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Abstract: In this paper, we consider a resolvent operator which depends on the composition of
two mappings with @ operation. We prove some of the properties of the resolvent operator, that is,
that it is single-valued as well as Lipschitz-type-continuous. An existence and convergence result is
proven for a generalized implicit set-valued variational inclusion problem with & operation. Some special
cases of a generalized implicit set-valued variational inclusion problem with ¢ operation are discussed.
An example is constructed to illustrate some of the concepts used in this paper.
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1. Introduction

Because of applications in optimization problems, mathematical programming, equilibrium problems,
engineering, economics and operation research etc., suitable progress has been achieved in both theory and
application of various types of variational inequalities (inclusions) and their generalizations. After careful
observation, it was noticed that the projection method and its variant forms cannot be applied for solving
variational inclusions. This fact motivated researchers to use techniques based on resolvent operators.
The resolvent operator and its variant forms represent an important tool for finding the approximate
solutions of variational inclusions. The main idea in this technique is to establish the equivalence between
the variational inclusions and the fixed point problems using the concept of resolvent. For more details,
we refer to [1-20] and the references therein.

@ operation, that is, XOR-operation is a binary operation and behaves like the ADD operation:
It takes two arguments and produces one result. This operation is commutative, associative, and
self-inverse. In Boolean algebra, it is the same as addition modulo(2). XOR represents the inequality
function, i.e., the output is true if the inputs are not alike; otherwise, the output is false. It is interesting to
note that if we take the XOR of any number with 1, then we get the complement of the number, and if we
take XOR with 0, then we get the same number. XOR terminology is used to generate pseudo-random
numbers, to detect error in digital communication, inside CPU it helps in addition operation, etc.
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Li and his co-authors [21-23] first used the @ operation for solving some classes of variational
inclusions and after that, Ahmad and his co-authors [24-26] also solved some generalized variational
inclusions with @ operation.

In this paper, we consider a resolvent operator with @ operation involving composition of
two mappings. We proved some properties of the resolvent operator. An iterative algorithm was
constructed to solved a generalized implicit set-valued variational inclusion problem with & operation in
real ordered positive Hilbert spaces. An existence and convergence result was proven for a generalized
implicit set-valued inclusion problem with @ operation. Some special cases are discussed and an example
is given in support of some of the concepts used in this work.

2. Preliminaries

Let C be a cone with partial ordering “<”. An ordered Hilbert space with norm || - || and inner product
(-, -) is called positive if 0 < x and 0 < y, then 0 < (x,y) holds. Throughout the paper, #, is assumed to
be a real ordered positive Hilbert space. We denote 2% (respectively, C*(H p)) as the family of nonempty
(respectively, compact) subsets of #, and d is the metric induced by the norm and D(., .) is the Hausdorff
metric on C*(H,).

Now, we illustrate some known concepts and results which are needed to prove the main result.
The following concepts and results can be found in [20-27].

Definition 1. A nonempty closed convex subset C of Hp is said to be a cone if:

(i) forany x € Candany A > 0, Ax € C;
(ii) ifx € Cand —x € C, then x = 0.

Definition 2. Let C be the cone, then:

(i) C is called a normal cone if there exists a constant A > 0 such that 0 < x < y implies ||x|| < An||y/l,
forall x,y € Hy;
(ii) forany x,y € Hp, x <yifandonlyify —x € C;
(iii) x and y are said to be comparative to each other if either x < y or y < x holds and is denoted by x o y.

Definition 3. Forany x,y € H,, lub{x,y} denotes the least upper bound and glb{x, y} denotes the greatest lower
bound of the set {x,y}. Suppose lub{x,y} and glb{x,y} exist, then some binary operations are given below:

(i) xVy = lub{x,y};
ii% x Ay = glb{x,y};
)

(iii) x®y=(x—y)V(y—x);
(iv) xOy = (x—y) A (y — x).

