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Abstract: In this paper, we define the concepts of (€, €) and (€, € Vq)-fuzzy filters of hoops, discuss
some properties, and find some equivalent definitions of them. We define a congruence relation on
hoops by an (€, €)-fuzzy filter and show that the quotient structure of this relation is a hoop.
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1. Introduction

The hoop, which was introduced by Bosbach in [1,2], is naturally-ordered commutative residuated
integral monoids. Several properties of hoops are displayed in [3-14]. The idea of the quasi-coincidence
of a fuzzy point with a fuzzy set, which was introduced in [15], has played a very important
role in generating fuzzy subalgebras of BCK/BCI-algebras, called (a,)-fuzzy subalgebras of
BCK/BClI-algebras, introduced by Jun [16]. Moreover, (€, € V gq)-fuzzy subalgebra is a useful
generalization of a fuzzy subalgebra in BCK/BCI-algebras. Many researcher applied the fuzzy
structures on logical algebras [17-22]. Now, in this paper, we want to introduce these notions and
investigate the existing fuzzy subsystems on hoops. Borzooei and Aaly Kologani in [8] defined the
concepts of filters, (positive) implicative and fantastic filters of the hoop, and discussed their properties.
Then, they defined a congruence relation on the hoop by a filter and proved that the quotient structure
of this relation is a hoop. Finally, they investigated under what conditions that quotient structure will
be the Brouwerian semilattice, Heyting algebra, and the Wajsberg hoop.

The aim of the paper is to define the concepts of (&, €)-fuzzy filters and (€, € Vq)-fuzzy filters of
hoops, discuss some properties and find equivalent definitions of them. By using an (€, €)-fuzzy filter
of hoops, we define a congruence relation on hoops, and we show that the quotient structure of this
relation forms a hoop.

2. Preliminaries

By a hoop, we mean an algebraic structure (H, ®, —,1) in which (H, ®,1) is a commutative,
monoid and for any x,y,z € H, the following assertions are valid.

H1) x > x=1.
(H2) x©(x = y) =y O (y = x).
(H3) x = (y = z) = (x ®y) — z(See [1,2]).

For any x,y € H, we can define a relation < on hoop H by x < yifand only if x — y = 1. Itis
easy to see that (H, <) is a poset. Therefore, in any hoop H, if for any x € H, there exists an element
0 € H such that 0 < x, then H is called a bounded hoop. Let W=1x"=x"10x, for anyn € N.If H
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is a bounded hoop, then we define a negation “’ ” on H by x’ = x — 0, for all x € H. By a sub-hoop of
a hoop H, we mean a subset S of H that satisfies the condition:

(Vx,ye H)(x,yeS = xOyeS, x—yeSs). (1)
Note that every non-empty sub-hoop contains the element 1.

Proposition 1. [23] Let (H, ®, —, 1) be a hoop. Then, the following conditions hold, for all x,y,z € H:
i) (H, <) is a meet-semilattice such that x Ny = x ® (x — y).

ii) xOy <zifandonlyif x <y — z.

iii) x Oy < x,yand x" < x, foranyn € N.

iv) x <y—x.

v) 1l s> x=xandx - 1=1

vi) x < (x > y) =y

vii) (x > y) O (y = z) < (x — 2).

viii) x <yimpliesx ©z<y©Oz,z—=-x<z—=yandy -z <x —z

Let F be a non-empty subset of a hoop H. Then, F is called a filter of H if, for any x,y € F,
x©®y € Fand, foranyy € Hand x € F,if x <y, theny € F (see [23]).

Let X be a nonempty set, x € X and t € (0,1]. The fuzzy point with support x and value ¢ is
defined as:

) te(01] ify=x,
”(y)'_{o if y #x,

and is denoted by x;.

For a fuzzy point x; and a fuzzy set A in a set X, Pu and Liu [15] defined the symbol x;aA, where
a € {€,9,€Vq,€ANq}. This means that, x; € A (resp. x¢gA) if A(x) > t (resp. A(x) +t > 1). Then, x;
is said to belong to (resp. be quasi-coincident with) a fuzzy set A. Moreover, x; €V g A (resp. x; EAGA)
means that x; € A or x;gA (resp. x; € A and xgA).

