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Abstract: An interesting and challenging problem in mathematics is how to construct fair dice pairs.
In this paper, by means of decomposing polynomials in a residue class ring and applying the Discrete

Fourier Transformation, we present all the 2000 fair dice pairs and their 8 equivalence classes in a
four-person game, identifying what we call the mandarin duck property of fair dice pairs.
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1. Introduction

In this paper, we refer to dice exclusively as small throwable regular cubes made of uniform materials.
The six faces of a standard die are marked using numbers (or dots, also called pips) from 1 to 6. As for its
uniformity and symmetry, the number shown on the upper face is equally probable when we throw (or
roll) a standard die. In practice, people often roll standard dice and use the resulting number to ensure
fairness in activities such as education [1], games [2], gambling and other entertainment.

More specifically, we denote the number appearing when a standard die is thrown as X, thus X
is a random variable with uniform distribution on {1,2,3,4,5,6}, that is, P(X = i) = % forl1 <i<e.
Given this situation, a standard die serves as a True Random Number Generator. For example, if the
number of participants is exactly six, using a standard die to determine the fairness of opportunity would
be the most appropriate tool. In many other cases, two (or more) dice are thrown simultaneously and the
total value of the dice is used to choose the first player (or the starting position) of a game. In this case,
can one guarantee that the result is fair by using the sum of a number of standard dice? As we will see
below, this is impossible in general.

In Reference [3], P. R. Halmos et al. proved in 1951 that, for any weighted (a.k.a. loaded) pair
of dice, it is impossible to ensure that the sum of the two numbers forms a uniform distribution on
{2,3,---,12}. Thus, it is clearly impossible to use the sum of a pair of dice as a fair match for 11 outcomes
no matter how we design the dice. Even if we modify the number on some faces, it is still impossible.
In 1978, M. Gardner [4] identified a pair of dice called Sicherman dice with numbers (1,2,2,3,3,4) and
(1,3,4,5,6,8) that generate same distribution as a pair of standard dice. Since then, the question of
modifying (or renaming) the numbers of dice pairs to attain the same distribution has been studied
extensively in References [5-12], with additional references found in [13-17]. In Reference [18], M. Conroy
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in 2018 answered many questions and provided numerous references regarding dice pairs. The above
research shows that, in general, the result of simply summing a pair of dice does not produce fair (i.e.,
uniformly distributed) results.

Given the above, people naturally focus on whether or not there is a way to derive fairness in certain
situations using a pair of dice by “sum”plus some other operations, like modular 2 (in the Japanese
Cho-Han Bakuchi Playing [19]) or modular the number of players (four in typical in the popular Chinese
Mahjong game). In this paper, we will discuss fairness using the two operations “sum” and “mod 4” on
a pair of dice in four-person activities as there are many games involving four players in the real world
where the sum of two dice is used to determine fairness. When playing mahjong, the most common rule
(c.f. [20]) is that in the first hand of each round, player 1 (dealer) sitting on the East Position throws two
dice to determine which player will do the second toss of the dice. If the total pips of the first toss is 5 or 9,
the dealer himself throws the dice again, otherwise, the Player sitting in the South Position (neighbour of
the East in the counter clock wise) will do the second toss when the sum is 2, 6, or 10, while 3, 7, or 11
for the West (the opposite of the East), and 4, 8,12 for the North Position (neighbored to the West in the
counter clock wise). Using the total number of the second toss, the starting wall is chosen clockwise.
Then the dealer takes four tiles at first for himself from the initial location, and players in anti-clockwise
order draw blocks of four tiles successively until all players have 12 tiles, to complete the beginning phase,
the dealer takes two tiles to make a 14-tile hand, and each of other three players then draws one last tile
to make a 13-tile hand. It is clear that a shifted modular four operation, namely, ((p1 + p2) mod 4) + 1,
is executed after counting the sum in both throws, here p;, p» are the pips of the two dice. Indeed, it is
easily seen that the method is not fair with simple analysis. For example, after the dealer tossed for the first
time, the probabilities associated with the four players (at the East, the South, the West, and the North
in counter-clock wise order) to do the second toss is %, %— 6%, %, and %—1— é, respectively. This shows that
in the sum and modular four approach, the player sitting in the North has more chance to do the second
chance and the wall in front of the West gets the highest probability for the initial draw (see Reference
[2] for a detail analysis). Further, in Reference [2], Y. Huang et al. proved that, more generally, it is
impossible to achieve fairness for four people using the remainder after applying “ mod 4” to the sum

nx in T nw
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of rolling any 7 standard dice, as the probability for each player is %—i— 5
and % + %, respectively.

