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Abstract: In this article, using a fixed point index theorem on a cone, we prove the existence and
multiplicity results of positive solutions to a one-dimensional p-Laplacian problem defined on infinite
intervals. We also establish the nonexistence results of nontrivial solutions to the problem.
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1. Introduction

In this paper, we are concerned with the following one-dimensional p-Laplacian problem defined
on infinite intervals:

{er_l (M) HKO)f) =0, 1€ (Roo) o

u(R) = rlgngo u(r) =0,

where 1 < p < N, ¢,(s) := [s|P"2s for s € R\ {0}, 9,(0) := 0, K € C'(R{,Ry) with Ry = (0,00),
f is an odd and locally Lipschitz-continuous function on R, and R is a positive parameter.
Problem (1) arises naturally in the study of radial solutions of nonlinear elliptic equations,
with g(A, x,u) = K(|x|) f(u) and Q = RN \ Bg(0), of the form:
div(|Vu|P2Vu) + g(A,x,u) =0 inQ, )
u=20 on 0Q). ( )

For the last several decades, there has been extensive study of Problem (2) with various
assumptions for the domain () and the nonlinearity § = ¢(A, x, u). For example, for p = 2,Q) =
(=1,1), and g(A, x,u) = \x\l uP, Tanaka ([1]) showed the existence of one positive even solution
and two positive non-even solutions to problem (2) when I(p —1) > 4 and I > 0. Recently,
for p € (1,N),Q = RN\ Bg(0) and g(A,x,u) = AK(|x|)f(u), Shivaji, Sim, and Son ([2]) proved
the uniqueness of positive solution to Problem (2) for large A under suitable additional assumptions
on the reaction term f satisfying f(0) < 0. More recently, for p € (1,N),Q = RN\ B{(0) and
g(A, x,u) = AK(x)|u|P~2u + h(x), Drabek, Ho, and Sarkar ([3]) investigated the Fredholm alternative
for Problem (2) and also discussed the striking difference between the exterior domain and the entire
space. For more references, we refer the reader to [4-13] for bounded domains and to [14-23] for
unbounded domains.

By a solution u to Problem (1) with R € Ry, we mean u € C!(R, 00) N C[R, c0) with rN~1g, (i) €
C!(R, o) satisfies (1). We make a list of hypotheses that are used in this paper.
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(FO) there exist 0 < o < B < oo such that f(u) < 0 foru € (0,&), f(u) > 0 foru € (a,B) and
f(u) <0foru > pB;

(F1) there exists Cy > 0 such that |f(u)| < CouP~! foru € Ry;

(F2) p*K(r) +rK'(r) <0forr € Ry, where p*(= p*(N,p)) = %,‘

(F2)" p*K(r) +7rK'(r) > 0forr € Ry;

1

(F3) [{7IK(r)]Pdr < oo;

(F4) [ rP71K(r)dr < oo;

(F5) there exist positive constants q1,42,C; and Cp such that p < g0 < qq, Cor 7 < K(r) <

1

Cyr~ 1 forr € (0,Rp), and Cyr 1 < K(r) < Cor %2 for r € (Rg, o). Here, Ry = (C1C271)W €
Ry ifg; > qp,and Ry = 0 if g1 = gp and C < Cy.

Remark 1.

(1)  Note that (F2) (resp., (F2)') holds if and only if L [r""K(r)] < 0 (resp., > 0) for r € R.

(2) Assume that, for some constants C and q, K(r) = Cr™1 for r € Ry. Then, (F2) holds if g > p*;
(F2) holds if g < p*; (F3) and (F4) hold if ¢ > p. Since p < N < p*, (F2), (F3), and (F4) hold if
q > p*; (F2), (F3), and (F4) hold if p < q < p*. Note that, for any R € R, q > N if and only if
rN=1K(r) € L(R, o). Thus, in this case, (F2) implies 'N=1K(r) € L1(R, 00), but ¥N=1K(r) may not
be in L1(R, 00) if (F2)' holds.

(3) (F5) implies (F3) and (F4).