From now one, we let H denote a hoop, unless otherwise specified.

3. (&, B)-Fuzzy Filters for (&, B) € {(€,€),(€,€Vq)}

In this section, we define (&, §)-fuzzy filters of hoops for (¢, 8) € {(€,€),(€,€Vq)}, and we
investigate some of their properties. Furthermore, we define a congruence relation on hoops by these
filters and prove that the corresponding quotients are a bounded hoop.

Definition 1. Let (a,B) € {(€,€),(€,€V q)}. Let A be a fuzzy set of H. Then, A is called an («, B)-fuzzy
filter of H if the following assertions are valid.

(Vx € H)(¥t € (0,1]) (xiad = 1,8A), @)
(Vx,y € H)(Vt,k € (0,1]) (xtad, (x = Y)k&A = Yminfex} PA)- ®)

Example 1. On the set H = {0,4a,b,1}, we define two operations © and — on H by:

- | 0o a b 1 © | 0 a b 1
0 1 1 1 1 0 0 0 0 0
a a 1 1 1 a 0 0 a a
b 0 a 1 1 b 0 a b b
1 0 a b 1 1 0 a b 1
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Then, (H, ®, —,1) is a hoop. Define the fuzzy set A in H by A(0) = A(a) = 0.4, A(b) = 0.6, and A(1) = 0.8.
Then, A is an (€, €)-fuzzy filter of H, and it is clear that A is an (€, € V q)-fuzzy filter of H.

Theorem 1. A fuzzy set A in H is an (€, €)-fuzzy filter of H if and only if the following conditions hold:

(Vx € H)(A(1) = A(x)), 4)
(Vx,y € H)(A(y) = min{A(x), A(x = y)}). ©)

Proof. Let A be an (€, €)-fuzzy filter of H and x € H such that A(x) = t. Since A is an (€, €)-fuzzy
filter of H, by Definition 1, A(1) > t = A(x). Therefore, A(1) > A(x). Now, letx,y € H. If A(x) = ¢
and A(x — y) =k, then x; € A and (x — y); € A. Since A is an (€, €)-fuzzy filter of H, we have
ymin{t,k} € A, so:

Aly) > min{t, k} = min{A(x),A(x — y)}

Conversely, suppose x € Hand t € (0,1]. If x; € A, then A(x) > t. Since A(1) > A(x), we have
A(1) > t,and so, 1 € A. Furthermore, if x; € A and (x — y)i € A, then by assumption,

Aly) > min{A(x), A(x — y)} > min{t, k}
Hence, Ymin(1 4} € A Therefore, A is an (€, €)-fuzzy filter of H. [
Proposition 2. If A is an (€, €)-fuzzy filter of H, then the following statement holds.
(Vxy e H)(x <y = Ax) < Ay))- (6)

Proof. Let x,y € H such that x < y. Therefore, it is clear that x — y = 1. Since A is an (€, €)-fuzzy
filter of H, by Theorem 1, A(1) > A(x) and A(y) > min{A(x),A(x — y)}, for any x,y € H. Then:

My) = min{A(x), A(x = y)} = min{A(x),A(1)} = A(x)
Hence, A(y) > A(x). O

Theorem 2. A fuzzy set A in H is an (€, €)-fuzzy sub-hoop of H such that, for any x € H, A(x) < A(1).
Then, for any x,y,z € H, the following statements are equivalent:

(i) Aisan (€, €)-fuzzy filter of H,

(it) if (x = y)r € Aand (y — z)x € A, then (X = Z)mingriy € A

(iii) if (x > y)e € Aand (x ©z)x € A, then (Y © 2) mingeiy € A

Proof. (i) = (ii) Let A be an (€, €)-fuzzy filter of H such that (x — y); € Aand (y — z); € A.
Then, A(x — y) > tand A(y — z) > k. By Proposition 1(vii), x =y < (y — z) — (x — z). Then,
by Proposition 2,

AMx—=y) <Ay = z) = (x = 2))

Since (x — y); € A, we have ((y — z) — (x — 2))¢ € A. Thus, by (i),

min{t, k} min{A(x — y),A(y — z)}

min{A((y —z) = (x = 2)),A(y = z)}

ININ A

Alx = z)