As noted above, we use two standard dice in Mahjong. If we appropriately modify some numbers
of the dice and allow the two dice to be different, can we construct a fair dice pair using just “sum” and
“mod” operations? If so, how can we modify the numbers on the dice? Moreover, how many modifications
are there? In this paper, we aim to answer these questions and, in doing so, identify an interesting property
for these dice pairs, which we call the mandarin duck property.

Note that, when discussing the distribution of sum of dice pairs, most references use the cyclotomic
polynomial method. However, in this paper, we primarily apply Discrete Convolution and Discrete

Fourier Transformation.

2. Modeling

Definition 1. If the six faces of a die are chosen from the set {1,2,3,4,5, 6} with replacement, the die is called a
quasi-standard. A standard die is a quasi-standard, but the converse is not true.

For a quasi-standard die, we use xy to indicate the times that k occurs on its six faces, and we call
[x1, x2, X3, X4, X5, X¢| the quasi-distribution of the die.

The non-descending ordered array (nq, ny, n3, ny, ns, ne) consisting of all numbers of a quasi-standard die is
called the numbers of the die.
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The one-to-one correspondence between the quasi-distribution and the numbers of a quasi-standard die is
represented as [x1, X3, X3, X4, X5, Xg] <> (11,12, 13, 1y, N5, Ng).

Notice that x; = 0 indicates that k does not occur at all on any of the six faces and x; > 1 representing k
occurs more than one time. As an example, [3,0,3,0,0,0] <+ (1,1,1,3,3,3) is a correspondence relationship
between the quasi-distribution of a die and its numbers. Note also that, traditionally, opposite sides of
the standard die add up to seven, which implies that the 1, 2 and 3 faces share a vertex and normally
the 1, 2 and 3 faces in Chinese dice are placed counterclockwise about their common vertex (dice in this
design are called left-handed), while in western dice they are arranged clockwise or counterclockwise
(called right-handed). But in our definition, the collocation of n1,ny,- - - , ¢ is not considered, so any
quasi-standard dice that marked by 1,2, 3,4, 5, 6 are considered to be the same as the standard dice.

Proposition 1. The array [x1, X2, X3, X4, X5, X¢| is a quasi-distribution of a quasi-standard dice if and only if xy,
with 1 <k < 6, is non-negative integers and Z,f:l Xy = 6.

Therefore, the number of different quasi-standard dice is equal to the number of the non-negative
integer solutions of equation x; 4+ x3 4+ - - - + x¢ = 6. It is easy to show that this number also equals the
number of terms (equal to 462) of the polynomial (y; + y2 + - -+ + y6)® after expanding. Given the
above, we can also consider the quasi-distribution that satisfies Proposition 1 as a corresponding
quasi-standard die.

Definition 2. For a quasi-standard die, the number X that occurs above is a random variable that appears when one
throw the die. We call this a quasi-uniform distribution associated with the die. If the quasi-distribution of the die
is [x1, X2, X3, X4, X5, Xg|, then the distribution of X is

P(X:k):%,lgkga 1)

When xi = 1, with 1 < k < 6, the quasi-standard die is standard and the associated random variable X obeys
uniform distribution, that is, P(X = k) = %, withl <k <6.

In the following, we also identify a quasi-standard die as its associated quasi-uniform distributed
random variable X.

For a quasi-standard dice pair (R, B), the two random variables R and B are always deemed to be
mutually independent. We call R the red dice, and B the blue dice. Denote the quasi-distribution of R and
Bby [rq,72, -+ ,t¢] and [by, by, - - - , bg], respectively, then their generating functions are

18 18
dr(x) = A Y rxk,and @p(x) = A Y bex®
k=1 k=1

Note that the properties of the generating function for discrete random variables can be found
in Reference [21].