This paper is motivated by the recent works of laia ([16-19]), Joshi ([24]), and Joshi and Iaia ([20]).
For p = 2, the existence of an infinite number of solutions with a prescribed number of zeros to
Problem (1) was proven in [16-20,24], and the nonexistence of nontrivial solutions to Problem (1) was
shown in [16,18,24]. The proofs in those papers are mainly based on the shooting method. In this
paper, for p € (1, N), the nonexistence results of nontrivial solutions to Problem (1) are proven for
sufficiently large R > 0, and the existence results of positive solutions to Problem (1) are established.
Our approach for the existence results of positive solutions is based on a fixed point index theorem on
positive cones.

2. Nonexistence of Nontrivial Solutions to Problem (1)

Let u be a solution to Problem (1). Then, it is well known that u € C?([R,»)) for p € (1,2] and
u € CY([R,00)) NC?([R,0) \ A) for p > 2, where A = {r € [R,o0) : u'(r) = 0}. Clearly, zero is a
trivial solution to Problem (1), since f(0) = 0.

Theorem 1. Assume that (F0),(F1), (F2), and (F3) hold. Then, there exists R, > 0 such that Problem (1)
has no nontrivial solutions for any R > R..

Proof. Assume, on the contrary, that there exists a nontrivial solution u to Problem (1). By (F1),
if u'(R) =0, then u = 0 on [R, ) in view of [12] (Theorem 4()). Thus, u’(R) # 0. We may assume
that u/(R) > 0, since f is an odd function. Then, there exists My > R such that u/(r) > 0 for [R, M)
and u’'(M7) = 0. Set:

Ei[u](r) = "’;1 |”I'<((:>)|p + F(u(r)) for r € [R,c0),

%
where F(v) = / f(s)ds for v € R. Since u € C?([R, My)) is a solution to Problem (1),
0

d (=D )P . .
aEl[”](f’) =K [p*K(r) + rK'(r)] forr € [R, My).
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By (F2), £E1[u](r) > 0 for r € [R, M7). Consequently, E; [u] is nondecreasing in [R, M), and:
Eq [u](r) < E; [Z/I](Ml) = F(M(M])) forr € [R, Ml], 3)

which implies F(u(r)) < F(u(Mj)) for r € [R, M;]. In particular, 0 = F(u(R)) < F(u(My)). By
(FO0), there exist v € [a,B) and 6 € [B, o] such that F(u) < 0 for u € (0,7), F(u) > 0foru € (v,9)
and F(u) < 0foru > 6. Here, y = 0if &« = 0, and ¢y € (,0) if « > 0. Assume first that &« > 0.
Since F(u(M;j)) > 0, u(M;) € (v,0), and thus, there exists a constant Fy > 0 satisfying:

) > —Fforallt € (0, u(M)]. 4)
p—1 u (r
> for r € [R, M;]. Then:
p {/F(u

fi wnprar = /RMl I S/ /Mvﬁ

_ p F
- (/p [(/ NG *[(Mm]

By (F1) and from the fact u(Mj) € (v, 9), it follows that:
(”(M1)> ,_h < G ke
u [w(M)]P = p P

0< o/P=t] /S B
p p P

By (F3), f R V dr — 0 as R — oo, and thus, there exists R, > 0 such that Problem (1) has no
nontrivial solution for any R > R.. Next, assume that « = 0. Then, u(M;) € (0,0), and (4) with Fp =0
holds. Then, one can easily prove the desired result, by arguments similar to those in the proof for the
case & > 0. Thus, the proof is complete. [

mb—'

By (3) and (4), [K

0<

Consequently,

Using transformation v(t) = u(r) with t = r»-T, (1) can be rewritten equivalently as follows:

z

{(gop(v'))';h Hf() =0, te(0,R7T), )

— -1) -1 — P,

where h(t) = (H) t = K(t%’ N) = (II\?]_;) rP K(r).
For the sake of convenience, we make a list of classes of the weight & as follows:
o A={heC(RyRy): [y sP 1h(s)ds < oo};
1 11

o B={heCR,Ry): [} ¢ (fs h(r)dr) ds < co};
o C={heCRy,R;): fol s%h(s)ds < oo for some 6 € (0,p —1)};
e D={heC(R4Ry): fo Pds<00}
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Remark 2.