Hence, (X = z)minft 4} € A-
(ii) = (i) Itisenoughtoletx = 1.
(i) = (iii) Let A be an (€, €)-fuzzy filter of H such that (x — y); € A and (x ® z);y € A. Then,
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by Proposition 1(vi), z®x® (x - y) <z®y. Thus,x - y < (z®x) — (z®y). By Proposition 2,
AMx—=y) <A((zOx) = (zOy)), so:

min{t,k} < min{A(x = y),A(zOx)}
< min{A(zOx),AM(z0x) = (zOY))}
<

Mz ©Oy)

Hence, (¥ © z) min{tk} € A-
(iii) = (i) Itisenoughtoletz=1. O

Theorem 3. Let A be an (€, €)-fuzzy filter of H, x,y € H, and t € (0,1]. Define:
x =) yifandonlyif (x = y)r € Aand (y — x); € A
Then, = is a congruence relation on H.

Proof. It is clear that =, is reflexive and symmetric. Now, we prove that =, is transitive. For this,
suppose x =, y and y =, z. Then, there exists t,m € (0,1] such that (x = y); € Aand (y — x); € A,
and also, (y — z), € Aand (z — y)m € A. By Proposition 1(vii), x -y < (y — z) = (x — z), and by
Proposition 2, we have:
min{t,m} min{A(x = y),A(y = z)}

min{A(y = 2), A((y = 2) = (x = 2))}

ININ A

AMx — 2)
Hence, (X — z)min{t,m} € A In a similar way, we get that:

min{t,m} < min{A(z = y), Ay — x)}
< min{A(y = x),A((y = x) = (z = x))}
<

Mz = x)
Hence, (z — X)min{tm} € A. Therefore, x =, z. Suppose that x =, y. We show thatx ©z =) y Oz,
for any x,y,z € H. Since x =, y, for any t € (0,1], we have (x — y); € Aand (y — x); € A

Sincey®z <y®zy <z — (y©z). By Proposition 1(viii), x - y < x — (z = (y ®z)), and so,
x =y <(x®z)— (y©®z).Since A is an (€, €)-fuzzy filter of H, by Proposition 2, we have:

E<Ax —y) <Mx©z) = (yO32))

Hence, ((x ®z) — (y®z)); € A. In a similar way, since x ©z < x©z, wegetx < z — (x©z).
By Proposition 1(viii), y > x <y — (z = (x®z)),and so,y = x < (y®z) = (y © z). Since A is an
(€, €)-fuzzy filter of H, by Proposition 2, we have:

<Ay = x) <My©z) = (x032))

Hence, ((y ©z) = (x ®z)); € A. Therefore, x ®z =) y © z. Finally, suppose that x =) y; we show that
x —z=)y—zforany x,y,z € H. Since x =, y, forany t € (0,1], we have (x — y); € Aand (y —
x)¢ € A. By Proposition 1(vii) and Proposition 2,

F<Alx—=y) <Ay = z) = (x = 2))
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and:
F<AMy—=x)<A((x = z) = (y = 2))

Hence, x — z =) y — z. Itis easy to see that z — x =) z — y. Therefore, =, is a congruence relation
onH. [

H

=)

Theorem 4. Let %\ = {[a]) | a € H}, and operations & and ~ on = are defined as follows:

[a]a @ [b]x = [a @ b] and [a]y ~> [b]x = [a — b]x
Then, (%, ®,~+,[1]1) is a hoop.

Proof. We have [a], = [b], and [c], = [d], if and only ifa =) band ¢ = d. Since =, is the congruence
relation on H, then all above operations are well-defined. Thus, by routine calculation, we can see that
% isahoop. O

Now, we define a relation on % by:
[a]y < [b], ifand only if (2 — b); € A, foranya, b € Hand t € (0,1]

It is easy to see that (E%, <) is a poset.
Note: According to the definition of the congruence relation, it is clear that:

My={acH|(@a—1)icrand (1 »a);cA}={acH|a €A}

Therefore, as we define a relation on quotient, [a]), < [b], if and only if (2 — b); € A, it is similar to
writing [a]y < [b], if and only if [a]y — [b]) € [1],-

Theorem 5. If A is a non-zero (€, €)-fuzzy filter of H, then the set:
Ho := {x € H | A(x) # 0} )
is a filter of H.