Definition 3. Let (R, B) be a pair of quasi-standard dice and the random variable F be the reminder of R + B on
division by 4, then
F=(R+B) mod 4. 2

If the distribution of F is P(F = k) = 7, 1 < k < 4, then we call (R, B) a fair dice pair. The generating
function of F is ®p(x) = § Y_q x5



Mathematics 2019, 7, 440 40f 13

Note that in the ring Z[4], Equation (2) becomes F = R+ B .

Proposition 2. Assume k is a positive integer, X and Y are two random variables with non-negative integer
value and Y takes value from {0,1,--- ,k — 1}, ®x(x) and Py (x) is the generating function of X and Y,
respectively. Then

X=Y modk < Px(x)=dy(x) mod (xF—1).

Proof. Let P(X = i) = p;, 0 <i <sand P(Y =) = g9, 0 < j < k, be the distribution of X and Y,
respectively. Note thati = j mod k <= x' = ¥/ mod x* — 1, so that X = Y mod k if and only if
Py(x)= L g= ¥ ¥ px'= ¥ px'=&x(x) mod (x-1). O
0<j<k 0<j<k  0<i<s 0<i<s
i=j mod k

Proposition 3. Equation (2) is equivalent to the following congruence relations in polynomial ring Q[x] over
rational field Q

Op(x) = Pr(x)Pp(x) mod (x* —1). ©)]

Proof. By Proposition 2 and the independence of (R, B), we have ®r(x) = Pr g mod 4(¥) = Pryp(x) =
®r(x)®Pp(x) mod (x* —1). O
The Equation (3) can be represented as a discrete convolution “+” form in residue class ring
Q[x]/{x* —1) as
Op = Pg * Dp. 4)

To find the fair dice pair (R, B), we must solve Equation (3) or (4).
Let w = v/—1 =i € Cbe the primitive 4-th root of unity, DFTy be the Discrete Fourier Transformation
relate to w. By applying DFT}4 to both side of (4), we have (cf. [22], P230 and 363)

DFTy(®Pp) = DFT4(®r)- DFTy(Pp), ®)

where “.” denotes the pointwise multiplication of vectors. Because

1 1 1 1 1 1
1 1 i-1 —i 1 0
DFT4(®r) = ~ =
O R R T I 0’ ©)
1 —-i-1 i 1 0
1 1 1 1 T4 Te+75+ry+r3+12+11
111 i-1 —if||ri+r 1 r1—r3+r5)i—rpt+rsg—v
DFT, ()=~ 1475 |_1| (n—ratrs)i—ra+ry—re / @)
6|1 -1 1 —-1||ro+rg| 6| —ri+rp—r3+ryg—r5s+re
1 —i-1 i 73 (=r14+r3—r5)i—ro+ry—rg
1 1 1 1 by be+bs+ by + b3+ by + by
111 i—-1 —i||by+0b 1| (by —bz+bs)i—by+by—b
DFT4((I)B):* 1 5 _- (1 3 5) 2 4 6 , (8)
611 -1 1-1 by + bg 6 —by+by—Dbs+by—bs+ by
1 —i-1 i bs (=by 4+ b3 —r5)i—by+by— bg
we have
(re +7r5+ry+r3+12+711) (bg + bs + by + b3 + by + bq) 36
((rm—r3+rs)i—rp+rg—rs) (b1 —bz+b5)i—bp+by—bs) | _| O
= )
(77’1+1’277’3+7471’5+}’6)(b2+b4+b67b17b37b5) 0
((=r1+r3—r5)i—ra+ry—r6) ((—by+b3—bs)i—by+bs—be) 0



Mathematics 2019, 7, 440 50f 13

Note that the second and fourth equation of (9) are conjugated, therefore, by combining Proposition 1,
we can simplify it to an equivalent form as

Te+75+r4+r3+7r2+71
be+bs+by+b3+br+bq
((r1—=r3+75)*+(r2—r4+16)*) (01 —b3+b5)*+ (b2 —bs+bs)?)
(—1’1 +1’2—T3+l’4—7’5+7”6)(bz+b4+b6—bl —b3—b5)

(10)

S O O O

Here, if (11 — 13 +15)% + (ro — r4 +16)? and —r1 + 1y — 13 + 14 — 15 + 1 are both equal to 0, according
torg+rs+ry+r3+rp+r =6 weobtainry =ry = %, which leads to a contradiction with r3,r4 are
non-negative integers. Repeating this approach, it is also impossible for (b; — b3 + bs)? + (by — by + bg)?
and by + by + bg — by — b3 — bs to be both equal to 0 at the same time. Hence, (10) is equivalent to

te +15+14+13+12+1
r —1r3+715
Ty — T4 +7¢ e
by + b3 + bs
by + by + bg

(11

LW W o O O

or
be +bs + Dby +bs+ by + by
by — b3+ bs
by — by + bg
M +713+715
ro+r4+716

(12)