(1) It is well known that L1(0,1) NC(R4+,R1) CC C ANB, AC Bforp € (1,2), BC Aforp > 2,
and A = B for p = 2 (see, e.g., [25]). 1t is obvious that h € C, provzded h(t) = t=F for some p < p.

Moreover, C C D. Indeed, let h € C, and let p' := % (1,00). Then, 9( P ) > —1, and by the

= \

Holder inequality,

1
v

/Ol[h(t)]%dt:/Ol(t%(t))%(t@)—%dtg [/Olteh(t)dtr UO( ) Pdt] < oo,

p—N

- p * r___
(2) Assume that h(t) = <£ ! > rP K(r) with t = r»=1. Then, (F3) holds if and only if h € D, and

(F4) holds if and only if h € A.
(3) In[6] (Theorem 2.4), the C'-reqularity of solutions was proven, provided h € AN Band f(s) > 0 for

-N
s > 0. However, if p > 2 and h € A\ B, the solutions to (5) may not be in C! [O,R%] (see, e.g., [6]
(Example 2.7)).

Lemma 1. Assume that (F0), (F1) and (F4) hold. Let v be a nontrivial solution to (5). Then, there exists
8 > 0 such that v(t) # 0 fort € (0,8), and v'(0) € [—o0,0) U (0, o0].

Proof. Let v be a nontrivial solution to Problem (5). Then, v € C|[0, R%} ncl(o, R% |. First, we prove
that there exists 6 > 0 such that v(t) # 0 for t € (0,6). Assume, on the contrary, that there exists a
strictly decreasing sequence (t,) satisfying v(t,) = 0 and t, — 0 as n — oo. Multiplying the first
equation in (5) by v and integrating it over (t,11,t,), by (F1),

[ W )Pas = [ ) f(ols))ols)ds < Co [ h(s)lo(s) s ©)

Ep1 bng1 bnt1

By the Holder inequality, for s € (t,41,tn),

wwngwmwsﬁKEmewQ? %

Substituting (7) into the integrand on the right-hand side in (6),

ty tn tn
/ 10/(s)|Pds < Cp / P~ 1h(s)ds / 10/ (s)|Pds.
- tn+1

b1 Jtpg1

t
By (F4), h € A, and there exists N > 0 such that Cy / N spflh(s)ds < % Foranyn > N,
0

tn tn
[ e < %/ 1/ (s)|Pds.

NS} [EE]

which implies v/(s) = 0 for s € [t,41,ts] for all n > N. Consequently, by (7), v = 0 on [0, tn].
N p—N

Since h € C [tN,R’;’j], by Gronwall’s inequality, it can be easily proven that v = 0 on [0,R7 7],
which contradicts the fact that v is a nontrivial solution to Problem (5).

Since f is an odd function, we may assume that, for some é > 0, v(t) > 0 for t € (0,5). We prove
v'(0) € (0,00] in order to complete the proof. Since v is a solution to Problem (5), by (F0), v’ is
a monotonic function in (0,d1) for some §; € (0,6). Then, tl_i)ré}r v'(t) € [0,00]. Assume, on the

-N
contrary, that v/ (0) = 0. By L'Hopital’s rule, v’(0) = tli%i DT tlirgl+ v'(t), and thus, v € C! [O,R%]
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p—N

-N
= 0. Define w : [O,Rr;j] — Rby w(0) = 0and w(t) = @ fort € (O,R7T].
p—N

Then w € C[0,R 7 1], since v'(0) = 0. Fort € (O,R%],
wl = |3 ot ([ rosenar)a| < 1 ot ([ nolsem)i) d

o' (f Holfotea)

-N
By (F1), [w(t)|P~" < Co fy h(z)|o(z)|P~'dT = Co fy " h(7)|w(z)|P~dT for t € (0,R71].
-N -N
By Gronwall’s inequality, |w(t)|P~! = 0 on [0, Rpﬁj], and consequently, v = 0 on [0, R’;’j], which

contradicts the fact that v is a nontrivial solution to problem (5). Thus, the proof is complete. [J

satisfying v/ (0)