Proof. Let x € Hy. Since A(x) # 0, we conclude that there exists t € (0,1] such that A(x) > t.
Moreover, from A being an (€, €)-fuzzy filter of H, by Definition 1, x; € A, then 1; € A. Hence,
A(1) > A(x) =t #0,and so, 1 € Hy. Now, suppose that x, x — y € Hy. Then, there exist t,k € (0,1],
such that A(x) > tand A(x — y) > k, and so, x; € A and (x — y)x € A. Thus, by Definition 1,
Ymin{tk} € A, and so, A(y) > min{t,k} # 0. Hence, y € Hy. Therefore, Hy is a filter of H. [J

Proposition 3. If A is a non-zero (€, € V q)-fuzzy filter of H, then A(1) > 0.

Proof. Let A(1) = 0. Since A is an (€, € Vq)-fuzzy filter of H, by Theorem 1, for any x € H,
A(x) < A(1) = 0. Hence, for any x € H, A(x) = 0, and so, A is a zero (€, € V q)-fuzzy filter of H,
which is a contradiction. Therefore, A(1) > 0. O

Theorem 6. For any filter F of H and t € (0,0.5], there exists an (€, € V q)-fuzzy filter A of H such that its
€-level set is equal to F.

Proof. Lett € (0,0.5] and A : H — [0,1] be defined by A(x) = ¢, for any x € F, and A(x) = 0,
otherwise. By this definition, it is clear that U(A;t) = F. Therefore, it is enough to prove that A is an
(€,€V q)-fuzzy filter of H. Let x € H. Then, A(x) = 0or A(x) = t. Since F is a filter of Hand 1 € F,
we have t = A(1) > A(x), for any x € H. Now, suppose that x; € A and (x — y); € A. We consider
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the following cases:

Case 1: If A(x) =tand A(x — y) =t, then x,x — y € F. Since F is a filter of H, we have y € F, and so,
A(y) > min{A(x),A(x — y)} = t. Hence, y; € A. Therefore, A is an (€, € V q)-fuzzy filter of H.

Case 2: If A(x) =tand A(x — y) = 0, then it is clear that:

Ay) > min{A(x), A(x = y)} =0

Hence, yo € A. Therefore, A is an (€, € V q)-fuzzy filter of H.
Case 3: If A(x) = 0and A(x — y) = 0, then it is clear that:

Ay) > min{A(x), A(x = y)} =0

Hence, yy € A. Therefore, A is an (€, € V q)-fuzzy filter of H.
Therefore, in all cases, A is an (€, € V q)-fuzzy filter of H and U(A;t) = F. [

For any fuzzy set A in H and t € (0, 1], we define three sets that are called the €-level set, g-set,
and €V g-set, respectively, as follows.

U(At):={x e H|A(x) > t}.

Api={x e H|xqA}.

Aevg:={x € H|x €VgA}.
Theorem 7. Given a fuzzy set A in H, the following statements are equivalent.

(i)  The nonempty €-level set U(A;t) of A is a filter of H, for all t € (0.5, 1].
(i) A satisfies the following assertions.

(Vx € H)(A(x) < max{A(1),0.5}). (8)
(Vx,y € H)(max{A(y),0.5} > min{A(x — y),A(x)}). )

Proof. Let x € H and t € (0.5,1] such that A(x) = t. Then, x € U(A;t). Since U(A;t) is a filter of H,
1 € U(A;t). Thus, A(1) > t. Moreover, since t € (0.5,1], we have max{A(1),0.5} > A(1) >t = A(x).
Hence, max{A(1),0.5} > A(x). Now, suppose x,y € H and t,k € (0.5,1] such that A(x) = t and
Alx — y) = k. Then, x,x — y € U(A;min{t,k}). Since U(A; min{t,k}) is a filter of H, we have
y € U(A; min{t, k}). Thus, A(y) > min{t,k}. From ¢,k € (0.5,1], we conclude that,

max{A(y),0.5} > min{t, k} = min{A(x),A(x — y)}

Hence,
max{A(y),O.S} > min{A(x),A(x — y)}

Conversely, let x € U(A;t). Then, A(x) > t. Since t € (0.5, 1], by assumption:
t < A(x) < max{A(1),0.5} = A(1)