I
W wo oo

By symmetry (i.e., this is equivalent to exchanging two dice in a given pair), we just need to solve (11).
But (11) can easily be simplified to

3+ 714
rH—1r3+71s5
Ty — 714+ 76 =
by + b3 + bs
by + by + bg

(13)

W W o O W

From (13), we observe that the constraints on the red and blue dice are independent, therefore, we can
split (13) into two equations

3+ 714 3
L —13+715 = 01, (14)
Ty — T4+ 7¢ 0
and ) o
b1+ b3+ bs 3
= 15
by + by + bg 3 (15)

From the above Equation (14) for the red die and Equation (15) for the blue die, we come to the main
result of our paper in Theorem 1 below.

Theorem 1. A pair of quasi-standard dice is a fair dice pair if and only if the quasi-distribution of one die is a
solution of (14) and the quasi-distribution of the another die is a solution of (15).
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3. Solutions of the Model

3.1. Properties of Solutions

Before solving Equations (14) and (15), we discuss some properties of their solutions.

Proposition 4.

(1) When1 <i<6,wehave0 <r; <3,and 0 < b; < 3.
(2) At least one of r1,72,75, 16 is 0; and r3, r4 can not be 0 at the same time.
(3) 7320 — " :75:0,ﬂnd7’420 < }’2:1’620,

Proof. The properties (1) to (3) follow directly from (14) and (15). O

Corollary 1. If (R, B) is a fair dice pair then the red die R must lack at least one of the number from the
set {1,2,5,6}.

Theorem 2 (Mandarin Duck Property). Suppose that the solutions of (14) and (15) exist, then: (1)
(compatibility) any two differently-colored dice can construct a fair dice pair; (2) (exclusivity) any two
same-colored dice cannot construct a fair dice pair.

Proof. (1) By Theorem 1. (2) If the quasi-distribution of a quasi-standard dice [x1, x2, X3, X4, X5, X¢]
simultaneously satisfy (14) and (15), we have x3 = x4 = %, it contradicts the fact that x3 and x4 must both
be non-negative integer. [

Remark 1. This shows that, to achieve fairness, the dice pair must be constructed using two different colors. In other
words, neither two red nor two blue dice can construct a fair dice pair. Theorem 2 shows that only one red die and
one blue die can together form a fair dice pair, therefore, we call it a mandarin duck fair dice pair. Mandarin duck
is a kind of bird, they always appear in pairs with one male and another female together.

3.2. All Solutions of (14) and (15)

According to the above analysis, it is easy to enumerate all solutions of (14) for the red die and (15)
for the blue die. It can be summarized as shown in Tables 1 and 2, respectively.

Table 1. The 20 solutions of Equations (14) for the red dice (with numbers).

R[1]=[0,0,0,3,0,3]4+(4,4,4,6,6,6) R[8]=[0,20,3,0,1]>(2,2,444,6) R[15]=[1,1,2,1,1,0]¢+(1,2,3,3,4,5)
R[2]=[0,0,1,2,1,2]+(3,4,4,5,6,6) R[9]=[0,2,1,2,1,0](2,2,344,5 R[16]=]1,2,12,0,0]¢+(1,2,2,3,4,4)
R[3] =[0,0,2,1,2,1]++(3,3,4,5,5,6) R[10] =[0,3,0,3,0,01«(2,2,244,4) R[17]=1[2,0,2,1,0,1]«+(1,1,3,3,4,6)
R[4] =[0,0,3,0,3,0]++(3,3,3,5,5,5) R[11] =[1,0,1,2,0,2]¢+(1,3,4,4,6,6) R[18]=[2,0,3,0,1,0]4++(1,1,3,3,3,5)
R[5] =[0,1,0,3,0,2]++(2,44,/4,6,6) R[12] =[1,0,2,1,1,1]4+(1,3,3/4,5,6) R[19] =[2,1,2,1,0,0]¢+(1,1,2,3,3,4)
R[6] =10,1,1,2,1,1]¢+(2,3/4,4,56) R[13]=[1,030,2,0]+(1,3,3355) R[20]=[3,0,3,0,0,0]«+(1,1,1,3,3,3)
R[7]1=[0,1,2,1,2,0]+>(2,3,3/4,55) R[14]=[1,1,1,2,0,1]<+(1,2,3,44,6)
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Table 2. The 100 solutions of Equations (15) for the blue dice (with numbers).

