, d) and R be a relation
on . Suppose that

(@)M( (¢, ¢);R) is non-empty;

(b) Ris (¢, p)-closed;
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(c) ¢ and 1 are continuous;
(d) there exist 0 € © and k € (0,1) such that, for all (c,¢) € x,

0(d (6 (), (c) < [9 (max {d G (U'qi(i); ?a(,gg’)(l) = })]k

Then there is a common fixed point of ¢ and ¢.

Proof. SetY (t) := (Ink)tand A (t) = In6, in Theorem 4. [J

Corollary 4. Let ¢ : S — < be a self-mapping defined on a complete metric space (3, d) and R be a relation
on . Suppose that

(a) M(¢; R) is non-empty;

(b) R is p-closed;

(c) ¢ is continuous;

(d) if there are 0 € © and k € (0,1) such that, for all (0,¢) € x,

0(d(¢(c),¢(c) < [0(d(e,5))"

Then there is a fixed point of ¢.

Next corollaries (Corollary 5 and Corollary 6) generalize fixed point theorems given by
Wardowski [22] (Theorem 1) and Zada and Sarwar [33].

Corollary 5. Let ¢, ¢ : S — < be self-mappings defined on a complete metric space (3, d) and R be a relation
on 3. Suppose that

(a)M( (¢, ¢);R) is non-empty;

(b) Ris (¢, P)-closed;

(c) ¢ and 1 are continuous;

(d) there exist F € F and T > 0 such that, for all (o,¢) € x,

T EA )3 (0) < F (max {a (a0, LOLENLELENN ),

Then there is a common fixed point of ¢ and ¢.

Proof. It comes from Theorem 4 by taking Y () = e Ttand A (t) =¢f. O

Corollary 6. Let ¢, ¢ : S — < be self-mappings defined on a complete metric space (3, d) and and R be a
relation on 3. Suppose that

(@)M( (¢, ¢);R) is non-empty;

(b) Ris (¢, p)-closed;

(c) ¢ and 1 are continuous;

(d) there exist F € F and T > 0 such that, for all (c,¢) € X,

T E@G )9 (@) < F (400, + L)),

1+d(o,¢)

Then there is a common fixed point of ¢ and .

Let B : [0,00) — [0, 0) be such that lim 5 (r) < 1 for each t € (0, )

r—tt
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Corollary 7. Let ¢, ¢ : S — < be self-mappings defined on a complete metric space (3, d) and R be a relation
on 3. Suppose that

(a)M( (¢, ¢);R) is non-empty;

(b) Ris (¢, p)-closed;

(c) ¢ and  are continuous;

(d) there exists a function B such that, for all (o,g) € X,

d(o,6), d(o,6),
d(¢ (o), (g)) < p | max dlop(6)dls(c) Max ) dogle)disgie)) (-

Then there is a common fixed point of ¢ and 1.

Proof. It follows from Theorem 4 by taking ¢ (t) := B (t)tand ¢ (t) =t: (0,00) = (0,00). [

5. Applications to Nonlinear Matrix Equations

Let us denote, M(p) the set of p X p complex matrices, H(p) the set of p X p Hermitian matrices,
P(p) the set of p x p positive definite matrices and H" (p) the set of p x p positive semi-definite
matrices. Here, P(p) C H(p) € M(p), H" (p) C H(p), I1 > 0 and S = 0 means that 3 € P(p) and
{1 € H (p), respectively. For S — S = 0and 37 — Sy >~ 0, we will use S = Sy and S = Sy,
respectively.

We consider the following non-linear matrix equations:

n n
X=D+)Y A;XA; —) B/XB, (14)
i=1 i=1
and .
X=D+) Afy(X)A, (15)

i=1
where D € P(p), A;, B are arbitrary p x p matrices and v : H(p) — P(p) is a continuous order
preserving map such that ¢(0) = 0. Consider the metric induced by the norm | E||,, = Y1, 6; (E),
where 0; (E), i = 1,2, ..., n, are the singular values of E € M(p). The set H(p) equipped with the trace
norm ||.||,, is a complete metric space (see [35-37]) and partially ordered with the partial ordering =,
where E; < E; < Ep < Eq. Also, for every Ej, E; € H(p) there is a glb and a lub (see [36]]).
We need the two following lemmas.