Thus, A(1) > t,s01 € U(A;t). Now, suppose that x,x — y € U(A;t), forany x,y € Hand t € (0.5,1].
Then, A(x) > tand A(x — y) > t. By assumption,

max{A(y),0.5} > min{A(x — y),A(x)} >t

Since t € (0.5,1], we have A(y) > t,soy € U(A;t). Hence, U(A; ) is a filter of H. [

It is clear that every (€,€)-fuzzy filter of H is an (€,€ Vg)-fuzzy filter of H.
However, the converse may not be true, in general.
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Example 2. On the set H = {0,4a,b,c,d, 1}, we define two operations ® and — as follows:

— ‘ 0 a b ¢ d 1 ® ‘ 0 a b ¢ d 1
0 1 1 1 1 1 1 0 0 0 0 0 0 O
a c 1 b ¢ b 1 a 0 a d 0 d a
b d a 1 b a 1 b 0 d ¢ ¢ 0 b
c a a 1 1 a 1 c 0 0 c¢c ¢ 0 ¢
d b 1 1 b 1 1 d 0 d 0 0 0 d
1 0 a b ¢ d 1 1 0 a b ¢ d 1

By routine calculations, it is clear that (H, ®, —,0, 1) is a bounded hoop. Define a fuzzy set A in H as follows:

0.1ifx =0,
0.1ifx =a,
02ifx =10,
A:H —[0,1], x — 03ifx — ¢
0.1ifx =d,
05ifx =1

It is easy to see that A is an (€, € V q)-fuzzy filter of hoop H, but it is not an (€, € V q)-fuzzy filter of H;
because:
0.2 = A(b) # min{A(c),A(c = b)} = min{A(c),A(1)} = min{0.3,0.5} = 0.3

However, it is not an (€, €)-fuzzy filter of H.
Now, we investigate under which conditions any (&, € V q)-fuzzy filter is an (€, €)-fuzzy filter.
Theorem 8. Ifan (€, €V q)-fuzzy filter A of H satisfies the condition:
(Vx € H)(A(x) < 0.5), (10)
then A is an (€, €)-fuzzy filter of H.

Proof. Let x; € A, for any x € H and t € (0,0.5). Since A is an (€, € Vq)-fuzzy filter of H,
by Definition 1, 1; € A or 1;gA. If 1; € A, then the proof is clear. If 1;qA, then A(1) +t > 1.
Since t € (0,0.5), 1 —t € [0.5,1], then A(1) > t. Hence, 1; € A. Now, suppose that x; € A and
(x = y)x € A. From Ais an (€, € V q)-fuzzy filter of H, by Definition 1, yninft s} € A OF Yming k1 9A-
If Ymin{tk} € A, then the proof is complete. However, if yin; 4194, then A(y) +min{t,k} > 1, and so,
A(y) > 1 —min{t,k}. Since t € (0,0.5), we have 1 — min{t,k} € [0.5,1], and so, A(y) > min{t, k}.
Then, Ymin{txy € A- Therefore, A is an (€, €)-fuzzy filter of H. [

Theorem 9. If A is an (€, € V q)-fuzzy filter of H, then the q-set Al is a filter of H, for all t € (0.5,1].