B[1] =1[0,0,0,0,3,3]<+(5,5,5,6,6,6) 0,2,2,1,1,0]1<>(2,2,3,34,5) B[6 2,2,1,0,0143(1,2,2,3,3,4)
B[2] =[0,0,0,1,3,2]<+(4,5,5,5,6,6) 02,3,0,0,1]++(2,2,3,3,3,6) B[6 3,0,0,2,0]1<3(1,2,2,2,5,5)
B[3] =[0,0,0,2,3,1]++(4,4,5,5,5,6) 0,2,3,1,0,01++(2,2,3,3,34) B[6 3,1,0,1,0]43(1,2,2,2,3,5)
B[4] =[0,0,0,3,3,0]++(4,4,4,5,5,5) 0,3,0,0,3,0]<(2,2,2,555) B[7 3,2,0,0,01<3(1,2,2,2,3,3)
B[5] = [0,0,1,0,2,3]<+(3,5,5,6,6,6) 0,3,1,0,2,01<+(2,2,2,3,55) B[7 10,0,0,1,3]1<3(1,1,5,6,6,6)
B[6] =[0,0,1,1,2,2]¢+(3,4,5,5,6,6) 0,3,2,0,1,0]<(2,2,2,3,3,5) B[7 10,0,1,1,2]<3(1,1,4,5,6,6)
B[7] =[0,0,1,2,2,1]<+(3,4,4,5,5,6) 0,3,3,0,0,01<(2,2,2,3,33) B[7 10,0,2,1,1]3(1,1,4,4,5,6)
B[8] =[0,0,1,3,2,0]++(3,4,4,4,5,5) 1,0,0,0,2,3]¢+(1,5,5,6,6,6) B[7 10,0,3,1,0]43(1,1,4,4,4,5)
BD 10,2,0,1,313(3,3,5,6,6,6) 0,0,1,2,2]<(1,4,5,5,6,6) B[7 10,1,0,0,3143(1,1,3,6,6,6)
[10] =[0,0,2,1,1,2]45(3,3,4,5,6,6) , 1]1<(1,44,556) B[7 10,1,1,0,2]3(1,1,3,4,6,6)

012/2/1/116(3/3/4/4/5/6) Iadatadind <—>(1/4/4/4/5 5) 7 % /1/2/0/ 1 1 3 4 4 6)

0,2,3,1,01++(3,3,4,4,4,5) 0,1,0,1,3]1<3(1,3,5,6,6,6) B[7 101,3.0,0]¢(1.1.3,4/4.4)
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[ 1,0,1,2,1
[ 1,0,1,3,1
[ 1,0,2,0,0
[ 1,0,2,1,0
[ 1,0,2,2,0
[ 1,0,2,3,0
[ 1,1,0,0,2
[ 1,1,0,1,2,
[ 1,1,02,2
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[ 1,1,2,2,0
[ 1,2,0,0,2
[ 1,2,0,1,2
[ 1,2,1,0,1
[ 1,2,1,1,1
[ 1,2,2,0,0

P P P P P e e e e e e e e e e e e e P e P e ) e e P P e P P Py

[11 0.3

[12 1,0

[13 1,1

[14 12 8

[15 1,3 8

[16 2,0 8

[17 1 2,1 8

[18 1 2,2 8

[19 1,0 2,3 8

[20] =[0,1,1,0,2,2]43(2,3,5,5,6,6) 11,0,0,2,21<3(1,2,5,56,6) B8 12,0,1,1,0]1<3(1,1,2,2,4,5)

[211=10,1,1,1,2,1]45(2,3,4,5,5,6) 0,1,2,11(1,24,55,6) B8 2,1,0,0,113(1,1,2,2,3,6)