The operations \V/, A\, @, and © are called OR, AND, XOR, and XNOR operations, respectively.
Lemma 1. If x oy, then lub{x,y} and gIb{x,y} exist such that x —y xy —xand 0 < (x —y) V (y — x).
Lemma 2. For any natural number n, x < y, and y, — y* as n — oo, then x < y*.

Proposition 1. Let ® be an XOR operation and © be an XNOR operation. Then the following relations hold for all
x,y,u,0,w € Hpand a, B, A € R:

(i) xOx=0,x0y=y0x=—(xdy) =—(y®x);
(ii) ifx <O, then —x B0 < x < xDO0;
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(iii)
(iv)
)

(Ax) & (Ay) = [M(x @ y);

0<xdy, ifxxy;

(v) ifx <y, then x ®y = 0if and only if x = y;

(0i) (x+) © (u+0) > (xOu)+ (y © 0);

(vii) (x+y) O (4 +0) = (xOv) + (y O u);

(viii) if x,y and w are comparative to each other, then (x & y) < (x B w) + (w P y);
(ix) ax @ px = |a — Blx = (a ® B)x, if x x 0.

Proposition 2. Let C be a normal cone in H, with constant Ay, then for each x,y € H,, the following

relations hold:

(i) 0@ 0]l = [o] = o;

i) |lx vyl < |lx[IV iyl < llx[l =+ llyll;
(i) lx oyl <llx =yl <Anlx@yl;
(iv) if x ey, then |[x © y[| = ||l — yl|

Definition 4. Let F : H, — H, be a single-valued mapping, then:

(i) F is said to be comparison mapping, if for each x,y € Hp, x < y then F(x) < F(y), x &< F(x) and y o< F(y);
(ii) F is said to be strongly comparison mapping, if F is a comparison mapping and F(x) o F(y) if and only if
x oy, forall x,y € Hp.

Definition 5. A single-valued mapping F : H, — H, is said to be B-ordered compression mapping if F is a
comparison mapping and:
F(x)®F(y) <B(xdy), for0 < B < 1.

Definition 6. Let M : H, — 2Mr be a set-valued mapping. Then:
(i) M is said to be a comparison mapping if for any vy, € M(x), x « vy, and if x o« y, then for v, € M(x) and
vy € M(y), vx vy, forall x,y € Hp.
(ii) A comparison mapping M is said to be a-non-ordinary difference mapping if:
(vx ©vy) ®a(x®y) = 0holds, forall x,y € Hp, vx € M(x) andv, € M(y);

(iii) A comparison mapping M is said to be 0-ordered rectangular if there exists a constant 0 > 0 such that:

(vy © vy, —(xBY)) > 0||x By|? holds, forall x,y € H,, there exists vx € M(x)andv, € M(y).

Definition 7. A set-valued mapping M : H, — 2Mp is said to be A-XOR-ordered strongly monotone compression
mapping if x o« y, then there exists a constant A > 0 such that:

Moy Dvy) > x @y, forall x,y € Hp,vx € M(x),v, € M(y).

Definition 8. A set-valued mapping T : H,, — C*(Hp) is said to be D-Lipschitz continuous if for all x,y € Hp,
x oy, there exists a constant At > 0 such that:

D(T(x), T(y)) < Arllx & yll.

Definition 9. A single-valued mapping F : H, — H, is said to be Lipschitz-type-continuous if there exists
a constant 6 > 0 such that:
IF(x) @ F(y)ll < dllx @y, forall x,y € Hyp.
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Let H,F : H, — H, be the single-valued mappings, we consider the composition of H and F as:
(HoF)(x) = H(F(x)), forall x € H,.

Definition 10. Let H,F : ‘H, — H, be the single-valued mappings such that H o F is strongly comparison
and B-ordered compression mapping. Then, a set-valued comparison mapping M : H, — 2%y is said to be
(a, A)-XOR-NODSM if M is an a-non-ordinary difference mapping and A-XOR-ordered strongly monotone
compression mapping and [(H o F) & AM|(Hp) = Hp, for a, B, A > 0.