Proof. Let x € A/, forany x € Hand t € (0.5,1]. Then, A(x) +t > 1, and so, A(x) > 1 —t. Since
Ais an (€, € V q)-fuzzy filter of H, by Definition 1, we have 1;_; € A or 17_gA. If 1;_;gA, then it is
clear that A(1) > t. Since t € (0.5,1], we have A(1) +t > 2t > 1,and so, 1 € A,". If 1;_; € A, then
A1) > 1—t,and so, A(1) + ¢ > 1. Thus, in both cases, 1 € Aqt. Now, suppose that x,x = y € /\qt,
forany x,y € Hand t € (0.5,1]. Then, A(x) + ¢ >1and A(x - y) +t > 1,and so, A(x) > 1 —tand
Alx = y) >1—t. Since Ais an (€, € V q)-fuzzy filter of H, by Definition 1, we have Yinf1—,1-¢} € A
OF Ymin{1—t1-1}9A I y1-¢ € A, then A(y) > 1—t,and so, A(y) +t > 1. Ify; 4qA, then A(y) +1—t > 1,
and so, A(y) > t. Since t € (0.5,1], we have A(y) +t > 2t > 1. Hence, in both cases, y € /'\qt. Therefore,
Ag' is a filter of H, forany t € (0.5,1]. O
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Theorem 10. A fuzzy set A in H is an (€, € V q)-fuzzy filter of H if and only if the following assertion is valid.

A(1) > min{A(x),0.5}
(Vx,y € H) < Aly) > min{A(x),A(x —y),0.5} > ’ (1)

Proof. Letx; € A, foranyx € Hand t € (0,1]. Since Aisan (€, € V q)-fuzzy filter of H, we have 1; € A
or 1;gA. It means that A(1) > tor A(1) > 1 — t. Therefore, A(1) > min{A(x),0.5}. In a similar way,
ifx; € Aand (x — y)x € A, forany x,y € H and t,k € (0,1], since A is an (€, € V q)-fuzzy filter of H,
then we have Ypin( k) € A OF Ymin{t k) gA- This means that A(y) > min{t, k} or A(1) > min{1—¢1—k}.
Therefore, A(y) > min{A(x), A(x — y),0.5}. Conversely, let x; € A, forany t € (0,1] and x € H. Then,
by assumption, we have A(1) > min{A(x),0.5}. If t € (0,0.5], then A(1) > A(x) = ¢, and so, 1; € A.
If t € (0.5,1], then A(1) > 0.5, and so, A(1) + ¢ > t+ 0.5 > 1; thus, 1;gA. Hence, 1; € V gA. Now,
suppose that x; € A and (x — y); € A, forany x,y € H and t,k € (0,1]. Then, by assumption, we
have A(y) > min{A(x),A(x — y),0.5}. If t, k € (0,0.5], then:

A(y) > min{A(x),A(x — y),0.5} = min{t, k}
Hence, Ymingr i € A- If £,k € (0.5,1], then:
A(y) > min{A(x),A(x = y),0.5} = 0.5

Therefore, A(y) + min{t,k} > min{t,k} +0.5 > 1. Thus, ypins9A- Hence, Ymingery € VgA.
Therefore, A is an (€, € V q)-fuzzy filter of H. O

Theorem 11. A fuzzy set A in H is an (€, € V q)-fuzzy filter of H if and only if the non-empty &-level set
U(A;t) of Ais a filter of H, forall t € (0,0.5].

Proof. Let A be an (€, € V q)-fuzzy filter of H and x € U(A;t), for any ¢t € (0,0.5]. Then, A(x) > ¢,
and so, x; € A. Since A is an (€, €V q)-fuzzy filter of H, 1; € A or 1;gA. If 1; € A, then it is clear that
1€ U(A;t), and if 14gA, then A(1) > 1 —¢t. Since t € (0,0.5],1—t € (0.5,1],s0 A(1) > 1 —t > t. Thus,
1 € U(A;t). Now, suppose that x,x — y € U(A; ), then A(x) > tand A(x — y) > t,and so, x; € A
and (x — y); € A. Since A is an (€, € V q)-fuzzy filter of H, y; € A or yigA. If y; € A, then it is clear
thaty € U(A; t), and if yigA, then A(y) > 1 —t. Since t € (0,0.5],1 —t € (0.5,1],s0A(y) >1—t > ¢.
Thus, y € U(A;t). Therefore, U(A;t) is a filter of H, for any t € (0,0.5].