[22] =0,1,1,2,2,0]4+(2,3,4,4,5,5) 11,0,2,2,0]<(1,244,55) B[S 2,1,1,0, (11223@

[23 1 2 0 1/2]H(2/3/3/5/6/6) ’ rlror ’ <—>(1/2/3/5/6 6) 8 % /0/0/ 7 (1 / % /2 5)

[24] = [0.1.21.1.1]¢(2,3.3.4,5,6) 1,1,1,1,1]<3(1,2,34,56) B[9 ,3,1,0,0, (L,,,,w

[25] =[0,1,2,2,1,0]43(2,3,3,4,4,5) 1,1,2,1,0]<3(1,2,34,4,5) B[9 10,0,0,0,3143(1,1,1,6,6,6)

[26 1,3,0,0,2]«+(2,3,3,3,6,6) 1,2,0,0,2]++(1,2,3,3,6,6) 9 ,0,0,1,0, (1,1,1,4,6,6)

[27 1,3,1,0,116(2,3,3,3,4/6) 1,2,1,0,1]1¢+(1,2,3,3,4,6) 9 ,0,0,2,0, (1,1,1,44,6)

[28] = [0,1,3,2,0,0]++(2,3,3,3,4,4) 11,2,2,0,01<3(1,2,334,4)  B[94] =[3,0,0,3,0,0]¢>(1,1,1,4,4,4)

[29 ,2,0,0,3,1]++(2,2,5,5,5,6) 2,0,0,2,1]++(1,2,2,5,5,6) 95 ,1,0,0,0,2]+(1,1,1,2,6,6)

[30] = [0,2,0,1,3,01++(2,2,4,5,5,5) 2,0,1,2,01<(1,224,55) B[96] =[3,1,0,1,0,1]<3(1,1,1,2,4,6)

[31 2/1/0/2/1]9(212/3/5/516) , /1101 ’ H(1/2/2/3/5 6) 97 7 /0/2/0/ (1/1/1/2/4/4)

[32] =[0,2,1,1,2,0]4+(2,2,3,4,5,5) 2,1,1,1,01<+(1,2,2,3,4,5) 98 ,2,0,0,0, (1,1,1,2,2,6)

[33]1 =10,2,2,0,1,1]¢+(2,2,3,3,5,6) 2,20,0,11++(1,2,2,3,3,6) B[99 ,2,0,1,0,0]4+(1,1,1,2,2,4)
B[100] = [3,3,0,0,0,0]<+(1,1,1,2,2,2)

There are 20 solutions for (14) and 100 for (15). From these results, we have Theorem 3 below.
Theorem 3. There are 20 x 100 = 2000 distinct fair dice pairs.

Notice that from the discussion of the next paragraph of Proposition 1 there are altogether 462 x 462 =
213, 444 different combinations of quasi-standard dice pairs, and among them there are 2000(about 0.937%)
yielding a fair distribution.

3.3. Equivalent Classes

According to Theorem 3, there are 2000 fair dice pairs. If we consider applying “mod 4” on
the numbers of the dice in advance, then some solutions shown in Tables 1 and 2 can be viewed
as equivalent. By applying the “mod 4” operation, number 4,5, and 6 is congruent to 0,1, and 2,
respectively. Therefore, as an example, (4,4,4,6,6,6) = (2,4,4,4,6,6) = (2,2,4,4,4,6) = (2,2,2,4,4,4),
i.e., R[1] = R[5] = R[8] = R[10].

On the basis of the above discussion, we classify the quasi-distributions presented in Tables 1 and 2
into equivalent classes based on the “mod 4” operation. More specifically, we use the smallest sum of
numbers of the dice as the representative element in each class and then we obtain all solutions to the red
and blue dice systems of equations in a compressed form, which we present in Tables 3 and 4, respectively.
Here, we just list numbers of the dice and omit their quasi-distributions. Note that 0 is equivalent to 4 in
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the two tables, that is, if 0 is not allowed to appear on the face of a die, then we can simply replace 0 with 4
in Tables 3 and 4 (and the subsequent tables).

Table 3. The 4 set of compressed red dice solutions based on the “mod 4”operation.

R'[1]1=(0,0,02,22) R'[2]1=(0,0,1,223) R'[3]1=(01,1,2323) R'[4]=(1,1,1333)

Table 4. The 16 set of compressed blue dice solutions based on the “mod 4”operation.