IA

Theorem 2. Assume that (F0),(F1), (F2)’, (F3), and (F4) hold. Then, there exists Ry > 0 such that for any
R > R, Problem (5) (or equivalently (1)) has no nontrivial solutions.

p=N p=N
Proof. Let v be a nontrivial solution to Problem (5). Then, v € C[0, R ]NCY(0,R7T]. By Lemma 1,
we may assume that v'(0) € (0,00] and v(t) > 0 for t € (0,6), since f is an odd function. Then, there
N

exists M € (O,R%) such that ¢/ (t) > 0 for (0, M) and v/(M,) = 0. Thus, v € C%(0, M>). Set:

Ealo]() = PO L b)), b e 0,RFT)

p o h(t)
dr _ p=lr dh_ (PN A ] O /
From the facts i~ poNi < 0 and o (N— p) o [ K(r )} L it follows that (F2)
holds if and only if /' < 0onRy. Since v € C2(0, My), by (F2),
d P11 ()
— >
g Eelol(t) = ; 01 > 0 for t € (0, M,),

and thus, E;[v] is nondecreasing in (0, M,). By an argument similar to those in the proof of Theorem 1,
the proof is complete. [

3. Existence of Positive Solutions to Problem (1)

z

-
Let R € R be given. Using transformation w(t) = u(r) with t = (R~1r) 7~

equivalently as follows:

T, (1) can be rewritten

{(%(w’))’ +hr(H)f(w) =0, t € (0,1), ®)
w(0) = w(1) =0,

p—1

p—1\7  p(N-1 p-1
where hg(t) = (N) RPt 7N K(RtrN) e C((0,1],Ry).

For convenience, we denote (F0) with « = 0 and = co by (F0)’, i.e.,
(FO)" f(u) > 0foru € (0,00).
Throughout this section, we assume (F0)" and (F5) hold, unless otherwise stated.

Remark 3. Assume that (F5) holds and that R € (0, Rg). Then, (F5) implies that:

Csz_qzkl(f) < hR(t) < ClRp_qlkz(t) fOT’i’ € (0, 1], 9)

p—1\F rN-D-g;(p-1) ) )
where k;(t) = (N p) t N fori=1,2.Since p < q2 < g1,
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sothathg € C C ANBND.

Denote X = (Cy[0,1], || - || ), where Cy[0,1] = {w € C[0,1] : w(0) = w(1) = 0} and ||w|le =
max;e(oq] |[w(t)| for w € Co[0,1]. Then, X is a Banach space, and K = {w € X : w is a nonnegative
and concave function} is a positive cone in X. For r > 0, we define K, = {w € K : |w|lw < 1},
0K, = {w € K : |w||lo = r}, and K, = K, UdK,. For w € K, it is well known that, for any
0€1(0,1/2), w(t) > d||w| e forall t € [§,1 — ] by the concavity of w on [0, 1] (see, e.g., [26] (Lemma 1)).

The following well-known result on the fixed point index is crucial in this section:

Lemma 2 ([27,28]). Assume that, for somer > 0, T : KK, — Kis completely continuous, i.e., compact and
continuous on K. Then, the following results hold:

(i) if | Tx]|leo > ||x]|eo for x € OKC;, then i(T, Ky, ) = 0;

(ii) if | Tx|lco < ||%||co for x € 0K, then i(T, Ky, K) = 1.

Let R € R, be given. Define Tg : K — K by, forw € K,

Sy oyt (S he(0) f(w(x))dT) ds, 0 <t < Ara,

Tl = {fﬁ 97" (Jap, tR(Df(@(T)dT) ds, Arw < ST,

where Ag , is a constant satisfying:

/OAR,w (p;1 </SAR/w hR(T)f(w(T))dT> ds = /AlR,w 90;71 (/ASRw hR(T)f(w(T))dT) ds.