Definition 11. Let H, F : H,, — H,, be the single-valued mapping such that H o F is strongly comparison and
B-ordered compression mapping. Suppose that the set-valued mapping M : H, — 2Mr is (w, A)-XOR-NODSM
mapping. We define the resolvent operator J. ){{1\5 tHp — Hyp by:

jAH]é(x) =[(HoF)®AM] Y(x), forall x € Hpand a, A > 0. 1)
Now, we present some properties of the resolvent operator defined by (1).

Proposition 3. Let H,F : H, — H, be the single-valued mappings such that (H o F) is B-ordered compression
mapping and M : H, — 21y is the set-valued -ordered rectangular mapping with A8 > B. Then, the resolvent
operator .7){{]\5 : Hp — Hp is single-valued.

Proof. For any givenu € Hyand A > 0,letx,y € [(H o F) & AM]~!(u). Then:

1

=3 (u® H(F(x))) € M(x),

> =

Uy (ud (HoF)(x)) =

and:
oy = 1 (4@ (HoF)(y) = 1(u& (HoE)(y)) € M)

Using (i) and (ii) of Proposition 1, we obtain:

vx®vy =

Sl ] e

(u® H(F(x))) © 5 (u® H(F(y))
(

=
@
T
=
=
©
=
@
T
)
S

[(u@ H(F(x))) @ (4 ® H(F(y)))]
—[(wou)® (H(F(x) ® H(F(y)))]
(H(F(x)) ® H(F(y)))]

— 5 [H(E(x)) ® H(E(y))]-

IN I
I

et e ad et ad Ran
=)
S

Thus, we have: .
vx Oy < —[H(F(x)) ® H(E(y))]. )
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Since M is 6-ordered rectangular mapping, (H o F) is p-ordered compression mapping and using (2),
we have:

0l|x @yl

IN

vx O vy, — (¥ DY))
[H(F(x)) ® H(F(y))], —(x®y))

HoF)(x)® (HoF)(y),x®y)

AN
i
>l

—~
—~

IN

(B(x®y),xdy)

e R i

Ix @yl
ie.,
(9 - é) lx@yl|*> < 0, for A8 > B,
A
which shows that:
lx ® y|| =0, whichimplies x &y = 0.

Therefore x = y, i.e., the resolvent operator J. f NI; is single-valued, for A0 > p. [

Proposition 4. Let M : Hp — 2Mp be (x, A)-XOR-NODSM set-valued mapping with respect to J /\HAE .Let H,F:
Hp — Hp be the single-valued mappings such that (H o F) is strongly comparison mapping with respect to J. /\HAE .
Then the resolvent operator J. ){-Il\g : Hp — Hp is a comparison mapping.

Proof. Since M is (&, A)-XOR-NODSM set-valued mapping with respect to J fj\i ,i.e., M is a-non-ordinary

difference as well as A-XOR-ordered strongly monotone compression mapping with respect to J. )flz\i .
For any x,y € Hp, let x «< y and:

0 = 2 (x& (Ho F)(J{HE () = 5 (@ HE(THE (X)) € M(THE (), ©
and: 1 1
v = 1 (@ (HoF)(T{u) = 1 v @ HE(Tyu (1) € M(T{5 (v)- @)

Since M is A-XOR-ordered strongly monotone compression mapping and using (3) and (4), we have:

IN

(x@y)

(xoy) < (xeHETH®)) e (ve HEGL W)

(x@y) < (xoy)e (HEIGE) e HETHW))
0 < H(F(I%i()) @ HFT 1))

[H(F(T%: () = HE(TH )]

v HEWT 5 ) = HET5(0))],

Avy @ oy)

IN A

IN

0

IN
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which implies either:

o
IN

[H(F(T%: () = HE(T )] or
0 < [HEWIE W) - HETG )]
Thus, in both cases, we have:
(Ho F)(J{51(x)) o (Ho F)(T 1 (1)-

Since (H o F) is strongly comparison mapping with respect to 7. /\HA; , thus, we have J. fAE(x) (5

J, /\H 1\; (v), i.e., the resolvent operator 7. ){11\51: is a comparison mapping. [

Proposition 5. If all the mappings and conditions are the same as those stated in Proposition 3, then the following
condition holds:

HJFI\E( H /\9 5) ||x69y|| for A@ > Band o, B, A >0,

i.e., the resolvent operator J. ){{1\5 is Lipschitz-type-continuous mapping.