/

B[1]=(0,0,0,1,1,1) B/[5]=(0,0,1112)  B[9]=(011,122) B[13]=(1,1,1222)
B'[2]=(0,0,0,1,1,3) B[6]=(0,0,1,123) B[10]=(011223) B[14]=(1,122273)
B'[3]=(0,0,0,1,3,3) B'[7]1=(0,0,1233) B[l1]=(012233) B[15]=(1222323)
B'[4]=(0,0,03,33) B'[8]=(002333) B[12]=(022333) B[l6]=(222333)

From the results shown in Tables 3 and 4, we observe that there are 4 equivalent classes for the red
dice and 16 for the blue dice. These equivalent classes are exactly the quasi-distributions in Tables 1 and 2
the last two components of which are 0 (i.e., 5 and 6 don’t appear on the faces of the dice).

Theorem 4. There are 4 x 16 = 64 different equivalent classes for fair dice pairs by “mod 4" operation.

Suppose X and Y are two random variables associated with quasi-standard dice, and ®x, Py is the
generating function of X and Y, respectively. If X = Y mod 4, ie, ®x = ®y in Q[x]/(x* — 1), we call X
and Y are equivalent .

From (14) and (15), it follows that the generating function of red and blue dice is of the equivalent
form

1 1
< (i + B + 1+ B—r)at) = cx(1+ )0+ B—10)x)

and
% ( (X +byx% 4+ (3—b1)x’+(3 - bg)x4) = %x(l—i—x)( 1+ (B3 —b1)x+(3 = by)x?)

in Q[x]/ (x* — 1), respectively. Here, 0 < r{, b}, b} < 3.

From the above, the generating function for the red die is divisible by 1 + x2 but not by 1 + x (because
r] = 3 —r} does not hold) but the generating function for the blue die is divisible by 1 + x but not by
1+ x2 (since by — b} = 0,0} = 3 — b} cannot be true at the same time). These features determine the
characteristics of the red and blue dice.

Two quasi-standard dice (11,1, - - -, ng) and (nf,n}, - - -, n;) are said to be translation- equivalent
if there exists an integer k so that n; = ng + kholds fori =1,2,---,6. For example, the quasi-standard
dice R'[1] = (0,0,0,2,2,2) and R'[4] = (1,1,1,3,3,3) in the Table 3 are apparently translation-equivalent.
Using this approach, we can cluster the 4 dice in Table 3 into two classes and cluster the 16 dice in
the Table 4 into four classes, using the dice with the smallest sum as the representative dice for each
translation-equivalent class, as shown in Tables 5 and 6.

Table 5. translation equivalent class of red dice.

R'[1]1=(0,0,0222) R"[2]=(0,0,1,2,2,3)

Table 6. translation equivalent class of blue dice.

B"[1]1=(0,0,0,1,11) B"[2]=(0,0,0,1,13) B"[3]=(0,0,1,112) B"[4]=(0,0,1,123)
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Tables 7-14 show a detailed diagram of the eight varieties of dice. In Tables 7-18, the first column is
numbers of red dice, the first row is numbers of blue dice, and the remaining elements are the remainder
by mod 4 of the sum for the first row and first column.eight varieties of dice

Table 7. (R"[1], B"[1)).
|
Table 8. (R[], B"[2]).
|
Table 9. (R"[1], B"[3)).
|

Table 10. (R"[1], B"[4)).

NNNO OO

NNNO OO
NNDNOOOO
NMNNDNOOOCO
WWWER PP
WWWrR PR~
W W W =

NNDNO OO

NMNNNO OO
NNNO OO
NNDNO OO O
WWWER PR
W W W R R
o= G W W W

NNDNOOO

NNNOOOO
NNNOOOO
WWWR R R
WWWR R, P
W WWR R R =
O OOONDNNIN

NNDNO OO

NNNOOO;
NNNOOOCO
W WWR PR
WWWR R R-
OO ONDNDNIN
== W0 W WW

Table 11. (R"[2], B"[1]).

WINN = OO

UONNHOOE
WNNRFR, OO
WNNRFR, OO
O W WN P =
O WWN P -
O WWN - |-
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Table 12. (R"[2], B"[2)).

000113
00 00113
0j0 0011 3
10111220
212 22331
212 22331
333300 2

Table 13. (R"[2], B"[3)).

Table 14. (R"[2], B [4]).