Conversely, suppose U(A;t) is a filter of H and x; € A, forany x € H and t € (0,0.5]. Then,
A(x) > t,sox € U(A; t). Since U(A; t) isafilterof H,1 € U(A;t),so A(1) > t. Hence, 1; € A, and so,
1; € VgA. Now, let x; € Aand (x — y); € A, forany x,y € H and t,k € (0,0.5]. Then, A(x) > t and
Alx = y) > k,and so, x,x — y € U(A;min{t, k}). Since U(A; ) is a filter of H, y € U(A; min{t, k}),
and so, A(y) > min{t k}. Hence, ymin(txy € A. Therefore, yingi sy € VgA. Therefore, A is an
(€, €V q)-fuzzy filter of H, for any t € (0,0.5]. O

Theorem 12. A fuzzy set A in H is an (€, €V q)-fuzzy filter of H if and only if the following assertion is valid.

Alx ©y) > min{A(x),A(y),0.5}
(Vx,y € H) ( x <y = A(y) > min{A(x),0.5} ) ' (12)

Proof. Assume that A is an (€, € V q)-fuzzy filter of H and x,y € H. Then, by Theorem 11, U(A;t)
is a filter of H, for any t € (0,0.5]. If x,y € U(A;t) and t € (0,0.5], then x ®y € U(A;t). Thus,
AMx©y) >t =min{A(x),A(y)}. If t € (0.5,1], it is clear that A(x ©® y) > min{A(x),A(y),0.5}. Now,
suppose x < y. If A(x) > tand t € (0,0.5], then x € U(A;t). Since U(A; ) is a filter of H, y € U(A; t).
Thus, A(y) > A(x), for t € (0,0.5]. If t € (0.5,1], then A(y) > min{A(x),0.5}.
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Conversely, let A be a fuzzy set in H that satisfies the condition (12). Since x < 1 forall x € H,
we have A(1) > min{A(x),0.5} forallx € H. Sincex ® (x - y) < yforallx,y € H, we get:

Aly) > min{A(x ® (x = y)),0.5}
> min{min{A(x),A(x — y),0.5},0.5}
= min{A(x),A(x — y),0.5}

for all x,y € H. It follows from Theorem 10 that A is an (&, € V q)-fuzzy filter of H. O

Theorem 13. A fuzzy set A in H is an (€, €\ q)-fuzzy filter of H if and only if)\tevq is a filter of H, for all
t € (0,1] (we call Atevq an €V g-level filter of A).

Proof. Let A be an (€, € V q)-fuzzy filter of H and x € Atevq, forany x € Hand t € (0,1]. Then,
x € U(A;t) or x € Af. This means that x; € A or x;; € A. Since A is an (€, € V q)-fuzzy filter
of H, we have, if x; € A, then 1; € A or 1;gA. Furthermore, if x;_; € A, then 1;_; € A or x1_4gA;
this means that x;gA or x; € A. Hence, in both cases, 1; € VgA, and so, 1 € Atev g In a similar way,
let x,x - y € AL g forx,y € Hand t € (0,1]. Then, x,x — y € U(A;t) or x,x — y € )Lfi or
x € U(A;t) and x — y € Af. Therefore, we have the following cases:
Case 1: if x,x — y € U(A;t), then x; € A and (x — y); € A. Since Ais an (€, €V q)-fuzzy filter of H,
Yt € Aor yigA. Therefore, y € ALy 4.
Case2: if x,x — y € A[, thenx; ; € Aand (x — y)1; € A. Since Ais an (&, € V q)-fuzzy filter of H,
Y1_t € Aory;_gA. It is equivalent to yigA or y; € A, respectively. Therefore, y € AL, g
Case3: ifx € U(A;t) and x — y € AL, then x; € A and (x — y)1_; € A. Since Ais an (€, €V q)-fuzzy
filter of H, A(y) > min{1 —t,t}, and so, it is equal to y; € A or ygA. Thus, in both cases, y € )Ltevq.
Therefore, AL, g is a filter of H.

Conversely, let x; € A, for any x € H and t € (0, 1]. Since )‘tev q isafilterof H,1 € )Ltev g Then,
1; € VgA. Now, suppose that x; € A and (x — y)x € A, forany x,y € H and t,k € (0,1]. Then, it is
clear that x,x — y € /\Iélvinq{t’k}. Since AL, gisafilterof H, y € Ag‘vi‘;{t"‘}. Therefore, Ypin(1x) € A Or
Ymin{t} 97 Hence, Ymingixy €V gA. Therefore, A is an (€, € V g)-fuzzy filter of H. [

Theorem 14. Let f : H — K be a homomorphism of hoops. If A and p are (€, € V q)-fuzzy filters of H and K,
respectively, then:

(i) f () isan (€, €V q)-fuzzy filter of H.
(i) If f is onto and A satisfies the condition:

(VT CH)(3xp €T) (/\(xo) = supA(x)) , (13)

xeT

then f(A) isan (€, €V q)-fuzzy filter of K.