Proof. Let x,y € H,p, and:

0 = 2 (x® (Ho F)(THE(x))) = 1 (x@ HF(THE () € MTHE (), ©

*
X

>

and:

« 1 1
vy = 3@ HoF)( Ty () = 3 (v © HE(T 5 (1)) € M(T 5 (v)- ©6)
Since (H o F) is p-ordered compression mapping and using (5) and (6), we have

(o HEGH @) @ (vo HETHEGD))]

= Jxey e (HEGH @) @ HETH )] @)
<T@y @pTE @ © T )

vy By

Since M is #-ordered rectangular mapping and using (7), for any:

T (x) € M(T{%) (x) and 75 (y) € M(T5 (v)), we have:
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T @ THWIP < (k0o ~(T © TH0))
< <v;@v;,(jf]'\§(x)@jfj\§(y))>
< sl{renepriime 7w, gk
SNAON
< % [CETIEY: AT

st )| |7 @Jﬁﬁw))ﬂ-

Using (iii) of Proposition 2, we have:

1
ol T e Tk < 5

|xoy) @ BT )

8T W) \}Jfﬁ(x)@f%w\”

< 2|@en - (Bt
SN | K ACER W\]
< 5 |xe>y||\\~755<x>@ffi§<y>!”
O]
It follows that:
|55 )@ W] < gy x @l torae >

This completes the proof. [

In support of Proposition 3-5, we have the following example.

Example 1. Let H, = [0, oo) with the usual inner product and norm, and let C = [0, 1] be a normal cone in [0, c0).
Let H:Hy — Hpand F : Hy — H) be the mappings defined by:

H(x) = 3 +1, and F(x) = 2,V x € [00).
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Let x,y € Hp, x o<y, then we calculate:

(HoF)(x) @ (HoF)(y)

I
=
T
2
@
X
paz}

- g 6

= (GG+1)-Gr)v(G+)-(G+1)
s ) (53

= —((x=y)Vy—x)

IN

(x&y),

ie.,

(HoF)(x)® (HoF)(y) < =(x®y), Vx,y € [0,00).

ail =

Hence, Ho F is %—ordered compression mapping.
Suppose that M : H, — 2Mp is a the set-valued mapping defined by:

M(x) = {x+1},Vx € [0,00).

It can be easily verified that M is a comparison mapping, 1-XOR-ordered strongly monotone comparison
mapping, and 1-non-ordinary difference mapping.
Letvy = x+1 € M(x) and vy = y +1 € M(y), then we evaluate:

(0x Ovy, —(xByY)) = (0x Doy, xDY)

= (x+1)@dy+1),xdYy)
(x@y,xDY)
= |xoyl?

A%

1 2
EHX@yH ,

1
(0 O vy, —(x@y)) > Slx@yl? Vxy € [0,).
Thus, M is a Y-ordered rectangular comparison mapping. Further, it is clear that for A = 1, [(Ho F) &

AM][0,00) = [0,00). Hence, M is an (1,1)-XOR-NODSM set-valued mapping.
The resolvent operator defined by (1) is given by:

THE(x) = 65—x,Vx € [0, 00). ®)

It is easy to check that the resolvent operator defined above is a comparison and single-valued mapping.
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Further:
lrtwe i) - [Fe¥

= Oxayl

IN

O rey)
3 Yl

10

H,F HF

[T0in () @ Ty Wl < S llx @y, ¥V x,y € [0,00).
That is, the resolvent operator J. AHAE is 13—0—Lipschitz—type—continuous.