Lemma 2. [36] If E1, E; > O are p X p matrices, then

0 < tr(E1Ey) = | E2|| tr (E1) -

Lemma 3. [38] IfE € M(p) with E < I, then ||E|| < 1.

Take ¢ : H(p) — H(p) by
1
Y0 =5 @ (0 +¢2(0),
where 1, ¢ : H(p) — H(p) are given as

n n
$1(x) =D+2) AixAiand ¢ (x) =D —-2) BixB:.
i=1 i=1
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Then the solutions of the matrix Equation (14) are the fixed points of the operator i, which are the
common fixed points of operators 7 and .

Theorem 8. Suppose that

(h1) there exist two positive reals My and M so that Z AjA] < 011, and Z B;B} < 031y;
i=1 i=1
(h2) for every Eq, E; € H(p) such that (Eq, Ep) €=, we have

1 R(E1/E2)
E E 20 R(E1. E) + 1
Exller + B2l < 25 ReE ) 417

where

|E1 — E2l|4,
R(E1, Ez) = maxq |E,—¢(Eo)ll, IEa—01 (ED ], o -
1+ [|E1 — Exlly,

and 6 = max {01, 62} . Then the non-linear matrix Equation (14) has a solution in H(p).
Proof. Since ; and ¢, are well defined, we have that (Eq, E;) €< implies that
(1 (E1), 2 (E2)) , (2 (E1), 1 (E2)) €=
so that < on H(p) is (¢, 2)-closed. Now, we show that the operators ¢; and ¢, satisfy (1). Consider
191 (E1) =2 (B2l = tr (1 (E1) — 92 (E2)) =

= 2tr| ) (A7E1A; + B} EzB)>
i=1

2 Z tr (AfE1A; + BXE»B;)
i=1

2 (f tr (A;ATEp) + i tr (BiB?Ez)>

i=1 i=1

n n
2 (tr (2 AiAjE1> +tr <2 BiB;“E2>>
i=1 i=1

n n

< 2( ZAiA? ||E1||tr+ ZBZ'B? ||E2||tr>
i=1 i=1

< 208 [[Eally + 62 [IE2][)

< 25[|Exllyy + B2l -

From conditions (h1) and (h2), we have

R(Ey, Ep)

191 (Bv) =2 (B2)lley < g "ppy 17

where

|E1 — E2l|4,
R(Ey, Ep) =maX{ IEr =2 (E) |l |l E2=p1 (Bl (-
1+ [|E1 — Exll

Let A : (0,00) — (0,00) and Y : (0,00) — (0, c0) be the mappings defined by

A(t)=tt>0and Y (f) = t > 0, respectively.

t
t+1’
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Then the above inequality becomes

|E1 — Ezlf,,,
A(l[$1 (E1) =92 (E2)ll;,) <Y | A | maxq [|E—yo(Ea)llyllE2—y1 (1)l :

1+ [|E1 — B2y

Consequently,

d(Ey, Ep),
A(d (1 (Er), 92 (E2))) S Y (A | maxq d(Eypo(Ey))d(Exgn(Er) ‘

1+ d(E1,E2)

Therefore, all the conditions of Theorem 4 immediately hold. Then there is a common fixed point
of 1 and 1, say E*. Consequently, ¢ has a fixed point and hence the system of non-linear matrix
Equations (14) has a solution. [

Theorem 9. Under the hypotheses (h1) and (h2) of Theorem 8, the non-linear matrix Equation (14) has a
unique solution if R is transitive and H(p) is R-regular.

Proof. Using Theorem 5 and proceeding as the same arguments of Theorem 8, there is a unique
solution of the non-linear matrix Equation (14). O

Define the operator ¢ : H(p) — H(p) as

P(E) =D+ Y Aty (E) A,
i=1

The solutions of the matrix Equation (15) coincide with the fixed points of the operator ¢ (E).