Since hg € B, it is well known that Ty is well defined, Tr(K) C K, and Ty is completely
continuous on K (see, e.g., [4] (Lemma 3)). Clearly, Tr(Arw) = || Tr(w)]|| for all R € R, and all
w € K. It can be easily seen that (8) has a positive solution w if and only if Tk has a fixed point w
in K\ {0}.

Let f(m) = min{f(y) : 1m <y <m} and f(m) = max{f(y) : 0 <y < m} for m € Ry. Define
continuous functions Ry, Ry : Ry — R4 by:

mP~1 mp~1
Ri(m) = T and Ry(m) = T form € Ry.
f(m)A; f(m)A;
Here:
(g P
A7 = min /1 ®p / ki(t)dt ds,/1 ®p /1 ki(t)dt | ds
1 § 2 2
and:

Az = max {/0% qo;l </s% kz(T)dT) als,/ll q);l (/:kz(’f)d”[) ds}.

Remark 4. It is easily verified that (f). = 0if fo = 0, and (f). = oo if fo = oo. Here, fo := 1_1)12 %
2 S cS

for ¢ € {0,00}. Consequently, ml;chz(m) = coif fo = 0, and mh_)nlch(m) = 01if fo = co. Since

Ri(m) > Ro(m) > 0 forallm € Ry, fori = 1,2, mli_}rngR,«(m) = oo if f =0, and mli_)rrJerRi(m) =0if

fe = oo forc € {0,00}.
Lemma 3. Assume that (FO)" and (F5) hold. Let m € Ry be fixed. Then, for any R € (0, Ry) satisfying

CoRP~%2 > Ry (m),
i(Tg, Km, K) = 0. (10)



Mathematics 2019, 7, 438 7 of 11

Proof. Let R € (0, Ry) satisfying C,RP~92 > Ry (m) be fixed, and let w € 0K, Then, ym < w(t) < m
fort € [%,%], and:

mP~1 13
— fort € [Z’ Z]' (11)

w(t)) > f(m) =
f(w(t)) = f(m) Ry () A7

We have two cases: either (i)Ag € [3,1) or (ii) Arw € (0,%). We only consider the case (i),

since the case (ii) can be dealt with in a similar manner. Since CoRP~%2 > Ry (m), from (9) and (11),
it follows that:

ITr(@)]e0 = Tr(w)(ARw) = /OAR"”(P;l < /SAR'th(T)f(w(T))dT) ds

1

1 -1
ol /2 CoRP~ %2k ( mb
2 T) —dt | ds
/; O <s PRy (myal !

1

1 1
m 2 9 2
— ki(t)dt |ds > m = oo-
R (/S (1) ) s> m = o]

By Lemma 2, (10) holds for any R € (0,Ry) satisfying CoRP~%2 > R;(m). Thus, the proof is
complete. O

Y

\%

Lemma 4. Assume that (FO)' and (F5) hold. Let m € R be fixed. Then, for any R € (0,Rg) satisfying
CiRP™T < Ry(m),

i(Tg, K, KC) = 1. (12)
Proof. Let R € (0, Ry) satisfying CyRP~T1 < Ry(m) be fixed, and let w € 9/C;;,. Then:

_ mP—1
flw(t)) < f(m) = W fort € [0,1]. (13)

We only consider Ag 4 € (0, %), since the case Ar , € [%, 1) can be dealt with in a similar manner.
Since C1RP~T < Ry(m), from (9) and (13), it follows that:

ITelle = Tet(ara) = [ o5 ([ helose)ar) a
L 2 —a mP~1
/O 9 (/S C,RP—1 k2(T)R2(m)A§‘1dT> ds

1 1
Aﬂz /02 o' (/2 kz(r)d7> ds < m = ||w]|co.

By Lemma 2, (12) holds for any R € (0, Ry) satisfying C;RP~ 91 < Rp(m), and thus, the proof is
complete. [

IN

A

By Lemmas 3 and 4, the result that (8) (or equivalently (1)) has arbitrarily many positive solutions
can be obtained. For example, we have the following Theorems 3-8. Since the proofs are similar,
we only give the proof of Theorem 6 in detail.