3. Formulation of The Problem and Existence of Solution

Let H, be a real positive Hilbert space. Let A,B,C : H, — C*(Hp) and M : H, — 2% be the
set-valued mappings and let G : H,, x H, x H, — H, be a single-valued mapping. Then, we consider
the following problem:

Find x € Hp, w € A(x), u € B(x) and v € C(x) such that:

0 € G(w,u,v) ® M(x). 9)
We call the problem in Equation (9) a generalized implicit set-valued variational inclusion problem
with @ operation.

(i) If C =0and G(w, u,v) = G(w, v), then problem (9) coincides with the problem studied by Ahmad
etal. [1].
(ii) If B,C = 0 and A is single-valued such that G(w, u,v) = A(x), then problem (9) reduces to the
problem studied by Ahmad et al. [7].
(iii) If G = 0, then problem (9) becomes the problem studied by Li [22].

It is clear that for suitable choices of operators involved in the formulation of problem (9), one can
obtain many related problems.
The following Lemma is a fixed point formulation of the problem in Equation (9).

Lemma 3. The generalized implicit set-valued variational inclusion problem involving © operation (9) has a solution
x € Hp, w e A(x), u € B(x), v € C(x) if and only if it satisfies the following equation:

x = Ty [AG(w,u,0) @ (Ho F)(x)], (10)

where A > 0 is a constant.

Proof. Using the definition of the resolvent operator J. ){{NFI , and Equation (10), we get:

x = Jf]'\g[/\(}(w, u,v) @ (HoF)(x)]
= [(HoF)®AM] YAG(w,u,v) ® (Ho F)(x)],
(HoF)®AM(x) = AG(w,u,v)® (HoF)(x),

which implies that 0 € G(w,u,v) ® M(x), the required generalized implicit set-valued variational
inclusion problem with & operation (9).
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Conversely, suppose that generalized implicit set-valued variational inclusion problem with &
operation (9) is satisfied, thatis, x € H,, w € A(x), u € B(x) and v € C(x) such that:
0€ G(w,u,v)® M(x),

which shows that:

G(w,u,v) = M(x),
AG(w,u,v) = AM(x),
AG(w,u,v)® (HoF)(x) = (HoF)(x)®AM(x),

AG(w,u,v)® (HoF)(x) = [(HoF)®AM](x),
x = [(HoF)®AM] ' AG(w,u,v) @ (Ho F)(x)]
x = Ty AG(w,u,0) & (HoF)(x)]

Thus, Equation (10) is satisfied. [

Based on Lemma 3, we establish the following iterative algorithm to obtain the solution of the
problem in Equation (9).

Iterative Algorithm 1. For any given xo € Hp, choose wy € A(xg), ug € B(xo), vo € C(xo) and using (10), let:
xy = (1 — a)xg + &y 1y [AG(wo, g, v9) & (H o F)(x0)].

Since wy € A(xp), up € B(xp), vo € C(xp), by the Nadler’s theorem [28], there exists wy; € A(xy),
uy € B(x1), v1 € C(x1), and using Proposition 2, we have:

lwo @ w | lwo — w1 < (14 1)D(A(x0), A(x1))

<
|uop @ wrl]l < luo — w1l < (1+1)D(B(x0), B(x1))
< ( (x1)

B X1
loo —o1]] < (1 +1)D(C(x0), C(x1)),

[vg © v1]] X1

where D is the Hausdorff metric on C*(H,). Let:
X =(1—a)x; + a]fl'\g[)\G(wl,ul,vl) @ (HoF)(x1)].
Aguain by Nadler’s theorem [28], there exist wy € F(x3), up € B(x2), va € C(x2) such that:

|y ©ws| < < (142 HD(A(x1), A(x2)),
iy @uz| < Jlug —uz|| < (1+271)D(B(x1), B(x2)),
< < (

w1 — wy || ,
(B(x1), B
(1+2"HD(C(x1),C(x2)).

o1 @ v2| o1 — v
Continuing the above procedure inductively, we have the following scheme:

Xpp1 = (1= )%y + T AG (wn, 1, 04) & (H o F) (x)].
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Since wy1 € A(Xnt1), Un+1 € B(Xn+1), Unt1 € C(Xn41), such that:

lon @ wasr| < ffwn — wasall < (14 (0 +1) 7 )D(A(), Alxusr),
law @ ttpsa]l < it — ]l < L+ (2 4+1)")D(Blxn), Blxasn)),
lon @ 0asall < llow—vasall < (14 (n+1)"H)D(Clxa), Clxar))

where o € [0,1],n =0,1,2, - - -

Theorem 1. Let C C Hy, be a normal cone with constant Ax, H,F : Hy — Hpand G : Hy X Hp x Hp — Hy
be the single-valued mappings such that (H o F) be strongly comparison, B-ordered compression mapping, G is
B1-ordered compression mapping in the first argument, By-ordered compression mapping in the second argument, and
Bs-ordered compression mapping in the third argument. Let A,B,C : H, — C*(Hp) be the set-valued mappings
such that A is A g-D-Lipschitz-continuous, B is Ag-D-Lipschitz-continuous, and C is Ac-D-Lipschitz-continuous.
Suppose that M : H, — 2Mr s (x,A)- XOR-NODSM set-valued mapping with respect to J. ){{Ai and 6-ordered
rectangular mapping with A0 > B. If x, 11 < x4, 1 = 0,1,2, .... and the following condition is satisfied:

1—)\N(1—C¥)

) 11
Al (1)

| A | [B1Aa + B2As + BaAc] + B <

where 0 = A;fﬁ and A0 > B; B1, B2, B3, Aa, A, Ac, AN, &, 8, B all are positive constants.Then, the generalized
implicit set-valued variational inclusion problem with & operation (9) has a solution x € Hy,w € A(x),u €
B(x),and v € C(x). Moreover, the iterative sequences {x,},{wn}{un}, and {v,} generated by Algorithm 1
converge strongly to x, w, u, and v, the solution of generalized implicit set-valued variational inclusions problem
with @ operation (9).

Proof. By Algorithm 1 and Proposition 1, we have:

0 < X1 B

= [(1—oc)xn—l—uc(jHF[)\G(wn,Mn,Un)@(HOF)(xn)])}
o[ (1—a)vy 1 +a(TIEN Gy 1,100 1,001) & (Ho F)(y1)] )| (12)
- (1—a)(xn@xn,l)+a(jHF(AG(wn,un,vn)@(HOF>(xn))

@jfi\ﬁ()\ G(wp—1,Up-1,05-1) & (Ho F)(xn_l))).

Using Proposition 2 and Lipschitz-type-continuity of the resolvent operators (1) and (12), we have:

IN

ANH(l — ) (X @ Xy_1) +a[ijf§(A G(wn, tin, vn) ® (H o F)(x))
ST G 1,1ty 1,001) & (Ho F) (xa )]
AN = &) (0 ® xp1) || + Anab' || (A G(wy, 1y, v4) & (H o F)(x))
B(A G(wy, — 1,un—1,vn—l)§9(HoF)(xn,1))H (13)
AN = a)||xn @ xp_1|| + AnaO || (A G(wp, ttn, vy) B A G(wy—1, Up—1,05-1) — ((Ho F)(x,)

®(Ho F)(xy-1))|l ,
AN (1= &)[|x @ X1 || + ANaO A |G (wn, i, ) © A G (Wn 1, -1, 0n-1) |
+ANa [[(Ho F)(xn) ® (Ho F)(x,-1)|l,

[1%n+1 @ x|

IN

IN

IN
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where §' = Aeli—ﬁ'

Since G is B1-compression mapping in the first argument, B>-compression mapping in the second
argument, and B3-compression mapping in third argument, A is A4-D-Lipschitz-continuous, B is
Ag-D-Lipschitz-continuous, and C is A¢-D-Lipschitz-continuous, using Algorithm 1, we have:

|G (wn, tn, vn) © G(wy—1,Un, vn) & G(Wy—1, Un, 0n)