Theorem 10. Suppose that
n

(1) there is a real positive number § such that 'y, A;AY < 61y;
=1

1
n

n
(2) forall E1, E; € H(p) so that (E1,Ey) €=, and Y Ay (E1) AF # ¥ Ayy (Ez) A we have
i=1 i=1

1 R(Ey, Ep)

[tr (v (E1) — v (E2)) |, < gml

where,

|E1 — E2lly, ,
R(Ey, E) =ma><{ IE (Bl IEo—¢(E0)ll, ¢ -
1+ [[E1—E,,

Then the non-linear matrix Equation (15) has a solution in H(p).
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Proof. Since ¢ is well defined and (Ej, E;) €= implies that (¢ (E1),¢ (Ez)) €=, so = on H(p) is
¢-closed. Now, we show that the operator ¢ satisfies inequality (1). If E;, E; € H(p), then E; < Ej.
But, 1y is an order preserving mapping, hence y (E;) = 7 (E1). Thus,

¢ (E1) — ¢ (E2)ll;, = tr(¢(Er) —¢(E2)) =
= tr (i (Af [y (E1) _’Y(Ez)]Ai)>

i=1
n

= Y tr(Af [y (E1) — v (E2)] A)
i

i=1

b (z &A;*) by (Ex) — 7 (E2)]
i=1

IN

v (E1) =7 (E2) 4, -

n
Y AA
i=1

Using condition (h2), we have

L 4i4; R(Ey, Ep)
i=1 1, LE2
||¢(E1)_¢(E2)Htr < 5 R(El,E2)+1’

where,

| Eq— E2||t ’
R(Ey, E) =ma><{ |E—¢(Ea) I, |Ea—9(EDl, ¢ -
1+[[E1—Ea |y,

From condition (h1), we get

R(Ey, E2)
¢ (E1) — ¢ (E2)l;, < R(ELE2) +1'

Let A: (0,00) — (0,00) and Y : (0,00) — (0, 00) be the mappings defined by

A(f)y=tt>0and Y (t) = t—l—%'t > 0, respectively.

Then the above inequality becomes

d(Ey, E),
A(d(¢(E1),¢(E2))) <Y (A (maX{ d(E1,¢(E2)) d(Ea $(Er)) })) :

1+d(Eq,Ea)

Therefore, all the conditions of Corollary 1 immediately hold. Then there is a fixed point of ¢, say E.
Then the non-linear matrix Equation (15) has a solution. [

Theorem 11. Under the hypotheses (h1) and (h2) of Theorem 10, the non-linear matrix Equation (15) has a
unique solution if R is transitive and H(p) is R-reqular.

Proof. By Corollary 2 and using the arguments of Theorem 10, there is a unique solution of the
non-linear matrix Equation (15). O
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Example 2. Take nonlinear matrix equation:

2
E=D+) Afv(E)A;
i=1

where D, E1 and E; are given by

7 5 3 1 0.0241 0.0124 0.0124 0.0241
D— 5 7 5 3 A = 0.0124 0.0241 0.0241 0.0124
357 5| 0.0124 0.0241 0.0241 0.0124
1 3 5 7 0.0241 0.0124 0.0124 0.0241
0.0521 0.0329 0.0329 0.0521
0.0871 0.68 0.0871 0.68
and Ay =

0.0521 0.0329 0.0329 0.0521
0.0871 0.68 0.0871 0.68

Define v : H(4) — H(4) by

2
Consider ¢ : H(4) — H(4) as ¢(E) = D + Y Al (E) A;. Then conditions of Theorem 10 are satisfied for
i=1
5 =2

6. Conclusions

The (A, Y, R)-contraction (under the effect of a continuous comparison function and an arbitrary
binary relation) considered in this paper is in general enough to contain several corresponding
contractions ( 0-contractions and F-contractions). The results obtained here generalize several
corresponding results and are applicable to solving nonlinear matrix equations. There is an open
problem which states: what happens if functions A and Y are not continuous.
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