Proof. (i) Letx; € f~!'(u), forany x € Hand t € (0,1]. Then, f(x); € u. Since u is an (€, €
V q)-fuzzy filter of H, we have f(1); €V qu. Thus, 1; € Vqf ' (u). Now, suppose x; € f~ () and
(x = y)x € fY(p), forany x,y € Hand t,k € (0,1]. Then, f(x); € pand f(x — y) € p. Since y is
an (€, € V q)-fuzzy filter of H, we have f(y)min(txy €V qu. Hence, Ypmingixy €V qf~'(u). Therefore,
f~Y(u) isan (€, €V q)-fuzzy filter of H.

(ii) Leta € Kandt € (0,1] be such that a; € f(A). Then, (f(A))(a) > t. By assumption, there exists
x € f~1(a) such that A(x) = Sup,cf-1(oA(z). Then, xy € A. Since A is an (€, € V q)-fuzzy filter of
H,wehave 1; € A. Now, 1 € f71(1),s0 (f(1))(1) > A(1), then (f(A1))(1) > tor (f(A))(1) +t > 1.
Thus, 1; € Vqf(A). In a similar way, let a,a — b € K and t,k € (0,1] be such that a; € f(A) and
(a— b)i € f(A). Then, (f(A))(a) > tand (f(A))(a — b) > k. By assumption, there exist x € f~1(a)
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and x — y € f~1(a — b) such that A(x) = supzeffl(a))\(z) and A(x — y) = supweffl(aﬁb))\(w).
Then, x; € A and (x — y)x € A. Since A is an (€, € V q)-fuzzy filter of H, we have ypingi 4 € A- Now,
y € f1(y), so (f(A)(y) = Aly), then (f(A))(y) > min{t,k} or (f(A))(y) +min{t,k} > 1. Thus,
Ymin{tk} € VQf(/\) [

Theorem 15. Let A be an (€, € V q)-fuzzy filter of H such that:
{A(x) | A(x) <05} > 2.
Then, there exist two (€, € V q)-fuzzy filters y and v of H such that:

i A=wuuw
(i) Im(p)and Im(v) have at least two elements.
(iii) u and v do not have the same family of €\ g-level filters.

Proof. Let {A(x) | A(x) <05} = {t1,t2,...,t,} wheret; > t, > --- > t, and r > 2. Then, the chain
of €V g-level filters of A is:

t
A%, AL, CAB,C - C AL, =H.

Define two fuzzy sets y and v in H by:

. f
y(x) _ tl if x S AGV[/]’
tnlfxeA q\/\ Lforn=2,3,---,r,

and:

Ax )1fx€)\€vq,
v(x) =< kifxe /\e\/q\)\e\/q/
tnif x € A2, q\/\” Lforn =3,4,-

respectively, where k € (t3,;). Then, y and v are (€, € V q)-fuzzy filters of H,and y C A and v C A.
The chains of € V g-level filters of i and v are given by:

t tp .5 t t
pdyg Cpué, C Cyevqandve\/qCv g © SV

respectively. It is clear that y Uv = A. This completes the proof.
O

4. Conclusions

Our aim was to define the concepts of (€, €)-fuzzy filters and (€, € Vq)-fuzzy filters of hoops,
and we discussed some properties and found some equivalent definitions of them. Then, we defined a
congruence relation on the hoop by an (€, €)-fuzzy filter of the hoop and proved that the quotient
structure of this relation is a hoop. For future works, we will introduce («, B)-fuzzy (positive)
implicative filters for («,p) € {(€,€),(€,€ Vq)} of hoops, investigate some of their properties,
and try to find some equivalent definitions of them. Furthermore, we study the relation between them.
Moreover, we can investigate the corresponding quotients.
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