Theorem 3. Assume that (FO)' and (F5) and that there exist R € (0, Rg), my, and my such that 0 < my < my
(resp., 0 < myp < myq), CoRP~12 > Ry(my) and CyRP~1 < Ry(my). Then, (8) has a positive solution w
satisfying my < ||w||e < my (resp., my < ||w|leo < 1m1).

Theorem 4. Assume that (FO)" and (F5) and that there exist R € (0, Rg), mq, my and M; (resp., Mp) such
that 0 < my < my < My (resp., 0 < my < my < Mp), CoRP~92 > Ry(my), CuRP~1 < Ry(my), and
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CoRP~%2 > Rqy(My) (resp., CiRP~T < Ryp(My)). Then, (8) has two positive solutions wy, wy satisfying
my < ||wlleo < My < ||wa]leo < My (resp., my < |||l < M1 < |2l < Mp).

Theorem 5. Assume that (FO)" and (F5) hold and that there exist R € (0, Rg), my, my, My and My such that
0<my <m <My < M(resp., 0 <m <mpy <M < M), CRPFTT2 > Rl(ml), CoRP™12 > Rl(Ml),
C1RP~T < Rp(My), and C;RP~T < Ry(my). Then, (8) has three positive solutions wy, wy, w3 satisfying
my < [[wrllee < my < ||wallee < My < ||w3llee < My (resp., my < |wylee < My < [[W2]lee < My <
[wslleo < Mp).

Theorem 6. Assume that (FO)" and (F5) hold and that fy = feo = 0. Then, there exists R* > 0 such that for
any R € (0, R*), (8) has two positive solutions.

Proof. From fy = fe = 0, it follows that lin(}+ Ri(m) = lign Rq(m) = oo. Then, there exists m} € R
m— m—ro0

* 1
satisfying Ry (m}) = min{Ry(m) : m € Ry} € R,.Set R* = min{RO,(%Tl))ﬁ}. For any R €
(0,R*), there exist m; = mq(R) and M; = M;(R) such that 0 < m; < mj < M; and CoRP~72 >
Rq(mq) = R;(M;). By Lemma 3,

forany R € (0,R*), i(Tr, K, ) =0 for m € {mq, My }. (14)

On the other hand, since fy = foo =0, lirgl+ Rp(m) = lign Ry(m) = oco. For any R € (0, R*), there
m— m—o0
exist mj € (0,my) and Mj € (M, ) such that C;RP~91 < Ry(m}) = Ry(M}). By Lemma 4,

forany R € (0,R*), i(Tg, K, K) = 1 for m € {m}, M}} (15)

Then, by (14) and (15) and the additivity property of the fixed point index, for any R € (0, R*),
i(TR, ]le \Kmi’ ’C) = —land i(TR, ]CM{ \ KMV IC) =1.

In view of the solution property of the fixed point index, for any R € (0, R*), there exist u; €
K, \K’”i and u; € Ky \ K, such that Tg(u;) = u; for i = 1,2. Thus, (8) has two positive solutions
forany R € (0,R*). O

Note that if either (i) fy = 0 and fo € Ry or (ii) fy € Rt and fo = 0, then there exists € > 0
satisfying Ry(m) > € for all m € Ry. By an argument similar to those in the proof of Theorem 6,
we have the following theorem:

Theorem 7. Assume that (FO)' and (F5) hold and that either (i) fo = 0 and fo € Ry or (ii) fo € Ry and
feo = 0. Then, there exists R* > 0 such that (8) has a positive solution for any R € (0, R*).

If fo = 0 and foo = oo (resp., fo = o and fo = 0), by Remark 4, lirﬂoRz(m) = oo and
m—

lim Ry(m) = ., lim Ry(m) = lim Ry(m) = o0). Then, f R € Ry, th i
m 1(m) O(resp,mi}rrio 1(m) = 0and m 2(m) = c0). Then, for any R € R, there exist
mq, My Satisfying 0 < mpy < m (resp., 0 < m < my), Rz(ﬂ”lz) > C;RP™1, and Rl(ml) < CyRP™12,
In view of Theorem 3, we have the following theorem:

Theorem 8. Assume that (FO)' and (F5) hold and that either (i) fo = 0 and fo = oo or (ii) fo = oo and
foo = 0. Then, (8) has a positive solution for all R € R ..