WINN = OO

WNNR OO
WNNR OO
O W WN P =
O W WN P =
O WWN P P
— OO WNNIN

WINN = OO

QJNNHOOZ
WNNR OO
O W WN =
O W WN P =
— OO WNNIN
N == O WWw

Theorem 5. There are 2 x 4 = 8 different translation-equivalent classes of fair dice pairs.

If there exists k, with 1 < k < 3, such that X — Y =k mod 4, then X and Y are translation equivalent.
More specifically, we have ®x = x*®y in Q[x]/ (x* — 1), where ®x, and @y is the generating function of
X and Y, respectively.

4. The Analysis of Result

From Table 1 and 2, we note that the quasi-distributions contain components that are 0. This shows
that the corresponding number does not appear on any face of the dice. It can be seen that at most,
four components are 0 in the quasi-distribution of a red or blue die and at least one component is 0 in the
quasi-distribution of a red die by Proposition 4. Therefore, in the quasi-distribution for a fair dice pair,
it has at least one and at most eight 0's appeared. In the subsections that follow, we examine these two
extreme situations.

4.1. Fair Dice Pairs Closest to the Traditional Dice Pair

In this subsection, we describe how we would make a minimal change to a pair of standard dice to
obtain a fair dice pair.

As noted above, there must be at least one 0 in the quasi-distribution of a fair dice pair. From Table 2,
we observe that we have the minimum 0 only in B[57] for the quasi-distribution of the blue die.
From Table 1, we note that there are four quasi-distributions containing one 0, that is, R[6], R[12], R[14],
and R[15]. We notice that B[57] = (1,2,3,4,5,6), R[6] = (4,2,3,4,5,6), R[12] = (1,3,3,4,5,6),
R[14] = (1,2,3,4,4,6), and R[15] = (1,2,3,4,5,3).
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Therefore, we obtain 4 fair dice pairs in total, that is, (R[6], B[57]), (R[12], B[57]), (R[14], B[57]),
and (R[15], B[57]). Any one of these 4 fair dice pairs can be constructed by taking a pair of standard dice
and renaming one of its 12 faces. We have just 4 renaming methods for the red(or blue) dice: 1 to 4, 2 to
3, 5 to 4, or 6 to 3. More specifically, as shown in Tables 15-18. As an example, we have (R[15], B[57]),
in which we change one of its two 6's to 3 from a pair of standard dice.

Table 15. (R[6], B[57)).

|1 23 456
41T 2 3 412
203 4123 4
3[4 12341
4/1 23 412
5234123
603 41234

Table 16. (R[12], B[57)).

|1 23456
T2 34123
3|4 123 41
3|4 12341
40123 412
52 3412 3
6)3 4123 4

Table 17. (R[14], B[57]).

QN W N

W WN-=
B NN PR QN
—= W WN = W
N BB QN P
W= =W NO1
B NN~ W oy

Table 18. (R[15), B[57]).

|1 23456
12 3412 3
203 412 3 4
3|4 123 41
411 23 412
5/2 341 2 3
314123 41

4.2. Fair Dice Pairs with the Fewest Types of Distinct Numbers

In this subsection, we focus on the case in which the most 0 occurrences appear in the corresponding
quasi-distribution.

From Table 1, there are 4 quasi-distributions for the red die with four 0’s components, that is, R[1], R[4],
R[10], and R[20]. From Table 2, there are 9 quasi-distributions for the blue die with four 0’s components,
that is, B[1], B[4], B[13], B[16], B[37], B[40], B[91], B[94], and B[100]. Combining these two sets, we get 36
fair dice pairs with eight 0's components occurrences. In each quasi-distribution, there are only two
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different numbers on each die in the fair dice pair. Further, each different number appears exactly three
times. These 36 fair dice pairs are of the simplest form.

From Tables 3 and 4, we observe that there are exactly eight fair dice pairs in which the different
numbers appearing on all faces are essentially the least (as shown in Tables 7-14.), that is, there are two for
the red die (i.e., (R’[1] and R’[4])]) and four for the blue die(i.e., B'[1], B'[4], B'[13], and B’[16]). As shown
in Table 7, the fair dice pair (R'[1], B'[4]) (i.e., (R”[1], B”[1])) is the simplest fair dice pair, requiring only a
sum operation.
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