69G(wn—lf Up—1, Un) S G(wn—lf Up—1, Un)

GBG(wnfl/ Up—1, vnfl)H

Billwn ® wy—1l| + B2lun ® up—1ll + Bsllon ® vyl

Billwn — wy—1|| + Balltn — up—1 + Bsllvn — vn-1l (14)
Bi(1+n " )D(A(xn), A(xy-1)) + B2(1+n"1)D(B(xn), B(xs-1))
+B3(1+n"1)D(C(xn),C(xn-1))

Bi(1+n A allxn = xp |l + B2(1+ 17" )Ap | xn — x4
+B3(1+n"DAcllxn — x4 — 1]

(Bida + BaAs + BaAc) (1 +n7 1) [lxn — 1.

|G (w, iy, vy) & G(wy—1,tp—1,04-1) H

INIAIA

IN

As (H o F) is B-ordered compression mapping, we have:
[(H o F)(xn) © (HoF)(xp1)]| < Bllxn ® x01- (15)
Using Equations (14) and (15), (13) becomes:

i1 ®xall < AN(L— ) [lxn ® xp1 ]| + Anad [A|[(B1Aa + B2AB + BsAc) (1 +1/n)][[xn — xu_1]|
+ANO B||xn B x|
= AN = a)||lxn — xy_1]| + Anad [A[[(B1Aa + BaAp + BaAc) (1 +1/n)]||xn — xpu_1 ] (16)
+ANa9’IB|\xn — x|l
= 0(Pu)|[xn — xp-1]-

Asxyig xxy,,n=0,1,2,---,wehave:
X041 — xnll < O(Pa)l2n — xn-1ll,

where d(Py) = An(1 — ) + Anafd |A|[(BiAa + BaAs + BsAc) (1 +1/n1)] + Anad' B.

Let 3(P) = An(1 — &) + Anab' |A|[B1A4 + B2As + BsAc] + Anab B.

We know that 9(P,) — o(P) as n — oco. It follows from condition (11) that 0 < d(p) < 1, and
consequently, {x, } is a cauchy sequence in H, and since H, is complete, there exists an x € #, such that
Xy — X, as n — oo. From Algorithm 1, we have:

lwn @ wyi1]] < |lwn — wyga ||
< 1+ (n+1)"HD(A(xn), A(xyy1))
< (14 (n+ 1) HAR]x0 — 21 ]l- 17)
ttn @ tiyga |l < g — g |
< (14 (n+1)"H)D(B(xn), B(xusn))
< (14 (m+1)"HAg]x0 — 0] (18)
and |[vy @ vpp1|] < |00 — Vppa ||
< 1+ m+1)"HD(C(xn), Clxns1))
< (14 (n4+1)"HAcllxn — xp ]l (19)
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It is clear from Euqations (17)—(19) that {w,}, {u,}, and {v,} are also cauchy sequences in #,.
Let wy, — w, u, — uand v, — v, as n — oo. In view of Lemma 3, we conclude that (x, w, u, v), such that
x € Hp,w e A(x), u € B(x) and v € C(x) is a solution of a generalized implicit set-valued variational
inclusion problem with & operation (9). Now, we show that with w € A(x), we have:

d(w, A(x)) < |[lw®wn| +d(wn, Ax))
< lw —wull + [lwn © A(x) ]
< lw —wy|| + D(A(xn), A(x))
< |lw—wu| +Asllxy —x|| =0, asn — oo,

which implies that d(w, A(x)) = 0, and since A(x) € C*(H,), it follows that w € A(x). Similarly, we can
show that u € B(x) and v € C(x), respectively. This complete the proof. [

4. Conclusions

In this paper, we considered a generalized implicit set-valued variational inclusion problem with
@ operation, which includes many previously studied problems in ordered spaces as special cases.
A resolvent operator which involves composition of two mappings was considered, and we proved some
properties of it. An existence and convergence result was proven for our problem in real ordered positive
Hilbert spaces.

We remark that our results may be generalized further in higher dimensional spaces.
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