In the results so far, we assumed that f is positive for all u > 0, since it always satisfies (F0)’. If
we assume that f has a positive falling zero instead of (F0)’, i.e., f satisfies the following:

(F0)"” there exists B € Ry such that f(u) > 0 foru € (0,8) and f(u) < 0 for u € (B, ),
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then lin[} Ry (m) = oo, so that we can obtain results similar to Theorems 3-8 above as follows:

m—p—
Theorem 9. Assume that (FO)" and (F5) and that there exist R € (0, Ro) and my such that 0 < mqy < B and
CoRP=%2 > Rq(myq). Then, (8) has a positive solution w satisfying my < ||w||c < B.

Theorem 10. Assume that (F0)" and (F5) and that there exist R € (0, Rg), my and my such that 0 < my <
my < B, CoRP~%2 > Ry(my) and C{RP~91 < Ry(my). Then, (8) has two positive solutions w, w, satisfying
my < [[willee <my < [[wallee <B.

Theorem 11. Assume that (FO)" and (F5) hold and that there exist R € (0, Ry), my, mp and My such that
0<my <mp <My <B,CRF > Ry(my), CaRP™12 > Ry (M), and C;RP~N < Ry(my). Then, (8) has
three positive solutions wy, wy, w3 satisfying my < ||[w1lle < Mz < ||Wz|le < M1 < ||W3]leo < B

Theorem 12. Assume that (F0)" and (F5) hold and that fo = 0. Then, there exists R* > 0 such that for any
R € (0,R*), (8) has two positive solutions.

Theorem 13. Assume that (FO)" and (F5) hold and that fy € R.. Then, there exists R* > 0 such that (8)
has a positive solution for any R € (0, R*).

Theorem 14. Assume that (FO)" and (F5) hold and that fy = oco. Then, (8) has a positive solution for all
ReRy.

Finally, the examples to illustrate the results obtained in this paper are given.

Example 1.

] sm, forse0,1),
(1) Let f(S) = { s, fors e [1[00),
0<apy <p—1<uway. Then, (FO), (F2) (or (F2)'), (F5), and fy = feo = 0 are satisfied. By Theorem
1 (or Theorem 2) and Theorem 6, there exist positive constants R, and R* such that (1) has two positive
solutions for R € (0, R*), and it has no nontrivial solutions for R > R..
(2) Let K(r) = r3forr € Ry, and let p = N —1 = 2. Then, in the assumption (F5) and in (9),
g1 =92 =3,C; =Co=1,Rg = oo, and ki(t) = kp(t) =t~ € C\ L'(0,1). By direct calculation,
A1 =31(1-In2)and Ay = §. Let:

and let K(r) = r~9 for r € Ry, where p € (1,N), q > p, and

s2, fors € [0,2%A2),
fs) = ZGA%S%, fors € [22A3,28),
276432, fors € [28,00).

Then, fo = 0 and fe = co. Thus, by Remark 4, mlgr}ro R;(m) = oo and mlgﬂoo Ri(m) =0fori=1,2.

Moreover, since f(m) = f(m) and f(m) = f(m/4), Ry(m) (resp., Ry (m)) is decreasing in (0,2*A3) (resp.,
(0, 26A%)), increasing in (24A%,28) (resp., (2@4%,210)), and decreasing in (28, 00) (resp., (219, 00)). Since
R1(20A4%) = (4A3)71 < (2A3)71 = Ry(2®), for each R € (2A3,4A3), there exist my < 24A3 < my <
2042 < My < 28 < M satisfying R™1 < Ry(my), R™1 > Ry(my), R™1 < Ry(Ma) and R™1 > Ry(My).
Consequently, by Theorem 5 and Theorem 8, Problem (1) has three positive solutions for R € (2A3,4A3), and it
has a positive solution for all R € R..
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